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An explicit hybrid estimate for L(1/2 + it, x)
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GHAITH A. HIARY (Columbus, OH)

1. Introduction. Let x be a Dirichlet character modulo ¢, and let
L(1/2+it, x) be the corresponding Dirichlet L-function on the critical line.
Let 7(g) be the number of divisors of ¢. If |t| > 3, say, we define the analytic
conductor of L(1/2+ it, x) to be q := qlt|.

We are interested in finding an explicit hybrid estimate for L(1/2+it, x)
in terms of q and 7(q). Specifically, we would like to find constants ¢, k1,
Ko, K3, and tg > 3 as small as possible, such that

(1) [L(1/2 +it, )| < er(g)™q™ log™ q  (|t] = o).

If |t| < to, then estimating L(1/2+1it, x) reduces, essentially, to bounding
pure character sums. Barban, Linnik, and Tshudakov [1] gave Big-O bounds
for such sums, as well as some applications.

The convexity bound in our context is L(1/2+it, x) < q/%. This can be
derived using the standard method of the approximate functional equation.
Habsieger derived such an approximate equation in [4]. And we use this in
to prove that if y is a primitive character @ modulo g > 1, then we have
the convexity bound

(2) |L(1/2 +it, x)| < 124.469"/*  (q.> 107, |t > /q).
Previously, Rademacher [11] derived the explicit bound

gl + o +it| ) (Itn=0)/2

5 C(1+mn),

valid if 0 < <1/2, 0 <1+, and x (mod ¢) is primitive. This is nearly a
convexity bound except for an additional 7 > 0 in the exponent.

Lo + it )] < (
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Using partial summation, we obtain an explicit bound applicable for
any t. Specifically, if x is primitive modulo ¢ > 1, then we derive in §7] that

(3) L(1/2 + it, )| < 4¢"*V/([t] + 1) log .

The bound is weaker than the convexity bound in general, but it can be
useful in the limited region where ¢ is small.

Our main result is Theorem This theorem supplies the first example
of an explicit hybrid Weyl bound (i.e. with ko = 1/6 in (T))) for an infinite
set of Dirichlet L-functions, namely, the set of Dirichlet L-functions corre-
sponding to powerfull moduli. Theorem takes a particularly simple form
if ¢ is a sixth power and yx is primitive, yielding Corollary below.

COROLLARY 1.1. Let x be a primitive Dirichlet character modulo q. If
q 1s a sixth power, then

|L(1/2 + it, x)| < 9.057(q)q"/%log®?q  ([t| > 200).

In the notation of , Corollary asserts that if ¢ is a sixth power
and y is primitive, then the choice ¢ = 9.05, k1 = 1, ko = 1/6, k3 = 3/2,
and ty = 200 is admissible. The constant k3 = 3/2 arises from two sources:
a dyadic division that contributes 1, and the Weyl differencing method (see
[13], §5.4]) which contributes 1/2. The constant 1 = 1 arises, in part, when
counting the number of solutions to quadratic congruence equations in the
Weyl differencing method. The ko = 1/6 arises from proving that, on aver-
age, square-root cancellation occurs in certain short segments of the dyadic
pieces > v <, o1 X(n)/n'/2T. The constant ¢ = 9.05 is largely contributed

by the part of the main sum over q'/3 <« n < ?/3. Last, the constant
to = 200 is due to technical reasons, and can be lowered with some work.
We state the main theorem below. See §2| for the definitions of sqf(q),
cbf(q), spf(q), B, By, D, and A(D). For now we remark that if x is primitive,
then B = By = 1. And if g is a sixth power, then sqf(q) = cbf(q) = spf(q) = 1.
The number A(D) is bounded by 7(D), and D is usually of size about ¢*/3.

THEOREM 1.2. Let x be a Dirichlet character modulo q. If |t| > 200,
then

IL(1/2 +it, x)| < q"/°Z(log q) + W (log q)
where
Z(X) 1= 6.6668+/cbf(q) — 16.0834 spf(q) + 15.6004 spf(q) X
+1.7364+/A(D) cbf(¢)(65.5619 — 17.1704X — 2.4781X2 + 0.6807X3)
+1.7364+/A(D) cbf(q) Br(D/B)(—1732.5—817.82X +71.68X 2 +47.57X3)

and
W(X) := —101.152 — 195.696 B; sqf(q) + 19.092X + 94.978 B; sqf(q) X.
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For many applications, it suffices to focus on the case where y is primi-
tive. For if not, then letting x1 (mod ¢;) be the primitive character inducing
x and using the Euler product and analytic continuation of L(s, x), we have

(4) L(1/2 +it, )| < |L(1/2 + it x1)| [ [ (1 +1/v/p).

plg
plq1

Thus, we obtain an explicit bound on L(1/2 + it, x) by bounding L(1/2 +
it,x1) and using the inequality . In our proof of Theorem though,
we bound general sums of the form , and keep track of the dependence
on B and Bj.

The main devices in our proofs are the hybrid van der Corput—Weyl
Lemmas and These lemmas provide explicit bounds for sums of the
form

N+L '
(5) > x(n)ermm,
n=N-+1
where we take f(z) = —ﬁlogw in our application. A pleasant feature of

the resulting bounds is that they naturally split into two main terms, one
originating from x(n) and the other from n =%, In particular, we can detect
cancellation in the ¢ and ¢ aspects separately, then combine the savings
routinely using the well-spacing Lemma |3.1

The starting point in our proof of Theorem is the Dirichlet series

x(n)
nl/2+it’

oo
(6) L(1/2+1it,x) =

n=1
valid for y nonprincipal. (If y is principal, we use a bound for the Riemann
zeta function.) We partition the sum in @ into four parts: 1 < n < q'/3
which is bounded trivially, q'/3 < n < q?/3 for which Lemma is used,
q*/3 < n < q for which Lemma is used, and the tail q < n which is
bounded using the Pélya—Vinogradov inequality.

We remark that the restriction in Corollary that ¢ is a sixth power
may be relaxed to ¢ being a cube provided that one starts with a main sum
of length about ,/q (as in the approximate functional equation) instead of
the main sum @ One then applies van der Corput lemmas analogous to
those in [9], but for the twisted sums ().

Interest in powerfull modulus L-functions has grown recently, both from
the theoretical and computational perspectives. Mili¢evi¢ [10] has recently
derived sub-Weyl bounds for pure character sums to prime-power modulus.
And the present author [7] had derived an algorithm to compute hybrid
sums to powerfull modulus in q'/3+°() time. If ¢ is smooth (but not neces-
sarily powerfull) or prime, then one can obtain explicit hybrid subconvexity
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bounds by deriving an explicit version of Heath-Brown’s g-analogue of the
van der Corput method in [5], and an explicit version of Heath-Brown’s
hybrid Burgess method in [6].

