STUDIA MATHEMATICA 236 (2) (2017)
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Abstract. In a nutshell, we intend to extend Schoenberg’s classical theorem con-
necting conditionally positive semidefinite functions F : R® — C, n € N, and their
positive semidefinite exponentials exp(tF), ¢ > 0, to the case of matrix-valued func-
tions F: R®™ — C™*™, m € N. Moreover, we study the closely associated property that
exp(tF(—iV)), t > 0, is positivity preserving and its failure to extend directly in the
matrix-valued context.
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1. Introduction. To set the stage and hence describe the matrix-valued
extensions of some of the classical results on (conditional) positive semidefi-
niteness we are interested in, we first briefly recall the basic definitions of pos-
itive semidefinite and conditionally positive semidefinite matrices A € C™*"
and positive semidefinite and conditionally positive semidefinite functions
F: R™ — C, and then state three classical results in this context:
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DEFINITION 1.1. Let m € N and A € C™*™, and suppose F': R"” — C,
n € N.

(i) A is called positive semidefinite, denoted by A > 0, if

(L.1) (e, Ac)em = Z GiAjrcr >0 foralle=(c1,...,c)" €C™.
k=1
(i) A={Ajr}i<jr<m = A* € C™*™ is said to be conditionally posi-
tive semidefinite if

m
(1.2) (¢, Ac)em >0 foralle=(ci,...,¢,)" € C™ with ch = 0.
j=1

(i) F is called positive semidefinite if for all N € N and z, € R",
1 < p < N, the matrix {F(z, — 24) }1<pg<n € CV*N is positive
semidefinite.

(iv) F is called conditionally positive semidefinite if for all N € N and
z, € R, 1 < p < N, the matrix {F(z, — 2¢) }1<pg<n € CVV is
conditionally positive semidefinite.

(v) F is called positive semidefinite in the sense of Schoenbergif F(—x)
= F(z), x € R", and for all N € N and z, € R", 1 <p < N, the
matrix {F(z, — z,) — F(zp) — F(2q) }1<pg<n € CV*V is positive
semidefinite.

(vi) Let T € B(L?*(R™)). Then T is called positivity preserving (in
L2(R")) if for any 0 < f € L*(R") also T'f > 0.

In connection with Definition [L.I[iv) one can show that if F is condi-
tionally positive semidefinite, then F(—x) = F(z) for all z € R™. In addi-
tion, one observes that for 7" to be positivity preserving it suffices to take
0 < f € Cg°(R™) in Definition [1.I|(vi).

Given the notions just introduced in Definition [I.I we now recall three
classical results. We start with Schoenberg’s Theorem [35], who studied iso-
metric imbeddability of separable spaces with appropriate distance functions
into a Hilbert space.

THEOREM 1.2 (cf., e.g., [4], [24] Sect. 3.6], [34, Proposition 4.4]). Assume
that F: R™ — C. Then the following conditions are equivalent:
(i) F(0) <0 and F is conditionally positive semidefinite.
(ii) F(0) <0 and for allt > 0, exp(tF) is positive semidefinite.
(iii) F is positive semidefinite in the sense of Schoenbery.

If, in addition, F is locally bounded and one of conditions (i)—(iil) holds,
then there exists C > 0 such that

(1.3) |F(z)] <C[1+ |z}, zeR"™
In this context see also [5], Sects. 4.3, 4.4] and [0, Sect. I1.7].
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Given F' € C(R™) and F polynomially bounded, one can define
C'°(R™ L2 R™
(1.4) F(—iV): { o (R") = L(R"),
f= F(=iV)f = (fAF)Y.
More generally, if F € L _(R"), one introduces the maximally defined op-
erator of multiplication by F in L?(R"), denoted by Mf, by

(Mpf)(z) = F(z)f(2),

f € dom(Mp) = {g € L*(R") | Fg € L*(R™)},
and then defines F'(—iV) as a normal operator in L?(R") via
(1.6) F(—iV)=F 'MpF

(cf. (L.16), and their unitary extensions to L?(R™)).

THEOREM 1.3 (cf., e.g., [21], [25], [33 Theorems XIII.52 and XIII.53]).
Assume that F € C(R™) and there exists ¢ € R such that Re(F(z)) < c.
Then the following conditions are equivalent:

(1.5)

(i) For allt > 0, exp(tF(—iV)) is positivity preserving.
(ii) For each t >0, e’ is a positive semidefinite function.
(ili) F(—z) = F(z) for all x € R™, and F is conditionally positive
semidefinite.
(iv) (The Lévy—Khintchine formula) There exist « € R, 5 € R", 0 < A
€ C™", and a nonnegative finite measure v on R™ with v({0}) =0
such that

(1.7)  F(x)=a+i(f-z)— (z-(Ax))

o [expa(x ) -1
RTL

The principal aim of this paper is to investigate to which degree
Theorems and [L.3(i)-(iii) extend to the matrix-valued context, where
F:R" - C™™ m € N, m > 2, and if direct generalizations are impos-
sible, what modified forms of extensions exist. We also note that a matrix-
valued extension of the Lévy—Khintchine formula, Theorem (iv)7 while
not the subject of this paper, is part of ongoing investigations. For a histor-
ical survey on infinitely divisible distributions and their connection to the
Lévy—Khintchine formula we refer to [28] (and the extensive list of references
cited therein).

For completeness we also recall Bochner’s theorem [9] as it naturally fits
in with Theorems [[.2] and [L.3

THEOREM 1.4 (Bochner’s Theorem, cf., e.g., [2 Sect. 5.4], [32] p. 13],
[34, p. 46]). Assume that F' € C(R™). Then the following conditions are
equivalent:

Ci(zey) 1+
L+lyl2]  [yl?

dv(y), z€R"™
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(i) F is positive semidefinite.
(ii) There exists a nonnegative finite measure p on R™ such that

(1.8) F(z) = p"(z), ze€R"
In addition, if (i) or (ii) holds, then
(1.9) F(—z) = F(@), |F(2) <|FO), =eR",

i particular, F is bounded on R™.

In this context we emphasize that the extension of Bochner’s Theo-
rem has been obtained by Berberian [3] not only in the matrix con-
text (cf. Theorem , but in the infinite-dimensional case in connection
with Abelian groups. As a result, in the following we exclusively focus on
extensions of Theorems and [1.3] - —(iii)

Turning to the matrlx—valued case, F': R” — C™™ m € N, and taking
the notions of positive semidefinite and conditionally positive semidefinite
matrix-valued functions F' in Definition (and the obvious matrix-valued
extension of Definition [L.1|(v)) for granted we can now briefly describe the
form in which Theorems - 2 and [1.3 - —(iii) extend to the matrix-valued
context. First and foremost,

e the exponential exp(tF') must consistently be replaced by the Hada-
mard exponential expy (tF) in the matrix context.

Here the Hadamard exponential expy(G(z)) of G: R" — C™* ™ m € N, is
defined by

(1.10)  expy(G(z)) = {expu(G(2));k := exp(G(z)jk) r<jh<m, = €R™
It is understood in the following that exp(tF') is always replaced by the
Hadamard exponential expy(tF) in the matrix context of m € N, m > 2.

In connection with the matrix-valued extension of Schoenberg’s Theo-
rem [1.2] (for m € N, m > 2) we prove the following facts in Theorem
and Remark 410

e Items (i) and (ii) of Theorem [1.2] remain equivalent (disregarding the
condition F'(0) < 0).

e If F(0) < 0 and (i) or (ii) of Theorem holds, then (iii) of Theo-
rem follows, but the converse is false in the matrix-valued context.

In connection with the matrix-valued extension of Theorem (for
m € N, m > 2) we prove the following facts in Theorems and

e Conditions (ii) and (iii) of Theorem remain equivalent in the
matrix-valued context; however, (i) does not extend at all (employing
expy(tF) as agreed upon). We do, however, find a proper extension of
condition (i) (cf. Theorem i)).
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These comments illustrate that much of Theorems and extends
to the matrix-valued context, but some items require specific modifications.
In particular, the positivity preserving condition (i) of Theorem has to
be altered considerably.

Next, we briefly turn to the contents of each section. Section [2] is of
preparatory nature and recalls the basic facts on positive semidefinite and
conditionally positive semidefinite matrices and matrix-valued functions on
R™ n € N, introduces the notion of the Hadamard exponential, and de-
rives the equivalence of items (i) and (ii) of Schoenberg’s Theorem in
the matrix-valued context. Introductory remarks on convolution operators
involving matrix-valued measures are the content of Section [3| We recall
the spaces LP(R™,C™*™), p € [1,00) U {0}, discuss the operator F(—iV),
F € L*®°(R™,C™*™), via Fourier transform, discuss various consequences
of positivity preserving of F'(—iV), and conclude with two approximation
results (Lemmas and . Our principal results are formulated in Sec-
tion 4l The classical L' and L? Fourier multiplier results are discussed in
the matrix-valued context in Theorems [£.4] and .6l The matrix-valued ex-
tension of Schoenberg’s Theorem is formulated in Theorem the fact
that no complete extension of Theorem is possible (in the sense that
either of conditions (i) and (ii) of Theorem [1.2]implies (iii), but the converse
is false) is demonstrated in Remark . The extent to which Theorem
[L3] extends to the matrix-valued case is dealt with in detail in Theorems
and as well as in Remark The analog of the bound in
the matrix-valued context is derived in Theorem In Appendix A we
construct a counterexample verifying the claim made in Remark [£.2] and

Appendix B provides a proof of (4.41)).

Finally, we briefly summarize the basic notation employed. Let H be a
separable complex Hilbert space, (-,-)y the scalar product in H (linear in
the second argument), and Iy the identity operator in H.

The Banach spaces of bounded and compact linear operators on a sep-
arable complex Hilbert space H are denoted by B(H) and B (#H), respec-
tively; the corresponding ¢P-based Schatten—von Neumann trace ideal (cf.
[16l, Ch. 11}, [36, Ch. 1]) is denoted by B,(#), with norm || - ||5,(), p > 1
(defined in terms of the ¢P-norm of the singular values of the operator in
question). Moreover, try(A) denotes the trace of a trace class operator
A € Bi(H). We also employ the analogous notation B(X1, X2) for bounded
linear operators mapping the Banach space X7 into the Banach space Xs.

For X a set, X™*"™ m,n € N, represents the set of m x n matrices with
entries in X.

Unless explicitly stated otherwise, C'™ is always equipped with the Eu-
clidean scalar product (-,-)cm and associated norm || - ||cm.
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For A € C™™ m € N, we denote by AT the transpose of A, and by
| Allg(cmy the operator norm of A, when we consider A as a linear operator
on C™ (equipped with || - |[cm). In this context we note that

(1.11) €™ - MlBemy)™ = (€™ - By cmy)-
We also introduce
(112) Al = | max Al

The symbol S(R™, C"™*") denotes the space of all C"*"-valued rapidly
decreasing functions on R™ with each entry in the usual Schwartz space
S(R™). In addition, we introduce the spaces

(1.13)  Co(R™,C™ ™) ={f € C(R",C™ ™) | supp(f) compact},
(1.14)  GpR™,C™™) = {f € CR™,C™™) [ || flloc < 00},

(1.15) Coo(R",C™™) = {f = {firh<jk<m: R" = C™™| f;, € C(R"),

lim f(2) = 0,1 <,k <m}.

|z|—o00

Unless explicitly stated otherwise, the spaces (1.13)—(1.15)) will always be
equipped with the norm || f||oc = esssup,egn || f(2)ll5cm)-

For the sake of brevity, we omit displaying the Lebesgue measure d"x in
LP(R™,C™*™), p € [1,00], whenever the latter is understood.

