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Traces of functions of L) Dirichlet spaces on the
Carathéodory boundary

by

VLADIMIR GOL'DSHTEIN and ALEXANDER UKHLOV (Beer Sheva)

Abstract. We prove that any weakly differentiable function with a square integrable
gradient can be extended to the Carathéodory boundary of any simply connected planar
domain £2 # R? up to a set of conformal capacity zero. This result is based on the notion
of capacitary boundary associated with the Dirichlet space L3(2).

1. Introduction. Let {2 be a domain in R?. The trace (extension) prob-
lem for univalent analytic functions was first considered by C. Carathéodory
[6] in 1913. He introduced the notion of an ideal boundary d¢ {2 in terms of
so-called prime ends. The Carathéodory prime ends represent a compactifi-
cation of the planar domain in the relative distance introduced by Lavren-
tiev [19]. The main result of [6] states: if 2 is a simply connected planar
domain whose boundary 9(?2 is a Jordan curve, then every univalent analytic
function f from (2 onto the unit disc D extends continuously to df2. A more
applicable version of this theorem is the following. Let g : D — {2 be a uni-
valent analytic function. Then g extends continuously onto the boundary if
and only if the boundary of {2 is locally connected [38].

Univalent analytic functions f : 2 — D have a square integrable gradi-
ent. From this point of view it is natural to consider the trace problem for
weakly differentiable functions with Vu € Ly(2).

These functions are elements of the Dirichlet space (a uniform Sobolev
space) L1(2), the space of locally integrable functions with square integrable
weak gradient Vu € Ly(£2), equipped with the seminorm

lul Ly (2)]] = [Vul La(2)]]

By the standard definition, Li(£2) functions are defined only up to a
set of measure zero, but they can be redefined quasi-everywhere, i.e. off
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a set of conformal capacity zero. Indeed, every function u € Li(£2) has
a unique quasicontinuous representative u € L3(§2). Here a function @ is
termed quasicontinuous if for any € > 0 there is an open set U, of conformal
capacity less than e such that u is continuous on 2\ U (see, for example,
[15, 22]). The concept of quasicontinuity can be obviously extended to the
closure {2 of £2.

In this paper we deal only with quasicontinuous representatives of func-
tions u € Li(2).

One of the main results of the paper is the following:

THEOREM A. Let 2 C R?, 2 # R?, be a simply connected domain which
is locally connected at any x € 9§2. Then for every u € L(£2) there exists a
quasicontinuous function u : £2 — R such that u|g = u.

REMARK 1.1. The function w is defined at all points of {2 except a set
of conformal capacity zero (i.e. quasi-everywhere).

The proof is based on extension of weakly differentiable functions with
a square integrable gradient to the Carathéodory boundary O¢f2.

THEOREM B. Let 2 C R? be a simply connected domain, 2 # R%. Then
every u € LY(£2) has a quasicontinuous estension u on the Carathéodory
boundary Oc{2. The function u is defined quasi-everywhere (everywhere ex-
cept on a set of conformal capacity zero) on Oc 2.

The main ingredient of our method is the well-known concept of confor-
mal capacity and the less known concept of conformal capacitary boundary
introduced by V. Gol’dshtein and S. K. Vodop’yanov [12] for quasiconformal
homeomorphisms.

We prove that in the planar case, “points” of the conformal capacitary
boundary coincide with the Carathéodory prime ends. This allows us to con-
sider traces of weakly differentiable functions on the classical Carathéodory
boundary 0c 2.

The main properties of the space L(D) where D C R? is the unit disc are
well known. The Dirichlet spaces L3(§2) are conformal invariants. Therefore
the Riemann Mapping Theorem permits us to transfer necessary information
about boundary behavior from Li(ID) to simply connected domains (2.

More precisely, we extend the concept of quasicontinuity to a “capac-
itary” completion of a domain_§2. We construct a conformal capacitary
boundary as the completion {{2,,p} of a metric space {{2,,p} for a con-
formal capacitary metric p (see Section 1). Roughly speaking, an “ideal”
capacitary boundary point is a boundary continuum of conformal capacity
Zero.

Our method allows us to treat the general case of simply connected
planar domains 2 C R2. We prove that any function u € L1(§2) has a
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quasicontinuous extension onto the conformal capacitary boundary H, =
2, \ £2,. The main result in terms of ideal capacitary boundary is:

THEOREM C. Let 2 C R? be a simply connected domain, 2 # Rf. Then
for every u € Li(82) there exists a quasicontinuous function  : 2, - R
defined quasi-everywhere on H, such that u|o = u.

REMARK 1.2. The concepts of conformal capacitary metric and confor-
mal capacitary boundary were proposed in [12]. By quasi-invariance of con-
formal capacity under (quasi)conformal homeomorphisms, any such homeo-
morphism ¢ : 2 — 2’ is a bi-Lipschitz homeomorphism ¢ : (£2,p) — (£2, p)
for the corresponding conformal metrics and can be extended to a homeo-
morphism @ : (£2,p) — ({2, p) of the capacitary completions [12].