2. Notation. Let x be a Dirichlet character modulo ¢q. We factorize the

modulus
q:=pi" Py,
where the p; are distinct primes and a; > 1. For each prime power p%, we
define
Ci(p*) = p!*?,  Dy(p") == p* 1%/,

then extend the definitions multiplicatively, i.e. C1(q) = Ci(p}*) - - - C1(p%).
In addition, we define

1, a=1,
C(p®) :=pl*Bl, D(p?) = { po2a/B+1 p—92and a > 1,
pa—2la/3] p#2anda>1,
then extend the definitions multiplicatively. Since the quantities C1(q), D1(q),
C(q), and D(q) will appear often, it is useful to introduce the short-hand
notation C1 := C1(q), D1 := Di(q), C := C(q),and D := D(q). For example,
C1D1 =gq.
Some additional arithmetic factors will appear in our estimates: (m,n) >
0 is the greatest common divisor of m and n, w(m) is the number of distinct
prime divisors of m, and A(m) is the number of solutions of the congruence
22 =1 (mod m) with 0 < z < m. Explicitly,
2@(m)=1 " m =2 (mod 4),
A(m) =< 2¢0"  m #2 (mod 4) and m # 0 (mod 8),
2@(m)+1 ;=0 (mod 8).
We define A := A(D), and
Sqf(pa) — p[a/Q‘\—a/2, be(pa) — p]'a/3'|—a/37
pla/21=[a/3]/2-a/6

D(p*)
then extend the definitions multiplicatively. Note that sqf(q) is determined
by the primes p; | ¢ such that a; # 0 (mod 2), and cbf(gq) by the primes p;
such that a; # 0 (mod 3). If ¢ is a square, then sqf(q) = 1. If ¢ is a cube,
then cbf(q) = 1. And if ¢ is a sixth power, then sqf(q) = cbf(¢) = 1 and
spf(q) < 1.

The numbers B and B; that appear in Theorem are defined in
Lemma [3.3

spf(p”) :

9
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In the remainder of the paper, we use the following notation: exp(x) = e®
is the usual exponential function, [z] is the closest integer to x, ||z is the
distance to the closest integer to , ¢ (mod C) is the modular inverse of /
(mod C) if it exists, and

1, >0,
0, x<0.

sgn(z) = {

3. Preliminary lemmas

LEMMA 3.1. Let {y, : 7 = 0,1,...} be a set of real numbers. Suppose
that there is a number 6 > 0 such that min, 4. |y, — y| > 6. If P > 2 and
y > x then

(7) > min(P, ||y, |71 < 2(y — x4+ 1)(2P + 6 log(eP/2)).
yr€lz,y]

If P < 2, then replace the 1.h.s. by 2(y —x + 1)(P +§71).

Proof. We may assume that 6 < 1/2, otherwise the bounds follow on
trivially estimating the number of points y, in [z,y] by 2(y — ) + 1 and
using the trivial bound min(P, ||y, =) < P.

For each integer k € [z,y], we consider the interval [k — 1/2,k + 1/2].
There are at most two points y, in [k — 0,k + 0), say y,j € [k,k+9) and
Yy, € [k—6,k). If no such points exist, then we insert one (or both) of them
subject to the condition |y/,;Ir — 1y, | > 0. To preserve the é-spacing condition,
we slide the remaining points in (y;},k + 1/2] (resp. [k — 1/2,y;)) to the
right of y,': (resp. left of . ) in the obvious way. It is possible that a point
falls off each edge, in which case we may discard it. This is permissible since
the overall procedure that we described can only increase the magnitude of
the sum in .

We have y = k + pyd for some py € [0,1), and so y;, < k + (p — 1)4.
Hence, using the inequality

min(P, ||y [|~") + min(P, [y [|7") < min(2P, [l |71 + v )7,
and the formula ||y, || = |y — k| if |y» — k| < 1/2, we obtain

. . , 1 1
> minPlylThs M mm(ZP’é(rerk)+6(r+1—pk)>'

lyr—k|<1/2 0<r<1/(26)

We observe that
L, 1 1 2r41
S(r+pr)  O(r+1—pgp) 6r2+71+pp—ph

2
< —.
— or
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Combining this with the observation -2 5 =>2Pifr < 5 B, we conclude that

®) 3 min<P7||yT||1>gzp{M3]+ 2

lyr—kI<1/2 nePis<i/en "
To bound the sum over r, we isolate the first term and estimate the remain-

der by an integral. If P > 2 (so that the integral below makes sense), then
this gives the bound

5 1/(26)
E: 2 <op 425! g = dx.
rd T
[1/(6P)]<r<1/(20) 1/(6P)

The integral evaluates to log(P/2). Therefore, the r.h.s. in is bounded
by 2671 4+ 2P + 2P + 25 log(P/2). So the lemma follows if P > 2 as the
cardinality of {k : x < k <y} is <y —x+ 1. Finally, if P < 2, then the sum
on the r.h.s. in is empty, and so the bound is 2671 + 2P. w

LEMMA 3.2. Let f be an analytic function on a disk of radius A(L — 1)
centered at N +1, where A> 1 and 1 < L € Z. If there is a number 1 and
an integer J > 0 such that |fO) (N + 1)|M (L — 1)1 /5! < n/N for j > J,
then

N+L N+L
| 3 e v ms] 30 xmetnremt ]
n=N-+1 - n=N+1+A

where

T ) 2
Pj(z) = Zwa

|
=0 I

A/ 2mnpA~7
vi(\m) = (1—1— )\_1>exp< )\n—l >

Proof. If L = 1, the lemma is trivial. So assume that L > 1. We apply
the Taylor expansion to obtain

FV4142) = Py 4 3 LD N“zf (2] < AL = 1)).
i>J

Using the Taylor expansion once more, we find that

2mif(NF+1+2)=Ps () — Z ci(J,N)27 (2] < ML —1)).
=0
So if we define v := 3772 [¢;(J, N)(L — 1)7], then partial summation gives

N+L N+L

’ Z 27mf max ‘ Z X(n)e%riPJ(anfl) )
0<A<L
n=N+1 n=N+1+A
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To estimate the coefficients ¢;(J, N), we use the Cauchy theorem applied
with a circle of radius A(L — 1) around the origin. In view of the growth
condition on the derivatives of f, this yields

e2mi(f(N+1+2)—P;(2))

~J+1

1
¢ (S N)[ < o=

exp ( 27r77)\ )

z| < 7)\] -1
Noting that ¢j(J,N) =0 for 1 < j < J, we therefore deduce that

S C L = A

LEMMA 3.3. There exists an integer L such that x(1+ Cyx) = e?mLe/D1
for all x € Z. If x is primitive, then By := (L, D) = 1. Furthermore, there
exist integers Lo and L such that x(1 4 Cx) = eAmiloz/(CD)+2mila®/D fo. q]
x € Z. If x 1is primitive, then L can be chosen so that B := (L,D) =1

Proof. We start with the decomposition x = x1---Xxw, Where x; is a
Dirichlet character modulo p?j . By [8, Lemma 3.4], there exists an integer
I~/j such that

Xi(1+ C1(py)x) = exp(2miL;z /D (p}’))
for all z € Z. Hence,

x(14+Ci1x) = x1(1+ Ch2) - (1 + Chz) = eQm‘ix/Dl’

where, because of C1D; = ¢q, we have
w
L=q) Lj/p}
j=1

Let By = (L, D). It is clear that x(1 4+ gz/By) = 1 for all z. So ¢/B; is an
induced modulus for . In particular, if B > 1 then x is imprimitive. This
completes the proof of the first part of the lemma.

