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On weak-star convergence in
product Hardy spaces on spaces of homogeneous type

by

MING-Y1 LEE (Chung-Li and Taipei), J1 L1 (Sydney)
and LESLEY A. WARD (Mawson Lakes)

Abstract. A classical theorem of Jones and Journé on weak-star convergence in the
Hardy space H' was generalized to the multiparameter setting by Pipher and Treil. We
prove the analogous result when the underlying space is a product space of homogeneous
type. The main tools we use are from recent work by Chen, Li and Ward (2013) and by
Han, Li and Ward (2014).

1. Introduction. In this paper we extend to the setting of product
Hardy spaces H! on spaces of homogeneous type the result that almost-
everywhere convergence of a sequence of uniformly bounded H' functions
implies weak-star convergence. See [PT] for the history of this result and
its connections with commutators, singular integral operators, Riesz trans-
forms, BMO, div-curl lemmas, and the theory of compensated compactness
in partial differential equations.

Our main result is the following.

THEOREM 1.1. Suppose that a sequence {fr} C H (X1 x --- x X,,) sat-
isfies || fellgr < 1 for all k and fiy(x) — f(x) for p-almost every x €
X1 X - x Xp. Then f € HY (X1 x -+ x Xp), [[fllmr < 1, and for all
» € VMO(X1 x --- x Xp),

(1.1) | A@e@du@) — | F@)é) dua).
X1 XXXy X1 XXXy
To extend the Calderén—Zygmund singular integral operator theory to
a more general setting, in the early 1970s Coifman and Weiss introduced
spaces of homogeneous type. As Meyer remarked in his preface to [DH],
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One is amazed by the dramatic changes that occurred in analysis during
the twentieth century.... After many improvements, mostly achieved by
the Calderén-Zygmund school, the action takes place today on spaces of
homogeneous type. No group structure is available, the Fourier transform
is missing, but a version of harmonic analysis is still present. Indeed the
geometry is conducting the analysis.

We say that (X,d,pn) is a space of homogeneous type in the sense of
Coifman and Weiss if d is a quasi-metric on X and p is a nonzero measure
satisfying the doubling condition. To be more precise, let us begin by recall-
ing these spaces. A quasi-metric d on a set X is a function d : X x X — [0, 00)
satisfying

(1) d(z,y) =d(y,z) >0 for all z, y € X,

(2) d(z,y) =0 if and only if x = y, and

(3) the quasi-triangle inequality: there exists a constant Ay € [1,00)
such that for all z, y and z € X,

(12) d(IL‘, y) < AO[d(IE? Z) + d(z7y)]

We define the quasi-metric ball by B(x,r) := {y € X : d(x,y) < r} for
x € X and r > 0. Note that the quasi-metric, in contrast to a metric, may
not be Holder regular, and quasi-metric balls may not be open. In this paper,
we assume that

(4) given a neighborhood N of a point z there is an € > 0 such that the
sphere {y € X : d(z,y) < €} with center at x is contained in N, and

(5) the sphere {y € X : d(z,y) < r} is measurable, and the measure
p({y € X : d(z,y) <r}) is a continuous function of r for each x.

We say that a nonzero measure p satisfies the doubling condition if there is
a constant C), such that for all x € X and all r > 0,

(1.3) pu(B(z,2r)) < Cuu(B(z,r)) < oo.

As noted by the reviewer of [PT] in Mathematical Reviews, since H!
is not reflexive, the fact that H' is the dual of VMO does not lead to a
functional-analytic proof of Theorem [1.1] using known methods.

The paper is organized as follows. In Section |2| we present some back-
ground about spaces of homogeneous type. In Section [3| we prove the one-
parameter version of our result, and in Section [4] we prove the product
version.

2. Preliminaries. We recall the ingredients and tools that we will use
below to prove Theorem [1.1], namely systems of dyadic cubes, the orthonor-
mal basis and wavelet expansion of Auscher and Hytonen [AH], the spaces of
test functions and of distributions, the definitions from [HLW] (using these
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spaces) of H', BMO and VMO on product spaces of homogeneous type,
and the duality relations between them. See [HLW] for a full account of this
material.