The Fourier and inverse Fourier transforms on S(R™,C™*™) are given
by the pair of formulas

(1.16) (FH) = y) = @r)™2 | e f(a)d",
Rn

(1.17) (F ') (@) = g"(x) = (2m) 2 | ¥ g(y) dmy,
R'n

for f,g € S(R™,C™*™), and we use the same notation for the appropriate
extensions to L'(R™, C™*™) or L?(R", C™*™),

The open ball in R™ with center xy € R™ and radius rg > 0 is denoted
by By (xo,70), the norm of z € R™ is denoted by |z|, the scalar product of
x,y € R™ is abbreviated by x - y.

We denote by 93, the o-algebra of all Borel subsets of R", and for
E € %B,, |E| is the n-dimensional Lebesgue measure of E.

2. Matrix-valued (conditional) positive semidefinite functions:
a variant of Schoenberg’s theorem. In this preparatory section we recall
the basic facts on positive semidefinite and conditionally positive semidef-
inite matrices and matrix-valued functions on R”, n € N, introduce the
notion of the Hadamard exponential, and derive the equivalence of items (i)
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and (ii) in Schoenberg’s Theorem |1.2| (see, e.g., [4], [24, Sect. 3.6], and [34],
Proposition 4.4]) in the matrix-valued context.
We start with the following definition (cf., e.g., [8, p. 180], [23, p. 451]).

DEFINITION 2.1. Let m € Nand A = {4, 1} i<jr<m € C™X™.
(i) A is called positive semidefinite, denoted by A > 0, if

(2.1) (¢, Ac)cm = Z GjAjkcr >0 forall c=(c1,...,cn) €C™.
jk=1
(i) A={Ajr}ti<jr<m = A* € C™*™ is said to be conditionally positive
semidefinite if

(2.2)  (c,Ac)em >0 forallc= (c1,...,cm)" € C™ with ch = 0.
=1
Given S € C™*™ m € N, its Hadamard exponential, denoted by expy(.9),
is defined by

(2.3) expy (S) = {expy(S))k := exp(Sj k) h<jh<m-

LEMMA 2.2 (see, e.g., |23, Theorem 6.3.6]). Let A € C"™*™ m € N, be
conditionally positive semidefinite. Then expy(A) > 0, that is, the Hada-
mard exponential of A is positive semidefinite.

The following result can be viewed as a complexified version of [8, Exer-
cise 5.6.15], [23, Theorem 6.3.13]:

LEMMA 2.3. Let € > 0, assume A = A* € C™™, m € N, and suppose
expy (tA) is positive semidefinite for all t € (0,€). Then A is conditionally
positive semidefinite.

Proof. Let c=(c1,...,cm)" €C™ with > i1 ¢j=0. Then for all € (0,¢),

(2.4) 0 <t e, expy(tA)c)em = Z Gt expy (tA k) — ek

7,k=1
m
— Y GAjrer = (¢, Ac)gm. m
tlo
j,k=1

Combining Lemmas and shows that for A = A* €¢ C™*™, m € N,
expy(tA) > 0 for all ¢ € (0,ep) for some fixed ¢g > 0 <
expy(tA) > 0 for all ¢ > 0.

DEFINITION 2.4. Let F': R® — C™*™ m,n € N.

(i) F is called positive semidefinite if for all N € N and z, € R",
1 < p < N, the block matrix {F(z, — 24)}1<pg<n € CTVN*¥MN g
positive semidefinite.

(2.5)
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(ii) F is conditionally positive semidefinite if for all N €N and z, € R",
1 < p < N, the block matrix {F(z, — z4) }1<pq<n € CmV*MN g
conditionally positive semidefinite.

LEMMA 2.5. Let F': R® — C™*™, m,n € N.

(i) F is positive semidefinite if and only if for all N € N and x, € R",
cpeC™, 1<p<N,
N
(2.6) > (ep, F(zp — 3g)cg)cm > 0.
p,q=1
(ii) (Bl p. 178]) F is positive semidefinite if and only if for all N €N,
zp€R", ¢, €C, 1<p< N, and f = (fl,...,fm)TECm,

N N m
(2.7) Z Sp(f, F(xp — xq) f)emeq = Z Z G fiF(xp — 2q) 1 frcq > 0.
p,q=1 p,q=1j,k=1

(iii) F is conditionally positive semidefinite if and only if the following
conditions («) and () hold:
() F(—z) = F(x)* for all x € R".
(B) For all NeN and z,€R"™, c,=(cp1,...,¢pm)€C™, 1<p<N,

satisfying
N m
(2.8) > =0,
p=1 j=1
one has
N
(2.9) Z (¢p, F(xp — xq)cq)cm 2 0.
p,q=1

In addition, F: R" — C™*™ satisfies (c) if and only if it satisfies
(/) for all N € N and z, € R", 1 < p < N, the block matric
{F(zp — 2g) h1<pgen € CVXMN s self-adjoint in C™V.
Given S: R* — CMXM Ar e N, its Hadamard exponential, denoted
by expy(S), is defined by
(2.10)  expy(S(z)) = {expu(S(2))jk := exp(S(x)jk) hr<je<m, © €R™
The next two theorems represent a matrix generalization of a variant

of Schoenberg’s theorem (cf., e.g., [34, Proposition 4.4]), namely, the equiv-
alence of items (i) and (ii) in Theorem the principal result of this sec-

tion:
THEOREM 2.6. Let F': R™ — C™*"™ m,n € N, be conditionally positive
semidefinite. Then expy(F') is positive semidefinite.
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Proof. For all N € N and z, € R", 1 < p < N, the block matrix
{F(zp—24) 11<pg<n € C™N*™N i conditionally positive semidefinite. Thus,
Lemma [2.2|implies the block matrix expy ({F(zp—24) }1<pg<n) € CV¥mN
is positive semidefinite. Since

211 expy({F(2p — 2¢) h1<pe<n) = {expu(F(zp — 24)) 1<pa<n,
this completes the proof. =

THEOREM 2.7. Suppose that ¢ > 0, F: R" — C™*"™, and expy(tF) :
R™ — C™*™ is positive semidefinite for all t € (0,¢). Then F' is condition-
ally positive semidefinite.

Proof. Suppose that N € N and z, € R", 1 <p < N, and assume that
cp=(cpi1,.--,cpm) € C™, 1 < p < N, satisfy

N m
(2.12) S =0

p=1 j=1
Then for all ¢ € (0,¢), Lemma [2.5[i) yields
N

(213) 0<t" ) (ep expu(tF(ap — 2q))eg)om

pq 1
Z Z Gp it [exp(tF (zp — 4) k) — Ueg
p,q= 1]k 1
N
Z Z Cp,j = Tq)jkCqk = Z (cp, F(zp — Tg)cq)cm.
p,g=1jk=1 p,q=1

By Lemma [2.5| - (iii), it remains to show that
(2.14) F(—z)=F(z)", xeR™
To this end one observes that the block matrix
< expy (tF(0))  expy(tF (:B))> c C2mx2m

expy (tF(—xz)) expy(tF(0))
is positive semidefinite and hence self-adjoint. Thus,
(2.16) expy(tF(—x)) = [expy(tF(z))]", xe€R" te (0,¢).
Next, let Fa,, € C?™*2™ be the matrix all of whose entries equal 1. Then
(217) 1+~ fexpy(tF(~2)) — Ean] = ¢~ [expy(tF (@))]* = Eam},

xeR" te(0,¢),

(2.15)

and letting ¢ | 0 in (2.17)), one obtains
(2.18) F(—2)jr=F(x)r;, xe€R" 1<j4k<m,

proving (2.14)). =
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Combining Theorems |2.6{ and [2.7| shows that for F': R" — C™*"™,
(2.19) expy (tF) > 0 for all t € (0,g¢) for some fixed g >0 <
expy(tF) >0 for all ¢t > 0.
Next, we intend to show that Definitions and are compatible.

COROLLARY 2.8. Let 0 < A € C™™ (i.e., A is positive semidefinite)
and introduce F: R™ — C™*™ by

(2.20) F(x)=A, zeR"
Then F > 0, that is, F' s positive semidefinite in the sense of Defini-

tion i).

Proof. For any ¢ = (cy,...,cy)" € CV,
N N
(221) Z @(f,Af)cqu = (vaf)(Cm Z CpCq = (fv Af)(cm(C, HNC)(CN7
p,g=1 p,q=1

where Hpy denotes the N x N-matrix with all entries equal to 1. Since it is
well-known that Hpy is positive semidefinite,
N
(2.22) > &(f, Af)emeq > 0.
pq=1
Thus, Lemma [2.5(ii) implies the conclusion. u

COROLLARY 2.9. Let A € C™*™ be conditionally positive semidefinite
and introduce F: R™ — C™*™ by

(2.23) Fx)=A4, xeR"
Then F is conditionally positive semidefinite in the sense of Definition
B,

Proof. By Lemmaf2.2] for all ¢ > 0, expy(tA) > 0 is positive semidefinite.
Thus, by Corollary for all t > 0, expy(tF)(z) = expy(tA), x € R", is

positive semidefinite. Hence, by Theorem F is conditionally positive
semidefinite. m

Corollaries 2.8 and [2.9) indeed verify compatibility of Definitions [2.1]
and For other elementary examples of conditionally positive semidef-
inite matrix-valued functions we refer to Example

The classical (i.e., scalar-valued, m = 1) version of Schoenberg’s theo-
rem, at first sight, suggests an alternative “weak” definition of conditionally
positive semidefinite functions (cf. also [27]) as follows:

DEFINITION 2.10. Let F': R™ — C™*™, Then F is called weakly condi-
tionally positive semidefinite if for all N € N, x, € R", 1 <p < N, and all
f=(f1, - fm)" €C™, the matrix {(f, F(z, — ) f)cm b1<pqg<n € CV*N
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is conditionally positive semidefinite, that is, for all ¢, € C,1 < p < N, with

N —
> p=1¢p = 0, one has

N m
(2.24) Z Z e fiF(2p — 2q)jnfrcq 2 0.
p,q=1j,k=1
We conclude this section with a simple example showing that Defini-
tions [2.4{(ii) and are inequivalent.

ExampLE 2.11. Consider
In(1/2 0

(2.25) A= (n( /2) >

0 In(1/2)
and introduce F: R® — C?*2 by
(2.26) F(z)=A, xzeR"
Then, for all N € N and z, € R*, ¢, € C, 1 < p < N, with Z;V:l cp =0,
and all f = (f1, f2)" € C2,

N 2 N

(2.27) SN GfiF(xp — g)jrfreg = (f,Af)c2 > Geg =0,

p,q=17,k=1 p,g=1
and hence F' is weakly conditionally positive semidefinite. On the other
hand,

1/2 1

2.28 expy(F) = expy(A) = , xeR™
(229 en(F) = expu() = (17 )

However, expy(A) has a simple negative eigenvalue A\; = —1/2; denoting by
v; € C? an associated normalized eigenvector, for all N € N and z, € R",
cp € C, 1 <p< N, one computes

N N
(2.29) > (v, expy(F)(mp — zg)v1)c2cg = D (v, expy(A)vi)ezcy
p,q=1 p,q=1

1L 2
-3l <o
p=1

In particular, as long as Z;VZI cp # 0, we have
N
(2.30) > T, expy (F) (2 — 2¢)v1)c2cq < 0,
pg=1
and hence expy(F) is not positive semidefinite by Lemma [2.5[(ii). Conse-

quently, F' is not conditionally positive semidefinite by Theorem and
Definitions [2.4{(ii) and are indeed inequivalent.
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REMARK 2.12. There are other inequivalent extensions of scalar con-
ditionally positive semidefinite functions to the matrix context in the lit-
erature. One of the principal goals of this paper is to extend the classical
results of Theorems and [L.3i)(iii) to the matrix context. So we chose
to use the more restrictive definition of matrix-valued conditionally positive
semidefinite functions in Definition 2.4 For treatments of other inequivalent
extensions of scalar conditionally positive semidefinite functions to the ma-
trix case, see, for instance, [I5, Ch. II], 44, Chs. 3, 4]. For detailed surveys
of the theory of scalar positive semidefinite functions we refer, for example,
to [17], [39].