For the second part, we use [7, Lemma 4.2]. Consider first the case p;j ¢
{4,8} and a;j > 1. Then there are integers Lo ; and L; such that

e T miL;x?
(©) XJ'“*C(p?j)x):eXp<c<i“f>ngEp )*21)(?“))

for a_ll x € Z, and moreover we can take Lo; = —L;. If a; = 1, then
C(py) = p;’. So xj(1+ C(p;)x) = 1 and we can take Lo; = L; = 0. If
p?j = 4, then either Ly; =0 and L; = 1, or x is principal. If p?j = 8, then
either Lo j = Lj =1, or Ly; =2 and L; = 0 (an imprimitive character), or
Lo; = —1and Lj =1, or x is principal. Put together, this gives

AmiLox  2miLax? )

X(1_|_Cg;):X1(1+C’a:)~~xw(1+C:c):exp< oD + D
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where

)7

L=0C?D )
Z QD(p] )

It remains to prove that if x is primitive then B = 1. To this end, we
note that Lq?/(B?C?D) is an integer. So if we show that 2Loq/(BC?D) is an
integer too, then x(1+qgx/B) =1 for all z € Z. In particular, if B > 1, then
q/B is a nontrivial induced modulus and y is imprimitive, which completes
the proof of the second part of the lemma.

Now, to show that 2Loq/(BC?D) is an integer, we first note that Loq/C?
is always an integer. (Recall that Lo = 0 if a; = 1.) Furthermore, if a; =1
then (D,p;) = 1 and so (B,p;) = 1. In light of this, we may assume that
aj > 1 for all j.

We consider two possibilities. If p?j ¢ {4,8} for any j, then C?D = q
(if ¢ is odd) or 2q (if ¢ is even), and in any case Lo ; = —L; for all j. The
last fact implies in turn that Ly = —L, hence B = (Lg, D). In particular,
B divides Loy and we conclude that 2Loq/(BC?D) = Lo/B or 2Ly/B, and
so this is an integer in either case.

On the other hand, if p 7€ {4,8} for some j, then C2D = 2q and we
appeal to the remark followmg @ Accordingly, if x is primitive and p s
{4,8} then L; = 1 and so L must be odd. This shows that B = (L, D/2)
In addition, we have

cz(Lj—Lo,j)Q P — 4,
_ 4 2
Ly=L-{
C*(Lj —Loj) D _3
8 27 ‘

Therefore, given the possibilities for Lo ; and L; stated after @, we see that
if x is primitive then Ly = L (mod D/2), and so B = (Lg, D/2). This shows
that B is a divisor of Lo, hence 2Loq/(BC?D) = Ly/B is an integer. m

LEMMA 3.4. Let M,N € Z>1, Wy (m) :== 1 —m/M, and dp(N) =
(2m, N). Then

> WM(m)meElN ) 7(N)log M,
(10) m;

> War(m)dm(N) < 7(N)M.
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Proof. We prove the first bound, the second one being analogous. Let
us write N = 2°N’ with N’ odd. We induct on a. If a = 0, then d,,(N) =
(m, N) and the result follows because

M
Z WM(m)dTn?Sj\r) < Z Z WM(rm’)%
m=1

r|N 1<m/<M/r
r<2M

<T(V) S W)= < r(N)log M.

1<m/<M m
If a = 1, then d,,(N) = 2d,(N'). So using the previous calculation and
observing that 27(N’) = 7(INV) yields the desired bound.
Henceforth, we assume that a > 2. We may further assume that M > 2,
for if M =1 or 2 then the lemma is trivial.
Since N is even by hypothesis, we have d,,,(IN) = 2(m, N/2). Using this,
and dividing the sum over m into even and odd terms, we obtain

dm(N)

m

(2m’,N/2)

!/

=2 > Wu(m)

1<m/<|[M/2]

+2 > War(2m' + 1)
0<m/<|(M—-1)/2]
We have Wy (2m') < Wppg/91(m') and, by definition, (2m’, N/2)=d,, (N/2).
It follows by induction that the first sum on the r.h.s. of is bounded by
7(N/2)log[M/2]. Furthermore, the second sum is clearly bounded by

, (2m’ +1,N’)
> W (2m' + 1)~ i
0<m/<|(M~1)/2]

2m

M
1) > Wa(m)
m=1

(2m’ +1,N/2)
2m' +1

<21-1/M)+ ) WM(m)dm;N/)a

1<m<M
which, by induction, is < 2(1 — 1/M) + 7(N’)log M. Therefore, using the
bound log[M /2] <log M 4+ 1/M —log?2 and the formula 7(N/2) + 7(N') =
7(N), we arrive at

dm(N)

M
> Wa(m)
m=1

< 7(N)logM + (2—2/M + 7(N/2)/M — 7(N/2)log2).

We conclude that the bound holds provided that 7(/N/2) > 4. This is
always fulfilled if @ > 2 unless N = 4 or 8. But the lemma follows in these
cases also by direct calculation. m
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4. Hybrid van der Corput—Weyl lemmas

LEMMA 4.1. Suppose that f is a function satisfying the hypothesis of
Lemmafor some A >1,n >0, and with J = 1. If f(x) is real for real x,
then

N-+L
, 2v1 (A, n)Ch Dy 7T 9w
2mif(n)| « 1A 1 T
LEN:HX(")G = - °€5p, 173
A)C . (7B ~
+ ’Wmm(” o VB ).

Proof. Applying Lemma [3.2] with J = 1 gives

N+L N+L

12 ‘ Z 271'1f (n) < Vl()\ 77) LnAaXL’ Z X(n)e27riP1(an71)"
<

n=N+1 n=N+1+A

where P(z) = f(N + 1)+ f/(N + 1)z. Let A* be where the maximum is
achieved on the r.h.s. of . Let N* := N+ A* and L* = L — A*. So we
have

N+L N*+L*

(13) ’ Z X(n)€27rif(n) Syl()\,n)‘ Z X(n)eZﬂiPl(”*Nfl).
=N n=N*+1

We split the range of summation N* +1 < n < N* + L* into arithmetic
progressions along the residue classes ¢ (mod Cj). For each residue class
0 < ¢ < (4, the terms in the progression n = ¢ (mod C}) are indexed by
the integers k that verify N* +1 < {4 C1k < N* 4+ L*. So we have

[(N*+1—0)/C1] <k < [(N*+L* —)/C].