2.1. Systems of dyadic cubes in a doubling quasi-metric space.
Let X be a set equipped with a quasi-metric d and a doubling measure u;
in particular, (X,d, ) is a space of homogeneous type. As shown in [HK],
building on [Chr], there exists a dyadic decomposition for X: There exist
positive absolute constants ¢;, C7 and 0 < ¢ < 1 such that we can construct
a set {xf}) . of points and families {QX},, of sets in X satisfying the
following properties:

2.1) if £ <k, then either Qg C Qg or Q’; N Q% = 0;

2.2) QzﬂQEZQ)for every k € Z and o # 3;

2.3) X =, QF for every k € Z;

2.4)  B(zk, e16%) c QF ¢ B(ak, 016%);

(2.5)  if £ <k and Qf C Qf, then B(zk, C10%) C B(af, C10").

Here for each k € Z, o runs over an appropriate index set. We call the set
QF a dyadic cube and x¥ the center of the cube. Also, k is called the level

of this cube. We denote the collection of dyadic cubes at level k by DF,
and the collection of all dyadic cubes by D. When QF ¢ ngl, we say QF

is a child of Qg_l and Qg_l is the parent of QF. Because X is a space
of homogeneous type, there is a uniform constant N such that each cube
Q € D has at most A children.

2.2. Orthonormal basis and wavelet expansion. We recall the or-
thonormal basis and wavelet expansion of L?(X) due to Auscher and Hy-
tonen [AH]. To state their result, we first recall the set of reference dyadic
points z¥. Let § be a fixed small positive parameter (for example, as pointed
out in [AH] Section 2.2], it suffices to take § < 1073A4;'). For k = 0, let
20 .= {29}, be a maximal collection of 1-separated points in X. Induc-
tively, for k € Zy, let 2% := {28} D 2% L and 2% .= {a;F} € 27~ (-1
be 6%~ and §F-separated collections in .2°%~1 and 2 =1 respectively.

Lemma 2.1 in [AH| shows that, for all £k € Z and x € X, the reference
dyadic points satisfy

(2.6) d(xg,xg) > (a#p), dz, Z*) =min d(z,z¥) < 2406".

Now let ¢ := 1, Cy := 24 and § < 10_3A510. Then there exists a
set {Qg}kez’ae o+ of half-open dyadic cubes associated with the reference
dyadic points {xﬁ}kez’ acak- We consider ¥ as the center of Q. We also
identify with 2% the set of indices o corresponding to m]; e 2k
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Note that 2% C 2%+ for k € Z, so that every 2¥ is also a point of the

form :1;2“, and thus of all the finer levels. We denote &% := 27F+1\ 2%,

and relabel the points {z% 1}, that belong to Z* as {yX},.

THEOREM 2.1 ([AH, Theorem 7.1)). Let (X,d, ) be a space of homoge-
neous type with quasi-triangle constant Ao, and let a := (1 + 2logy Ag) ™!
There exists an orthonormal basis ¢§, k € Z, of L>(X), having exponential
decay

) k(x #ex —v(67*d(yE, 2))e
(2.7) [ha(z)| < S BOE o) p(—v (67" d(yy, x))"),

Holder reqularity
(2.8)

[Va(z) — valy)l <

T n
c (d(y;y)) exp(—v(0~ d(yk, v))°)

1(B(yh0%))
for some n € (0,1] and for d(x,y) < 6%, and the cancellation property
(2.9) | vi(@)du(z) =0, keZ, yhew”
X
Moreover,
(2.10) fl@) =" > (frunvi(e)
kEZ acW'*

in the sense of L*(X).

Here § is a fized small parameter, say & < 10100A W and v > 0 and
C < > are constants independent of k, a, x and ya In what follows, we
also refer to the functions Yk as wavelets.