There is a vast literature concerning “ideal” boundaries of planar do-
mains in the context of conformal homeomorphisms. We discuss a few such
concepts in the last section.

The paper is organized as follows:

The main properties of conformal capacitary metrics are proved in Sec-
tion 2. The focus is on the local properties of the metrics at boundary points
and their dependence on the local topological properties of the boundary. In
Section 3 we discuss an analog of the Luzin property for capacitary metrics.
We call it the strong Luzin property. We prove this condition for fairly
large classes of domains that include extension domains for L(2). In Sec-
tion 4 we apply the abstract construction of Section 3 to simply connected
planar domains and we prove the main results about extension of Li(2)
functions to the capacitary boundary. In Section 5 we give a short historical
sketch of the “ideal” boundary concept and its connection to the capacitary
boundary.

In the terminology of the theory of Sobolev spaces we solve the classical
trace problem for the space L%([Z) in the case of simply connected planar
domains.

REMARK 1.3. The classical trace problem for Sobolev spaces is of great
interest, mainly due to its important applications to boundary value prob-
lems for partial differential equations. Boundary value problems can be spec-
ified with the help of traces on 942 of Sobolev functions.

There is an extensive literature devoted to the trace problem for Sobolev
spaces: we mention the monographs of P. Grisvard [14], J.-L. Lions and
E. Magenes [2I], V. G. Maz’ya and S. Poborchi [22], [27], and the papers
-5, 18], [6]-[18], [241-[23], [31], [32], [40], [42], [43].

For smooth domains the traces of Sobolev functions are in Besov spaces.
In the case of Lipschitz domains the traces can also be described in terms
of Besov spaces. For arbitrary non-Lipschitz domains the trace problem is
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open. For cusp type singularities a description of traces can be found in [11]
in terms of weighted Sobolev spaces.

2. Conformal capacitary metric. Let {2 be a planar domain and let
Fy, Fy be disjoint compact subsets of 2. We call the triple E' = (Fy, F1; 2)
a condenser.

The value

cap(E) = cap(Fp, F1; 2) = inf S |Vo|? de,
[0}
where the infimum is taken over all nonnegative functions v € C(2)NL3($2)
such that v = 0 in a neighborhood of Fy, and v > 1 in a neighborhood of F1,
is called the conformal capacity of E.
For 0 < cap(Fy, F1;2) < oo there exists a unique function ug (an ex-
tremal function) such that
cap(Fy, F1;02) = S Vg |? da.
Q
An extremal function is continuous in {2, monotone in 2\ (Fp U F1), equal
to zero on Fj and to one on Fy [I5] [41].

DEFINITION 2.1. A homeomorphism ¢ : 2 — (2’ between planar do-
mains is called K-quasiconformal if it preserves orientation, belongs to the
Sobolev class L%vloc(ﬁ) and satisfies the distortion inequality

‘rga)lc |Dp(x) - €| < K|r§r|11ri |Dp(x) - €| for almost all x € £2.

Infinitesimally, quasiconformal homeomorphisms carry circles to ellipses
with eccentricity uniformly bounded by K. If K = 1 we recover conformal
homeomorphisms, while for K > 1 planar quasiconformal mappings need
not be smooth. The theory of quasiconformal mappings can be found, for
example, in [39].

It is well known that conformal capacity is quasi-invariant under planar
quasiconformal homeomorphisms.

2.1. Definition of conformal capacitary metrics. A connected and
closed (with respect to 2) set is called a continuum. Fix a continuum F' in
the domain £2 C R? and a compact domain V such that F C V C V C 2,
and the boundary 0V is the image of the unit circle S(0,1) under some
quasiconformal homeomorphism of R2.

DEFINITION 2.2. Choose z,y € 2 C R? and join them by a rectifiable
curve [(x,y) C £2. Define the conformal capacitary distance between x and
y in {2 with respect to the pair (F, V) as

prvy(@,y) = lggg){cap1/2(F, U(z,y) \ V; 2) + cap2(002, I(z,y) N V; 2)}

where the infimum is taken over all curves [(z,y) as above.
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This definition was first introduced in [12] (see also [41]) where it was
proved that p Fy)(-, -) is a metric in {2 and that the topology induced by
this metric in £2 C R? coincides with the Euclidean topology. This metric is
quasi-invariant under quasiconformal homeomorphisms and invariant under
conformal ones.

Let {f?, p(r,v)} be the standard completion of the metric space {2, p(r,v) }

and denote by H, the set {ﬁ\(), perv)}- We call H), the conformal capacitary
boundary of £2. The set H, of boundary elements does not depend on the
choice of the sets F' and V in the definition of p [12] 30, [41]. Moreover, the
sets of boundary elements corresponding to different choices of (F, V) are
homeomorphic under the identity mapping. This justifies the notation H,
for the conformal capacitary boundary.

The topological properties of H, were studied in [12} 41]. For the reader’s
convenience we reproduce here the detailed proof of these properties.

DEFINITION 2.3. For h € H, we denote by D(h,¢), € > 0, the disc about
h in the metric p(py).
Call the set
sp =) D(h,e) CR?
e>0

the realization (or impression) of h € H,.