Using the formula [z + 0| — |2| = 1, valid for any z and § € (0,1), we
deduce that [(N*+1—4¢)/Ci| — [(N*—{)/C1] = 1. Therefore, if we define
Hy:= |[(N*—1{)/C1], then each ¢ determines an integer 2, < [L*/C}] such
that (we use the triangle inequality below)

N*+L* C1—1 Hp+82
‘ Z x(n) 2miPy(n—N— ‘ < Z’ Z (6 + C1k)e 2miPy ((+C1k—N-1)|
n=N*+1 (=0 k=Hy+1

From Lemma and the formula x (¢ + C1k) = x(£)x(1 + C14k), valid for
(¢,q) = 1, we deduce that there are integers y; and Bj such that (v1, D1) =1,
Bl ‘ Dl, and

X(£+Crk) = ()PP (1) =1,
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If (¢,q) > 1, then x(¢ 4 C1k) = 0. Therefore,

N*+L* C1—1  Hp+82 B
(14) ‘ Z X(n)eQﬂ"ipl(’fL—N—l)‘ < Z ‘ Z (2ri(Bins T/ Dy +Ca f (N+1)K|
n=N*+1 (=0 k=Hy+1
(t,q)=1

Let us define

_ [af/(N+1) (PR
Zf = [&:|, (Sf = :tHBl

)

where d is positive if zy is obtained by rounding down, and negative if zf
is obtained by rounding up. In either case, since D1C7 = ¢ by construction,
we have C1 f'(N + 1) = (25 + 07)B1/D1. Therefore,

Byt U -
1 T Yyl zp 40yt

o |

D42+
R R

D,/B;

In view of this, it follows by the Kuz’'min-Landau Lemma [2, Lemma 2] that
the inner sum in satisfies

Hy+$2, B 1

‘ Z 62m’(Blfylf/D1+le/(N+1))k‘<min Q. ~U"L 1),
- T nbtzstdy

k=H,+1

Given this, we divide the sum over ¢ in into segments of length Dy /Bj.

[uDl (u+1)Dy B1Cy

Z,0< .
317 B, ), uwe s, u< Dy

Over each segment, we can get an easy handle on U,y . Indeed, as

10425405
¢ runs over the reduced residue classes modulo ¢ (hence reduced modulo
D1/By) in a given segment, 1+ z runs over a subset of the residue classes
modulo D, /By, hitting each class at most once. Therefore, summing over
the B1C1/Dy segments, and recalling that 2, < [L/Cy] by construction,

we obtain

N*+L* 4
(16) ‘ Z X(n)€2mP1(n—N—l)’
n=N*+1
B.1Cy . 1
< D, Z m1n<[L/Cﬂ,7rUe+16f_|_1>.

£ (mod D1/Bq)

We choose the residue class representatives modulo D;/B; to be in
[—Dl/QBl,Dl/QBl) if 5f > 0, and in (—Dl/QBl,Dl/QBl] if 5}0 < 0. In
either case, let ¢ denote the representative of ¢. Since 0 < |07 < 1/2, we
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deduce the formula
0] + sgn(0)é;

_ D./B
UZ+5f— ‘5f’1/ 1

Dy/By’
Now, if §; > 0, we isolate the terms corresponding to (=0and {=—1
(if they exist) on the r.h.s. of . And if 67 < 0, we isolate the terms for
¢ =0 and ¢ = 1. Moreover, we use the lower bound U145, 2 B1/(2D1) to
control the term ¢ = 4+1. Then we sum over the remaining l, pairing the
terms for ¢ and —¢ — 1 if 0y > 0, and the terms for (+1 and —/ if dr <0.

In summary, assuming that D; / B;1 > 2 (so there are at least two residue
classes modulo D;/Bj), we obtain

(17) > min([L/Cﬂ, %U[jéf + 1) < min([L/Cﬂ 1+ 1)

£ (mod D1/Bq)
2Dy Dy Dy 1 1
+( +1)+<—2>+ > ( + )

7TBl B1 7TBl 1<t<D; /(2B1) €+‘(5f| £+1—|(5f‘

The second sum over £ on the r.h.s. of is bounded by
2041 3 2 3 Dy

(18) > 5 <SS+ > < 42log -

1<echyeny b T T2 Sy ¢ 2B

It is easy to check that the last two estimates still hold if D;/B; = 1. Hence,
substituting into we obtain, on noting that [L/Cy] < L/C; + 1,

> min([L/Cﬂ, %Ugjéf + 1)

£ (mod D1/Bq)

o~
N
P

o~

(L 1 2D, 3 2D, D1
< —,-U — 1 —— 1o .
_mln<01’7r 6f>+7TBl< +2+ >+ Bl ngl
We multiply the last estimate by the outer factor B;C1/D; in . This
gives

N*+L*

19) | 3 xmerrne-yy)

n=N*+1

B4 . L 1 201 Dy 7
< log —L
=D (mln(c1 7TU5f> - ( 2Bl+4+ >>

Finally, we use the formula U(S_fl = |lgf'(N+1)/B1||~tD1/Bj, and substitute

back into . After straightforward rearrangements, we obtain the
lemma. =
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LEMMA 4.2. Suppose that f is a function satisfying the hypothesis of
Lemma[3.2] for some A > 1, n > 0, and with J = 2. Let dp, := (2m, D/B).
If f(x) is real for real x, then

N+L 9 )
(20) ‘ Z yezmirm|® < 4vy(X\, n)*ACL (log D 7 37T>
71'

n=N-+1

| A nac? ”f] om
=\
i [ O BL mC2Df"(N + 1) ||
min{ —~5—, B, .
Proof. We apply Lemma with J = 2 to the sum. This shows (simi-
larly to the beginning of the proof of Lemma that

N+L N* L
(21) ‘ Z X(n)e%if(n)‘ < VQ(/\777)‘ Z X(n)e2mP2(n_N_1)),
n=N-+1 n=N*41

where Py(z) = f(N+1)+ f/(N+1)z+ f"(N+1)2?/2 and [N*+1, N* + L*]
C [N + 1,N + L]. We split the range of summation on the r.h.s. of (21))
into arithmetic progressions along the residue classes ¢ modulo C. Letting
Ky :=|(N*=¢)/C] and Ay := [(N*+ L* - ¢)/C]| — Ky, we have

N*+L* C—1 Ko+4,
(22) Z x(n)e 2miPa(n—N—1) Z Z (L + Ck) e2miP(t+Ck—N—-1)
n=N~*+1 (=0 k=K, +1

We make use of the following properties of A,. First, by construction, we
have
Cc-1

(23) Z Ay=L"<L.
/=0

Second, using the periodicity of A, as a function of ¢ (mod C), and the
change of variable r = N* — ¢ (mod C), we obtain

Cc-1 Cc-1 c-1
(24) SoVA=Y VT +n)/Cl <> VL +r)/Cl.
£=0 r=0 r=0

Furthermore, supposing that L = ¢y (mod C), where 0 < ¢y < C, on
considering the summation ranges 0 <r < C—{y—land C—{3 <r < C-1

in separately, we obtain

Cc-1
S VI +1)/C = (€ t)VT —10)]C + lo/ (L — £5)]C + 1.
r=0
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If we view the r.h.s. above as a function of 0 < ¢y < C, say p({y), then its
maximum is achieved when £y = 0. Thus,

Cc—-1
> VA < p(0) = VCL.
/=0

Also, we have the bound
Cc-1
L2
(25) Af < =
C
=0

We are now ready to return to (22)). Lemma asserts that there is a
polynomial gy(z) of degree 2 in x such that

