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Spectral conditions for Jordan *-isomorphisms
on operator algebras

by

Osamu HATORI (Niigata) and LAJOS MOLNAR (Szeged and Debrecen)

Abstract. We study non-linear transformations between the unitary groups of von
Neumann algebras and the twisted subgroups of positive invertible elements in unital
C™-algebras with various preserver properties concerning the spectrum, spectral radius,
and generalized distance measures. We present several results which show that those
transformations are closely related to Jordan *-isomorphisms between the underlying full
algebras. In fact, our results can easily be used to characterize such isomorphisms.

1. Introduction. In this paper all algebras are assumed to be complex
and unital, the unit usually being denoted by 1. Let A, As be algebras and
let o(+) stand for the spectrum. A map (no linearity is assumed) ¢ : A} — Ag
is called spectrally multiplicative if

o(¢(a)¢(b)) = o(ab)
for all a,b € A;. There has recently been considerable interest in such trans-
formations since in many cases they turn out to be closely related to isomor-
phisms, hence the spectral condition above may faithfully compress the lin-
earity and multiplicativity properties of maps into one two-variable equality
between sets of scalars. As a typical result, we recall that any spectrally mul-
tiplicative bijection between the algebras of all continuous complex valued
functions over compact Hausdorff spaces is an algebra isomorphism followed
by multiplication by a fixed real valued continuous function of modulus 1.
In fact, for first countable spaces this was proved in [7] (which was the start-
ing point of that line of investigations), while in [II] the authors removed
the first countability assumption. Concerning operator algebras, we proved
in [7] that for an infinite-dimensional Hilbert space H, any spectrally mul-
tiplicative bijection on the algebra of all bounded linear operators on H is

2010 Mathematics Subject Classification: 47B49, 461.99.

Key words and phrases: Jordan *-isomorphism, unitary group, positive invertibles, C*-
algebra, von Neumann algebra.

Received 2 September 2015; revised 23 August 2016.

Published online 1 December 2016.

DOI: 10.4064/sm8393-8-2016 [101] © Instytut Matematyczny PAN, 2017



102 O. Hatori and L. Molnar

either an algebra isomorphism or the negative of an algebra isomorphism.
Hence in those cases any spectrally multiplicative bijective map is a trans-
formation which can be written as an algebra isomorphism multiplied by a
central symmetry (which is a self-adjoint unitary in the center of the algebra
in question). For further reference we mention the survey paper [4] exhibit-
ing a collection of recent results (mainly concerning function algebras) as
well as the interesting paper [2] where a variant of spectrally multiplicative
maps (involving three variables, and not only two) has been investigated on
general algebras.

In this paper we continue that line of research and present results which
can be viewed as characterizations of Jordan *-isomorphisms between oper-
ator algebras via their spectral multiplicativity properties of different kinds
and their other characteristic invariance properties involving the spectral ra-
dius. However, there is a significant difference between the previous investiga-
tions and the one reported here: the properties we consider in this paper are
assumed to be satisfied not on the whole algebra but only on certain subsets
which are substructures of the general linear group. This means, and again it
is the main novelty here, that the spectral multiplicativity and other related
conditions are required only on some smaller sets (the so-called twisted sub-
group of positive invertible elements, or the unitary group); as we shall see,
they are still strong enough to imply that the transformations under consid-
eration are closely related to Jordan *-isomorphisms between the underlying
full algebras. In addition to our conditions concerning the spectral radius
we investigate transformations which preserve certain distance measures of
very general kinds. Furthermore, we study spectral-multiplicativity-like and
other conditions for pairs of maps defined on arbitrary sets with values in
the above mentioned substructures of operator algebras.

Before presenting our results we collect the following facts concerning
Jordan *-isomorphisms between C*-algebras. We first recall that by [12]
Proposition 1.3] every surjective Jordan homomorphism J between arbi-
trary algebras Aj, Ay preserves invertibility and satisfies J(a™1) = J(a)™*
for any invertible a € Aj. This implies that a Jordan isomorphism maps
the general linear group onto the general linear group and preserves the
spectra of elements. We recall the important correspondence between the
spectra of the elements ab and ba, where a,b belong to an algebra A: we
always have o(ab) U {0} = o(ba) U {0}, and hence if a,b are invertible, then
o(ab) = o(ba).

Let now A, As be arbitrary C*-algebras and J : Ay — As a Jordan iso-
morphism. By [I, Theorem 6.3.4] there exists a central projection ¢ (by a pro-
jection we always mean a self-adjoint idempotent) in the so-called bounded
central closure of As (a C*-algebra that contains As as a C*-subalgebra)
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such that
J(ab) = qJ(a)J(b) + (1 —q)J(b)J(a), a,be A;.

Let a,b € Ay be invertible. Set x1 = ¢J(a), y1 = ¢J(b) and z2 = (1—¢q)J(a),
y2 = (1 — q)J(b). We compute
o(ab) U{0} = o(J(ab)) U{0} = o(z1y1) U o(y2z2)
= o(z1y1) Uo(x2y2) = (J(a)J (b)) U {0}.
Since J preserves invertibility, J(a).J(b) is invertible and by the above equal-
ity we have
o(ab) = o(J(a)J (b)),

which proves that J is spectrally multiplicative on the general linear group.

For a C*-algebra A;, we denote by Ajs the real linear subspace of all
self-adjoint elements in A;. The set of all positive elements (i.e., self-adjoint
elements with non-negative spectrum) in A; is denoted by A;;. The set AJ__:
of all invertibles in A; is a so-called twisted subgroup of the general linear
group, meaning that it is closed under taking the inverted Jordan triple
product ab~'a. For obvious reasons, it is also called the positive definite
cone (or positive cone for short). Note that A;_& = exp Ajs. The unitary
group of A; is denoted by U;. Recall that U; = expidj, if A; is a von
Neumann algebra. By a symmetry we mean a self-adjoint unitary element
(or, equivalently a unitary whose square is the identity).

Recall that the spectral radius r satisfies r(a) < ||a|| for every a in the
C*-algebra A;, and r(a) = ||a|| for any normal a € A;.

2. The case of the spaces of positive invertible elements. Besides
a characterization via the spectral multiplicativity property, the first main
result of the paper, Theorem [} contains a sort of characterization of Jordan
*-isomorphisms in terms of a preserver property involving so-called gener-
alized distance measures. For this we need a recently obtained very general
Mazur—Ulam type result that we cite below as Theorem |3} To formulate it
we need some preparation. From [§] we recall the following.

DEFINITION 1. Let X be a set equipped with a binary operation ¢ which
satisfies the following conditions:

(al) aoa = a for every a € X
(a2) ao (aob) =0 for any a,b € X;
(a3) the equation x ¢ a = b has a unique solution x € X for any given
a,be X.
In this case the pair (X, o) (or X itself) is called a point-reflection geometry.

For a C*-algebra A and elements a,b € A;l define a o b = ab~'a. Then
AZ7' becomes a point-reflection geometry. Indeed, conditions (al), (a2) are
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trivial to check. Concerning (a3) we recall that for any given a,b € Ajrl, the
Ricatti equation za~'z = b has a unique solution x = a # b which is just the
geometric mean of ¢ and b defined by

a#b= a1/2(a’1/2ba’1/2)1/2a1/2.

This result is usually termed the Anderson—Trapp theorem.
We need another concept, the one of generalized distance measures.

DEFINITION 2. Given an arbitrary non-empty set X, a function d :
X x X — [0,00][ is called a generalized distance measure if for any =,y € X
we have d(x,y) = 0 if and only if z = y.