2.3. Spaces of test functions and distributions. We refer the reader
to [HLW, Definitions 3.9 and 3.10 and surrounding discussion| for the
definitions of the space G of product test functions and its dual space
(G)' of product distributions on the product space X; x Xs. In [HLWI,
G is denoted by G(B1, B2;71,72), and (G)' is denoted by G(B1, B2;71,72)',
where the (§; and ~; are parameters that quantify the size and smooth-
ness of the test functions, and 3; € (0,7;) where 7; is the regularity ex-
ponent from Theorem (In fact, in [HLW] the theory is developed for
Bi € (0,m;], but for simplicity here we only use ; € (0,7;) since that is all
we need.) We note that the one-parameter scaled Auscher—-Hytonen wavelets

k(x)/\/u(B(yk, %)) are test functions, and that their tensor products
U ()08 (y) ( (B (yalﬁkl))uz( (ya2,5k2)))’1/ ? are product test functions
in G for all §; € (0,m;] and all ; > 0, for ¢ = 1, 2. These facts follow from
the theory in [HLW], specifically Definition 3.1 and the discussion after it,
Theorem 3.3, and Definitions 3.9 and 3.10 and the discussion between them.
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We have the following version of the reproducing formula in the product
setting X7 x Xo.

THEOREM 2.2 ([HLW]). The reproducing formula

211)  flena)=> > > Z (f URL a2 e (1)ves (22)

ki ane@kr ke ape¥

holds in both G(B1, Ba;v1,72) and (G (ﬂbﬂ%’h,’m))/ with 0 < B; < n; and
vi < mj fori=1,2.

We recall from [HLW] the definitions of the Hardy space H'(X; x X3),
the bounded mean oscillation space BMO(X; x X3), and the vanishing mean
oscillation space VMO(X; x X3).

DEFINITION 2.3 ([HLW]). The product Hardy space H' is defined by
HY (X1 x X)) :={f € (@) : S(f) € L}(X1 x Xo)},

where S(f) is the product Littlewood—Paley square function defined as
1/2

Sna) = {d D 3 D 1wk HRgn @)Tgn )P}

ki arert k2 asedka
where Xp, () = xgy (@)(Qa) ™"
tion of the dyadic cube Qk’ fori=1,2.
For f € H'(X; x X3), we define Hf||H1(X1><X2 = IS 1 x0 xx2)-
DEFINITION 2.4 ([HLW]). We define the product BMO space as
BMO(X; x Xo) := {f € (G): Ci(f) < L=},

and x oFi (x;) is the indicator func-

with

1/2
&) ‘:S“p{mlrz) 3 kgl >|2} ,

k1,k2€Z,01 €¥F1 a0 k2 7R=QZII XQQQQ c
where (2 runs over all open sets in X7 x X9 with finite measures.
DEFINITION 2.5 ([HLW]). Let

1/2
E(Q):—{Mlm 3 (i vaz, >\2}

k k
k1,k2€Z, a1 ewk , 0426?}/k2 5 Qall XQC!22C‘Q

We define the product vanishing mean oscillation space VMO(X; x X3) as
the subspace of BMO(X; x X5) consisting of those f € BMO(X; x X3)
satisfying the three properties:
(a) lim sup E(£2)=0,
6=0 0 u(2)<6

(b) lim sup E(2) =0,
N=00 0 diam(02)>N
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(c) lim sup E(£2) =0, where z; and x9 are any fixed
N—=00 0. Qc(B(21,N)x B(z2,N))*
points in X; and Xo, respectively.

THEOREM 2.6 ([HLW]). The following duality results hold:
(H'(X1 x X2)) = BMO(X; x X3), (VMO(X; x X)) = H'(X; x Xo).

3. Proof of Theorem for one parameter. We note that just
recently, a weak convergence result in the one-parameter setting was pro-
vided in [HKy]. However, for the convenience of proving our main result in
the product setting, we also provide our proof here. To prove Theorem
paralleling the Euclidean one-parameter case, we will make use of several
properties of the A, classes on spaces of homogeneous type. These properties
are collected in B.IH3.5] below.