X(+ Ck) = x(0)e>™9 ™ (4,q) =1,

+(p—p)C,  p:=4Ly/C.

where gy(z) = apz + B’yz2x2/D, (7,q) = 1, and B|D. Therefore, applying
the Cauchy—Schwarz inequality to the r.h.s. in , we obtain

N*+L* 9 C—-1 Ky+4y 2
o0 | 3 wmennefise a3 dne)
n=N*+1 (=0 k=Kp+1
(tg)=1

where Q¢(z) := g¢(x) + P2({+ Cx — N —1). We bound the inner sum using
the van der Corput-Weyl Lemma [2, Lemma 5]. In fact, we use the more
precise form of the lemma at the bottom of page 1273 in [2]. This form
implies that if M is a positive integer then

Kp+Ay M

. 2 Ag 9 m
@7 | 3, e s(Ae+M><+ (1—>5,<,L<£>!>,
)k:KéJrl ’ MM = M
where
Ko+Ap—m
S (0) = Z e2mi(Qe(r+m)—Qe(r))
T:Ke-‘rl

Substituting into , and using the properties and together
with the upper bound Ay < [L/C'], we obtain

NZ+L , 2
(28) ‘ Z X(n)€2mP2(n—N—1) ’

n=N*+1

L*+ (1 — p)C? [L/CT s~ (M) & o
< - — .
< CL+ i +2C<1+ i >Z<1 M> > 18,0
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Since Q¢(z) is a quadratic polynomial, we have the simpler expression

Kg—f—Ag—m 5
2{: e2wd%nByZ/D+nmﬂf”uV+1DM

S (O] =

r=Kp+1
We plan to bound S/, (¢) using the Kuz'min-Landau Lemma [2, Lemma 2].
With this in mind, recall the definition d,, = (2m, D/B). Let
;. 2m D
m = — mi= B

dm’

Let @

Wy, 1= [Pmm02fl/(N + 1)] — |:m/C2Df”(N + 1):|,

2B
/C2Df//(N + 1)
2B ‘
Here, €,, is positive if w,, is obtained by rounding down, and negative if wy,
is obtained by rounding up. Hence,

€m = | PpmC?f"(N +1)|| =

—9 —2
HQvaE +mC2 (N 1) m/~l +wm+emH‘
P,
With U, p, := ||z/ P ||, the Kuz’'min-Landau Lemma furnishes the estimate
1
! < mi —m,=U"} .
1S, (£)] < min (Ag m, 7TUm”yZz+wm+6m,m + 1)
Therefore, using the inequality A, < [L/C'| yields
Cc-1 Cc-1 1
—_ ! . -1
S = ; 1S!.(0)] < z% mmOL/m MU e 1).
(ta)=1 (La)=1

To get an explicit expression for U, ,,, we consider subsums of S,,, over the
segments
(WP, (u+1)Py), w€Z,0<u<C/Py,.

To this end, let

Ap =#{0< 2 < Py, :2° =1 (mod P,)}.
As ¢ runs over the reduced residue classes in each segment, we see that since
(m/7, Py,) = 1 and / is squared, if m’ 7?2 4wy, hits a residue class modulo P,
it does so A,, times. Let R, denote the classes that are hit. We find that the
cardinality of R, is < P, /Ay, lf €, > Owetake Ry, C [—Pp,/2, Py /2), while
if €, < 0 we take R, C (—Py,/2, Ppy/2]. Furthermore, given m/v% + wy,,

() If each prime factor of ¢ occurs with multiplicity > 1, then C2D = q if ¢ is odd,
and C2D = 2q if ¢ is even. So the expressions that follow can be simplified in this case.
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let £ € Ry, denote the class representative that it hits. Then, summing over
the C/P,, segments, we obtain

C’Am 1.
Sm < —— Z m1n< [L/C] —m, ;U@_m,m + 1),
IER,

and we have the formula

10| + sgn(£)epm

, 1#0,
UZ—‘rem,m = ‘6 ’ Pm _
= {=0.
P,
At worst, the classes that are hit concentrate in [Py, /24, P /24n]. I
ém > 0, we isolate the terms corresponding to £ = 0 and £ = —1 (if they

exist), and pair the remaining terms for ¢ and —0 — 1. On the other hand,
if €, < 0, we isolate the terms for £ = 0 and ¢ = 1, and pair the remaining
terms for ¢ 4+ 1 and —¢. Since 0 < |e,,| < 1/2 and P,/ A, > 1, this gives

CAm . Py, 011m 2Py,
< — — - — | —
Sm < » m1n<(L/C} m, — —|—1> + - < +1>

™

Pn \An T C+lem| L+1—lem|/)
1<U< P [ (24m)

Furthermore,

Z < 1 N 1 )
C+lem|  L+1—|en)]

1<U< P [ (2Am)

20+1 P,
Z + <3+210g—.

< “Sari 2
- Z24+0— 2 24,,

1<U< P /(24m)
Hence, using the trivial inequalities [L/C'| < L/C 4+ 1 and 1 < A, < Py,
together with the observation P, | D so that A, = A(Py,) < A(D) = A, we
obtain

Sm <C]’§1mm<L/C m, fm’) 2CA%—QC’%—CA<3+210g21;>

Now, we have » ;.. .2,(1 —m/M) = (M — 1)/2. So summing over m we
arrive at o

P

(29) % (1 - ]\”;)Sm < cné(l — E)gmin@/é’—ma 7T|€m|)

m=1
CAM —1) (7 D
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In (29), we choose M = [L/C, so that M = L/C+1— j. Then we substitute
the resulting expression into , which gives

N*+L*

Py(n—N—1)|? L +p(1 - p)C?
30 27FZP2(TZN1) <CL
/01
A P
402 1— — 2 ) Emmin( LjC — m
e mZ( er ) g min (e —m )
4ACL (7 D
100 + 222 (L 10g 22 ).
+4CL + - <4—|— og23>

At this point, we may assume that L > C', otherwise the lemma is trivial
due to the first term in . Given this assumption, it is easy to check that
the second term in , viewed as a function of g, has no critical points in
the interval [0, 1), and so it is monotonic over that interval. Comparing the
values at p = 0 and p = 1, we deduce that the maximum is at p = 1. Using
this in and substituting the result into (after squaring both sides
there) yields the lemma. m

5. Proof of Theorem If x = o is the principal character, then
L(s,x0) = () [J(1=p7*).
plq
Bounding the product above trivially, we obtain
IL(1/2 + it xo)| < 1¢(1/2+ i) [T(1 +1/v/B) <1¢(1/2 +it)|7(a).
plg

(Note that this is a large overestimate, but it is still fine since the difficult
part of the proof is x # Xo.) Combining this with the bound for the Riemann
zeta function in [9], we arrive at

(31) |L(1/2 +it, xo0)| < 0.637(q)q"logq  (|t| > 3).

So the theorem follows in this case. Henceforth, we assume that y is non-
principal, and so ¢ > 2.