Hence, in this definition we require only the definiteness property of a
metric, but neither symmetry nor the triangle inequality. Our general Mazur—
Ulam type theorem of [§] reads as follows.

THEOREM 3. Let X, Y be non-empty sets equipped with binary operations
o, %, respectively, with which they form point-reflection geometries. Let d :
X XX = [0,00] and p: Y xY — [0,00[ be generalized distance measures.
Pick a,b e X, set

Loy ={x € X :d(a,z) =d(z,boa) =d(a,b)}
and assume the following:

(bl) d(box,boa’) =d(a',x) for all z,2" € X;

(b2) sup{d(x,b) : x € Lyp} < 00;

(b3) there exists K > 1 such that d(x,box) > Kd(z,b) for everyx € L.

Let ¢ : X =Y be a surjective map such that
p((;ﬁ(x),gb(a:’)) :d(‘rvxl)a x,a:’ € X,

and assume that
(b4) for the unique element ¢ € Y satisfying ¢ * ¢p(a) = ¢(bo a) we have
plexy,cxy’) = p(y,y) for ally,y €Y.
Then
p(boa) = ¢(b) x ¢(a).
We shall also need the following properties defined for a continuous func-
tion h : |0, 00[ — R:
(c1) h(t) =0 if and only if t = 1;
(c2) for some 6 > 0, we have |h(t)] > 0 for all ¢ € ]0,00[ outside a
neighborhood of 1;

(c3) h is differentiable at t = 1 and /(1) # 0;
(c4) |h(to)| # |h(ty1)] for some ty € ]0,00].

We begin the exposition of our new results with the next proposition.
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PROPOSITION 4. Let Aj be a C*-algebra for j = 1,2. Suppose that ¢ is a

surjection from Al__& onto AQ_i. Suppose that there exist continuous functions
hi,ha:]0,00] = R which satisfy (c1)—(c3) and

71 (b= 2ab™ )| = [ha(@(0) "2 H(@)(0) ), a,be AL

Then there exists a Jordan *-isomorphism J from A; onto As, an element
by € AQ_i, a central projection p € Ay and a positive number ¢ such that

¢(a) = bo(pJ(a)® + (1 —p)J(a) )by, a€ ALl
Before proving Proposition [ we make some remarks. First of all, when-
ever a normal element of a C*-algebra is plugged into a continuous real
function (with domain containing the spectrum of that element), it is un-

derstood the well-known continuous functional calculus is applied.

Let A be a C*-algebra.

(R1) If a continuous function A : ]0, 00 — R satisfies (c1), then for any
a € A;l, the equality h(a) = 0 implies a = 1. Indeed, by the spectral mapping
theorem we have h(o(a)) = o(h(a)) = 0, which by (c1) implies o(a) = {1},
i.e., o(a—1) = {0}, which yields a — 1 = 0. It follows that the formula

d(a,b) = |h(b~2ab™ )|, a,be AT,

defines a generalized distance measure on All.

(R2) If a continuous function A : ]0, co[ — R satisfies (c1) and (c2), then
for any sequence t,, € |0,00[ with h(t,) — 0 we have t, — 1. This easily
implies that, similarly, for any sequence a, € All with h(an) — 0 in the
norm topology, we have a,, — 1.

(R3) Let h : 0, 00[ — R be a continuous function which is differentiable at
t = 1. Then the transformation x — h(x), x € Ajrl, is Fréchet-differentiable
at x = 1 with derivative (Dh)(1)y = h'(1) -y, y € As. Indeed, by the
differentiability of h we have a continuous function w: ]0,00] — R with
w(1) = 0 such that h(t) — k(1) — B (1)(t — 1) = w(t)(t — 1) for all t €
10, 00[. Hence h(z) — h(1)1 — K/ (1)(z — 1) = w(z)(z — 1) for all z € AT, so
|h(xz) — k(1)1 = W' (1)(z — 1)|| < ||w(z)| |z — 1||. This implies

) ~ b1~ K1)~ 1)
[l = 1]]
as * — 1, which proves the assertion.

(R4) If h : ]0,00[ — R is a continuous function which satisfies (c1) and
(c3), then there exists K > 1 such that |h(t?)] > K|h(t)| for all ¢ in the
e-neighborhood of 1 for some 0 < € < 1. Indeed,

h(t?) h(t?)/(t* — 1)
h(t) h(t)/(t = 1)

as t — 1, proving our claim.

=0

=(t+1) — 2
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(R5) For any invertible z € A and a,b € AL', the element a'/2b~1al/?

is unitarily equivalent to b=1/2ab=1/2, and (xbz*)~'/2zaz*(xbz*)~1/? is uni-

tarily equivalent to b~Y/2ab~1/2. Indeed, for the former statement,
a1/2b—1a1/2 _ u*(b_l/Qab_l/Q)u,

where wu is the unitary element in the polar decomposition of b1/2¢1/2 € A.

For the latter statement,

(zbx*) "2 zaz* (xba*)~1/?
_ |b1/2:c* |_1(bl/zﬂf*)*(b_l/Zab_l/z)(b1/2$*) |b1/2$* |—1
_ v*<b71/2ab71/2)1}’
where v is the unitary element in the polar decomposition of b'/2z*.
(R6) For any scalar valued continuous function h on |0, oo[, unitary u € A
and a € A7 we have h(uau™!) = wh(a)u~!. Indeed, this follows easily
from the fact that A can be uniformly approximated by polynomials on

any compact subinterval of ]0,00[ and from the isometric property of the
continuous functional calculus.

Proof of Proposition , Suppose that there exist hy, hy : ]0,00] — R as
in the statement. Define

d(a,b) = | (b 2ab™ )|, a,be AT,
pla,b) = |[ha(b"2ab=?)||,  a,be€ AFl.

By (R1), d, p are generalized distance measures and

(2'1) p(¢(a)a ¢(b)) = d(av b)a a, b € Afi
Applying (R5) and (R6) we obtain d(zaz*, zbz*) = d(a,b) and
(2.2) d(bz b, b2’ 'b) = d(z7 1, 2" ) = d(2, z)

for all a,b,x € A1_+1 and invertible z € A;. Clearly, similar properties hold
for the generalized distance measure p.

Now define ¢o : A7} — Ayl by ¢o(a) = ¢(1)"2¢(a)p(1)"2 for a €
Alj Plainly, ¢ is a well defined map from Alll onto A;j, it is unital in
the sense that ¢o(1) = 1, and also holds for ¢, i.e., p(¢o(a), po(b)) =
d(a,b) for all a,b € Al__&.

We are going to apply Theorem [3] To check that the conditions of that
theorem are satisfied, we first define the point-reflection geometry structures
on Aj_ﬁ in the standard way, i.e., just as after Definition . Condition (bl)
is fulfilled by .

To proceed, we claim the following. Let H be a subset of Al_i with the
property that there are o, 5 > 0 such that al < y < g1 for all y € H.
(This means that H is bounded away from zero and also from above with
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respect to the usual order < defined on the set of all self-adjoint elements
coming from the notion of positivity. Recall that positive elements are the
self-adjoint ones with spectrum in the set of non-negative reals.) Then we
assert that there exists § > 0 with the property that whenever a,b € H are
such that ||a — b|| < &, we necessarily have ||b=1/22b=1/2 — 1| < € (i.e., the
spectrum of b=/22b71/2 is in |1 —¢,1 + ¢[) for all 2 € Ly, where ¢ appears
in (R4) in relation to h;.