Let (X,d,u) be a space of homogeneous type. A nonnegative locally
integrable function w : X — R is said to belong to 4,(X), 1 < p < oo, if

p—1

su L w(x x L w(@) VD qu(x 00
w (M(B)ng (@) du) (M(B); @ D)) <o
and to Ap(X) if

1 1
sup| ——= \ w(x)d x)(esssupw$_><oo.
B(M(B)]i () duu(x) z€B (=)
LEMMA 3.1 ([C2, Lemma 4]). Let w € A,, 1 < p < co. There exists a
constant C > 0 such that, for any subset E of B,

(MDY o freteriuts)
wB)) =" w@) du)
The centered Hardy—Littlewood maximal operator M with respect to the
measure p is defined by
1
Mf(x) :=sup ——=—= J(W)ldu(y).
@)= e, ) W)
THEOREM 3.2 ([C2, Theorem 3]). If w € A;, then M is of w-weak type
(1,1) with respect to u, that is, there exists a constant C > 0 such that, for
all X\ >0 and all f € L} (dp),

| wiz)dp(z) < + | | f(@)|w(z) du(z).

{zeX: Mf(x)>\} X

<
A

Similarly, the uncentered Hardy—Littlewood mazimal operator M with
respect to the measure u is defined by

Mf(z) = sup -

S )l dp(y)
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LEMMA 3.3. The weight w is in A1 if and only if there is a constant
C > 0 such that

Mw(z) < Cw(x)  for p-almost every x € X.

Proof. Suppose that there is a constant C' > 0 such that Mw(z) < Cw(x)
p-almost everywhere. Since Mw(x) is equivalent to Mw(x), it is clear that

1
— S w(y) du(y) < Cw(z) for p-almost every = € B.

w(B) 5

Hence w € A;. Conversely, Theorem [3.2] shows that there exists C' > 0 such
that, for any A >0 and f € L.,

> Q

| w(z)du(z) < — | |f (@) |w(@) du().

{ze€X : M f(z)>A} X
Suppose x € By C By. Let f = xp, and z € By. Then

_ (B)
| F)duy) = o B;).

Mf(z) >

The above inequality shows that By C {z : M f(z) > u(B1)/u(Bs2)}. Hence,

H(Ba) S w(x) du(x).

| w@) du() < | AR ) =gy )

Ba {z: Mf(x)>u(B1)/n(B2)}

By Lebesgue’s differentiation theorem, the lemma follows.

We will need the following generalization to spaces of homogeneous type
of one direction of a well-known result of Coifman and Rochberg [CRIJ.

LEMMA 3.4. Let f € LL _(X) be such that M f(z) < oo u-almost every-

loc

where. Then (M f)? € Ay for 0 <6 < 1.

Proof. By Lemma it suffices to show that there exists a constant C'
such that, for any B and p-almost every x € B,

M(lB) [ (V)P du < C(3T £ (2))°.
B

Fix B = B(xg,t9) and decompose f as f = f1 + f2, where f; = fx2p and
f2 = fx@B)ye With 2B = B(xo, 2tp). Then M f(y) < M f1(y) + M f2(y) and

(M) < (Mfi(y) + (M foly))® for 0<3<1.

Since M is weak (1,1) with respect to the measure p, Kolmogorov’s inequal-
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ity shows that

1 c

B ;uﬁfl(y))‘;du(y) < B A
<c ul Sdeu) < C(M f(z))’.