3. Preliminaries on operators associated to matrix-valued posi-
tive semidefinite functions. In this section we develop the basic material
on convolutions involving matrix-valued measures and matrix-valued convo-
lution operators needed in our principal Section 4} We rely on [10, Sect. 2]
and [II), Sects. 2.1, 3.1] (see also [20]). For readers who are interested in
convolution involving operator-valued measures in the infinite-dimensional
Hilbert space context, we refer to [14].

Throughout the remainder of this paper we fix m € N.

A C™™_yalued measure on R™ is a countably additive function
p: B, — C™*™M Equivalently, p = {1k }1<jk<m is a C™*™-valued measure
on R™ if and only if each entry p;x: B, — C, 1 < j,k < m, is a complex
measure on R™. The variation |u| of p is defined as the finite nonnegative
measure on R given by

(3.1) () = sup{ >~ lu(E)lsem B € B,
P “Eepr

where the supremum is taken over all partitions P of E into a finite number
of pairwise disjoint subsets Ey € 9B,,. The norm ||u|| of p is defined by

(3.2) [l = Tl (R™),

and we also introduce the notation

— . n — .
(3.3) PJOL)——1;22§WLMwJJUR ) 1§E%§n1”“%k”‘

A function f = {fjrti<jr<m: R" = C™*™ is called p-integrable if the
integrals

(3.4) Sf@hmmm@% 1<j,k,rys <m,
RTL

exist, in which case one defines, for all £ € B,
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1<j,k<m’

35) i@ dut) = {(] @) dut)) ]
E E ’

36 ([f@du(@) =D J@)rdues(e). 1<k <m
) ,

Then, for all u-integrable functions f,
67 | f@ @), < V@l dil@), e,
E E

Next, we introduce M(R™, C™*"™) as the space of all (finite) measures
on R" of the form p: B, — (C™*™, |- |[gcm)). As shown in [I0, Lemma 5],
there exists a linear, isometric order isomorphism between M(R"™, C"™*™)
and the dual space of Coo(R™, C™*™) such that the duality pairing (-,-) :
Coo(R™, C™*™) x M(R™ C™*™) is given by

(88)  (fo) =tron (| F@)du(@) = 30§ F@)j dian (@),

R jk=1Rn

Given p € M(R",C™*"™) and a p-integrable f: R™ — C™*™ we define
their convolution by

(3.9) f*-{Rucmm’ R
‘ P em (Fp)@) = §gu fla—y)dply), =

Moreover, for p € [1,00) we introduce

(3.10) zﬁmyzcmxm)zz{f:R”—»Cm*mln&mmabm’

1l = (§ 1) ey ")

R"

v < oo}

and similarly, for p = oo,
(3.11) L®(R™,C™™) = {f: R"™ — C™*™ measurable ‘
| flloom = esssup | (@) ey < oo}
TERM

Then one estimates

(3.12)  |[(f * 1) (@) lIBcmy = H | fl =) dMy)HB(cm)
B

<V 1f @@ = 9)lsem) dluly)
o

< (§ 15 = ol al(w)) Tl
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with p~! + (p') ™! = 1, and hence

1/
18) 1 =l = (§ 17 2@y ') ’

< (1 § 1 = )l dinltwy de) i @1
R” Rn

= (1§ 17— ey e dinlw)) " (a2
R™ R™
= [WI®)flpms P € [L,00).

Thus, for u € M(R™, C™*™) one can introduce the associated convolu-
tion operator T), € B(LP(R",C™*™)), p € [1,00), by

(3.14) T.f=f*p, feLPR"C™™),
satisfying (cf. (3.13]))
(3.15) [Tyl B(Lr@n cmxmyy < |p|(R™),  p € [1,00).
Next, we introduce the following equivalent norm in L!(R"™, C™*™):
(3.16) A m ==Y (fiklla,  f € MR, C™™),
k=1
such that

317 ()T A llm < W fllim < cullfllm, — f € LIR™,C™™),

where ¢/, > 1 is chosen such that

(318) ()™ D 1Al < I Allsem) < D 146l AcT™™,
Ji:k=1 g.k=1

Similarly, if we introduce the following equivalent norm in L?(R™, C™*™):

(3.19) Ifl2m = > Ifiklles  f € LAR,C™™),

Jk=1
then there exists ¢/}, > 1 such that
(320) () T A llzam < N fll2m < Eplllfllzm, — f € LA(R™,C™X™).

Next, we also introduce the following equivalent norm in L*(R™, C™*™):

(3.21) [1fllloom == max |fiklles, f€LZR",C™™);
1<j,k<m

then there exists d,, > 1 such that
(3:22)  (dw) "l Moo < M fllooim < dilllflllooyms — f € LO(R™,C™™).
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In the special case m = 1 we will omit the extra subscript 1 in (3.16)), (3.19)),
and (3.21).

For future use in Section {4} we also introduce L?(R", Cijs™), where
Cfig™ denotes the space (C"™*™, ||-||g,(cm)) (i-e., the operator norm ||| g(cm)
is now replaced by the Hilbert—Schmidt norm || - ||5,(cm)), as follows: First,

C™*™ can be identified with (CmQ, and then the standard Euclidean norm
on C™ becomes the Hilbert-Schmidt norm || - 8, (cm) (cf., e.g., [T, p. 93]),

and hence the space B(C{j'™) can be identified with C™**m® Summarizing,

2 2

(3.23)  CIK™ ~ By(C™) ~C™,  B(CHF™) ~ B(C™) ~ C™ ¥,
Then we introduce

(3.24) L*R",CIE™) = {f: R" — C™*™ measurable ‘

L \L1/2
11l ey = (§ 17@) Byem de)
Rn

(] 3 R an) " < s,
R™ j,k=1

so that as sets, L*(R™, C™*™) and L*(R", C{}&™) coincide, but their norms
(and scalar products) differ. The classical Plancherel theorem then yields

(325) ||f||L2(Rn7cﬁﬂs><m = ”f/\||L2(Rn7(C;{VLS><m), f S LQ(RH, (CELSXT)’L)
Next, we define left translations L,, x € R™, acting on f: R® — C™*™

via

(3.26) (Laf)(y) = fly—2), yeR™

DEFINITION 3.1. Let T' € B(LP(R"™,C™*™)) p € [1,00) U {oo}. Then T
is called C"™*™-linear if

(3.27)  T(Af) = A(Tf), AeC™™ fe [P(R",C™™).

ProrosiTION 3.2 ([I1], p. 27]). Let p € [1,00) and p € M(R™,C™*™).
Then T,, € B(LP(R™,C"™*™)) is C™*"™-linear and

(3.28) L,T,f=T,L.f, «€R" felLP(R",C™™).
ProprosITION 3.3 (11, Proposition 3.1.10, Corollary 3.1.11]).

(i) Let p € [1,00) and assume that T € B(LP(R™, C™*™)) is C™*™-
linear. Then the following assertions are equivalent:
(a) T =1, for some p € M(R™, C"™*™).
(8) L,T =TL, for all x € R", and
T € B(Cy(R™, C™ ™), Cp(R™, C™*™)).
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(ii) Assume that T € B(LY(R"™,C™*™)) is C™*™_linear. Then the fol-
lowing assertions are equivalent:

(v) T =1, for some p € M(R™,C™*™).
(0) L,T =TL, for all x € R™.
Next, given F' € L>®(R™,C™*™), we also define the associated operator
F(—-iV) € B(L*([R"™,C™ ™)) by
(3.29) F(—iV)f = (f'F)Y, fe L*R",C™™).

More generally, if F € L{_(R",C™*™), one introduces the maximally

defined operator of right multiplication by F in L?(R™,C™*™), denoted
by Mp, by
(Mpf)(z) = f(z)F(x),
f € dom(Mp) = {g € L*(R",C™™) | gF € L*(R",C™"™)},
and then defines F/(—iV) as the closed operator in LZ(R", C™*™) via
(3.31) F(=iV)f = F (Mp(FF)
(cf. (L.16)), (1.17) and their unitary extensions to L*(R™, Cfj5"™") as indicated
in (5.23)).

LEMMA 3.4. If F € L*°(R",C™*™), then
(3.32) L,F(—iV) = F(—iV)L,, xe€R"

Since S(R™, C™*™) is dense in L?(R", C™*™), and all operators in (3.32)
are bounded, it suffices to prove (3.32) for f € S(R™, C"™*™). The latter

follows from a straightforward calculation.
For future reference we also recall the following results: Introducing

(3.30)

(3.33) Jalz) =e 0 >0 zeR,
one verifies
(3.34) ) = e 2 yeR

' “ (2m)1/2 y2 + a?’ '
Similarly, introducing
(3.35) ka(x) = [[dalze), = €R”,

=1
one obtains
1 & 2

3.36 kN = , e R",
and hence
(3.37) k0N =\ 1K) ()] dy = (2m)"/2.

R
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LEMMA 3.5. Let a > 0 and introduce the following diagonal matrix:

(3.38) My(z) = ko(x)Icm, x€R™
Then there exists ¢, > 1 such that
(3.39) I(MF) oo < el Flloom, — F € L*®(R",C™™).

Proof. Recalling the definition of || - ||max in (1.12)), there exists ¢, > 1
such that

(340) el Allsier < [Allma < cmllAllsen), A€

Next, let x € R", 1 < 5,k < m. Then
(341)  |[(MZF)Y(2)jx| = (27T)_"/2‘ | eCOMLF) ()0 dmy
R

= (2m) 72| § VR ) F(y) a4y
R’n

< (2m) ™72 fesssup | F(y) fmas]| § K0 (0)] "y
yeRm R™

= esssup || F(y)||maxs

yeRn
employing ([3.37)). Thus,

(3.42) (M, F)"(2)max < esssup | F(y)|lmax, © € R?, F € L=(R",C™*™),
yeR™

and hence

(3.43) (M) F)Y |lsom = ess sup (M) F)Y ()] gem)

< cpmesssup |[(M2F)Y (2) || max

z€R™

< ¢ esssup | F(y)||max
yeR?

< chy esssup || (y)l|scm) = | Flloom- ®
yeRn
In the following we use the notation 0 < g € L2(R",C™™) if g €
L3(R™,C™ ™) and g(x) > 0 (i.e., g(x) € C™*™ is positive semidefinite) for
(Lebesgue) a.e. x € R™.

DEFINITION 3.6. Let T € B(LQ(R", (mem)). Then T is called positivity
preserving (in L?(R™, C™*™)) if for any 0 < f € L?(R", C™*™) also T'f > 0.

As will be shown in Lemma [3.13] for 7" to be positivity preserving it
suffices to take 0 < f € C§°(R™,C™*™) in Definition
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LEMMA 3.7. Suppose that F' € L>®(R",C™*"™) and F(—iV) is positivity
preserving in L2(R™, C™*™). Then, with ¢, > 1 as in (3.40)),

(3.44) ess sup I (=iV) ) (@) lmax < 265 [ Floom
e n

for all f € L>®(R", C™*™)

1) su 18 compact

(i) supp(f) pact,
i)

(3.45) (i) supgegn [|f(2)/[max < 1,
(iii) f(x) >0 for a.e. z € R".