Assume for a moment that this assertion is already proven. We can check
easily that for a,b € Al_i with ||a—b|| < 0 properties (b2) and (b3) are satis-
fied. Indeed, by the isometric property of the continuous functional calculus,
(b2) is clear since hy is bounded in [1 —€,1 + €]. As for (b3), applying the
second equality of , the first part of (R5), and (R6), we can compute

d(z, bz ) =d(b bt ™) = th(xl/Q(bflxbfl)xl/z)H
— th((l’l/Qb_lxl/2)2)H _ th((b—l/Qxb—l/Q)Q)H
> Kby (b~ 220712 = Kd(x,b)

for all z € L, meaning that (b3) is also satisfied.

Now, to verify the starting assertion, assume on the contrary that there
are sequences an,b, € H and x, € L, ;, such that ||a, — b,|| < 1/n but
Hb_l/2 b /% — 1]| > e. We compute
I 2 anby 2 = 1) = 1oy (an = ba)br 2 < 167 | lan — ball,

/2 ,—1/2

and this last term converges to 0 since ||b,, || < 1/a. Therefore, b, ' “anbn

— 1, and by (c1) it follows that d(an,by) = ||h1(bn /> anb 1/2)|| — 0. Since

xn € Lg,p,, we conclude that d(a,,z,) = d(an,b,) — 0, meaning that
/2 —1/2

hi(zn "“anzy,™'7)

mfl/ 2 AnTn 2. Therefore, for every 0 < v < 1 there is an index ng such

that for all n > ng we have 1 — 1 < z, 1/2ana:n 1/2 < 1+ ~1, which yields
(1/(T+7))an <z < (1/(1 —7))ay, for all n > ng. Since also b 2 a, by
— 1, in a similar manner, we may also assume that (1/(1 + v))a, < b, <
(1/(1 —~))ay, for all n > ng. These imply that

(1/(A4+7) =1/ =7))an < zn = bp < (1/(1 =7) = 1/(1 +7))an

for all n > ng. Since v > 0 is arbitrary and a, < g1 for all n, we infer
that x, — b, — 0, which immediately yields b, 1/2 Tnbn 1z _, 1, contrary to
Hb;l/zxnb;lp —1|| > €. This proves the above assertion, and hence (b2) and
(b3) in Theorem |3 are satisfied. Observe that (b4) holds too, which can be
checked Just as (bl) above. By Theorem [3] I there is 9 > 0 such that whenever

a,be A1+ and |la — b|| < J, we necessarily have

(2.3) ¢o(ba™"b) = do(b)do(a) "o (b).

— 0. Applying (R2) one can check easily that this implies
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Now pick a,b € Al_i. We prove that 1) holds for a and b. To verify
this, consider the curve

I'(t) = a'/*(exp(tlog(a=2ba1/?)))a'/?,  t € (0,2],

connecting a and ba~'b and passing through b. The range of this curve
is a norm-compact subset of Alji, and hence it satisfies the condition we

imposed on the subset H of Alll in the previous part of the proof. Therefore,
there is § > 0 such that for any a’,d’ € I'([0,2]) we have ¢o(b'a’~1b) =
B0 (b")o(a’) "L go(b'). By the uniform continuity of I', for close enough ¢, s €
[0,2] we have || I'(t) — I'(s)]| < §. Now, we can select a large enough n such
that the elements aj, = I'(k/2"), k = 0,1,...,2" " satisfy ||ax — apy1]] < 9.
Clearly, ag = a, agn = b, agn+1 = ba~'b, and ak+1alzlak+1 = ago for every
0 < k <271 — 2. Moreover, by the closeness of aj and apt1 we have
bo(ans1ay,  ars1) = dolars1)dolar) Go(ak+1)
for every 0 < k < 2"+! — 1. Purely algebraic computations yield
do(aznag agn) = do(agn)do(ao) ™" po(azn).

In fact, this is just the content of |3, Lemma 4.2]. As ap = a and agn =,
we see that indeed {D holds for all a,b € Al__i.

Setting b = 1 we deduce that ¢g(a™!) = ¢g(a)~! for all a € Alj, and so

(2.4) do(bab) = do(b)do(a)go(b), a,b € AL,
Using 1) and 1} one can trivially deduce that for any a € Afi we have

do(a™) = ¢p(a)™, first for any integer m and then for any rational number.
Pick z € A5 and define S : R — A;_& by

S(t) = ¢o(exp(tz)), teR.

We assert that S is continuous in the norm-topology. To see this, first observe
that applying (R2) for a sequence z,, € Al__& we have

|zn — 1| = 0 = ||hi(zn)] =0 = d(z,,1) -0 =

p(do(zn), ¢o(1)) = p(¢o(2n),1) = 0 = [|ha(do(zn))l| = 0
= [l¢o(zn) — 1] = 0.

Now, picking t,ty € R we compute
[S(t +to) — S(to)ll = l[Po(exp((t + to)z)) — Po(exp(toz))|l
< [[go(exp(tox))"/?||?
x [[go(exp(tox)) 2o (exp((t + to)x))do(exp(tox)) /> — 1|
= ]gbo(exp(tox))H‘ oo (exp(_;oa:) exp((t + to)x) exp(?x)) — IH
= [|¢o(exp(toz))|| [Po(exp(tz)) — 1.
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It follows that as t — 0 we have S(t + t9) — S(to) in the norm topology,
implying the norm-continuity of S.
We next deduce that S is a one-parameter group in A2_+1. Indeed, let
m,n,m',n’ be integers with m,m’ # 0. We calculate
1 m'n+mn’
mm’x)

m m m m
(o) (o) =535 ()
=¢o| exp —=x do| exp —x =5(—)S(— ).
mm mm m m

Since S is continuous, it follows that

St+t)y=SHS{t), tteR.

Therefore, S is a continuous one-parameter group in As.
By [10, Proposition 6.4.6(a)| there exists y € Ay with

S(t) = exp(ty), teR.

Since S(t) is self-adjoint, so is y (use, e.g., [0, Proposition 6.4.6(c)]).
Defining f(x) = y we obtain a map f : A;s — Asgs for which

do(exp(tx)) = S(t) = exp(tf(z)), te€R, € Ays.

As ¢q preserves or more precisely respects the pair d, p of generalized distance
measures, it is clearly injective. This implies that so is f. Considering ¢q !
in place of ¢g, we clearly have an injective map g : Ass — A1 such that
¢y (exp(ty)) = exp(tg(y)) for all y € Ags and ¢ € R. This easily implies
that y = f(g(y)) for all y € Ags. Hence f is surjective and therefore it is a
bijection from Ajs onto Ags. Note that f(0) = 0 by the definition of f.

Our next claim is that f is a scalar multiple of a norm-isometry. To verify
this, we assert that as t — 0,

d(exp(tx), exp(ty))
It]

(2.5) = [ (D]l =y

for all z,y € Ai. Clearly,

exp(—4y) exp(tz) exp(—5y) — 1
t

— exp (_;y> (exp(tz) — 1) — (exp(ty) — 1) exp (_;y> ey

t
Since

d(exp(tz),exp(ty)) ||h1(exp(—1Ly) exp(tz) exp(—Ly)) — h1(1)]|

i 1 ’
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follows from (R3) and the chain rule. Similarly,
exp(tx), exp(t
ARSI s ) -l

for all =,y € Ass. Since ¢g respects the pair d, p of generalized distance
measures, it follows that [h)(1)] ||z — y|| = [h5(1)] ]| f(x) — f(y)|| for all z,y
in Ajs. This implies that there is ¢ > 0 such that (1/c)f is an isometry from
Ajs onto Agg. Since f(0) = 0, by the classical Mazur—Ulam theorem we infer
that f is linear. The structure of linear isometries between the self-adjoint
parts of C*-algebras is well-known: According to a theorem of Kadison [
Theorem 2|, (1/¢)f(1) is a central symmetry in A and there is a Jordan
*_isomorphism J from A; onto As such that

f@) = f)J(x), €A
Set p=(1+ (1/¢)f(1))/2. Then p is a central projection in As and
f(x) =clpJ(z) = (1-p)J(z), z€ As.
We now calculate
po(expx ) ( ( ( ) (1 —p)J(x)))
J(@)" _ i pJ((cx)") + (1 —p)J((—cx)")

n!