Recall that a domain {2 is called locally connected at zy € 92 if zy has
arbitrarily small connected neighborhoods in f2.

LEMMA 2.4. Let a domain {2 be locally connected at a point x € 02 and
suppose x € sy, for some h € H,. Then for every sequence {x,, € 2} such
that |xm — x| — 0 we have p(pyy(Tm, h) = 0 (as m — o0).

Proof. Since {2 is locally connected at x € 02, any two points Tk, T,
can be connected by a geodesic path I(xg, z,,) whose length tends to zero as
k,m — oo. Without loss of generality we can suppose that l(xg, z,,)NV = 0.
Hence cap(F, l(xg, xm); 2) tends to zero as k, m — oo, and therefore

lim_ pepyy (20, h) = 0. m

LEMMA 2.5. Let the realization s, of h € H, be a single point. Then
for every sequence {xm € 2}, p(pvy(Tm,h) — 0 implies |z, — sp| — 0 (as
m — 00).

Proof. Suppose that p(g v (Tm,h) — 0. Because s, is a single point, we
have

diam(D(h,e)) = sup |z—yl =0 ase—0.
z,y€D(h,e)
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The sequence {x,,} belongs to the boundary element h € H, that is a class
of equivalent sequences. So

|Tm — xn| > 0 as m,n — co.

Thus, {z,} is a Cauchy sequence in the Euclidean metric, and consequently
| Ty, — Sp| — 0 as m — co. =

From these lemmas we will deduce:

THEOREM 2.6. Let a domain §2 be locally connected at any point x € JS2.
Then the identity mapping i : {2 — (2 can be extended to a homeomorphism
iprvy © §2 = L2p vy if and only if the realizations sy, of all boundary ele-

ments h € Hp ., are single points.

Proof. Suppose that the identity mapping ¢ : {2 — {2 can be extended
to a homeomorphism Uprvy - 2 — QP(F,V)' Then every boundary element
he H coincides with a point x € 92 and so has a one-point realization.

P(F,V)
Conversely, suppose that all realizations s for h € Hp( are single

FV)

— 2 by set-

points. Then extending the identity ¢ : {2 — (2 to EP(F — f?,,(F -
ting %p(F - (h) = sp we obtain a one-to-one correspondence %p(F vy P42 — 0.
-1

o P(FV)"

Suppose that z;; — x in {2. Because the realizations s; of h € H, are

single points and = € sj, Lemma implies p(gy)(Tm, h) — 0 as m — oo.

Let us check the continuity of Ep( V) and 7

Hence Ep is continuous.
Suppose hy, — hg in QP(EV)' Because {2 is locally connected, the real-

izations of hy and hg are one-point sets and we can identify h;€~ and hg with
their realizations. By Lemma hi — hg in 2. Therefore i1 is also

P(F,V)

continuous. Thus Uppyy 15 @ homeomorphism. =

)

2.2. Conformal capacitary boundary, extension domains and
Carathéodory prime ends

DEFINITION 2.7. A domain 2 C R? is said to be an L}-extension domain
if there exists a bounded linear operator E : L3(2) — LI(R?) such that
E(u)|g = u for any u € Li($2).

We call the operator F an extension operator. It is known that a simply
connected domain {2 C R? is an Li-extension domain if and only if {2 is a
quasidisc [13].

Recall that a domain 2 C R? is called a quasidisc if there exists a
quasiconformal homeomorphism ¢ : R? — R? such that 2 = ¢(D).

THEOREM 2.8. If a bounded domain 2 C R? is an Li-extension domain
then the identity mapping id : H,pyy — 0f2 is a homeomorphism for any
capacitary metric p(p,yy in .
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Proof. Because (2 is an Li-extension domain, there exists an extension
operator
E: Ly(£2) — Ly(R?)
such that E(u)|o = u for any u € L1(§2). Hence

1
BT B s < Il gy < 1B Ly

By the definition of the conformal capacity, for any condenser (Fy, Fi; {2)
we have
1
TEE cap(Fo, Fi; R?) < cap(Fy, Fi; 2) < cap(Fy, F1; R?).
So, by the definition of the conformal capacitary metric, for any z,y € 2
and any pair (F, V) we obtain

1 —~
TEEPEY) (z,9) < peevy(z,y) < Drvy(z,y)

where p(pyy is the conformal capacitary metric in R? and p(rv) is the
conformal capacitary metric in (2. This means that the metric ppy,y is
equivalent to p(gy) on 2. The topology induced by p(xy) on R? coincides
with the Euclidean topology, and so the topology of H,ry coincides with
the Euclidean topology of 9f2. Because the metrics pgy) and pgy) are
equivalent on {2, the theorem is proved. m

This theorem gives a simple proof that the sets of boundary elements
corresponding to different choices of the pair (F, V') are homeomorphic under
the identity mapping.

COROLLARY 2.9. If a bounded domain §2 C R? is an Li-extension do-
main then for any two capacitary metrics ppyy and pg, vy) in 2 the cor-

responding capacitary boundaries Hp(F - and Hp(F1 v,y are homeomorphic.