Proof. By the spectral theorem one obtains, for a.e. z € R™,
(3.46) 0< f(@) < If(@)lsemylem < emllf(@)lmaxlem < emlcm,

employing ¢, > 1 in (3.40)). Since supp (f) is compact, there exists a suffi-
ciently small @ > 0 such that for a.e. x € R”,

(3.47) 0 < f(z) < 2cmkq(x)Iem,

with k, introduced in ([3.35) @ Since F(—iV) is positivity preserving by
hypothesis,

satisfying

(3.48) 0 < F(—iV)f < 2ep F(—iV)(koIcm),
implying
(3.49) [(F(=iV) ) (@)l cm) < 2em||(F(=iV)(kalem)) ()| 5cm)

for a.e. x € R™. Thus,

(3.50) esssup [|(F(=iV) f)(2)[lmax < cm esssup [|(F(=iV) f) (@) scm)
x€R? zeR”

< 2, ess sup [(F(=iV) (kalcm)) ()| 5cm)
TrER™

= 265, | F(=iV) (kaLem) [loo,m = 265 | (Mg F) l|oo.m < 265 | Flloom,
applying Lemma, .
Next, let A € B(H) and denote, as usual,
(3.51) Re(A) =27YA+ A%), Im(A) = (2i)" (A - A%).
Since Re(A) and Im(A) are self-adjoint in H, we define their positive and
negative parts, denoted by Re(A):r and Im(A)y, as well as |Re(A)| and

Im(A)|, with the help of the spectral theorem (with |T'| = (T°T)Y2,
T € B(H)), and hence obtain

(3.52) Re(A)s = 271 Re(A)|£Re(4)], Im(A)s = 27 [|Im(A)] +Im(A)].
(*) Actually, the factor 2 in can be replaced by 14¢ for € > 0 sufficiently small,

provided that we choose a = a(e) > 0 sufficiently small, but since this plays no role in the
following, we ignore this improvement.
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Moreover, since [|T|g3) = WT|HB(H)’ one obtains (with 7" = Re(A4))

(3.53) [Re(A)+lsa) < 1AllBay,  Mm(A)+l5em) < [ AllBa)-

Next, we drop the nonnegativity hypothesis (iii) in Lemma and hence
obtain the following result.

LEMMA 3.8. Suppose that F' € L>°(R™, C"™*™) and F(—iV) is positivity
preserving in L2(R™, C™*™). Then, with c,, as in (3.40)),

(3.54) ess Sup || (£(—1V) f)(2)[lmax < 8cim | Flloo,m

zeR
for all f € L>®(R™, C™ ™) satisfying
(i) supp(f) is compact,
(ii) esssup,cpn ||f(2)]|max < 1.

Proof. With ¢, as in (3.40|), one concludes from the latter and from
(3.53) that for a.e. z € R™,

(3.56) IRe(f () £llmax < em|Re(f(2))£lBcm)

< emll f(@)llsem) < emllf (@) llmax-
Thus, Re(f)+: R™ — C™*™ satisfies

(3.55)

() supp(Re(f)+) is compact,
(8) esssup,egn |[Re(f(2))llmax < i,
(7) Re(f(x))+ > 0 for a.e. x € R™.

By Lemma [3.7]
(3.57) es38up [| (F(=iV)Re(f)-£) (@) lmax < 265 F lloc.m
TzeR™

and similarly

(3.58) €53 Sup 1(F(=iV)Im(f)+) (@) [ max < 265, 1 F lloo,ms
reR™
implying
(3.59) esssup ||(F(—iV) f)(2)|lmax < 8c§nHFHoo7m. "
xER”

In order to prove a consequence of Lemma [3.8] we need the following
auxiliary result.

LEMMA 3.9 (cf., e.g., [I, Theorem 2.29 and p. 250]).

(i) If f € LY(R"), then f" € Co(R™) and || f"|oo < (2)7/2|| f]]1.

(ii) Let f € Co(R™) with supp(f) C By, (0,r) for some r > 0. Then there
exists a sequence {f;j}jen C C5O(R™) with supp (f;) € Bn(0,2r),
J €N, and limj_ || fj — flloo = 0.
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REMARK 3.10. Let o: 98,, — [0,00) be a finite nonnegative measure

on R™ and let p: B, — C™*™ be the nonnegative matrix-valued measure
defined by

(3.60) wE)=0c(E), FE¢cB,.

Then T, € B(L?*(R™ C™*™)) is positivity preserving. Indeed, let f €
L2(R™, C™*™). Then

(3.61) \ () dp(y) = {S Fir(w) da(y)}1<jk<m-
R™ R™ ==
Hence, if 0 < f € L2(R™,C™*™), then for all v = (vq,...,v,)" € C™,
(3.62) (0, (Tuf)(@))em = | Y T fixla — y)opdo(y) > 0.
R™ j k=1

LEMMA 3.11. Assume that 0 < f € Coo(R™,C™*™). Then there exists
a sequence {fj}jen C C§O(R™,C™ ™) such that fj(x) > 0, j € N, and
limj oo fj = f in (Coo (R, C™), [ - [|oo,m)-

Proof. Clearly one can find a sequence {g;}jen C Co(R",C™*™) such
that
(3.63) g; >0, jeN, limg;=fin (Cox(®R",C™™), || lloom)-
j—00
Indeed, let
1, 0< [z <n,

3.64 kn € Co(R™), 0<k, <1, Kkn(z)=

k, decreasing from 1 to 0 as |z| increases from n to n+ 1, and set g, = ky, f,
n € N. Then g, > 0 on R" and f(x) — gn(x) = 0 for 0 < |z| < n. Since
[9n(®)]|max < |If(%)[Imax and limy|— o0 | f(7)[lmax = 0, one obtains (3.63)).
Thus, without loss of generality we may assume that f € Co(R™, C"™*"™).

Next, we recall the definition of standard Friedrichs mollifiers {¢.}.~0
(cf., e.g., [1, pp. 36, 37]) and introduce

(3.65) b (x) = ¢ ()], x€R™ £>0.

In addition, we define the measure o. € M(R™, C"™*"™) by

(3.66) o.(E) = (S e () d”x)]m, E € %B,.
E

Then, using the fact that T,,_ is positivity preserving in L2(R"™, C"™*™), one
introduces f; = Tgl/jf7 J € N, and concludes f; > 0, j € N. Moreover,

(3.67) fi@ke = (frexde)(x), zeR" jEN, 1<k L<m.
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By standard properties of mollifiers, (f;)r¢ € C5°(R™) and
(368) jli)lgo(fj)k,@ = fk,é in (CO(Rn)v H ) HOO)7 1<k L<m.

Thus, 0 < f; € CPR",C™™) and limj_,o fj = f in (Coo(R™,C™*™),
H ) HOO,m)' .
COROLLARY 3.12. Suppose that F' € L>®(R",C™*™) and F(—iV) is
positivity preserving in L?(R™, C™ ™). Then
(3.69)  F(=iV): (Co(R™,C™ ™), || - loom) = (Co(R™, C™ ™), || - lloo,m)
continuously.

In addition, there exists a monnegative measure pu € M(R™ C™*™) such
that F(—iV) =T,.

Proof. Suppose f € Cy(R™,C™*™) and supp(f) € B,(0,7). Then
an application of Lemma (ii) implies the existence of a sequence of func-
tions {f;}jen C C§°(R™, C™*™) such that supp(f;) € B,(0,2r), j € N, and
limj—>00 H(fj)k,f - fk,fHOO =0,1<kl<m.

Without loss of generality we may assume that for each j € N, f; — f
satisfies the hypotheses of Lemma [3.8] Thus, since

(3.70) jlim esssup || fj(x) — f(z)||max = 0,
—0  geR™
Lemma [3.8] yields
(7)) Tim esssup | (F(=iV)f)(2) = (F(=iV)£)(@) s = 0.

J—=0  geRn

Since f; € Cg°(R", C™*™), fi' € S(R™,C™ ™), one concludes that f/'F €
LY(R™,C™*™) and hence Lemma (1) implies F(—iV)f; = (fjAF)v €
Coo(R™, C™*™). Hence, F'(—iV) f is the uniform limit of a bounded sequence
{F(=iV)fj}jen C Coo(R™,C™*™) and thus F(—iV)f € Cy(R™,C™*™).
Lemma implies that F(—iV) maps (Co(R™,C"™*™),|| - |loo,m) to the
space (Cp(R™,C™*™) || - |loo,m) continuously. That there exists a measure
p e MR",C™*™) such that F(—iV) = T, follows from Proposition (1)
(upon choosing T = F(—iV) in Proposition [3.3(i)(3)) and Lemma 3.4 Iden-
tifying M(R™, C™*™) with Coo (R™, C™*™)* it remains to show that

(3.72) tr(cm<§ F(z) dp(:n)) >0, 0<feCo(®R",C™™).

RTL
By Lemma it suffices to prove this for all 0 < f € Cg°(R"™, C™*™).
Thus, let 0 < f € C§°(R",C"™*™). Then f" € S(R™,C™*™) and hence by
Lemma [3.9[1),
(3.73) F(=iV)f = (f'F)" € Cou(R™,C™*™).



164 F. Gesztesy and M. Pang

In addition, since F'(—iV) is positivity preserving,

(3.74) 0 < (F(=iV)[)(0) = (Tuf)(0) = | f(=y) duly).
Rn
Thus,

(3.75) tren (| F(-y) duy)) = 0,
Rn
and hence p is nonnegative. m

We also add the following auxiliary result.

LEMMA 3.13. Let f € L*(R",C™ ™) and suppose f(x) > 0 for a.e.
x € R™. Then there exists a sequence {f;}jen C Cg°(R"™,C™ ™) such that
for all j €N, fi(z) >0 for a.e. z € R”, and limj o || f; — f =0.

Proof. Let ¢, @., and o, € > 0, be as in the proof of Lemma and
recall that T, is positivity preserving in L?(R™, C™*™). Next, let 0 < f €
L2(R™, C™*™) and introduce

(3.76) 95 = XjginIm) fo - J €N,

where x4 denotes the characteristic function of A C R". Clearly, 0 < g; €
LA(R",C™ ™), supp(g;) is compact, j € N, and limj_o0 |g; — fll2m = 0.
Hence, it suffices to show that if 0 < g € L?(R",C™*™) and supp(g) is
compact, then there exists a sequence {h;};en C Cg°(R™,C™*™) such that
hj >0, j € N, and limj_,« ||hj — gl/2,m = 0. Thus, let

(3.77) hj = Tgl/n 7 €eN.
Then h; > 0 since Ty, , /n is positivity preserving and
(3.78) hj( )]@g = (gkyg * qbl/n)(x), S Rn, 1 < k,£ < m.

By standard properties of Friedrichs mollifiers (cf., e.g., [I, pp. 36, 37]),
(hj)re € Cg°(R™) and

(3.79) jlggo [(hi)ke = grelle =0, 1<k, £<m,

implying {h;}jen C Cg°(R™,C™*™) and lim;j_, ||hj — gll2,m = 0. =
Introducing the Hadamard product Aoy B of two matrices A, B € C™*™,
by
(3.80) (A oH B)j,k = AchBj,k, 1< j, k< m,
we conclude this section with the following remark, addressing the lack of
the semigroup property of expy(tF)(—iV).
REMARK 3.14. Suppose that F': R® — C™*™ is conditionally positive
semidefinite such that for some ¢ € R,

(3.81) Re(F(z)jr) <c forae zeR", 1<j,k<m.
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In addition, introduce
(3.82) f(t) = (expu(tF)(=iV))f, [ € L*(R",C™™), t > 0.

Then

d

(3.83) ol

F®) = (f"(expy(tF)) o F))", > 0.

4. Operators associated with matrix-valued positive semidefi-
nite functions. In this section we prove our principal results. In partic-
ular, we give analogs of the classical Theorems and [1.3|(i)—(iii) in the
matrix-valued context to the extent possible and along the way introduce
the necessary modifications needed to obtain such extensions. We also recall
Fourier multiplier theorems in the L' and L? context extending classical
results in the scalar case to the matrix-valued situation.

We start with the following fact.

THEOREM 4.1. Suppose that F € C(R™, C™*™) N L*°(R",C™*™) and
F(—iV) is positivity preserving in L>(R™, C™*™). Then there exists a non-
negative measure p € M(R"™, C™*™) such that

(4.1) F(z)=u"(z), z€eR",
equivalently,
(4.2) F(z) = (2m) "2 | @D dp(g), zeR™
Rn
Proof. Define ¢. and @. as in the proof of Lemma and introduce
(4.3) D 2(y) =P(z—y), z,yeR" e>0.