Mg

!
n=0 n=

= pJ(exp(cz)) + (1 — p)J(exp(—cz)) = pJ(expz) + (1 — p)J(expx)™*
for every z € Ay,. Thus
(2.6) ¢o(a) =pJ(a)°+ (1 —p)J(a)™°, a€ AL,

and we arrive at the desired conclusion. m

o

Now, the first main result of the paper, which yields several characteri-
zations of Jordan *-isomorphisms, reads as follows.

THEOREM 5. Let A; be a C*-algebra for j = 1,2. Suppose that ¢ is a
surjection from Al__& onto AQ__&. Consider the following statements:

(5.1) o(ab™t) = o(é(a)p(b)™1) for all a,b € AH_,

(5.2) r(ab™t — 1) = r(¢p(a)p(b)~t — 1) for all a,b € A1+’
(5.3) there exist continuous functions hy, hs : ]0, oo[ = R which satisfy
(c1)—(c3) and

A1 (6 2ab™ )| = [|ha((b) " 2p(a)p(B) V)|, a,be AL

(5.4) there exists a Jordan *-isomorphism J from A; onto Aa, an element
by € AQ__&, a central projection p € Ao and ¢ > 0 such that

¢(a) = bo(pJ (@) + (1 —p)J(a) b0, a€ AL
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(5.5) there exists a Jordan *-isomorphism J from A; onto Aa, an element
by € AQ_i and a central projection p € As such that

d(a) = bo(pJ (@) + (1 = p)J (&) bo, @ € ATy;
(5.6) there exists a Jordan *-isomorphism J from Aj onto Az and an
element by € AQ_i such that

¢(a) = boJ(a)by, a€ A}
Then (5.1)=(5.2)=(5.3)=(5.4). If hy = ha, then (5.3)=(5.5). If hy = ho
and they satisfy (c4), then (5.1)&(5.2)<(5.3)<(5.6).

Proof. It is obvious that (5.1) implies (5.2). To verify (5.2)=-(5.3) observe
that for any a,b € AL} we have

olab ™t —1)=0g(ab™ ) —1= U(b71/2ab—1/2) 1= J(b*1/2ab*1/2 — 1),
which implies that
r(ab™t = 1) = r(b2ab? = 1) = b~ 2ab” 12— 1],

Therefore, assuming (5.2) and defining h;(t) = ha(t) =t — 1, t € ]0, 00[, we
plainly obtain (5.3).

Proposition [4ensures that (5.3)=>(5.4). Observe further that if we assume
hi1 = hg and the central projection p above is non-trivial, then inserting
a=1tl,t €]0,00] and b = 1 into (2.6]), and using the generalized distance
measure preserving property of ¢g, we easily obtain

1 (8)] = max{|h1(t)], [P (£7)[}
for all t > 0. Hence |h1(t)| = |h1(t~1)| and |hy(t)| = |h1(t)], for all t € ]0, oo].
Differentiating h; at t = 1 we easily see that ¢ = 1. Therefore, if p is non-
trivial, we have ¢ = 1. A similar argument applies when p is trivial, i.e.,
when |hi(t)] = |hi(t9)] or |hi(t)] = |h1(t™°)|, for all ¢ € ]0,00[. This gives
(5.3)=(5.5) under the assumption that h; = ha.

If hy = hy and |hi(to)| # |hi(ty")| for some to € ]0,00], then going
through the last part of the argument above, we see that p is necessarily
trivial, in fact p = 1, and ¢ = 1, proving (5.3)=(5.6).

To complete the proof, suppose now that (5.6) holds. For any a,b € Al__&
we infer that

(p(a)p(b) ™)

(boJ (a)J (b) "5 ") = o (boJ (a)J (b~ )by )
o(J(a)J(b™")) = o(ab™),

and hence we obtain (5.1). m

Observe that the implication (5.3)=(5.5) gives a substantial generaliza-
tion of our former result [5, Theorem 9| about the structure of Thompson
isometries between the positive cones of C*-algebras. Indeed, one has only
to choose h1 = ho = log to obtain that result from Theorem
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We also remark that in [§] we have presented structural results for surjec-
tive maps between the positive cones of factor von Neumann algebras which
respect a pair of generalized distance measures of the form similar to what
appears in (5.3) above, with the difference that in 8] we have considered ar-
bitrary unitarily invariant norms in place of the unique C*-algebra norm || -||
(operator norm). So in a sense those results concern more general distance
measures, but in a more restricted context. Indeed, due to the (mainly alge-
braic) tools we have applied there, the results [§] have been obtained only
for factor von Neumann algebras and not, like here, for general C*-algebras.
Related results in the context of matrix algebras appeared in [9].

Now we present several sorts of extensions of our theorem.

COROLLARY 6. Let A; be a C*-algebra for j = 1,2 and suppose that ¢
and Y are surjections from Alll onto Agj Then the following assertions are
equivalent:

(6.1) o(ab) = o(¢(a)y(b)) for all a,b e AH,
(6.2) r(ab—1) =r(¢(a)(b) — 1) for all a,b € A1+,

(6.3) there is a continuous function h : |0, oo[ — R which satisfies condi-
tions (cl)—(c4) and

16 2ab' )| = A ()o@ (®) )], a.be AL

(6.4) there exists a Jordan *-isomorphism J from Ay onto Az and an
element by € A;j such that

¢(a) = boJ(a)by, P(a) =by'J(a)by', a€ Al

Proof. The implication (6.1)=(6.2) is obvious, and to see (6.2)=(6.3)
set h(t) =t —1 for t € ]0, o0].

Suppose that (6.3) holds. For any a € Al_i we have

0= [lh(a™?aa™ )| = [h(e(a™") p(a)p(a™) /)],
which implies 9(a=1)2¢(a)(a=1)/2 =1, ie., ¢(a) = ¢¥(a=1)~'. Then
161 2ab™ %) || = [|A( (61 P (a) (b))
= [|h((b) "' ¢(a) () "/?)]I.

Theorem [5] shows that there is a Jordan *-isomorphism J from A; onto A
and by € AQ__& such that

Bla) = boJ (@b, a€ A7l
Moreover,
Pla) = ¢pla™H L =b5tI(a)byt, ac A1+,
and we obtain (6.4).
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Suppose now that (6.4) holds. For any a,b € A1_+l we calculate

a(d(a)p(b)) = (b (a)J (b)by ") = o(J(a)J (b)) = o (ab).
Thus (6.1) holds, and the proof is complete. =
From the above statement we immediately obtain the following corollary

which gives a complete description of spectrally multiplicative maps between
the positive cones of C*-algebras.