Because any quasidisc is an Li-extension domain we immediately obtain

COROLLARY 2.10. Let 2 C R? be a quasidisc. Then the capacitary
boundary H, of {2 is homeomorphic to its Euclidean boundary 0f2.

The notion of ideal boundary in terms of prime ends was introduced by
Carathéodory [6]. The Carthéodory prime ends represent a compactification
of the planar domains in the relative distance introduced by Lavrentiev
[19]. (A detailed historical sketch can be found in [28].) We prove that the
capacitary boundary is homeomorphic to the Carathéodory boundary.

THEOREM 2.11. Let £2 C R? be a simply connected domain, 2 # R2.
Then the capacitary boundary H, is homeomorphic to the Carathéodory
boundary Oc{2.
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Proof. The Carathéodory boundary 0cf2 is homeomorphic to the Eu-
clidean boundary of the unit disc, 0. By Corollary the capacitary
boundary of the unit disc is also homeomorphic to JD. =

On the base of this theorem we give some examples [7] of boundary
elements h € H, of the conformal capacitary boundary.

EXAMPLE 2.12. Let
X ={(z,y) :y=1/3" for some n > 1 and —1 < z < 2},
Y ={(z,y) :y=2/3" for some n > 1 and -2 <z < 1}.
Let 2 =(-2,2) x (0,1)\ (X UY). Then h = {(z,0) : -1 <z < 1} isa
boundary element of this domain.

EXAMPLE 2.13. Let 2=R?\K, where K is given in polar coordinates by

K ={(r,0) : 0 =27p/2" for some integer n > 1 and some odd integer p

with 0 <p< 2™, 0<r<1/2"}
A boundary element h € H, of this domain at the origin is homeomorphic
to a Cantor set.

By C. Carathéodory [6] the domain (2 is locally connected at boundary
points if and only if every boundary element has a one-point realization.
Hence we have the following corollary of Theorem

THEOREM 2.14. Let {2 be a simply connected domain locally connected
at every point x € 9{2. Then the identity mapping i : §2 — §2 can be extended
to a homeomorphism i, : {2, — (2.

3. Strong Luzin property for the capacitary metric and bound-
ary values of Sobolev functions. Recall the notion of the conformal
capacity of a set E C £2. Let {2 be a domain in R?, and F' C {2 a compact
subset. The conformal capacity of F' is defined by

cap(F; 02) = inf{||u|L3(2|> : u > 1 on F, u € Cy(2)}.

In a similar way we define the conformal capacity of open sets.
For an arbitrary set E C {2 we define the inner conformal capacity as

cap(E; £2) = sup{cap(e; £2) : e C E C {2, e is a compact set},
and the outer conformal capacity as
cap(E; 2) = inf{cap(U;2) : E C U C {2, U is an open set}.

A set E C 2 is called conformal capacity measurable if cap(E;{2) =
cap(FE; £2); the value

cap(E; §2) = cap(E; 2) = cap(£; £2)

is then called the conformal capacity of E.
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The classical Luzin theorem asserts that every measurable function is
uniformly continuous if it is restricted to the complement of an open set of
sufficiently small measure. It is reasonable to conjecture that every function
u € Li(82) is uniformly continuous if it is restricted to the complement of
an open subset of 2 C R? of sufficiently small conformal capacity. Unfortu-
nately this conjecture is not valid for arbitrary domains; it only holds under
additional conditions on 2. A weak version of the Luzin theorem is valid for
capacity:

THEOREM 3.1 (Weak Luzin theorem for p-capacity [22]). Let 2 C R? be
an open set. For any u € L(£2) and & > 0 there exists an open set U. C 2
with cap(Ug; £2) < € such that u|g\p. s continuous.

We discuss here a strong version of the Luzin property for capacity:

DEFINITION 3.2. A domain 2 C R? has the strong Luzin (F,V)-capacit-
ary property if for every u € L1(£2) and € > 0 there exists an open set U C 2
with conformal capacity less than e such that the restriction of u to 2\ Us
is uniformly continuous for the conformal capacitary metric p(gy.

This property looks very restrictive, but, in reality, it holds for a large
class of domains. We prove in this section that any extension domain has
the strong Luzin capacitary property, and in the next section that any qua-
siconformal homeomorphism preserves this property.

Our main motivation for studying this property is the following result:

THEOREM 3.3. Let 2 C R? be a domain with the strong Luzin (F,V)-
capacitary property. Then for every u € L}(§2) there exists a quasicontinuous

function w : 2, — R defined quasi-everywhere on H, such that u|o = u.

Proof. Because 2 has the strong Luzin (F,V)-capacitary property, for
every ¢ > 0 and u € Li(§2) there exists an open set U. C {2 such that
cap(U:) < € and wu is uniformly continuous for the conformal capacitary
metric on the closed (in £2) set £2° = 2\ U.. Consider the closure 2 of £2°
in the complete metric space (ﬁp, p). Since u is uniformly continuous on
(£25,p), by the Tietze theorem there exists an extension u. of u to ¢, Set
20 = Uzs0 2. Then u has an extension @ to (£2°, p) and cap(ﬁp \ 29 =0
because 2., D §2, if &1 < ea. Therefore |, is defined quasi-everywhere on
H, and represents the boundary value of u € L3(£2) on H,.