Now we estimate M fo. Given y € B, for any B(yo, R) that contains y, we
have B C B(yo, A2 max{tg, R}). If R < to, then B(yo,t0)NB(zo,t9) # 0 and
hence B(yo,to) C B(wo, A3tp), which gives B(yo,to/(QAQ)) C B(zo, 2tp).
Then the inequality S Blyo.R) |f2| dp > 0 implies R > to/(2A3), which yields
B C B(yO,QAéR) when R < to. It is clear that B C B(yo,2A43R) when
R > to. Thus,

1 ¢ M
#(B(yo, R)) B(yi R (B o, 24517)) B(yoaéAéR)

so that Mfg(y) < C’Mf( ) for all y € B. Therefore,

—x M f2(y))° du(y) < C(Mf(x))°. =

HB) g
LEMMA 3.5. If w € A2(X), then logw € BMO(X).

We omit the proof of Lemma which echoes the Euclidean version
(see for example [D]).

We are ready to show the main result in the one-parameter case. We
follow the proof in [L]].

Proof of Theorem for one parameter. Since H'(X) is a subspace
of L'(X), it follows from Fatou’s lemma that f € Ll(X).O To show (|1.1)
for all ¢ € VMO(X), by density it suffices to consider ¢ € G(3,~). Fix § €

(0,1/(2A0)) and pick > 0 such that nexp(d—1) < 5C,1fg26 and { |f|dp <6
whenever u(E) < Cnexp(6~!). Now choose k large enough so that

p(Ey) = p({z € X : [fi(z) — f(z)] > n}) <n.
We construct a bump function 7(x) on X as follows. Define
7(z) := max{0,1 + dlog(Mxg,)(z)}.

It is clear that 0 < 7(x) < 1 and 7 = 1 p-almost everywhere on Fj. Also,

I7lBMO(x) < 25HIOg(MXEk)1/2”BMO(X) < € due to Lemmas and E
By the weak (1, 1) estimate for M with respect to p,

p(supp(7)) < Cu(Ey) exp(6~") < Cexp(5).
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Consequently,
| [fldu<s

supp(7)

We now write

(= o du| <| §(F = s =) du +| [ ( = fi)or du
X X X

<nllélluian+ § Ifldut|] feordn
supp(T) X

<640+ || fuordpl.
X

The proof of (1.1)) will therefore be established provided we verify

(3.1) o7 |IBMO(x) < C6.
Suppose B = B(yo, 1) with 79 < §. The Holder regularity of ¢ gives

1 2
— - dp < —— - d
2 2|95
- - d — 75|d
= u(B) ]SB"’” L (B) ,SB|T i

< O +2|||| || 7 IBMo(x) < C(8° + 0).
For 79 > & and B(yo,d) N B(xg, 6 ') = (), the size condition of ¢ yields
1 2
—— \ o7 — (¢7)B|ldp < ——\ |¢7|dp < C67.
(B ) 17~ Omolde < g o]

For ry > ¢ and B(y(Jv 5) ﬂB(IE(), 6_1) 7& ®7 we get B(yOa 6_1) - B(:I;Oa A05_1)>
and hence u(B(zg,6 1)) < u(B(yo, Agé~')). The doubling condition shows
that

o -2
1(B(yo, Ao 1)) < C2820%0) ( By, 6)).

Thus,
1 - Claogz(Ao5’2) - Clllogz(Ao5*2) - Claogz(Ao5’2)
u(B) = w(B(yo, Aod~1)) = pu(B(xo,071)) = Vi(wo)

and so

1 92 Clog2(A05_2)

T — () pldy < —— rldp < =5 ———j(supp(r
M(B)]Sglqb (¢7)B] H_M(B)]_S?W |dp < Vi(zo) p(supp(7))
logQ(A()d*Q)
< 20“777 exp(6~ 1) < C6.

Vi(wo)
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Therefore,

1
MB)Q;‘M — (¢7)pldu < C§

and (3.1)) follows. By weak-star compactness of the ball in H!, there exists
a g € H' with ||g][;n < 1 and a subsequence {fy, }ien such that {fx, hien

weak-star converges to g. By (L.1)), we have { f¢ = {g¢ for all ¢ € G(3,7),
and hence f =g c H'. m

(3.2)

4. Proof of Theorem in the product case. We begin by re-
calling several key tools we will use to pass from the product Euclidean
setting to the setting of product spaces of homogeneous type. These tools
are the random dyadic lattices, the dyadic product BMO space, the av-
eraging theorem relating the dyadic and continuous product BMO spaces,
several properties of product bmo (“little BMO”), and the construction of a
product bump function 7(x1,x2) on X; x Xs. Then we prove Theorem
for product spaces of homogeneous type.