COROLLARY 7. Let A; be a C*-algebra for j = 1,2. Suppose that ¢ is a
surjection from A 1+ onto A . Then the following statements are equivalent:

(7.1) o(ab) = o(¢(a)p(b )) for all a,b € AH,
(7.2) r(ab—1) =r(¢(a)p(b) — 1) for all a,b € AH_,

(7.3) there is a continuous function h : |0, oo[ — R which satisfies condi-
tions (cl)—(c4) and
1h(b"2ab'?)|| = [|h(6(b)' 2 p(a) () /), a,b € ALL;
(7.4) there exists a Jordan *-isomorphism J from Ay onto Ag such that
¢la) =J(a), ac Afi

Proof. In the light of the previous proofs, we only need to verify
(7.3)=(7.4). Assuming (7.3), by Corollary [6] there exists a Jordan *-iso-
morphism J from A; onto A, and by € A 2+ such that

¢la) =boJ(a)by, ¢(a) =by'J(a)by', a€ AL}
Choosing a = 1 yields bg = b2, which implies by = 1 and we are done. u

With some extra effort, from Corollary [6] we can deduce the following
formally more general result on the structure of maps defined on arbitrary
sets with values in positive cones of C*-algebras with a specific property
closely related to spectral multiplicativity.

THEOREM 8. Let A; be a C*-algebra for j = 1,2 and F' a non-empty set.
Suppose that @1 and ¥ are surjections from F onto Aﬁl and that @5 and ¥y
are surjections from F onto Azj The following statements are equivalent:

(8.1) o(P1(2)¥1(y)) = o(P2(x)P(y)) for allz,y € F;

(8.2) r(@1(x)¥1(y) — 1) = r(P2(x)Pa(y) — 1) for all z,y € F;

(8.3) there is a continuous function h : ]0,00[ — R which satisfies condi-

tions (cl)—(c4) and
(1 (y) /21 ()1 (9) /2| = 11 (Ba(y) /22 () W2 (y) 2l @,y € F;

(8.4) there exists a Jordan *-isomorphism J from A; onto As and an

element by € A;ﬁ such that

Gy(z) = boJ (P1(x))bo,  Wa(x) = by ' J(Wi(2))by ',  w,y € F.
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Proof. Again, by the previous proofs the implications (8.1)=-(8.2)=-(8.3)
are clear.

Suppose that (8.3) holds. To prove (8.4), we first observe that 951( )
@1 (2') implies Po(x) =Pa(2’). Indeed, let x, 2’ € F and assume @1 (z) =Py (x
Since W3 (F) = Aj}, there exists y € F with ¥ (y) = &1(z)~!. Then

0 = [[A(21(y) 281 ()1 (y) /)]l = [|h(Ta(y) ' Pa(2)Pa (y) /2,

implying Wy (y)Y/2®o ()W (y)'/? = 1. Thus Yy (y)~! = &5(z). In a similar way

we obtain Wy(y)~! = Po(2’). Hence d3(x) = Po(2’). In the same way one

can deduce that ¥ (z) = ¥ (2’) implies W5 (z) = Y5 (z’). Now we define ¢, :

Al_i — AQ_i by ¢(@1(x)) = P2(x) and (¥ (z)) = Ya(x) for x € F. Clearly,

¢, are well defined and surjective. Rewriting the equality in (8.3) we have
1R 2ab"?)|| = 1h((5) 2 d(a)b(0) )], a,b e A}

By Corollary [6] there exists a Jordan *-isomorphism .J from A; onto Ay and
an element by € Ag_i such that

¢(a) = boJ (a)bo,  ¥(a) =by J(a)by', ae€Ar!
In other words,
Do(z) = boJ (D1())bo, Walz) = by ' J(W1(z))by', =z €F,

and this proves (8.4).
Finally, in a way similar to the proof of Corollary [6] one can check that
(8.4) implies (8.1), which finishes the proof of the theorem. =

).

We conclude this section with a few other corollaries which provide
characterizations of Jordan *-isomorphisms of the self-adjoint parts of C*-
algebras by means of spectral-multiplicativity-type properties.

COROLLARY 9. Let A; be a C*-algebra for j = 1,2. Suppose that f
and g are surjections from Ais onto Aas. Then the following assertions are
equivalent:

(9.1) o(expxexpy) = o(exp f(x)expg(y)) for all z,y € Ays;
(9.2) r(exprexpy — 1) =r(exp f(z)expg(y) — 1) for all z,y € Ajs;
(9.3) there is a continuous function h : ]0,00[ — R which satisfies condi-
tions (cl1)—(c4) and
[[7(exp(y/2) exp(x) exp(y/2))|
= [|h(exp(g(y)/2) exp(f(z)) exp(9(y)/2)Il, @,y € Ars;

(9.4) there exists a Jordan *-isomorphism J from Ajs onto Ass and an
element by € Az_j such that

exp f(x) = bo(exp J(z))bo, expg(x) =by (exp J(x))bg ', @,y € Aps.
Moreover, in any of the above cases, if f(0) =0, then f =g =J on Ays.
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Proof. Define ¢(a) = exp(f(loga)) for a € Al_i and ¢ (b) = exp(g(logb))
for b € Alji Apply Corollary |§| to see the equivalence of (9.1)—(9.4). If
f(0) = 0, we easily obtain by = 1, which implies f =g =J on Aj;. =

If f = g in the previous corollary, we trivially obtain the following state-
ment.

COROLLARY 10. Let Aj be a C*-algebra for j = 1,2. Suppose that f is a
surjection from Ayis onto Ass. Then the following assertions are equivalent:

(10.1) o(expxexpy) = o(exp f(z)exp f(y)) for all x,y € A1s;

(10.2) r(expzexpy — 1) = r(exp f(x)exp f(y) — 1) for all x,y € Ass;

(10.3) there is a continuous function h :]0,00] — R which satisfies con-
ditions (c1)—(c4) and

|h(exp(y/2) exp(z) exp(y/2))||
= ||h(exp(f(y)/2) exp(f(x))exp(f(y)/2)Il, 2,y € A

(10.4) there exists a Jordan *-isomorphism J from Ais onto Aas such

that f = J on Ays.

3. The case of unitary groups. In the last part of our paper we
present spectral conditions for Jordan *-isomorphisms between the unitary
groups of von Neumann algebras. In the proof of our second main result,
Theorem [12] below, we apply a general Mazur—Ulam type result concerning
groups. It appeared in [8, Proposition 20| (cf. [3, Corollary 3.9]).

THEOREM 11. Suppose that G and H are groups equipped with general-
ized distance measures d and p, respectively. Pick a,b € G, set

Loy = {z € G :d(a,x) = d(z,ba"'b) = d(a,b)},
and assume the following:
(d1) d(bz—1b, bz’ 'b) = d(a', ) for all z,2' € G;
(d2) sup{d(x,b) : x € Lqp} < 00;
(d3) there exists K > 1 such that
d(z, bz~ 'b) > Kd(z,b), x € Lay;

(d4) pley= 1, ey ) = p(y,y) for all e, y,y € H.
Then for any surjective map ¢ : G — H which satisfies
p(d(x),9(a")) = d(z,2), z,2' €G,
we have
$(ba~"'b) = ¢(b)g(a) " (D).

One may ask if the above statement can be deduced from Theorem [3| The
easy answer is “no”, since the natural operation ab~'a, called the inverted



116 O. Hatori and L. Molnar

Jordan triple product in a group does not generally satisfy the uniqueness
part of the condition in (a3).

Analogously to Section 2, below we shall consider generalized distance
measures on unitary groups obtained from continuous functions defined on
the unit circle T.

For any continuous function h : T — C we shall consider the following
properties:

(el) h(z) =0 if and only if z = 1;

(e2) h is differentiable at z = 1, meaning that the limit lim,_; %

exists, and we assume that it is non-zero.
Observe that just as in (R4) one can prove that conditions (el)—(e2) imply
that for any 0 < K < 2 we have |h(z2)| > K|h(z)]| for all z € T close enough

to 1.
The second main result of the paper reads as follows.