The definition of the strong (F,V')-capacitary property depends on the
choice of (F, V) in the definition of p 1. But because sets of capacity zero
do not depend on the continuum F', the extension u does not depend on the
pair (F,V), and u is defined quasi-everywhere on H, in the following sense:
for any € > 0 there exists an open set U, C {2 such that u is uniformly
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continuous on 2\ U, cap(£2,\ Us) < €, and the continuous extension of u :

2\U: — R to the completion (2 \ Ue, p) coincides withw on H,N(§2\ Ue, p).
Combining the previous theorem and Theorem [2.14] we immediately ob-
tain

THEOREM 3.4. Let 2 C R? be a domain with the strong Luzin (F,V)-
capacitary property and locally connected at any boundary point. Then for
every u € L(§2) there exists a quasicontinuous function U : 2 — R defined
quasi-everywhere on 92 such that u|o = u.

The strong capacitary property is valid for a large class of domains,
namely extension domains. The class of extension domains includes domains
with smooth or Lipschitz boundaries (see for example [22]).

THEOREM 3.5. Let 2 C R? be a bounded Li-extension domain. Then {2
has the strong Luzin (F,V')-capacitary property for every capacitary metric

PFV)-

Proof. Choose u € L}(£2). Because {2 is an extension domain, there
exists an extension 4 € L3(R?) of u. By Theorem for any € > 0 there
exists an open set U, C R? of conformal capacity less than € such that @
is continuous on R? \ U.. As 2 is bounded, ﬂ|§\U€ is uniformly continuous
in the metric p(gy for any continuum F' C (2 and any compact domain V'
such that F C V C V C 2 and 9V is the image of the unit circle S(0,1)
under some quasiconformal mapping.

Hence u is uniformly continuous on 2\ U. in the metric p(y). By
monotonicity of conformal capacity, cap(U. N §2) < cap(U.) < €. Hence by
Theorem u is also uniformly continuous for any metric p 1y in 2\Ue. =

Combining Theorems and [2.8] we obtain

THEOREM 3.6. Let 2 C R? be a bounded Li-extension domain. Then for
every u € LL(§2) there exists a quasicontinuous function U : 2 — R defined
quasi-everywhere on 02 such that u|g = u.

Theorems and [2.8| can be easily extended to a more flexible class

of so-called quasi-extension domains:

DEFINITION 3.7. A domain 2 C R? is said to be an Li-quasi-extension
domain if for any € > 0 there exists an open set U. of conformal capacity
less than e such that 2\ U, is an Li-extension domain.

Typical examples of such domains are domains with boundary singular-
ities of conformal capacity zero.

THEOREM 3.8. If a bounded domain §2 is an Li-quasi-extension domain
then the identity mapping id : 92 — H, is a homeomorphism.
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Proof. Follows directly from Theorem 2.8 and the countable subadditiv-
ity of capacity. =

THEOREM 3.9. Let 2 C R? be a bounded Li-quasi-extension domain.
Then {2 has the strong Luzin capacitary property for any capacitary metric

P(EV):-
Proof. Follows directly from Theorem [2.8]and the countable subadditiv-
ity of capacity. m

Combining Theorems and we obtain

THEOREM 3.10. Let 2 C R? be a bounded L}-quasi-extension domain.
Then for every u € Li(§2) there exists a quasicontinuous function u : 2 — R
defined quasi-everywhere on 92 such that u|o = u.

Proof. By Theorem (2 has the strong Luzin capacitary property for
any metric p(p,y). Combining Theorems @ and [2.8|and using the countable
subadditivity of capacity we finish the proof. »

4. Boundary values of Sobolev functions for simply connected
domains. Using the Riemann Mapping Theorem we can prove that any
simply connected domain 2 # R? has the strong Luzin capacitary property,
which permits us to extend previous results to any simply connected domain
with nonempty boundary.

The unit disc D C R? is an L}-extension domain and has the strong
Luzin capacitary property. Recall that the conformal capacity of condensers
is a quasi-invariant for quasiconformal homeomorphisms between planar do-
mains. Hence the conformal capacitary metric is also a quasi-invariant for
quasiconformal homeomorphisms. Moreover, this remark immediately yields

ProprosITION 4.1 ([12]). Any quasiconformal homeomorphism ¢ : {2 —
2" between planar domains induces a quasi-isometry of £2, and _Q;.