Suppose f € S(R™, C™*"™). Then
(4.4) (F(=iV)f)(x) = (f"F)"(x)
=@m | | SCED ) F(E)dpd

R™ R™
=@2m)™ | | 9z —w)F(€) d"wd™¢
R™ R"
= 2m) "2 | (fl@ =)V (OF () .
]Rn

Introducing f; , € S(R",C™*™) by

(4.5) feax(y) = (QSE,:E)A(x —y), =ycR" >0,
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one obtains, for € > 0,

(4.6)  (F(=iV)fou)(@) = (2m) 2 | (foule = )V (OF (&) d"¢

R?’L
= (2m) 2 | (8L,)Y (O F(€) d"¢
R
= (2m)72 | e (OF() ' — o (2m) P (2), @ e R™
=
R
By Corollary there exists a nonnegative measure g € M(R™, C"™*™)
such that F'(—iV) = T,,. Hence,

47)  (F(=iV)fea) (@) = (Tpo fex) (@) = (fero * p0)(x)
=\ feulw —n)dpo(n) = | &L, (n) dpo(n)
R R
=(2m) 2 | | e 00, () d"¢dpo(n), xR, £>0.
R" Rn
Since P, , has compact support and py ¢, 1 < k,¢ < m, are finite complex

measures on R"™, one can interchange the order of integration in the last
double integral in (4.7 to arrive at

(48)  (F(=iV)fou)(@) = 2m) 2 | 0ea(@) (] 7 dpuo()) d¢

R™ Rn
= | 2 - OO TE — w@), R
]Rn

Thus, (4.1)) follows with p = (27r)”/ 2lp. m

REMARK 4.2. In Appendix A we will prove that the converse to Theo-
rem that is, if F' = p” for some nonnegative p € M(R™, C™*™) then
F(—iV) is positivity preserving in L?(R", C™*™), does not hold (unless, of
course, p is of the type puy = olem with o: B, — [0,00) a finite measure).

Next, we recall the finite-dimensional special case of an infinite-dimensio-

nal version of Bochner’s theorem (cf. Theorem in connection with locally
compact Abelian groups due to Berberian [3] (see also [12], [13], [29], [43]):

THEOREM 4.3 ([3, p 178, Theorem 3 and Corollary on p. 177]). Assume
that F € C(R™,C™>™) N L>®(R™,C™*™). Then the following conditions are
equivalent:

(i) F is positive semidefinite.
(ii) There exists a nonnegative measure p € M(R™, C™*™) such that

(4.9) F(z) = pMx), xeR™
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In addition, if (i) or (ii) holds, then
(4.10) F(-z)=F(z)", |[F@)lscm) <IFO)pcm), =eR"

We note that Berberian [3], p. 178, Theorem 3| discusses a seemingly more
general result in which boundedness of F' is not assumed—it is, however,
a consequence of his results.

Next, we extend the classical L'-multiplier theorem due to Bochner (cf.,
e.g., [I8, Theorem 2.5.8 and pp. 143, 144], [37, p. 28], [38, pp. 29, 30])
to the matrix-valued context. An infinite-dimensional version of this re-
sult appeared in Gaudry, Jefferies, and Ricker [14, Proposition 3.15 and
Corollary 3.20]. For completeness, we present an elementary proof in the
matrix-valued case and add the estimates which appear to be new in
this context.

We recall the definition of N(p) and the definition of ||| - |||, in
(13.16]).

THEOREM 4.4. Assume that F' € L>°(R"™ C™*™). Then the following
conditions are equivalent:

(i) F(=iV)|cge(rn,cmxm) can be extended to a bounded operator (denoted
by the same symbol, for simplicity) F(—iV) € B(L*(R™, C™*™)).
(ii) There exists a measure € M(R™, C"™*™) such that

(4.11) F(z) = p"(x), z€R"
In addition, if (i) or (ii) holds, then
(412) (@m) 2N () < | F(=iV)l (2 e o
Both estimates in (4.12)) are sharp.

Proof. First, suppose that (ii) holds. Let f € C§°(R™,C"™*™). Then
(4.13) (F(=iV)f)(z) = 2m) " | | @D &) du(n)d™e, z e R™

R" R?

Since f/ € S(R™,C™*™) c LY(R"™, C™*™), one can interchange the order
of integration in (4.13]) to obtain

(414)  (F(=iV)f)(2) = 2m)~" | | EED 7€) d ¢ dpa(n)

R R7

)y <m(2m) 2N ().

slll-Hll,m

= (2m) "2 [ (f")Y (@ — ) du(n) = (2m) (T, f)(2), =€ R™

Rn
Thus, applying (3.9)—(3.15]) one gets
(4.15) 1P (=) |3zt @ cmxmy) < (27) 7| el

implying condition (i).
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To prove the converse, suppose that (i) holds. We introduce I(j,k) €
Cme by
1 ifp=jand q=k,
416 10, k) pg = 1< j,k,p,q<m.
0 0B L)ﬁp%jwq#h ShmmEn

In addition, let

Ll R Ll R mxm

(1) UGk { B = LELC). ) Ck<m,
g—= U@, k)g=gl(j, k),

and
Ll R™ (Cme Ll R™

(4.18) D(j, k) { REC™) = LR, h<m.
fHD(jvk)f:f],kv

One verifies that U(j, k) and D(j, k) are bounded for each 1 < j .k < m,
and hence also

(419)  P(p,q,j,k) = D(p,q) F(=iV)U(j, k): L'(R") — L*(R"),
L<jk,p,g<m,

are bounded. Employing the fact that

(4.20) P(1,k,1,5)g = (9" Fx)¥, g€ L'(R"),

one infers that the linear operator L'(R") 3 g — (¢"Fj;)¥ € L'(R") is
bounded, that is, Fj; is an L'(R")-multiplier. By the classical Bochner
theorem, there exists a (finite) complex measure py, ; on R™ such that Fj
= )y, Introducing 1 = {1 }1<jk<m € M(R?,C™*™), we have F' = p”,
and hence (ii) holds.

Next we turn to the lower bound in . Choose p,q € {1,...,m} such
that

(4.21) N(u) = ‘th|(Rn)-

Since Fp,, = ﬂz/o\,qv the classical (i.e., scalar-valued) L!-multiplier theorem
applies, and hence F, ;(—iV) ‘(Jgo (rny can be extended to a bounded operator
F,4(—iV) € B(L*(R™)) with norm

(4.22) ||Fp,q(_iv)”B(L1(Rn)) = (27")7”/2“1@,(1” = (277)771/2’#19761‘(]1@)-

Thus, there exists a sequence { f¢}ren in LY (R™) with || f¢|[1 = 1, £ € N, such
that

(4.23) Jim ([ g(=i%) el = (27) ™ g (R").
Since C§°(R™) is dense in L'(R"), we can assume that f, € C§°(R"), £ € N.

Introduce (cf. (4.17))
(4.24) 9e=U(L,p)fe, L€N.
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Then

(4.25) (F(=i9)ge)ns = {0’ psrsm
’ (f Fps)Y, r=1,

and hence

(4.26) Il gelllim = Ilfell1, £€N,

and

427) P (=iV)gelllm = D (7 Fpe) Yl
s=1

> (| Fra) = | Fpa(—i9) fells —> (27) " | (R"),

implying the lower bound in (4.12)).

To show that this lower bound is best possible it suffices to look at the
following example. With 7,,: B, — [0, 1] the standard Gaussian measure
on R",

(4.28) n(E) = (2m) 7 | exp(—|z|*/2) d"z, E € By,
E

introduce the measure py € M(R",C"™*"™) via
(4.29) 1o,k (E) = 1 (E)0j10k1, 1< 4,k <m, E € By,
and let Fy = pf). For f € LY(R™, C™*™) with [|f|||l1.» = 1 one obtains

hE

(4.30)  [F(=iV)flllrm = Y ICF7)" I

1

.
Il

Ms

v (=) I3z e )Z £l

7=1
21) "2 (R™) | 1, = (2) "2 (R™)
2m) "2 N (o),

IN
~~ N .
3 L

implying ”FO(_iv>HB((Ll(R",Cme),|||~|H1,m)) < (27T)7n/2N(,u0).
Turning to the upper bound in ([#.12)), let ¢ € L'(R" C™*™) with
lsplll1,m = 1. Then

(4.31) (F(=iV)@)in = Y (&} Frp)”, 1< jk<m.

r=1

Applying the classical (i.e., scalar-valued) L'-multiplier theorem once more,
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one estimates

(4.32)  [F(=iV)olll1m = Z I(F ©)ikl
7,k=1
m m
< D N@LFR) = D IFsk(=iV)ejrl
j7k7T:1 j,k‘,?"zl
m m
< D NE Vs leirdh = @073 ekl R™) |90l
7.k, r=1 7,k,r=1
m m

)N (ymllelllm

k::l 7,r=1
— (2m) 2N (p)m

To demonstrate that this upper bound is best possible, we once more
employ the Gaussian measure (4.28)) on R™ and hence introduce the measure

1 € M(R™, C™*m) via
(4'33) Ml,j,k(E) = Vn(E)7 1<4,k<m, E € B,,

and let Fy = pf, such that F j, =, 1 < j,k < m. Applying the classical
multiplier theorem again, one obtains

(4.34) 1ELk (i) (e )y = m(R") = [yn[(R") = 1.

Thus, there exists a sequence {fs}ren in LY (R™) with || fo|[1 = 1, £ € N, such
that for all r;s € {1,...,m},

(4.35) lim [y (=iV) fellr = Hm || By s(=iV) fell1 = 1.
{—00 {—00
Let ¢y € L'(R",C™*™), ¢ € N, be defined via
(4.36) Dok = Tn_Qfg7 leN, 1< 5,k<m.
Then
m m
(4.37) leellim= Y leejrli =D m2lfeli =1, ¢€N.
Jk=1 Jk=1
Consequently,
(4.38)  (Fu(=iV)po)je = Y (20 Fion)” Zm F1 i (—iV) fo,
r=1 r=1

LeN, 1<jk<m,
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and thus
(4.39) IFL (=) eelllim = D I(FL(=iV)@0) ikl
Jk=1
m m
= Y| m i) g
gk=1 r=1
= > m i (=) fella
7,k=1
— (2m) " ?m = (27) "*mN (). =
—00

Alternatively, one can prove the equivalence (i)<(ii) in Theorem

using (3.15)), Proposition ii), and Lemma

REMARK 4.5. (i) We stress once more that the equivalence of (i)<(ii)
in Theorem |4.4) was proved by Gaudry, Jefferies, and Ricker [14] Proposi-
tion 3.15 and Corollary 3.20] in the infinite-dimensional context. For com-
pleteness we decided to present a rather elementary and straightforward
proof. The bounds (4.12) appear to be new.

(ii) In the special case m = 1, the upper and lower bounds in
coincide and hence reduce to the classical result

I (=iV) |3 @y = 2m) 2]l

Next, we also present the L2-analog of the multiplier Theorem [4.4] (see,
e.g., [I18, Theorem 2.5.10], [37, p. 28], [38, pp. 28, 29] for the classical ver-
sion where m = 1). An infinite-dimensional version of this result appeared
in Gaudry, Jefferies, and Ricker [14, Lemma 2.5 and Proposition 2.8]. For
completeness, we present an elementary proof in the matrix-valued case
(deferring the proof of to Appendix B) and add the estimates (4.42)
which appear to be new in this context.

We recall the definition of ||| - |||2,, in (3.19)) and ||| - |||cc,m in (3.21)).