Let p = 1.3, which is a parameter that will control the size of the seg-
ments in our dyadic subdivision. The starting point of the dyadic subdivision

is
C|t|1/3
vw=|—=]|-
(p—1)?
We assume that |t| > tg > p3/(p — 1) where tq := 200. Since ¢ > 2 by
assumption, we observe that q > qo := 3tg.
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From the Dirichlet series definition of L(s, X) we have

(32) IL (1/2—|—ztx|<’2 1/2+n

We divide the summation range on the r.h.s. of (| into an initial sum
followed by dyadic segments [pevo, p”lvo). This gives

x(n)
+ Z Z nl/2+it |
£=0" plyg<n<pt*+lug

The /¢th dyadic segment is subdivided into blocks of length L, where

[(p = V)ptoo/[t]/3], 0 < €< by :=1og(CDIt|*/?/vg)/log p

Lo =< [(p— D)ploo/[t|VV2], €y < £ < £y :=log(qlt|/5v0)/log p,

[(p = D)p v /It], <4,
plus a (possibly empty) boundary block. (Note that our assumption || > t
and the fact that CD < ¢ imply £y < ¢1.) So there are Ry = [(p—1)p‘vo/L¢]
blocks in the fth segment. The rth block in the /th segment begins at

Nyo+1= [pfvo] +7rLy  (0<r<Ry).

We first bound the initial sum, then we bound the sum over each range of
¢ separately.

vo—1

IL(1/2 +it, x)| <

nl / 2+zt
n=1

5.1. Initial sum. The initial sum is bounded trivially by using the
triangle inequality and the fact that |x(n)/n'/?*%| < 1/y/n, and comparing
with the integral Sgo_l L dz. Recalling that C/q'/3 = cbf(q), this gives

7z
= x(n)

nl/2+it
n=1

5.2. Sum over 0 < ¢ < {y. Using the Cauchy—Schwarz inequality we

obtain
Z x(n)

nl/2+it
ploo<n<pt*lug
We partition the £th dyadic segment in into blocks of length Ly,. Then
we apply partial summation to each segment to remove the weighting factor
1/4/n. Finally, we apply the Cauchy—Schwarz inequality to the sum of the
blocks. This yields

Z x(n)
nl/2+it

ploo<n<pt*lug

2

< (b+1) Z

0<t<¥y

> ooy

0<tl<ly plyg<n<pltlyg

Npot+A X
>

TLN@+1

2
R
< At

35
(35) ~ plug £ 0<A<Ly
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We estimate the inner sum in via Lemma To this end, let
1 t
)\ = = ——1
=T f(@) =~ logz,
and 1 < L = A < Ly. (Note that A > 1, as required by the lemma.) We
have
ALy —1) 1
< <
Nng—l—l )\|t‘1/3
So f(Nyg+ 1+ z) is analytic on a disk of radius |z| < A(L; — 1). Moreover,
as a consequence of ,
OD(N, 41 tINM (L — 1)
59 (N + ) U L
4! 27§ (Nyg +1)7 = 25N
In particular, the required bound on |fU)(N, ¢+ 1)|/4! in Lemma 4.2| holds
with n = 1/(67). Therefore, if we let vy = 19(1/y/p —1,1/(67)) and
mC2D f"(Ny, + 1) _m C?Dt 1
Bd,, ~dy 27B (Npg+1)2
Lemma shows that the r.h.s. in is bounded by

(36) 1.

M(L—1)

Yrmp =

43 A
(37) 2 (bo+1) Z (¢ + *x¢)
0<l<ty
with
*p 1= CLZR% I 24—34-3*7T
T Tt B2 T T o4 )
[L¢/CT R;—1
C?Ry ,<mm3u 1 )
Kkp 1= Wi(m min , ,
oy 2 W 2 CD " Tgmmdl
where for brevity we write
m
Wim)=1— ——.
= e

We consider the easier term #, first. Since (p — 1)%vg/|t|"/? > C, we obtain

(p = Dp‘o (p = 1)p"*ug
‘t‘l/?) ‘t‘l/?)

And the upper bound in gives (p — 1)%vg/Ly > 1. Hence,

— ! _ (41
(p 1Mvo§Rﬁ§@ Lp™ v
Ly Ly
As can be seen from and the definition of Ly, we have

(40) Ry < plt]'/* (0 < €< o).

(38) <Ly <

(39)
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Using this bound together with and the inequality A > 2 (valid since
g > 2 by assumption), we arrive at

D 7 3w
> # < (o +1)p%(p = Dt (logg tat 4).
0<t<ly

Furthermore, by our choice of vg, we have

1 —1)2D|¢|'/3
(41) to 41 < loalplp —1)" D)
log p
Therefore, the inequality log(D|t|'/3/2) < logq'/?, the formula C/q'/3 =
cbf(q), and incorporating the additional factor ¢y + 1 from into our
estimate, give

2
—1
(42)  (o+1) 3 % <o cb(@)g/ Zi(loga), vy = LD
0<l<y 2710g P

where
Z1(X) = (X — logto + 21/4 + 91/4) (X + 3log(2p(p — 1)2))".

The term *x, in is more complicated to handle. First, we apply
Lemma [3.1] to estimate the sum over r there. To this end, note that

(Nrpre+1)2 = (Npp +1)2 > 2[p'wo]L,  (0<7 < R, —1).

Moreover, by construction, Ng,_1,+ 1 < |p o] and Nos+1> [pfvg].
Hence,

.m C?DIt| 2[ptvo] Le
“dy 2B [pftluglt
m C?D|t| p*—1
d,, 2B |ptHlug |2

|yr+1,m,£ — Yrme (0 <r<Ry-— 1),

(43)

YR, —1,m,0 — Yo,m,e| <

We apply Lemma to the sequence {Yym e}ty With ¥y = yr,—1.me, ¢ =
Yo,m e, P = mdymBLy/CD, and (since Yy, ¢ is monotonic in r) with § equal to
the lower bound for |y,41,m ¢ — Yrm.e| in . With these parameter choices,
Lemma [3.1] gives

Ry—1
. deBLg 1 > .
min , <2y—x+1)(2P+ ¢ " log(emax(P,2)/2)).
% < ¢D yrm.ell ( )( ( (P,2)/ ))

Multiplying out the brackets, we obtain four terms: 2(y — )0~ !
log(e max(P,2)/2)), 26 !log(e max(P,2)/2)), 4(y — x)P, and 4P. We es-
timate the sum of each term over m with the aid of the following inequali-
ties, which are either straightforward to prove (the left two inequalities) or
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a consequence of Lemma [3.4}

[Le/CT] Ly [Le/CT d
Y. Wm<o5, Y, Wm)® <7(D/B)log[Ly/C],
m=1 m=1
(44) [Le/C 12 [Le/C
> W(m)m < ﬁ > W(m)dy < 7(D/B)[Ly/C].
m=1 m=1

Combining (38), (40), (43), and (44]), together with the bound (here we use
Ly > C)
emLy

log(e max(P, 2)/2) <log Tk

we routinely deduce the estimates

2op [Le/C] 2 041, 12
C*Ry Z W(m)(p 1) p" v o emLy < B(0),

Ploo 2= [ptvo] Le &0
op [Le/C] P
2B I
CéRe Z ( )dﬂ 27T LPZ Vo logeﬁ < Byh)
P s m C2D[t| [pfvo]Le = 2C
[L¢/C1
CZRg Ard,,BL, m 02D|t| p2—1
i <
pe’UO Tnzz:l W(m) CD dm 2B Lp£+1U0J2 —83(6)7
[Le/C
C?Ry AnBL,
Pz > Wimdm—gp= < Ba(0),
m=1
where
30,2
_rpr 1) s, emly
Bi(l) i= === ——Clt["*log — =,
2mp°  plug el emLy
Bl (p—1) D|t|'/3 7(D/B)|log -~ | log =~

Bg(ﬁ) = ,03(,0 _ 1)3(P2 _ 1)0‘15’1/37

Ba(0) = dmp(p — 1)’ L0 Br(D/B).