COROLLARY 4.2. Let ¢ : D — (2 be a quasiconformal homeomorphism
of the unit disc D onto a domain 2 C R?. Then 2 has the strong Luzin
capacitary property for any capacitary metric P(FV)-

Proof. Choose u € L(£2) and ¢ > 0. We will prove that there exists a
set W, of small conformal capacity such that « is uniformly continuous on
£2\ We in any capacitary metric p ). Because ¢ : D — (2 is a quasiconfor-
mal homeomorphism, the composition v := u o ¢ belongs to Li(D) (see, for
example, [10]). As D is an extension domain, it has the strong Luzin capaci-
tary property for the metric p(,-1(r) ,-1(1))- Hence there exists an open set
Ue of conformal capacity less than e such that v|p\p, is uniformly contin-
uous in the metric p(,-1(py ,-1(v)). Conformal capacity is a quasi-invariant
for the quasiconformal homeomorphism . This means that there exists a
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constant ) which depends only on the quasiconformal distortion of ¢ and
such that the conformal capacity of W, := ¢(U;) is less than Qe. By the
previous proposition, ¢! induces a quasi-isometry of (sz and ]ﬁ)p. Therefore
u = vo ! is uniformly continuous on §2\ W, in the metric p(rv)- We have

proved that 2 has the strong Luzin (F,V)-capacitary property. =
The previous proposition and Theorem immediately yield

THEOREM C. Let 2 C R? be a simply connected domain, 2 # ]Rf. Then
for every u € Li(§2) there ewists a quasicontinuous function i : 2, - R
defined quasi-everywhere on the capacitary boundary H, such that u|p = u.

Theorems C and immediately imply

THEOREM B. Let 2 C R? be a simply connected domain, 2 # R%. Then
for every u € L(£2) there exists a quasicontinuous extension U of u on the
Carathéodory boundary dc2. The function u is defined quasi-everywhere on

Ocf?.

For simply connected domains locally connected at any boundary point,
Theorems B and [2.6] imply

THEOREM A. Let 2 C R?, 2 # R?, be a simply connected domain which
is locally connected at any x € 982. Then for every u € L(£2) there exists a
quasicontinuous function u : {2 — R such that u|g = u.

REMARK 4.3. The quasicontinuous function % : 2 — R is defined on 942
up to a set of conformal capacity zero (i.e. quasi-everywhere).

For the reader’s convenience we repeat some basic facts about quasidiscs.

DEFINITION 4.4. A domain 2 is called a K-quasidisc if it is the image
of the unit disc D under a K-quasiconformal homeomorphism of the plane
onto itself.

It is well known that the boundary of any K-quasidisc £2 admits a K?-
quasiconformal reflection, and thus, for example, any conformal homeomor-
phism ¢ : D — {2 can be extended to a K?-quasiconformal homeomorphism
of the whole plane to itself.

Boundaries of quasidiscs are called quasicircles. It is known that there are
quasicircles for which no segment has finite length. The Hausdorff dimension
of quasicircles was first investigated by Gehring and Viisala (1973) [9], who
proved that it can take all values in the interval [1,2). S. Smirnov proved
recently [35] that the Hausdorff dimension of any K-quasicircle is at most
1+ k2, where k = (K — 1)/(K +1).

Ahlfors’s 3-point condition [2] gives a complete geometric characteriza-
tion: a Jordan curve v in the plane is a quasicircle if and only if for any two
points a, b on 7 the (smaller) arc between them has diameter comparable to
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|a—b|. This condition is easily checked for the snowflake. On the other hand,
every quasicircle can be obtained by an explicit snowflake-type construction
(see [33]).

Because any quasidisc is an Li-extension domain, we can reformulate
the previous results in terms of quasidiscs.

PROPOSITION 4.5. Let £2 C R? be a quasidisc. Then the identity mapping
id : H, — 912 is a homeomorphism.

PROPOSITION 4.6. Let 2 C R? be a quasidisc. Then £2 has the strong
Luzin capacitary property.

5. Historical sketch and conclusions. The concept of ideal bound-
aries is common for geometry and analysis. The Poincaré disc is a model
of the hyperbolic plane that provides a geometrical realization of the ideal
boundary of the hyperbolic plane with the help of a conformal homeomor-
phism.

By the Riemann Mapping Theorem any simply connected planar domain
2 # R? is conformally equivalent to the unit disc. However, the boundary
behavior of plane conformal homeomorphisms cannot be described in terms
of Euclidean boundaries but it can be described in terms of ideal boundary
elements (prime ends), introduced by C. Carathéodory. By the Carathéodory
Theorem any conformal homeomorphism ¢ : D — {2 induces a one-to-one
correspondence of prime ends.

M. A. Lavrentiev [19] introduced a metric (a relative distance) for prime
ends. G. D. Suvorov [37] constructed a counterexample that demonstrates
the failure of the triangle inequality for the Lavrentiev relative distance
and proposed a more accurate concept of relative distance that satisfies the
triangle inequality. In terms of this metric the Carathéodory prime ends are
a geometric representation of “ideal” compactification “boundary points”.
The detailed survey of different conformally invariant intrinsic metrics can
be found in the paper of V. M. Miklyukov [2§].

For dimension more than two, by the Liouville theorem the class of con-
formal homeomorphisms coincides with the M&bius transformations. Even
for quasiconformal homeomorphisms nothing similar to the Riemann Map-
ping Theorem holds.