THEOREM 4.6. Assume that F: R™ — C™*™ s measurable such that
fAF € LAR™,C™™), f € C(R™,C™ ™) and define
O (R, CmxmY _y L2 R7 Cmxm
(4.40) F(—iV): { o (R, . ) (R, )
fr F(=iV)f = (f"F)".
Then the following conditions are equivalent:
(i) F(=iV)|cgemn,cmxm) can be estended to a bounded operator (de-

noted by the same symbol) F(—iV) € B(L%R”)(Cme)),
(i) F e L(RM,Cxm).
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In addition, if (i) or (ii) holds, then
44 P g g = es55up [F@len) = [Flloon

and moreover,

(4.42) 1 lloo,m < IE(=iV) B2 @n.cmxm), fIHl2m)) < TUE Nl oo m-
Both estimates in (4.42)) are sharp.

Proof. Assume that (i) holds. We recall the definitions of I(j, k), U(j, k),
D(j,k), and P(p,q,j,k) in (£.16)—(4.19), with L' replaced by L?. Then
as in (£.20), P(1,k,1,5)f = (f"Fjx)", f € L*(R"), and hence the linear
operator L(R") 3 g — (¢"F;)" € L*(R") is bounded, that is, Fj is an
L%(R™)-multiplier. By the classical L:-multiplier theorem, Fj; € L*>°(R"),
1 <7,k <m, that is, F € L*°(R",C™*™), and hence (ii) holds.

The bound has been proved in [I4, Lemma 2.5 in the infinite-
dimensional context; for completeness we rederive it in the present matrix-
valued case in Appendix B. Clearly, the bound also shows that (ii)
implies (i).

Next we turn to the lower bound in (4.42)). Choose p,q € {1,...,m} such
that

(4.43) 1E oom = 11 Fp.qlloo-
Then the classical L2-multiplier theorem (for m = 1) implies that
(4.44) 1.0 (=iV) | B2 ®n)) = [ Fp.glloo-

Thus, there exists a sequence { f}sen in L2(R™) with || fol|2 = 1, £ € N, such
that

(4.45) T By (V) fel = [ Fpallo:
Introducing (cf. (4.17))
(4.46) 9e=U(L,p)fe, LE€EN,
we have
) 0, 2<r<m,
(.47 PV ={ g o
and hence
(4.48) lgelllzm = I fel2 =1, £€N,
and

2m = Y (1 Fps)ll2

s=1
> H(fZ\Fpﬂ)vH? = || Fp,q(=iV) fell2 £—> | Ep.q
—00

implying the lower bound in (4.42)).

(4.49) [[F(=iV)gell

o0y
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To show that this lower bound is best possible it suffices to look at the
following example. Let
(4.50) FO,j,k = (5]‘715]%1, 1 S j, k, S m.
For f € L*(R", C™ ™) with ||| f|||2.n = 1 one obtains

(4.51) 1 Fo(=iV) flll2.m = ZII Y2 =Y Il
j=1

implying || Fo(=iV)||(z2@r,cmxmy, |- ll2mm)) < [1F0lloom-

Turning to the upper bound in ([#.42)), let ¢ € L2(R",C™*™) with
llelll2,m = 1. Then

m

(4.52) (F(=iV)@)jk = > (@} Frr)Ys 1<jk <m.
r=1

Applying the classical L2-multiplier theorem once more, one estimates

(4.53) IIF(=iV)ellzm = 3 IF=i9))inll = S ||D (05 Frs)¥
Gk=1 Gk=1 r=1

< 3 Fa=iV)e
7.kr=1
m

< D IFER=iV)se@ey i ll2
7.kr=1

m m m
> IFsllooliirllz < MEMsom Y D Nesrll2

j7k7T:1 k=1 j,r:l
= [ Fllloc,m [l#lll2m = mlIF loom -

To demonstrate that this upper bound is best possible, we introduce
Fy € L>°(R™, C™*™) by

(4.54) Fir=1 1<jk<m.

Let f € L?(R") with ||f|l2 = 1, and define ¢ € L?(R", C™*™) via
(4.55) pik=m"f, 1<jk<m.

Then

m m
= gl =D m [ fla=1.

jk=1 jk=1

(4.56)
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Consequently,
(4.57) (Fy(=iV)@)jn = Y (5, Fren) =Y m™*f
r=1 r=1
=m~lf, 1<rs<m,
and thus
(4.58)  IF1(=iV)elll2m = Z I(FL(=iV)@)jinll2 = Z m | £l

Ji,k=1 g k=1
=m = m|| Fi [ scm - =

REMARK 4.7. (i) We stress once more that the equivalence (i)<(ii) in
Theorem (as well as the fact ) was proved by Gaudry, Jefferies, and
Ricker [14, Lemma 2.5 and Proposition 2.8] in the infinite-dimensional con-
text (we also refer to [31] for related results). For completeness we again de-
cided to present a rather elementary and straightforward proof. The bounds
appear to be new.

(ii) In the special case m = 1, the upper and lower bounds in
coincide and hence reduce to the classical result | F(—iV)|[gr2rn)) = [ F]l0o-

Next, we provide a matrix-valued extension of a part of Schoenberg’s
Theorem [34, Proposition 4.4] (cf. Theorem [1.2)). To be precise, we will
show that (i) implies (iii) in Schoenberg’s Theorern in the matrix-valued
context:

THEOREM 4.8. Let F: R™ — C™*™ qand suppose that F is conditionally
positive semidefinite and F(0) < 0. Then for all N € N and z, € R,
1 < p < N, the block matriz {F(xp, — x4) — F(xp) — F(xq)* i<pg<n €

CmIN*mN s positive semidefinite.
Proof. Let x, € R", ¢, € C™, 1 <p < N. Writing ¢y := — 25:1 ¢p and
cp = (cp1,--- ,cp,m)T, 0 < p < N, one has
N m
(4.59) > =0

p=0 j=1
In addition, set o = 0 € R™. Then by Lemma [2.5{iii) one obtains

N
(4.60)  0< Y (cp, Flzp — zg)cq)em

p,g=0
N

= (co, F'(0)co)cm + Z cp, F(xp)co)em + Z co, F(—zq)cq)cm
qg=1

+ Z ¢p, F(wp — 3g)cq)cm

p,q=1
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N
= (co, F'(0)co)cm + Z ¢p, F(=2p) co)em + Z co, F(=zq)cq)cm
q=1
+ Z (cp, Fxp — mg)cq)cm
p,q=1
N N
= (co, F(0)co)cm — Z (ep, F(—=xp) cq)em — Z (cp, F(—=xq)cq)cm
pq=1 pq=1
N
+ Z (¢p, F(p — q)cq)em.
pq=1

Since z, € R", 1 < p < N, were arbitrary, replacing x, by —z,, 1 <p < N,
implies

(4.61) 0 < —(co, F(0)co)em < Z (cp, [F(wg —ap) = F2q) = F(3p) ]cq)cm,
p.g=1
completing the proof. m

Combining Theorems [2.6] 2.7 and [£.8 one obtains the following matrix
variant of Schoenberg’s Theorem

THEOREM 4.9. Let F': R™ — C™*™, Then the following conditions are
equivalent:

(i) F is conditionally positive semidefinite.

(ii) For allt > 0, expy(tF) is positive semidefinite.

If (i) or (ii) holds, and if F'(0) <0, then the following holds:

(i) For all N € N and z, € R*, 1 < p < N, the block matriz
{F(zp — 2q) — F(zp) — F(2g)* i<pgny € C™VXMN s positive
semidefinite.

REMARK 4.10. It should be noted that the converse of Theorem and

hence the complete analog of Schoenberg’s Theorem cannot hold in the

matrix-valued context, as the following example for m = 2 shows: Choose
n=1,m=2 and

(4.62) Fo(xz) =ixzS, S=8*cC*? zcR,
with

(4.63) S;;€R, j=1,2, Sio=251=is, s>0.
Then

(4.64) Fo(zp — xq) — Fo(xp) — Fo(zg)" =0, xp,74 €R,
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and hence condition (iii) in Theorem holds for Fj in the special case
n=1m=2.
Next, pick 1,22 € R, 1 > x2. Then

(4.65) (Foly — 20)}1<pacs = ( Fy(0) Fo(xy — mz))

Fo(xg —$1) Fo(O)

= (o) (—25 Z(?)

Thus, choosing ¢ € R* with ¢; = ¢4 = 0, ¢c3 = —cy # 0 one obtains

4
(4.66) Z ek =0, (¢,{Fo(xp —xg)h<pg<ac)es = —(21 — 2)2s¢5 < 0,
k=1

and hence Fj is not conditionally positive semidefinite.

Now we turn to a matrix-valued extension of [33, Theorem XIII.52] (cf.
Theorem and the subsequent Remark [4.12]).

THEOREM 4.11. Let F € C(R™, C™*"™) and suppose there exists ¢ € R
such that

(4.67) Re(F(z)jr) <c, xzeR" 1<j5,k<m,.
Then the following conditions are equivalent:

(i) For allt >0, (expy(tF))(—iV)|cgemn,cmxm) extends to a bounded
operator (denoted by the same symbol) in B(L'(R™, C™*™)) and@

(4.68) trem (((expy(tF))(—iV)[f)(0)) >0, 0 < f € C°(R™,C™*™), t > 0.
(ii) For allt >0, expg(tF): R™ — C™ ™ 4s positive semidefinite.
(iii) F is conditionally positive semidefinite.
In addition, if one of the conditions (i)—(iii) holds, then inequality (4.68])
can be replaced by
(4.69)  trem (((expy(tF))(—iV)f)(x)) >0, 0< fe C(R",C™*™),
zeR" t>0.

Proof. Fix t > 0 and suppose condition (i) holds. Then expy(tF) is an
LY (R™, C™*™) multiplier and hence Theorem guarantees the existence

(?) By Lemma i), (expy(tF))(—iV)f € Coo(R™,C™*™) for f € C°(R™,C™ ™),
hence the pointwise evaluation ((expy(tF))(—iV)f)(x0), zo € R, is well-defined. Indeed,
if f € C§°(R™,C™ ™), then f* € S(R™,C™*™) c L'(R™,C™*™). In addition, since
Re(F()jk) < ¢, expg(tF) € L= (R",C™*™), and so each entry of f" expy(tF) lies in
L'(R"), Lemma [3.9[1) yields (expy (tF))(=iV)f = (f" expy(tF))" € Coo(R",C™*™).
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of p € M(R™, C™™) such that expy(tF) = p”. In addition,
(4.70)  ((expu(tF))(—iV)f)(z) = (/" expu(tF))"(z)
= @0 | | O du(n) dve,
Rn Rn
feCR,C™™), x e R".
Since " € S(R™,C™*™) C LY(R",C™ ™), one can interchange the order
of integration in (4.70]) to obtain
(4.71)  ((expu(tF))(—iV)f)(x) = 2m) ™" | | (@9 1) d¢ dp(n)
R" Rn

= 2m) "2\ ()Y (@ —n) dpn) = @m) ™2 | f(z —n)du(n)
Rn R"

= (2m) "A(Tuf)(), | € OO (R, C™*™).

Thus, by (i),
(4.72)
0 < trcm ((expy(tF))(—iV)£)(0)) = (2m) 2 tren (§ f(=n) dpu(n)),
RTL
0< fe R, C™™),

and hence
(4.73) trcm(g £(z) d,u(x)) >0, 0<feCPR,C™*m).