D| |1/3

Incorporating the additional factor ¢y + 1 from into our estimate, we
therefore conclude that

4
(45) (lo+1) D wxg < 250“) > B0

0<4< ¥ty 0<t<ty

We estimate the sum over £ in as a geometric progression. To this end,
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we use the bound on £y in , the bound
L < plp—1)CDIH'? (0 <€ < ty),

which follows directly from the definitions of L, and £y, and consequently
the bound

emLy emp(p — 1)D|t|'/3
1 <1
®9c =8 2
After some rearrangements, this yields

(0§€<£0)

1/3 P*(p* = 1)
(lo+1) D Bi(l) < vycbf(q)q'/*Zy(logq), v := ——5—,
0<t<¥y 5410g P
(bo+1) Y Ba(f) < vgcbf(q)Br(D/B)q"/*Zs(logq),
0<t<ly
27 p8

D3 1=
2 27(p—1)%log p’

(lo+1) D Bs(6) <vscbf(q)a'/*Zi(loga),  vy:= Plo= 1%’ ~1)

2
0<t<¥y 9log P
(bo+1) Y Ba(l) < vs5cbf(q)Br(D/B)q"/*Z5(logq),
0<t<ly 3
oo o dm0°(p = 1)
b 3logp
where
Z5(X) := (X + 3log(emp(p — 1))) (X + 3log(2p(p — 1)2))2,
Z3(X) = (X + 3log(2ep(p )) X + 3log(emp(p — 1)))
x (X + 3log(2p(p — 1)2))
Z4(X) := (X +3log(2p(p — 1)%)),
Z5(X) := X + 3log(2p(p — 1)?).
Therefore,
(46) (Lo +1) Z =y
0<t<ty

< vy cbf(q)q"/* Z2(log q) + v3B7(D/B) cbf(q)q"/* Z3(log q)
+ vy cbf(q)q"/® Zy(log q) + vs BT (D/B) cbf(q)q'/3 Zs(log q).
We combine and , and use the inequality /z +y < & + /Yy

with z,y > 0. This gives

\/<eo+1> S (xtrre) < /ebE(q) (v/Zs(log 9) +/Br(D/B) Z1(log 9))q"/¢

0<t<dy



An explicit hybrid estimate for L(1/2 + it, x) 233

where
Zs(X) == 0121(X) +0225(X) + 04 Z4(X),
Z7(X) == 0323(X) + 0525(X).

Finally, we substitute this back into to conclude that

> ooy

0<<lp plog<n<pltlog

(47)

= f/V;\/A cbf(q) Zs(log q) 4"/

+ f/”;rm cbf(q)BT(D/B)Z7(logq) q'/S.

5.3. Sum over ¢y < ¢ < ¢1. Applying the triangle inequality and partial
summation gives

(48) >

Lo<t<ly

Z x(n)
nl/2+it

ptug<n<pttlvg

Ry—1

S Z 1/2 Z 0S AT,

€0<Z<€1

NT,£+A
x(n)

nit
n:Nr,ngl

We bound the inner sum in (48) via Lemma Using a similar analysis to
the beginning of Section 5.2, one verifies that the required analyticity con-
ditions on f(z) = —5=logz in Lemma hold with J =1, A =1/y/p —1,
and n = 1/(4x). Therefore, if we let v; = v1(1/y/p —1,1/(47)) and

o, S WNep + 1) gt 1
k- B 27B) Nyg+1’

then by Lemma the inner double sum in is bounded by

2 CiR D 7
(49) it (log : —|—+72T>

™ (p ’Ug)l/2 231 4
Ry—1
B L 1
% g (7 )
™ (p‘vo) el

We bound the sum over r in using Lemma To this end, note that

qlt| Ly qtf p—1
(50) |33r+1€ $r€| = onB Lp“‘lv J27 "ng—l,f - = 5 m-

Furthermore, since the sequence z,, is monotonic in r, we may set J in
Lemma to be the lower bound for |z,41 ¢ — 2z, | in , set y — x as the
upper bound for |xg,—1 ¢ — o] in , and set P = wB1Ly/q. (Note that
P > 2.) Therefore, applying the lemma, and multiplying out the brackets
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in the resulting bound 2(y — = + 1)(2P + ! log(eP/2)), gives

Rl ,(wBng 1 )
me _—
q |zl

r=0

< <2(P —D[p" o] | 47B LPEHUOJ?) log enBi1Ly
B Ly qlt| Ly 2q
2(p — 1)[t|Le L Bl
Lo+ o] qa

Using similar inequalities to those in Section 5.2, we deduce that

(p — 1)ptvo (p— Dpftlyy 1
e ShesTa Sl Dglt|Y?  (fo < 0 < ty).
Consequently, since B; < Dy, we have

enB1Ly < log emp(p — 1)D1|t]|*/?
2q 10

Using these inequalities, the formulas \/ZI/Dl = sqf(q), C1/(VCD q1/6) —
spf(q), and executing the geometric sum over ¢, we therefore conclude that

(51) Ch Ry—1 . <7TBng 1 > < vg spf( )q1/6Z (logq)
E — E min , < vgspf(q 5
wirte, (Prv0)'? ¢ el

log (fo <i< 51)

+ vg 5qf (q) B1 Zs(log q) + v105pf (¢)q"/% + v11 5qf (¢) B1,

where
Zg(X) := X + 2log(emp(p — 1)/10)
and
Rk 97 pB/2
bg = ) bg 1= )
Ve —1 V5 (p—1)(yp—1)
oo 2072 (p = 1) _ 4Anp*P(p 1)
10 - \/ﬁ ] ) \/g(\/ﬁ — 1) .

Furthermore, using the bound
Ry <plt|"?* (to<t<ty),

we obtain

CiR D 7T o
CORND DU T <1og Bttt 2) < 0125pf(0)"/0 Zl0g ),
Lo<tL<ty

where

Zg(X)ZX—210g<2\/%)+g+7T, D12 1= m
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We substitute (52 and ( . into (49) and ., which gives (after some
simplification)

(53) Z ‘ Z nf/(;l—i-)zt

Lo<l<ly ' ptoug<n<pttlug

141
< ;(Us spf(q)q'/%Zs(log q)

+ vg 5qf (q) B1 Zs(log q) + v10 5pf(q)q"/% + v115qf (g) B1)
U
+ 71012 spf(q)q/% Zg(log q).