In our opinion two main constructions of a quasiconformally invariant
“ideal” boundary were proposed. The first one was in the spirit of Banach
algebras. Recall that the Royden algebra R((?) is a quasiconformal invariant,
as proved by M. Nakai [29] for dimension two and by L. G. Lewis [20] for
arbitrary dimension. As any Banach algebra, the Royden algebra produces
a compactification of {2 and any quasiconformal homeomorphism induces a
homeomorphism of such compactifications.
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The second construction is the capacitary boundary proposed by
V. Gol’dshtein and S. K. Vodop’yanov [12]. Its construction is based on
the notion of conformal capacity. Recall that conformal capacity is a quasi-
invariant of quasiconformal homeomorphisms. By [12], a quasiconformal
homeomorphism can be extended to a homeomorphism of domains with
capacitary boundaries.

The Royden compactification does not coincide with the Carathéodory
compactification. But for domains finitely connected at the boundary the
Carathéodory boundary and the set of components of boundary fibers in
the Royden boundary coincide (see e.g. [36, Theorem 7.4]).

The “ideal” elements of the capacitary boundary are Carathéodory prime
ends.

A necessary and sufficient condition for existence of continuous traces of
L}?(Q), p > 2, was obtained by Shvartsman [34] in terms of quasi-hyperbolic
metrics.

Acknowledgments. The first author was supported by the United
States-Israel Binational Science Foundation (BSF Grant No. 2014055).

The authors thank the reviewer for a careful reading of the paper and
useful comments.

References

[1] T. Adamowicz, A. Bjorn, J. Bjérn and N. Shanmugalingam, Prime ends for domains
in metric spaces, Adv. Math. 238 (2013), 459-505.
[2] L. V. Ahlfors, Quasiconformal reflections, Acta Math. 109 (1963), 291-301.
[3] N. Aronszajn and P. Szeptycki, Theory of Bessel potentials. IV, Ann. Inst. Fourier
(Grenoble) 25 (1975), no. 3-4, 27-69.
[4] O.V.Besov, The behavior of differentiable functions on a non-smooth surface, Trudy
Mat. Inst. Steklova 117 (1972), 3-10 (in Russian).
[5] A. Bjorn, J. Bjorn and N. Shanmugalingam, The Mazurkiewicz distance and sets
that are finitely connected at the boundary, J. Geom. Anal. 26 (2016), 873-897.
[6] C. Carathéodory, Uber die Begrenzung einfach zusammenhingender Gebiete, Math.
Ann. 73 (1913), 323-370.
[7] D. B. A. Epstein, Prime ends, Proc. London Math. Soc. 42 (1981), 385-414.
[8] E. Gagliardo, Caratterizzazioni delle tracce sulla frontiera relative ad alcune classi
di funzioni in n variabili, Rend. Sem. Mat. Univ. Padova 27 (1957), 284-305.
[9] F. W. Gehring and J. Vaiséld, Hausdorff dimension and quasiconformal mappings,
J. London Math. Soc. 6 (1973), 504-512.
[10] V. Gol'dshtein and Yu. G. Reshetnyak, Quasiconformal Mappings and Sobolev
Spaces, Kluwer, Dordrecht, 1990.
[11] V. Gol’dshtein and M. Ju. Vasiltchik, Embedding theorems and boundary-value prob-
lems for cusp domains, Trans. Amer. Math. Soc. 362 (2010), 1963-1979.
[12] V. Gol'dshtein and S. K. Vodop’yanov, Metric completion of a domain by means of
a conformal capacity that is invariant under quasiconformal mappings, Dokl. Akad.
Nauk SSSR 238 (1978), 1040-1042 (in Russian).


http://dx.doi.org/10.1016/j.aim.2013.01.014
http://dx.doi.org/10.1007/BF02391816
http://dx.doi.org/10.5802/aif.572
http://dx.doi.org/10.1007/s12220-015-9575-9
http://dx.doi.org/10.1007/BF01456699

(13]
[14]
15]

[16]
(17]

18]
[19]
[20]
[21]
[22]
23]
[24]
[25]
126]
[27]
28]
[29]
[30]
31]

32]

Boundary values of functions of Dirichlet spaces 223

V. M. Gol'dshtein et S. K. Vodop’yanov, Prolongement des fonctions de classe Ezl,
et applications quasiconformes, C. R. Acad. Sci. Paris 290 (1980), A453—-A456.

P. Grisvard, Elliptic Problems in Nonsmooth Domains, Monogr. Stud. Math. 24,
Pitman, Boston, 1985.

J. Heinonen, T. Kilpeldinen and O. Martio, Nonlinear Potential Theory of Degen-
erate Elliptic Equations, Oxford Math. Monogr., Oxford Univ. Press, 1993.

A. Jonsson, The trace of potentials on general sets, Ark. Mat. 17 (1979), 1-18.

A. Jonsson, Besov spaces on surfaces with singularities, Manuscripta Math. 71
(1991), 121-152.

A. Jonsson and H. Wallin, Function Spaces on Subsets of R™, Math. Rep. 2, part 1,
Harwood, London, 1984.

M. A. Lavrentiev, Sur la continuité des fonctions univalentes, C. R. (Doklady) Acad.
Sci. URSS (N.S.) 4 (1936), 215-217.

L. G. Lewis, Quasiconformal mappings and Royden algebras in space, Trans. Amer.
Math. Soc. 158 (1971), 481-492.

J.-L. Lions and E. Magenes, Non-Homogeneous Boundary Value Problems and Ap-
plications, Springer, Berlin, 1972.