Rn
By Lemma extends to
(4.74) trcm( | f) du(w)) >0, 0<feCx(R?,C™™),

RTL

By the duality result preceding , this implies ¢ > 0. In view of Theorems
and expy(tF) = p’ is positive semidefinite and hence (ii) holds.
Conversely, suppose that (ii) holds. Then Theorem implies that
(expy(tF))(—iV)|cgo(rn,cmxm) extends to an operator (expy(tF))(—iV) €
B(LI(R", (mem)). As in the first part of this proof (cf. ), one infers

(4.75)  (expu(tF))(—iV)f = (2m) "*T,f, f € C(R™,C™™).
Thus,
(4.76)  trem (((exp(tF))(—iV)£)(0)) = (21) ™2 trem (T, £)(0))

= 2m) " tren (§ S(=9) du(y)) 20, 0< [ € CER,C™M),
Rn
by the duality result preceding (3.8). Thus, (i) holds.
The equivalence (ii)<>(iii) is a consequence of Theorems and
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Finally, if one of (i)—(iii) holds, then (4.69) follows from (4.68]|) since by
Lemma (expy(tF))(—iV) commutes with translations. m

REMARK 4.12. In the classical case where m = 1, condition (i) in The-
orem [4.11]is equivalent to

(i") for all t > 0, (exp(tF))(—iV) € B(L*(R")) is positivity preserving
in L?(R").
Thus Theorem [.11] resembles Theorem [L3] for m = 1. In this context we
note that (exp(tF))(—iV) = exp(tF(—iV)) for all t > 0, for m = 1.
Proof of (')=(i). If (') holds, then
(4.77)  tre(((exp(tF))(=iV) f) (@) = ((exp(tF))(=iV) f)(z) = 0,
0<feC§°(R”) zr€eR" t>0

(see also the footnote accompanying Theorem . In particular,
(4.78) tre(((exp(tF))(=iV) £)(0)) = ((eXP(tF))(—N)f) >0, t>0,
under the assumptions in (4.77)). Since (exp(tF"))(—iV) is positivity preserv-

ing, Corollary [3.12] guarantees the existence of a scalar-valued, nonnegative,
finite measure p on R such that

(4.79) (exp(tF))(—iV) =Ty, t>0.
Thus, the estimate (3.15)) for p = 1 shows that (exp(tF'))(—iV)|gse®n) ex-
tends to a bounded operator (exp(tF))(—iV) € B(L'(R™)), implying (i).
Proof of (i)=(i"). If (i) holds, then
(480)  ((exp(tF)(=iV)f)(0) = tre(((exp(tF)) (i) £)(0)) >
0< f € (JO (R™ ) > 0.
By Lemma this yields
(4.81)  ((exp(tF))(=iV)f)(z) = trc(((exp(tF))(—iV)f)(z)) = 0,
0< feCP(R"), z e R t>0.
Since {f € Co(R™) | f > 0} is dense in {f € L2(R™) | f > 0}, one concludes
that (exp(tF))(—iV) € B(L?(R™)) is positivity preserving, that is, (i) holds.
Next, we will show that the analog of (') for m = 1, with exp(-) replaced
by expy(+), cannot hold for m > 2. We start with two preliminaries:

LEMMA 4.13. Let F € C(R™,C™*™) be conditionally positive semidefi-
nite and suppose there exists ¢ € R such that

(4.82) Re(F(z)jr) <c¢, xzeR" 1<j5,k<m,.

By Theorem for allt > 0, expy(tF): R™ — C™*™ js positive semidef-
inite, and hence by Theorem there exists a monnegative finite measure
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ue € M(R™,C™*™) ¢t >0, such that

(4.83) expy(tF)(x) = ) (z), x€R™ t>0.
Then

(4.84) pejk(R") #0, 1<jk<m,t>0.
Thus, for allt > 0, there exists Ry > 0 such that

(4.85) peje(B(O,Ry)) #0, 1< j,k<m.

Proof. Since expy(tF)(x) = u,'(z) for all z € R™ and t > 0, one con-
cludes that

(486) 0 # exp(tF(0)j4) = expu(tF);(0) = 2m)™2( | dui(w))

j?k

and hence (4.84) holds. Since p; is nonnegative, u:(B(0,R)) T u:(R™) as
R — oo, and thus

(4.87) pejk(B(0, R) ——— puju(R"), 1< jk<m,
implying (4.85). =

LEMMA 4.14. Let D € C™*™ with m € N, m > 2, be a strictly positive
diagonal matriz with

(4.88) Dj,k = dj(gj’k, dj >0, 1<3,k<m, d 7é da,

and let S = S* € C™™ be self-adjoint with S12 # 0. Then DS is not
self-adjoint in C™*™,

Proof. This is clear from (DS)12 = diSi12 and (DS)2; = dgﬁ =
dQSLQ. [

THEOREM 4.15. Let F' € C(R™,C™*™), m > 2, be conditionally positive
semidefinite and suppose there exists ¢ € R such that

(4.89) Re(F(z)jr) <c¢, ze€R", 1<j5,k<m.

Then for allt > 0,

(4.90) (expy(tF))(—iV) € B(L*(R™ C™*™)) is not positivity preserving.
Proof. Fix t > 0 and let y; and R; be as in Lemma, and D € C"™>xm

be the strictly positive diagonal matrix of Lemmal[4.14] For sufficiently small

€ > 0 we introduce

aon neecooon nor={y TERE

= 2m) "2k (RY), 1< 4,k <m,

and
(4.92) 0<g.€CR",C™™), g.(x)=h(z|)D, z € R".
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Then
(4.93)  (((expy(LF))(=iV))f) (z) = (2m) "/(T, f) (@),

fe G R",C™M™), z € RY,
by the (ii)=(i) part of the proof of Theorem Thus,

(4.94)  (((expy(tF))(=iV))ge) (0) = (2m)"/*(T},,9:)(0)

= 2m) 7\ ge(—y) due(y) = 2m) ™2 | ge(y) dpa(y)
R Rn

=02 | g ) duly) + | 9 (y) dpae(y)
B (0,R) B (0,R¢+¢)\Bn(0,R¢)

= (27) "2 Dpy(B, (0, Ry)) + (2m)"/? | 9:(y) dpua(y).

By (0,Rt+€)\Br (0,R:)

By estimate (3.7]),

(195) | | 9:(v) dpu(y)
Ba(0, Rut o)\ B (0,72)

< | 19 W) lB(cmy dlpel(y)

Bn(0,Ri+¢)\Br(0,Rt)

| 1Dlls(em) dlpel () — 0.
B (0,Re+¢)\ By (0,Ry)

IN

Using the fact that

(4.96) N, =C™ ™M\ {A*AeC™ ™| Ae C™ "} is open in C™*™
(since the nonnegative m x m matrices form a closed cone in C™*™) em-
ploying

(4.97) Dyy(By (0, Ry)) € Nip,

applying Lemma with S = (m), and utilizing

(4.98) ((exp(tF))(=iV))(g:) € L*(R™,C™™) N Coo (R, C™*™)

by Lemma [3.9(i), one concludes that for all sufficiently small ¢ > 0,
(expy (tF)(—iV)ge)(0) is not nonnegative. Thus, for all sufficiently small
e > 0, there exists 7(¢) > 0 such that (expy (tF)(—iV)ge)(x), x € B,(0,n(¢)),
is not nonnegative. Since g. > 0, this completes the proof. =

Thus, unlike the classical case m = 1 discussed in Remark the
straightforward extension of Theorem replacing its condition (i) by

(i") for all t > 0, (expy (tF))(—iV) is positivity preserving

cannot hold in the matrix-valued context, m > 2.
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Finally, we derive the bound ({1.3)) in the matrix-valued context following
[24, Lemma 3.6.22]. First, we recall the following fact:

ProprosiTION 4.16 ([22, p. 112]). Let 0 < M, € C™>*™ m, € N,
¢ =1,2 (i.e., My, £ = 1,2, are positive semidefinite), and X € C™*™m2,
Introduce the block matriz

(4.99) A= (Ml X ) € Clmitma)x(mitma),

X* M,
Then A is positive semidefinite (i.e., A > 0) if and only if there exists a
contraction C € C™*™2 gych that X = Mll/QCle/Q.

Here C' is viewed as a linear map C': C"™ — C™!, and, according to
our convention, we employ the standard Euclidean scalar product and norm

on C™ (=1,2.

Next, we state a preparatory result:

LEMMA 4.17. Suppose that F € C(R"™,C™*"™) is conditionally positivie
semidefinite with F(0) < 0. Then
(4.100) 0 < F(0) —2Re(F(z)) < —2Re(F(x)), = eR",
(4.101)  |[F(0) = 2Re(F(z))llgcm) < 2[Re(F ()| cm)

<2|F(z)lscmy, z€R”,

(4.102) [|[F(z —y) — F(z) = F(y)"|lscm)

1/2 1/2 n

< 2P @)l IF @)l geomys 729 € R,
1/2 1/2 1/2 n

(4.103)  |F(z+y) gm) < IF @) gem) + IF@)iemy, @y € R™.

Proof. Inequality (4.100|) follows from Theorem (4 E and from F'(0) <0,

and is a consequence of (3.51)—(B.53).

Next, denote G(z) = F(0) — F(x) — F(z)*, H(z,y) = F(zr —y) — F(x) —
F(y)*, and K(y) = F(0) — F(y) — F(y)*. Applying once more Theorem
one infers that

H
H(z,y)*  K(y)
By (L100),
(4.105) G(x)>0, K(y)>0, z,yeR"

and hence Proposition guarantees the existence of a linear contraction
C(x,y) € C™*™ z,y € R such that

(4.106) H(z,y) = G(m)l/QC’(w,y)K(y)l/2, x,y € R™.
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Thus, (4.101) yields

1/2 1/2

(4.107)  [H (2, y)llscm) < NG @) 5em) 1K @) g cmy
1/2 1/2 n
< 2| F@)llgiem IF@gemy: @y € R,
proving (4.102)).
By (4.102)) one obtains

(4.108)  |F(z — y)llscm) — IF@)llscmy — IF @) lsem)
< |[F(x = y)llpem) — [1F(w) + F(y)*[| scm)
< ||F(z—y) — F(z) — F(y)* | scm)
< 2 F @)l IF W) gy, 20 € R,

B(C™) B(C™)
implying
1/2 1/2 n
(4.109)  [|F(@ = y)lisicm) < (IF @) geom) + 1Py >HB/CW 12, z,y € R™

Replacing y by —y and using F(—y) = F(y)* yields (4 . .

THEOREM 4.18. Suppose that F': R™ — C™*"™ s locally bounded and
conditionally positive semidefinite with F(0) < 0. Then there exists C > 0
such that

(4.110) IF(2)llgcmy < C1+ |zf°], =z €R™

Proof. By local boundedness of F' it suffices to prove the existence of
C" > 0 such that |[|F(z)|gcm) < C'|lzf* for |z| sufficiently large. Thus,
for x € R"™ with |z| > 2, let m(x) € N be the positive integer such that

|z| € [m(z), m(z) + 1). Then by (4.103)),
(@111) IF@) e = IF () @/m@) e
m(@)|| F ((w/m(@))] e,
1/2
< m(x) | sup {|F()]lscm |0 < ly] < 2)]
yER™

<[CTVP], || > 2,
where
(4.112) ¢ = sup {|F(y) ey 10 < Iyl < 2). =
yeR”

We conclude with some elementary examples of conditionally positive
semidefinite matrix-valued functions on R™.

EXAMPLE 4.19. (i) Fix y; €R", j=1,2, with y1 #y2. Then Fy: R" — C?
defined via
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x- x -
(4.113) Fy(z) = —i< (1 +42) b2 ) z€R",
Y2 z - (Y1 + y2)
is conditionally positive semidefinite.
(ii) Suppose that Go: R™ — C is conditionally positive semidefinite and
introduce the constant matrix H = {H;;}1<jk<m € C™*™ by

(4.114) Hi,=1, 1<jk<m.
Then Fy: R™ — C™*™ defined by
(4.115) Fy(x) = Go(x)H, x€R",

is conditionally positive semidefinite.
Proof. (i) Introduce the 2 x 2 matrix-valued measure oy, t > 0, via
o ) )
(4116) pot = (27_[_)71,/2( ty1 + ty2 ty2 >’ t>0.
Oty Oy, + Oty,

Here 0., denotes the usual Dirac measure at ¢ € R". One readily computes,
for x € R,

(4117)  (uhy(x)) 5 = e =9 4 e7H2) — (expy(tFa(2)))5, = 1,2,
(4.118) (uby(2))1,2 = € "T¥2) = (expy (tFa(x)))1.2
= (expy(tFa(2)))2,1 = (154(2))2,1,
and hence
(4.119) expy (tFa(x)) = py,(z), = €R", > 0.