5.4. Sum over /; < {. As before, we apply the triangle inequality,
partial summation, and Lemma with J = 0, to obtain

X(n) Ry—1 Ny +A
(54) Z Z nl/2+it §Z 1/2 ZOEZE’QXL[ Z X(”)’

v SASLy
L1l plyg<n<pltlug 1<t ,0 0 n=Ny y+1

Here, vy := v(1/+/p —1,1/(27)). We use the bound for nonprincipal char-
acters at the bottom of p. 139 of [7]. Specifically, if x (mod ¢) is nonprincipal,
then | >, x(n)| < 2,/qlogq. Using this, we deduce that the r.h.s. of is

2\/5 Vo\f logq

(55) < 2up/qlogq Z

i = — < vv13Z10(log q),
iz (Pfeo) / LIt
where VB
2v/5,/p
Zlo(X) =X - Iogto, 13 1= 7\/>
(Ve =DVt

5.5. Summary. We combine , , , and , then evaluate
the resulting numerical constants with p = 1.3. This yields the theorem.

6. Proof of Corollary We may assume that g > 1, otherwise
the corollary follows from the bound . ) for principal characters. By Lem-
ma [3.3], if x is primitive, then B = B} = 1. Also, since ¢ is a sixth power,
sqf(q ) = cbf(q) = 1 and spf(q) < 1. Therefore, the functions Z(X) and
W(X) in Theorem satisfy

Z(X) < —9.416 4 15.6004X + 1.4327+/A(D)X>/?
+12.1673\/A(D)7(D)X>/?,
W(X) < —296.84 +114.07X,
where we have used the fact that for X > log(2tg) we have
65.5619 — 17.1704X — 2.4781 X2 4 0.6807X° < 0.6807X 3,
—1732 — 817.82X + 71.68X? + 47.57X3 < 49.1X3.

These inequalities are verified using Mathematica.
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It is easy to see that A(p®) < 7(p®), which, by multiplicativity, implies
that \/A(D)7(D) < 7(D). Furthermore, since ¢ is a sixth power and ¢ > 1,
it follows that 7(D) < 0.5727(q) (as can be seen by considering the case
q =257, 7(q) > 7, and ¢ > 25. Substituting these bounds into the expres-
sions for Z(X) and W (X), we verify via Mathematica that

Z(X) < 7(q)(—1.3451 4 2.2287X + 7.2695X°/%) < 7.957(¢q) X>/?,
W (X) < 7(q)(—42.4056 + 16.2958X) < 16.307(q) X

for X > log(2%tg). Therefore,
IL(1/2 +it, x)| < 7.957(q)q"/%log®/? q + 16.307(¢) log q.
Finally, using the bound q > 2%, we deduce that
IL(1/2 + it, x)| < 9.057(q)q"®log™ q,

proving the corollary.

7. Proofs of bounds and
Proof of bound (3). Since x is nonprincipal, we have

, x(n
L(1/2+it, x) = %JrRM(t,x),
n<M n
where the remainder Ry (t,X) := Y02 1y x(n)n~Y/27% is just the tail of the
Dirichlet series. (We do not require that M > 0 be an integer.) To estimate

the tail, we use partial summation [12} formula (1)]:

s | X Xe|s ﬁ\g@mmh&]ﬂgﬂjﬁ(n)]

M<n<Ms
Mo

+ (1/2+ |t]) S Z X(n)‘u*?’/zdu.

M 1<n<u

We bound the character sums on the r.h.s. of using the Pélya—Vinogra-
dov inequality in [3| §23]. This asserts that if x is a primitive character

modulo ¢ > 1 then [}y o, -y, X(n)| < y/qlogg. Substituting this in (B6),

taking the limit as My — oo, and executing the integral gives

2,/qlogq
vM

The claimed bound follows on choosing M = (|t| 4 1),/qlogq. =

|L(1/2 4 it,x)| < 2VM + (|| + 1).

REMARK. If y is merely assumed to be nonprincipal, then the bound
still holds but with an extra factor of v/2 in front. One simply uses the
Pélya—Vinogradov inequality stated in [7, p. 139] in the proof.
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Proof of bound (g). Since |L(1/2+it, x)| = |L(1/2—it,X)| and the proof
will apply symmetrically to L(1/2+it, x) and L(1/24it,Y), we may assume
that ¢ > 0. Let ny = [/qt/(27)]. Since gt > 27, [4, Theorem 5.3] implies
that

— Xx(n)

n1/2+it
n=1

where O = exp(ﬁ + #) —1 and

264.72¢"*logq  11.39¢%/* 1o Vi

71/4 34 © :
To prove this, we specialize [4, Theorem 5.3] to the critical line, taking
X =Y with 2rX? = qt, then appeal to well-known properties of Gauss
sums. Put together, this yields

(57) [L(1/2 +it, )| < (2 + 01)

+|R(t, x)I,

(58) IR(t, x)| <

. x\n X\n
(59) L(1/2+it,x) = 1/(2+)it + F(t,x) 1/<2_>it + R(t, x),
n n
n<X n<X

where G(x, —1) is a Gauss sum and
(2mi)V/2Hitg=1/2=it G (y, —1)
I'(1/2 + it)
(Here, (2mi)'/?* is defined using the principal branch of the logarithm.)

We estimate R(t, x) in using the case “X < Y” in [4 Theorem 5.3].
Since we specialized X = \/qt/(27), we obtain

3/4 1/4
IR(t, x)| < (1672(2w)h“10gq+ 2f”12”)’/‘/qe—v”ﬁ/ﬁh/W@>‘7/.
\/z t1/4
The claimed estimate for R(t,x) follows on noting that 167.2(27)'/* <
264.72, 2.87(27)%/* < 11.39, and 7%/2/y/50 > 0.78.
To bound the factor 1/I'(1/2 + it) appearing in the definition of
F(t,x), we mimic the proof of [4, Lemma 2.1] with minor adjustments. This
gives

(60) F(t, x) :=

1 exp (5 + 95 + 1)
1 t .
(61 G Van =

Combining with the facts that |G(x,—1)| = /g and |(27i)L/2%| =

2m e~ ™/2 gives |F(t, )| < exp (2 + 12% = 1+ ;. Since the second sum
in the approximate functional equation (59)) is just the complex conjugate
of the first sum there, this proves (57)).

(3) The appearance of §; in is due to a slight imperfection in the form of the
approximate functional equation proved in [4], and is not significant otherwise.
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Last, we trivially estimate the sum in , then use the assumption
t > /g > V2 and monotonicity to bound R(t,x) and ;. This gives (on
noting that log ¢ < log ¢%/?)

|L(1/2 +it, x)|

2(1 +6,5) 0.78\\ ,
N ve _ e /4 1/12 2/3
< ( (@m)/ +11.39€xp< 21/4>)q + 264.72q log q~/°.

Denote the r.h.s. above by (*). Using Mathematica we verify that the equa-
tion (%) = 124.46q'/* has no real solution if g > 10°. Furthermore, () is
smaller than 124.46q"/* when q = 10°. Hence, (x) < 124.46q'/* for all
q > 107, as claimed. =
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