V. G. Maz’ya, Sobolev Spaces, Springer, Berlin, 1985.

V. G. Maz’ya, Yu. Netrusov and S. Poborchi, Boundary values of functions from
Sobolev spaces in some non-Lipschitzian domains, Algebra i Analiz 11 (1999), 141-
170 (in Russian).

V. G. Maz’ya and S. Poborchi, Traces of functions from S. L. Sobolev spaces on
small and large components of the boundary, Math. Notes 45 (1989), 312-317.

V. G. Maz’ya and S. Poborchi, Traces of functions with a summable gradient in a
domain with a cusp at the boundary, Math. Notes 45 (1989), 39-44.

V. G. Maz’ya and S. Poborchi, Boundary traces of functions from Sobolev spaces on
a domain with a cusp, Siberian Adv. Math. 1 (1991), 75-107.

V. G. Maz’ya and S. Poborchi, Differentiable Functions on Bad Domains, World
Sci., River Edge, NJ, 1997.

V. M. Miklyukov, The relative distance of M. A. Lavrent’ev and prime ends on
nonparametric surfaces, Ukr. Math. Bull. 1 (2004), 353-376.

M. Nakai, Algebraic criterion on quasiconformal equivalence of Riemann surfaces,
Nagoya Math. J. 16 (1960), 157-184.

R. Nikki, Prime ends and quasiconformal mappings, J. Anal. Math. 35 (1979),
13-40.

S. M. Nikol’skii, Boundary properties of functions defined on a region with angular
points, Amer. Math. Soc. Transl. Ser. 2 83 (1958), 101-158.

S. Poborchi, Continuity of the boundary trace operator W, (92) — Lq(082) for a
domain with outward peak, Vestnik St. Petersburg Univ. Math. 38 (2005), no. 3,
37-44.

S. Rohde, Quasicircles modulo bilipschitz maps, Rev. Mat. Iberoamer. 17 (2001),
643—-659.

P. Shvartsman, On the boundary values of Sobolev WI} -functions, Adv. Math. 225
(2010), 2162-2221.

S. Smirnov, Dimension of quasicircles, Acta Math. 205 (2010), 189-197.

N. Soderborg, An ideal boundary for domains in n-space, Ann. Acad. Sci. Fenn. Ser.
A T Math. 19 (1994), 147-165.

G. D. Suvorov, Remarks on a theorem of Lavrent’ev, Tomskii Gos. Univ. Uchen.
Zap. Mat. Mekh. 25 (1956), 3-8 (in Russian).

M. Torhorst, Uber den Rand der einfach zusammenhingenden ebenen Gebiete, Math.
7.9 (1921), 44-65.


http://dx.doi.org/10.1007/BF02385453
http://dx.doi.org/10.1007/BF02568398
http://dx.doi.org/10.1090/S0002-9947-1971-0281912-5
http://dx.doi.org/10.1007/BF01158893
http://dx.doi.org/10.1007/BF01158714
http://dx.doi.org/10.1017/S0027763000007625
http://dx.doi.org/10.1007/BF02791061
http://dx.doi.org/10.1016/j.aim.2010.03.031
http://dx.doi.org/10.1007/s11511-010-0053-8
http://dx.doi.org/10.1007/BF01378335

224

[39]

[40]

[41]

[42]

[43]

V. Gol’dshtein and A. Ukhlov

J. Viiséla, Lectures on n-dimensional Quasiconformal Mappings, Springer, Berlin,
1971.

M. Yu. Vasil’chik, The boundary behavior of functions of Sobolev spaces defined on a
planar domain with a peak vertex on the boundary, Siberian Adv. Math. 14 (2004),
92-115.

S. K. Vodop’yanov, V. M. Gol’dshtein and Yu. G. Reshetnyak, On geometric prop-
erties of functions with generalized first derivatives, Uspekhi Mat. Nauk 34 (1979),
no. 1, 17-65 (in Russian).

G. N. Yakovlev, Boundary properties of functions of the class W;,SZ) in regions with
corners, Soviet Math. Dokl. 2 (1961), 1177-1180.

G. N. Yakovlev, Dirichlet problem for a region with a non-Lipschitz boundary, Dif-
ferential Equations 1 (1965), 847-858.

Vladimir Gol’dshtein, Alexander Ukhlov
Department of Mathematics

Ben-Gurion University of the Negev

P.O. Box 653, Beer Sheva, 8410501, Israel
E-mail: vladimir@math.bgu.ac.il

ukhlov@math.bgu.ac.il



	1 Introduction
	2 Conformal capacitary metric
	2.1 Definition of conformal capacitary metrics
	2.2 Conformal capacitary boundary, extension domains and Carathéodory prime ends

	3 Strong Luzin property for the capacitary metric and boundary values of Sobolev functions
	4 Boundary values of Sobolev functions for simply connected domains
	5 Historical sketch and conclusions
	References