By Theorem and the equivalence (ii)<(iii) in Theorem it suffices
to prove that o, is nonnegative for all ¢t > 0. Since for all E € B,,, u2(E)
can only take on the values

0 0 1 0
(4.120

1 j y y 4y 1 ) )
1 9 Yj J 11 [l Y2

and all matrices in are nonnegative, so is po ¢, t > 0.

(ii) Since Gy is conditionally positive semidefinite, exp(tGp): R” — C is
positive semidefinite for all ¢ > 0. So by the classical Bochner theorem, for
all t > 0, there exists a nonnegative scalar-valued measure v, on R™ such
that

(4.121) G0 =y} t>0.
Set
(4.122) pot(E) = v(E)H, E € %B,,t>0.
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Then po ¢, t > 0, is nonnegative and
(4.123) expy (tFp) = €'“°H = v/'\H = o, t>0.

Thus Fy is conditionally positive semidefinite by utilizing once more Theo-
rem and the equivalence (ii)<(iii) in Theorem ]

Appendix A. A counterexample. In this appendix we verify the
claim made in Remark For brevity, we construct the counterexample
for m = 2, but the construction extends to general m € N, m > 3.

Let v,: B, — [0, 1] be the standard Gaussian measure on R,

(A1) (E) = (2m) "2 | exp(—|z[*/2) d"z, E € B,,
and introduce
1 0
(A2)  u(E) = u(E)A, A= (0 2) >0, Be®B, F=u

and

3

3 1 2
(A3) M= <1 3> >0 such that MA= <1 6> is not self-adjoint,

let alone positive semidefinite.

As in the proof of (ii)=-(i) in Theorem one obtains
(Ad) (F(=iV)f)(x) = 2m) "*(Tuf) (@), f e CF[R",C¥?), z e R
Next, for sufficiently small € > 0, consider h. € C§°(R") satisfying

(A5)  0<h(z) <1, z€R”, ho(z)= { 1, @€ By(0,1),
0, zeR"\ B,(0,1+¢),
and let
(A.6) g:(z) = he(z)M, z€R"
Then

(A7) (F(=iV)g:)(0) = (2m)"/*(T},9:)(0)
= (2m) " | ge(—y) du(y) = 2m) "2 | g-(y) du(y)

R" R"
=(@2m)? | g.(y)duly) + (2m) /2 | 9¢(y) dp(y)
B (0,1) B (0,14¢)\Br(0,1)
= (2m) "7, (Bn(0,1)) M A + (2m) "/ | 9:(y) dp(y).

B, (0,14€)\Br(0,1)
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By (3.7),
@) | § e

B(C™)
B (0,14)\ Bn (0,1)
< 9 ()l Bcmy dlp| (y)
Bu(0,142)\ Bn (0,1)
< S | M| gcmy dlpl(y)

Bn(0,14€)\B»(0,1)

= |M||gcm) lAll Bemy¥n (Bn(0,1+€) \ B, (0,1)) 0

Since the set

(A.9) No = C22\ {A*A € C**% | A € C**?}
is open in C?*2 (cf. (4.96))), since
(A.10) Yn(Bn(0,1))M A € Ny,

and since F(—iV)g. € L2(R™, C™*™)NCx (R", C™*™) by Lemma[3.9]i), for
e > 0 sufficiently small, (F'(—iV)ge)(0) is not positive semidefinite, and thus
there exists d(e) > 0 such that (F(—iV)ge:)(z) is not positive semidefinite
for all z € B,(0,0(¢)), even though g. > 0, illustrating Remark

In the special case where u,(E) = o(E)Icm, E € B, with o: B,, —
0,00) a finite meausure, and F = uf, F(—iV) = (2m)""/2T,,, is of course
positivity preserving in L?(R™, C™*™),

Appendix B. The multiplier norm equality (4.41). The purpose
of this appendix is an elementary and straightforward proof of the multiplier
norm equality .

We start with some preliminary observations. First, each matrix in C"™*™
will be identified with a column vector in C™ by listing the entries of
the matrix from left to right, and from top to bottom. We also recall the

identifications
2 2

(B.1)  CI™ =~ By(C™) = C™,  B(CHF™) =~ B(C™) ~ C™ ¥,
consistently employing the Euclidean norm on C™ and cm,

In addition, given A € C™*™ we introduce the linear operator M4 of
right multiplication by A on C"™*™ via

(B.2) My(B) := BA, BeC™™,

Since My is a linear operator on (CmZ, it is representable by a matrix K4 €

(Cm2xm2, and the latter may be described upon inspection as follows:

LEMMA B.1. K4 is a block matriz with m? blocks, m blocks across hori-
zontally and m blocks vertically. Each block is an m xm matriz, the diagonal
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blocks each equal AT (the transpose of A), and all off-diagonal blocks equal
the zero matrix in C™*™,
Then one obtains the following result for the operator norm of M 4.
PROPOSITION B.2. Let A € C"™*"™. Then
(B.3) IMll gien) = 1K All ggen) = I Allsem).

where, according to our conventions, C™ and C™ are equipped with the
FEuclidean norm.

Proof. Let {u;}jen be a sequence in C™ such that [luj|lcn =1, j € N,
and limj o [|ATujllcm = [|AT||semy. For each j € N, let v; € C™ be
the column vector obtained by repeating u; m times down the column, and
introduce

(B.4) wj = m_l/ij € C™, such that willgm2 =1, j€N.

Then for all j € N, Kqw; € C™ is the column vector obtained upon re-
peating mfl/zATuj m times down the column such that

(B.5) 1K awjllgme = 1A T wjllem —— [|ATI5icm)-
j—00

Thus,
(B6)  [Kallgene, > 147 Isicm) = |Allseny, A€ C™m,
To %)rove the opposite inequality we identify C;}TI‘SX"L = (C™™ | - ||us) with
C™" and observe that for all B € C™*™ ~ C™" one has
(B.7) [MA(B)lcmz = [IBA|(cmxm . us) = [[BAlls,cm)

< By | Allsemy = | Bllgm2 | All icmy,
implying
(B.8) [Ma(B)lcmz < [[Allgcmy- =

At this point we can turn to the principal aim of this appendix:

Proof of (4.41)). Suppose that
P :R" = B(C{E™) ~ C™* ™ is measurable,

]z = esssup [H(2)] 5 epem) < 0,

TER?

(B.9)

and introduce

Bay sy { DGR 2R

(Saf)y) = 2(y)f"(y) for ae. yeR™
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LEMMA B.3. Assume (B.9). Then
(B.11) HS@HB(L%W,C’;SXW)) < H@Hoo,m2'
Proof. Let f € L*(R", Cyig™) with || f]| 12 (gn cmxmy = 1. Then

(B.12) ||S¢fHL2(Rn,(cgsxm) = ||(S¢f)AHL2(Rn,(cgsxm)
A 2 n 1/2
= (§ 1) w2,z d'z)

R

1/2
2 A 2 n
< (] 120 gL 0 )

9 1/2
<@z (§ 17 W) @)
R"
= [l com2 |1/ mcm
o0,m L2(R™,CJE™)
— ozl g ey = [Pl o
LEMMA B.4. Assume that @ is a simple function, that is, there exist
J eN, a; € C, & f B(Cig™), with ||<25]HB(CQSXm) =1, and E; € B,,
1 <4 < J, such that @ is of the type

J
(B.13) b= "a;0;xp,
j=1
Then
(B.14) HS$HB(L2(R",<CESX”“)) = |2l oo,m2-

Proof. Without loss of generality we may assume in addition that the
sets I are pairwise disjoint, and that |E;| > 0,1 < j < J, 0 < |E1| < oo,

(B.15) 1@ loo,m2 = laal.

Since by assumption "@1‘|B(C7£SXM) = 1, there exists a sequence {ug}sen C
Cig™ with [Jug||g,(cmy = 1, £ € N, such that

(B.16) Jim {|@ruells,cm) = 1.
Introducing fy € L*(R",CFS™), ¢ € N, via

(B.17) fo = (1B Y?uxm,)Y, (€N,
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one infers
(B~18) Hfé”m(Rn,(chXm) = HféAHLZ(Rn,U}’ILSXm)

= H ‘El ‘71/2UEXE1 HLQ(R"#CQLSX"L)

122§ Y s @)l ar)
R j k=1

= By |72( f: |(Ug)j7k’2dnx>l/2 =1, (€N,

By jk=1
and
(Blg) HSQfEH[p R (mem - ||(S¢ff)A|’iQ(Rn C;_VILSXW)
1/2
= (530 1818 o ()0 2)
R” j,k=1
m 1/2
= (\El\fl | > !(al¢1ueXE1(fv))j,kl2d"$>
R™ j k=1
m 1/2
= (1B e | (@ rue)jul? de)
Ey jk=1
= laal |@1uells,cmy S laal.
Thus,
(B.20) ||S§||B(L2(Rn,<cgsxm)) > |ar] = ([l co,m2

and Lemma provides the converse inequality. =
LEMMA B.5. Assume . Then

(B.21) |’S¢||B(L2(R",C;{n§<m)) = ||@||oo,m2'
Proof. Let ¢,;, > 1 be such that
-1 )
(B.22) Cm | 2K | Ajikl < 1Al geegmxmy

2 2
<c¢pm max  |Ajgl, AeCmM
1<j,k<m?

Then, for (Lebesgue) a.e. z € R™,

(B.23)  [P(2)jk] < max  |8(2)rs| < em|[ (@) gcpem) < cml|Plloom2-
1<r,s< HS

Thus, for each j,k € {1,...,,m?}, there exists a sequence of simple functions
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VUke: R" = C, £ €N, such that for a.e. z € R",
(B.24) |®(2)j 0 — O () kel <2777,
(B.25) W (2)jkel < |P(2))kl-

Next, introduce ¥y : R™ — C™*™* via (e(2))j e =P () k0, 1 < jok < m?,
x € R™. Then for a.e. z € R",

(B26)  1#) ~ V(o)) < om | max ()0~ (@)l
< ol/2—t
Combining Lemma and (B.26]) results in
(B27) HS@ — St]/é ”B(LQ(Rn’Cgsxm)) = |’S¢_WZHB(L2(R7‘,(C7£SXW))
< ”é - Lpf”oo,m2 < 21/27£Cm,
implying
1/2—¢
(B28) ‘HS@SHB(LQ(R",(CESXM)) - ||SWZHB(L2(R71,(C7£SXW))| S 2 / Cmy-

Since ¥ is a simple function, Lemma [B.4] implies

(B.29) ”SW5||B(L2(R717C£I”SX’”)) = ||W€||oo,m2-

Employing (B.24)) one obtains for a.e. x € R",

(B30)  [19() ey — 1) lisiepem| < 19() = @) e,

<cn max  |P(x)jr — W) k] < 21/27£cm,

1<) k<m?
implying
(B'Bl) ngsHoo,m2 = ehm H!pinoo,mz'
—00
Combining (B.28)), (B.29), and (B.31) finally yields
(B32) HS@HB(LQ(RW’,CESXTG)) = H@HOO,’VTZQ' n

We emphasize that Lemma has been proven in [14] in the infinite-
dimensional context.

COROLLARY B.6. Assume that F': R® — C™*™ 4s measurable and that
| F'l|oo,m = esssup,egn || F'(2)||gcmy < 0o. Then

(B.33) ||F(—iV)HB(LQ(RR’CZLSXm)) = || F||oo,m-
Proof. Given A € C™*™ let My € B(C{{¢™) be defined as in (B.2),
(B.34) My(B) = BA, BeCp™,

and introduce @: R™ — B(C{S™) by
(B.35) O(r) = Mp@), =€R™
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By Proposition [B22]
(B.36) 18() ez = IF@llsemys @ € R,

and hence by Lemma

- o e
= esssup ||[F(2)|scm) = 1 F]loom- =
zeR”
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