In [HK| Theorem 5.1] Hyténen and Kairema constructed random dyadic
lattices on spaces of homogeneous type, extending an earlier result of Naza-
rov, Treil and Volberg [NTV]. Specifically, there exists a probability space
(£2,P) such that for each w € (2 there is an associated dyadic lattice
D(w) = {Q* (w)}1.q related to dyadic points {2% (w)}.o with the properties
1} above, and the following smaliness property holds: there exist
absolute constants C,7n > 0 such that

P{we 2 z,a" t in th be Q € Dhw)}) < o 282D’
({w € 2 : x,2" are not in the same cube Q € D"(w)}) < 5
for all z,2* € X, where DF(w) is the set of all dyadic cubes at level k
in D(w).

Fix w € 2. For a cube Q € D(w), let ch(Q) denote the set of all children

of @ € D(w). From and (2.2), we know that Q = Ureen(g) - For a
cube @ € D(w), deﬁne the averaging operator E¢) by

Egf =BG f = (§ fdn)xa,
Q

where as usual SQ fdp=p(@)! SQ fdp and xg is the characteristic func-
tion of Q. (We reserve the more usual name of expectation operator for
the expectation E,, over random dyadic lattices, defined below.) Define the
difference operator A¢ by

4f = Ag (Z EJf)—Eij.

Jech(Q)
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For convenience, we sometimes write Fg and Ag instead of Eg and A‘é.
Note that for every x € X, at each level k there exists exactly one cube
Q*(z) € D*(w) such that x € Q*(z). So for each k € Z we can define

By f(x) = ZEng(JU) = Egr g f(2),
Apf(@) =Y Agif(x) = Ex f(x) — Bi f(x).

For j = 1,2, let (£2;,P;) be a probability space for (X}, pj, ;) such
that for each w; € §2; there is an associated dyadic lattice D;(w;) satisfying
properties (2.1)-(2.6). We define the dyadic product BMO(X; x X32) space
via the difference operator. Let A“ := A‘&Jl Ag%;,z where Q7" € Dq(w) and

5% € Da(wz). Let R¥ denote the rectangle Q7" x Q52.

DEFINITION 4.1. Let f¥(z) = f“1%2) (2, 25) be a locally integrable
function on X7 x Xao. We say that f“ belongs to the dyadic product bounded
mean oscillation space BMOy, w, 1= BMOp, (4;)xDs(ws) (X1 X X2) if there
exists a constant C' > 0 such that for every open set A C X7 x Xo,

1

- AW w2d <C2.
M(A)R;A)S? [l dp <

We define the dyadic product BMO norm || f|lgmo., ., of f* to be the in-
fimum of C' such that the inequality above holds.

THEOREM 4.2 ([CLW]). Let (Xi,di,p1) and (Xa,da, pu2) be spaces of
homogeneous type. For j = 1,2, let (§2;,P;) be a probability space, and
{D(wj)}w,en; a collection of random dyadic lattices on X; such that prop-
erties (2.1)-(2.6) hold. Let {f“}, w = (w1,w2) € 21 X (22, be a family of
functions with f* € BMOp (., )xD(w) (X1 X X2) for each w € £y X {22, such
that

(i) w f¥ is measurable, and
(ii) ||fw||BMOD(w1)><D(u2)(X1><X2) < Cy for some constant Cy independent
of w.
Then the function f defined by the expectation

f(z) ==K, f*(2)
belongs to BMO(X1 x Xa), and ||Ey f“|[Bmo(x; xxz) < CCa-

DEFINITION 4.3. A real-valued function f € L (X7 x X») is in the

space bmo(X1 X Xa) (called “little BMO?” in the literature) if its bmo norm
is finite:

(4.1) £ lmo(xy xx2) = Sup S |f(x1,22) — frldpi(21) dps(z2) < oo.
R
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LEMMA 4.4. If f,g € bmo, then max{f,g} € bmo.