THEOREM 12. Let M; be a von Neumann algebra with unitary group U;
for j = 1,2. Suppose that ¢ is a surjection from Uy onto Us. The following
conditions are equivalent:

(12.1) o(ab™t) = a(p(a)p(b)™1) for all a,b € Uy;

(12.2) there exists a Jordan *-isomorphism J from My onto Ma and an

element ug € Uy such that
¢(a) =upd(a), acl.
Moreover, the following conditions are also equivalent:
(12.3) r(ab=t — 1) = r(p(a)p(b)~t — 1) for all a,b € Uy;
(12.4) there exist continuous functions hi, hs : T — C which satisfy con-
ditions (el)—(e2) and
Ih1(ab™ )l = ha(e(@)p(0) "), a,b€ Uss

(12.5) there exists a Jordan *-isomorphism J from M; onto Ma, an ele-

ment ug € Us and a central projection p € As such that

¢(a) = ug(pJ(a) + (L —p)J(a)™}), aeUi.

Proof. We begin with the second part of the theorem. To see that (12.3)=
(12.4) set hy(z) = hao(z) =z — 1 for z € T.

In the next part of the proof we follow the proof of Proposition [4] rather
closely. Assume that (12.4) holds with continuous functions hj,hy : T — C
satisfying (el)—(e2). Define

d(a,b) = ||hi(ab™")||, a,be Uy,
pla,b) = ||ha(ab™ )|, a,b€ Us.
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By (el), d, p are generalized distance measures and

(3.1) p(¢(a),¢(b)) = d(a,b), a,be U
One can easily check that d(zaw, zbw) = d(a,b) and
(3.2) d(bz b, b’ ') = d(x 71, 2/ = d(2, )

for all a,b,x, z,w € Uy. Clearly, similar properties hold for p.

Define ¢g : Uy — U by ¢g(a) = ¢(1)"1¢(a) for a € Uy. Plainly, ¢q is a
well defined map from U; onto Us, it is unital in the sense that ¢o(1) = 1,
and also holds for ¢y, i.e.,

(3'3) p(do(a), ¢0(b)) = d(a,b), a,be U

We are going to apply Theorem [L1| for G = Uy, H = Us, for the above
defined distance measures d, p and for the surjective map ¢g. We have seen
in that conditions (d1), (d4) of Theorem (11| are satisfied. Condition
(d2) also holds by the boundedness of hy. Now we show that (d3) is satisfied
for a,b € U; close enough to each other in norm. To see this, we shall need
the following simple observation: for any sequences a,, b, in U; we have

lan = ball = llanby ' =1l =0 & [|hi(anby )|l = d(an,ba) — 0

and a similar observation holds for p as well. In fact, this follows easily from
the continuity of h; and property (el). In particular, “convergence” in any
of the generalized distance measures d, p is equivalent to convergence in the
norm || - ||.

In order to show that condition (d3) holds for a,b € U; close enough,
assume on the contrary that we have sequences a,,b, € Uy and x,, € L, p,
such that ||a, — by| — 0 and

d(2n, by, 'by) < 3d(z0,by)
for all n. This last inequality means that

1 (b, DA < Sl (2nby ]

for all n. Since d(an,r,) = d(an,b,) — 0, we have a,x,',a,b,;' — 1 in
norm, which apparently implies that x,,b,* — 1 in norm. On the other hand,
|h1( H > 2]h1( z)| for all z € T close enough to 1. Therefore, ||hy((x,b;,1)? )H
> 3||hi(znby1)|| for large enough n, a contradiction. This shows that (d3)
is satlsﬁed for a,b € U; close enough. Applying Theorem [11] it follows that
there is 0 > 0 such that for any a,b € U with [ja — b|| < d, we have

do(ba™"b) = go(b)go(a) " do(b).
Just as in the first part of the proof of [5, Theorem 1] we then deduce that

¢o(ba™"b) = do(b)do(a) "o (b)
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holds not only locally, but also globally, i.e., for any a,b € U;. Setting b = 1
we get ¢o(a™!) = ¢o(a)~! for every a € Uy, and so

(3.4) do(bab) = ¢o(b)¢o(a)¢o(b), a,be Ur.

By the equivalence of convergence in d, p and in norm we deduce that ¢ is
norm-continuous. Therefore, following [5, proof of Theorem 1, pp. 160-161]
employing one-parameter unitary groups, we infer that there is a bijective
map f : Mys — Mas with f(0) = 0 for which

¢o(exp(itz)) = exp(itf(x)), teR, x € Ms.

Just as in the proof of Theorem [5] we claim that f is a scalar multiple of a
norm-isometry. To verify this, one can prove similarly to that
d(exp(itz), exp(ity))
I
for all x,y € M1 as t — 0. We omit the details. Similarly,
p(exp(itz), exp(ity))
I
for all x,y € Mss as t — 0. Since ¢y respects the pair d,p of general-
ized distance measures, i.e., satisfies ([3.3)), it follows that |h{(1)| ||z — y|| =
RS (V)] f(z) — f(y)|| for all 2,y € Mis. This implies that there is a posi-
tive scalar ¢ such that (1/c)f is an isometry from M onto Mas. Just as
in the proof of Theorem , since f(0) = 0, by the Mazur—Ulam theorem we
infer that f is linear and next apply Kadison’s theorem [0, Theorem 2] to
conclude that (1/c)f(1) is a central symmetry in My and there is a Jordan
*-isomorphism J from M; onto My such that

@) = F()I@), €M,
Set p=(1+ (1/¢)f(1))/2. Then p is a central projection in My and
f(@) =c(pJ(z)— (1 =p)J(z)), z€ M.
Next an easy calculation yields
(3.5) ¢o(expiz) = exp(c(pJ (iz) — (1 —p)J(ix)))
= pJ(exp(icx)) + (1 — p)J (exp(—icx))
for every x € Mis. We assert that c is necessarily an integer. Indeed, since

¢o is unital and satisfies (3.4)), it follows that ¢y sends symmetries to sym-
metries. Therefore, for any non-zero projection ¢ in M7, the spectrum of

= [P |z = y]

= [ha(D)] |z = y]

¢o(expimq) = pJ(exp(icmq)) + (1 — p)J (exp(—icmq))
is contained in {—1,1}. Since J preserves the spectrum and p is central, it

follows that at least one of the sets {1,exp(icm)}, {1,exp(—icm)} (p might
be trivial) is contained in {—1,1}. This implies that ¢ is an integer; recall
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that it is also assumed to be positive. Therefore, by ([3.5]),
(3.6) ¢o(a) =pJ(a®) + (1 —p)J(a™®), acl.

Now we prove that ¢ = 1. Indeed, assuming that the central projection p
above is non-trivial, inserting the scalars a = z1, z € T and @ = 1 into
respectively, and using the generalized distance measure preserving property
of ¢g, we easily obtain

|7 (2)] = max{[ha(2°)[, [ha(27)[}

for all z € T. Since hq, he each have a unique root at z = 1, we infer that ¢
must be 1. A similar argument works when p is trivial. This completes the
proof of (12.4)=-(12.5).