LEMMA 4.5. Suppose §2 is an open set in X1 X Xo with finite measure.
Let D1 and Dy be dyadic cubes in X1 and Xo, respectively. Then

> 1Agixuf13< VD0 14 (@1, )3 dpa (1)
R=Q1xQ2€D1 xD2, RCN X1 Q2€D2(w2)
Proof. Let

f(xlv ) = Z AQQf(Cﬂl, ) for 1 € X;.

Q26D2(w2)

Then Ag, f(x1,-) = Ag, f(x1,-). Since Ag, xq, = Ag, ® Ag,, we get
AQix@uf = Alesza

and so

D 118G x@ flI3 =D 1A, xqu fI3
<IB= ] X Aqurten | dimen)

X1 Q2€D2(w2)

- S Z | Ag, f(x1,-)|3 dpr (21). =

X1 Q2€D2(w2)

LEMMA 4.6. Suppose ¢ € é(ﬁl,ﬁg,’yl,’yg) and b is a bounded function
with ||bllec < 1. Then, for all a € (0,1), for each open 2 C Xy x Xo, and
for each rectangle R = Q1 X Q2 € D1(w1) ® Da(w2), we have

(4.2) > 1AR@D)Z < Cl1Bllbmo + ) 1(£2).
RC2,diam(R)<a

Proof. The proof is by iteration. For one parameter, it suffices to prove
(4.2) for £2 = Qo, where Qg is a dyadic cube in X;. Without loss of generality
we may assume that diam(Qp) < . Then

Y 12@b)II3 = | [¢b(x) — (#b)qo|* dpa(z)

QCQo Qo
<2 | [¢b(x) = (8)Qo (D), | du(x)
Qo
<2 | |¢b(x) — ¢(x)(b)qo|* dpu(x)
Qo
+2 S ‘Qs(x)(b)Qo - (¢)Q0 (b)Q0|2 d,u(:p)
Qo

< C([[bllgmo + @) 1(£2)
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by inequality (3.2)). Applying Lemma we obtain
Z HAQ1><Q2f||2

Q1€D1(w1), Q2€D2(w2)

<§ X aguf ()P ()

X1 Q2EDa(wo)

+ 0 D 1140 fCx2) )P dus(as)
X2 Q1€Dy (w1)
< O(Iblgmo + @) § pa({2 2 (21,22) € 2}) dpn (a1)
X1
+ C(Ibllomo + @) | ({22« (1, 22) € 2}) dpa(x2)
X2
< 20([[bllfmo + @) p($2). w

Next we construct a bump function 7(x1,x2) in the product setting.

LEMMA 4.7. Let E be a subset of X1 x Xo with finite measure, and let
5 € (0,1) be a given parameter. Then there exists a function T € bmo such
that 7 =1 on E, ||7|lpme < C16, and p(supp(r)) < Coe®/Ou(E), where Cy
and Cy are some absolute constants.

Proof. Let M, be the strong maximal function, in which the averages
are taken over arbitrary rectangles in X x X5. A weight w is in A; (X1 x X3)
if there exists a constant C' such that Mw(z) < Cw(z) for p-almost every
z € X1 x Xo.

We define the following Ay weight, with M S(k) denoting the k-fold itera-
tion of the strong maximal function:

o0
m(xy, ) = K1 chMﬁk)XE(wl,wg),
k=0
where K = >, c¥ and ¢ > 0 is chosen to ensure the convergence of the
series. Then ||m|s < C|xgll2 = Cu(E)Y2. Observe that m = 1 p-almost
everywhere on F, and m < 1 u-almost everywhere outside F.
Define the function

7(x1, r9) := max{0,1 + dlogm(x1,x2)}.

Then 7 € bmo, and 7 = 1 p-almost everywhere on E. By Lemma [4.4] and
the fact that logw € bmo for every A; weight w, which is proved exactly as
in the one-parameter Euclidean setting, we have ||7||pmo < C9.

The estimate for the size of the support of 7 follows from Chebyshev’s
theorem and the estimate ||mly < Cu(E)Y?. u
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We are ready to prove our main result for product spaces of homogeneous
type. We follow the lines of the product Euclidean proof from [PT].

Proof of Theorem in the product case. First note that é(ﬁl, B2,71,72)
is dense in VMO(X; x X3). To prove the theorem, it suffices to show ({1.1)

for all ¢ € G(B1, B2,71,72)-

Next, note that as shown in [HLPW], H!(X; x X53) is a subspace of
L' (X1 x X5). Thus, since f, — f a.e., and | full 1 (x, x x2) < 1, by Fatou’s
lemma we have f € L!'(X] x X5) with 1L xyxx0) < 1

Fix § € (0,1/(2Ap)) and pick n > 0 such that nexp(2/d) < 5C,1L°g26 and
g |fldp < 6 whenever u(E) < Conexp(2/6), where Cs is as in Lemma
Now choose Ky large enough such that when k& > K,

p(Ey) = p({(z1,22) € X1 x Xo | fr(w1,22) — f(z1,22)] > n}) <.
Define
T(z1,z2) = max{0,1 + dlogm(xy,x2)},

where m(z1,22) = K~1 572, czMS(g)XE,C (z1,x2) as defined in Lemmau It
is clear that 0 < 7(z1,22) < 1 and 7 = 1 p-almost everywhere on Ej. By
Lemma we have 7 € bmo with ||7|pme < Co20 and

Vo 1fldu <.
supp(7)

For every k > K, we now write
| (F-fgdu= | (f—f)e—m)du+ | (f = fu)ordp.
X1 x X2 X1 X X9 X1xX2

Note that 7 = 1 p-almost everywhere on Ej. In the complement of Ej we
have | f — fx| < n. Thus the first integral on the right-hand side of the above
equality is bounded by 7(|¢||11(x, x x,), which is in turn less than § if 7 is
sufficiently small. Further, the second integral is bounded by

[ ifoldu+| | forau| <s+| § fordul.

supp(7) X1xXo X1 xXo
The proof of (1.1) will therefore be established provided we verify
(4.3) o7 llBMO(X, x X2) < C0.

We will show by first proving that the dyadic BMO norm of ¢7 has
the required estimate, and then by using Theorem [4.2}

For every open set A C X7 x X9 with finite measure and x € A, there
exists a constant r(z) < 0/(3Ag) such that B(z,r(x)) C A, and so

A= Bz, ().

zeA
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By [C2, Lemma 3], there exists a countable subfamily of disjoint spheres
B(z;,r(x;)) such that each sphere B(z,r(z)), * € A, is contained in
B(z;,3A0r(x;)) for some i € N. Hence,

§|¢wr2du<§j | lerPdp.

=1 B(z;,3A0r(z;))
Since 3A4or(z;) < &, we use Lemma [4.6] to get

| 67| dp = > |AR(4))|3

B(xi,?)AoT(.’Ei)) RCB(Q?@,E}A()T(.Z’@'))
< C(lI7llbmo + 0)u(B(xi, 3Aor(z4)))-

Therefore,

o0

| lo7]* du(z) Z | el due) < Cazu (i, BAor(7))).
A i=1 B(x;,3A07(z:))
Since p(B(zi, 3Aor(zi))) < Cu(B(x;,7(x;))) and {B(xi, r(x;)) bien are dis-

joint, we have

| o) du(=) Zu (i, 3Aor(2;))) < Cu(A).
A
This completes the proof of . "
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