Assume now that (12.5) holds. We compute

(3.7)  r(é(a)o(b)"" —1) = 6(a)d(b) " — 1
= [luo(pJ (@)J (0)~" + (1 = p)J (@)~ T (b))ug* — 1]
= |lpJ(a)J ()™ + (1 = p)J(a) "I (b) — 1]
= max{|[p(J(a)J (6) " = DI, [I(1 = p)(J (@)~ T (b) = 1)II}-

Furthermore, by taking adjoints we get

(3-8)  [I(1=p)(J(a)" I () = D = |1 = p)(J(b) " (a) = 1)]|
= [J0)7 (1 = p)(J (@) = JB))| = (1 = p)(J (a) = J(0))J ()|
=11 =p)(J(a)J (b) " = 1)]|
since 1 — p commutes with every element in M. It follows from and

(3.8) that

r(@(a)g(b) " — 1) = max{|[p(J(a) J (o) " = D, [(1 = p)(J(a) T ()" = D)}

= [p(J(a)J(0) " = 1) + (1 = p)(J(@)J ()" = D] = [|J(a)J(0) ' = 1]|

=r(J(a)JO N =1)=r(a ' -1).

The last equality follows from the spectral multiplicativity of J. Thus we

obtain (12.3).

Let us now consider the first part of the theorem. Assume (12.1) holds.

It trivially implies (12.3), which implies (12.5). Consequently, there exists a

Jordan *-isomorphism J from M; onto Ms, an element ug € Us and a central
projection p € Ay such that

¢(a) = uo(pJ(a) + (1 =p)J(a)”!), ae€U.

It is not hard to verify that p must be the identity, which yields (12.2). Since
(12.2)=-(12.1) is trivial, the proof is complete. m
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COROLLARY 13. Let M; be a von Neumann algebra with unitary group
Uj for j = 1,2. Suppose that ¢ and 1) are surjections from Uy onto Us. Then
the following conditions are equivalent:

(13.1) o(ab) = o(¢p(a)(b)) for all a,b € Uy;
(13.2) there exists a Jordan *-isomorphism J from Mi onto Ma and an
element ug € Uy such that

¢(a) = uoJ(a),v(a) = J(a)ug', a€ Ui
Moreover the following conditions are also equivalent:
(13.3) r(ab—1) =r(¢(a)(b) — 1) for all a,b € Uy;

(13.4) there exist continuous functions hi, hs : T — C which satisfy con-
ditions (el)—(e2) and

[P1(ab)]| = [lh2(d(a)p (O], a,b e Uy;

(13.5) there exists a Jordan *-isomorphism J from My onto Ms, a central
projection p € Ms, and ug € Us such that

¢(a)=uo(pJ (a)+(1-p)J(a)7"), ¥(a)=(pJ(a)+(1~p)J(a) " )uy", a€lL.

Proof. Setting b = a~!, from both (13.1) and (13.4) we obtain ¢(a~!) =
(a)~1. An easy application of Theoremgives (13.1)=(13.2) and (13.4)=
13.5). The rest of the proof is similar to previous arguments. For example,

(
(13.5)=(13.3) can be proved by a reasoning similar to the one for
(12.5)=-(12.3). We omit the details. m

COROLLARY 14. Let M; be a von Neumann algebra with unitary group
Uj for j = 1,2. Suppose that ¢ is a surjection from Uy onto Us. Then the
following conditions are equivalent:

(14.1) o(ab) = o(¢(a)p(b)) for all a,b € Uy;
(14.2) there exists a Jordan *-isomorphism J from My onto My and a
central symmetry ug € Us such that

¢(a) =upd(a), aecl.
Moreover the following conditions are also equivalent:
(14.3) r(ab—1) =r(¢(a)p(b) — 1) for all a,b € Uy;

(14.4) there exist continuous functions hi, ha : T — C which satisfy con-
ditions (el)—(e2) and

|71 (ab)|| = [[h2(e(a)p ()], a,be U

(14.5) there exists a Jordan *-isomorphism J from My onto M, a central
projection p € Mo, and a central symmetry ug € Us such that

d(a) =ug(pJ(a) + (1 —p)J(a)™h), aecl.
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Proof. We apply Theorem [I3] for ¢/ = ¢. The only implications that
need a closer look are (14.1)=-(14.2) and (14.4)=(14.5). Assuming (14.1) we
have a Jordan *-isomorphism J : M; — My and ug € Uy such that ¢(a) =
upd (a) = J(a)uy L for all @ € U;. Since the unitary group linearly generates
the whole algebra, it follows that upz = zu, L for all & € My, which readily
implies that ug = uy 1 and so ug is central. A similar argument applies for
(14.4)=(14.5). The rest can be proved by already employed arguments. m

To simplify the formulations of the remaining results, in what follows we
shall omit conditions regarding the invariance properties of the transforma-
tions under consideration with respect to generalized distance measures. We
are convinced that after having read the paper carefully up to this point,
the reader will be able to easily complete the results with such additional
equivalent conditions.

THEOREM 15. Let M; be a von Neumann algebra with unitary group U;
for j =1,2, and F' a non-empty set. Suppose that ®; and ¥; are surjections
from F onto Uj for j =1,2. Then the following conditions are equivalent:

(15.1) o(P1(x)¥1(y)) = o(Po(x)P2(y)) for all x,y € F;
(15.2) there exists a Jordan *-isomorphism J from M onto Ma and an
element ug € Uy such that

Py(z) = ugJ (P1(2)), Wa(z) = J(Wi(2))uy', x€F.
Moreover, the following conditions are also equivalent:

(15.3) r(@1(2)¥1(y) — 1) = r(P2(2)P2(y) — 1) for all x,y € F;
(15.4) there exists a Jordan *-isomorphism J from My onto Ma, a central
projection p € Mo, and ug € Uy such that

By(x) = ug(pJ (P1(2)) + (1 = p)J(P1(2)) "), =z €F,

Uy(w) = (pI (W1 (2)) + (1 - p)J (@ () Vug!, @€ F.
Proof. Suppose that (15.2) holds. We easily infer that
o(P2(2)¥a(y)) = o(J(P1(x))J(V1(y))) = o(P1(x)¥1(y)), =,y € F.

Conversely, suppose that (15.1) holds. We first observe that ®;(z) =
@1 (") implies Py(z) = Po(2’). Indeed, assume @1 (z) = ®1(x’). Then

o (D2(2)P2(y)) = o(P1(2)P1(y)) = o(L1(z') ¥ (y))
= o(Pa(2')a(y)), yeEF
Pick y € F with W5(y) = ®2(z) L. Such a y exists since ¥o(F) = Us. Then
{1} = 0 (P2(2)¥2(y)) = o(P2(2)Pa(y)).
Hence 1 = ®9(2)Ws(y), and thus
By(z') = Wa(y) ™" = Pa(x).
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In the same way we see that ¥y (x) = ¥ (2’) implies Wy(z) = WPa(a'). Define
¢, Uy — Uz by ¢(P1(x)) = Po(x) and (¥ (z)) = Pa(x) for x € F.
Clearly, ¢, are well defined surjections from U; onto Us. Moreover,
o(ab) = o(p(a)(b)), a,be Uj.

By Theorem 13| there exists a Jordan *-isomorphism from M; onto M, and
ug € Uy such that

o(a) =upJ(a), Pla)=J(a)ug', a€U,
and we easily conclude that (15.2) holds.

The implication (15.4)=(15.3) can be proved by a reasoning similar to
that for (12.5)=(12.3).

Suppose now that (15.3) holds. We first observe that @(z) = ®1(2’)
implies @o(z) = Po(2’) for any z,2’ € F. Indeed, assume &(x) = &y (z').
Then

r(P2(2)Pa(y) — 1) = r(P1(2)¥i(y) — 1) = r(P1 (2" ) (y) — 1)
=7r(Pa(a')o(y) — 1), yeF
As Wy (F) = Uy, there exists y € F with Wy(y) = o(z) 1. Then
0= r(Pa(2)¥a(y) — 1) = r(P2(2')¥a(y) — 1).
As @o(x")W5(y) is unitary, we have
P2 (") W2 (y) — 1| = r(P2(a')Pa(y) — 1) =0,
implying
Do(2) = o (y) ! = Pa(2).
In a similar way we see that ¥;(z) = ¥;(2') implies ¥a(x) = Pa(2'). Once
again, define maps ¢,¢ : Uy — Uz by ¢(@1(x)) = P2(x) and ¢ (¥1(z)) =
Wy(x) for € F, which turn out to be well defined and surjective. Moreover,
r(ab—1) =r(¢(a)y(b) — 1), a,be U.

Then by Theorem [13| there exists a Jordan *-isomorphism, a central projec-
tion p € My and ug € Us such that

¢(a) = uo(pJ (a)+(1-p)J(a)1), ¥(a) = (pJ(a)+(1-p)J(a) ug ™', a€ln.
This shows that (15.4) holds. =
Finally, we present corollaries of the former results from which non-linear

spectral-multiplicativity-type conditions can be deduced for maps between
the self-adjoint parts of von Neumann algebras to be Jordan *-isomorphisms.

COROLLARY 16. Let M; be a von Neumann algebra for j = 1,2. Suppose
that f and g are bijections from Mys onto Mag. Then the following conditions
are equivalent:

(16.1) o(exp(iz) exp(iy)) = o(exp(if (x)) exp(ig(y))) for all z,y € Mis;
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(16.2) there exists a Jordan *-isomorphism J from My onto My and an
element ug € Uy such that

exp(if(x)) = ugexp(iJ(z)), exp(ig(z)) = (exp(iJ(z)))ug’, a€Ms.
In particular, if f and g are homogeneous, then f =g = J and ug = 1.

Moreover, the following conditions are also equivalent:

(16.3) r(exp(iz) exp(iy)—1)=r(exp(if(z)) exp(ig(y))—1) for x,y € Ms;
(16.4) there exists a Jordan *-isomorphism J from My onto Ma, a central
projection p € My and ug € U such that

exp(if(x)) = uo(pexp(iJ (x)) + (1 — p)(exp(iJ (x))) ),
exp(ig(x)) = (pexp(id (z)) + (1 — p)(exp(iJ ()~ )ug
for every x € M.
In particular, if f and g are homogeneous, then f = g = (2p — 1)J and
ug = 1.

Proof. Suppose that (16.2) holds. We infer that

U(exp(if(:n)) exp(ig(y))) = J(uo exp(iJ(x)) exp(iJ(y))ual)

= o(J(exp(iz))J (exp(iy))) = o(exp(iz) exp(iy)), x,y € Mys.
In particular, if f is homogeneous, then f(0) = 0. It follows that ug = 1 and

exp(itf(z)) = exp(if(tx)) = exp(itJ(x)), teR, x € M.
Letting t — 0, from
(exp(itf(z)) — 1)/t = (exp(itJ (x)) — 1)/t

we obtain f(z) = J(x) for all z € Mis. In the same way we deduce that
g(z) = J(x) for all x € My, if g is homogeneous.

Suppose that (16.1) holds. Set F' = M, and define @q, ¥; : My, — U
by @1 (z) = ¥i(x) = exp(iz) for © € My,. Also define @o, ¥y : M4 — Uy by
Dy(z) = exp(if(x)) and ¥y(z) = exp(ig(x)) for x € Mis. As expiM;s = Uj,
the maps @; and ¥; are surjective for j = 1,2. Obviously,

o(P1(x)¥1(y)) = o(Pa(x)¥2(y)), =,y € F.

Then by Theorem [15] there exists a Jordan *-isomorphism J : M; — Ms and
ug € Us such that

exp(if(z)) = P2(x) = ugJ (P1(z)) = woJ (exp(iz)) = up exp(iJ(z)),
exp(ig(x)) = Wa(z) = J (W1 (2))ug ' = J(exp(iz))ug ' = (exp(i (x)))ug

for every x € Mj,, and hence we obtain (16.2).
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Now suppose that (16.4) holds. Then by a simple calculation we have

exp(if(z)) exp(ig(y))
= ug (pJ (exp(iz))J (exp(iy)) + (1 — p)J (exp(iz)) " J (exp(iy)) " )ug -

Using a calculation similar to the one we have applied in the proof of
(12.5)=-(12.3) we find that

r(exp(iz) exp(iy) — 1) = r(exp(if(x)) exp(ig(z)) — 1), x,y € Mys,

and hence we obtain (16.3). In particular, if f is homogeneous, then f(0) = 0.
Thus

1 = exp(if(0)) = uo (pJ (exp(i0)) + (1 — p)J (exp(i0)) ™) = up.
It follows that
exp(itf(x)) = exp(if(t2)) = pexp(i(t2)) + (1 — p) (exp(iJ (t)))
= pexp(itJ(x)) + (1 — p)exp(—itJ(x)), x & Mis.
Letting ¢t — 0, from
(exp(itf(z)) —1) /it = p(exp(itJ (x)) — 1) /it + (1 — p) (exp(—itJ (z)) — 1) /it,
we deduce
flx)=02p—1)J(z), x€ M.

In a similar manner we obtain g(x) = (2p — 1)J(x) for z € M,.

Suppose that (16.3) holds. Set F' = M, and once again define &1, :
Mg — Uy by @1(x) = ¥1(x) = exp(iz) and Po, ¥ : M5 — Us by Po(z) =
exp(if(z)), Ya(x) = exp(ig(x)) for € Mi,. Then &; and ¥; are both
surjective maps for j = 1, 2. Clearly,

r(@1(2)¥(y) — 1) = r(P2(x)P2(y) — 1), =,y € M.

By Theorem there exists a Jordan *-isomorphism J from M; onto Moy,
a central projection p € My and a unitary ug € Us such that

Dy (@) = ug (pJ (P1(2)) + (1 — p)J (P1(2)) "),
Dy(w) = (pI (1 (@) + (1 = p) T (B (2)) g,
for every x € Mis. Then
exp(if(x)) = uo(J(exp(iz)) + (1 — p)J (exp(iz)) ")
= uo(pexp(iJ(x)) + (1 — p)(exp(iJ (2))) ")
and
exp(ig(z)) = (pJ (exp(ix)) + (1 — p)J (exp(iz)) ™! )ug '
= (pexp(iJ(x)) + (1 = p)(exp(iJ (2)))"H)ug '
for every x € Mis. This completes the proof. =
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The following statement is an easy consequence of Corollary [I6—one just
needs to take g = f (and have a short look at the argument in the proof of
Corollary (14| concerning centrality).

COROLLARY 17. Let M; be a von Neumann algebra for j = 1,2. Suppose
that f is a bijection from Mis onto Msys. Then the following conditions are
equivalent:

(17.1) o(exp(iz) exp(iy)) = o(exp(if (2)) exp(if (1)) for all 2,y € My;
(17.2) there exists a Jordan *-isomorphism J from M; onto My and a
central symmetry ug € Uy such that

exp(if(z)) = upexp(iJ(x)), x € Mis.

In particular, if f is homogeneous, then f = J and ug = 1.
The following conditions are also equivalent:

(17.3) r(exp(iz) exp(iy)—1)=r(exp(if(z)) exp(if(y))—1) for z,y € Mis;
(17.4) there exists a Jordan *-isomorphism J : My — My, a central
projection p € My and a central symmetry ug € Us such that

exp(if (x)) = o (pexp(id (x)) + (1—p) exp(i(2)) 1), o € My,
In particular, if f is homogeneous, then f = (2p —1)J and uy = 1.
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