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Fock type spaces with Riesz bases of reproducing kernels
and de Branges spaces

by

ANTON BARANOV (St. Petersburg), YUrll BELOV (St. Petersburg) and
ALEXANDER BORICHEV (Marseille and St. Petersburg)

Abstract. We describe the radial Fock type spaces which have Riesz bases of nor-
malized reproducing kernels and which are (or are not) isomorphic to de Branges spaces
in terms of weight functions.

1. Introduction and main results. Let F be a Hilbert space of entire
functions. Assume that

(i) F has the division property, that is, if f € F and f(\) = 0, then
f/(-—=A) € F, and

(ii) F has the bounded point evaluation property, that is, for each A € C,
the mapping Ly : f — f(A) is a bounded linear functional on F.

For every A € C there exists k) € F, the reproducing kernel at A in F:

fN) ={f,kn)Fr, feF

Let ky = ky/|/ky|| be the normalized reproducing kernel at A. Given
a sequence A C C, we say that {ky}xeca is a Riesz basis (of normalized
reproducing kernels) in F if it is complete and for some ¢,C > 0 we have

2
e lax® < Hza/\]k/\H <O aal?
AeA Aed e

for all finite sequences {ay} of complex numbers. Equivalently, {ky}xca is
a linear isomorphic image of an orthonormal basis in a separable Hilbert
space.

The de Branges spaces H(E) are Hilbert spaces of entire functions deter-
mined by Hermite-Biehler class entire functions £ (see [DB]). The norm in
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these spaces is given by HFH%((S) = (g |F(2)|?/|€(2)|? dz. They have Riesz
bases of normalized reproducing kernels at real points {¢, } ,en. Correspond-
ingly, every space H(E) can be identified with the space H of all entire
functions of the form

a M1/2
P()=Az) 3 2 {a e,

where {t,, }nen is an increasing sequence such that |t,| — oo as |n| — oo,
N = Z, Zy or Z_, Y, cn Inbt, is a positive measure on R satisfying
> nen Hn/(t2 + 1) < oo, A is an entire function with zero set {t, }nen which
is real on the real line, and the norm of F' is defined as ||[F||y = |[{an}||s-
On the other hand, every F as above having a Riesz basis of normalized
reproducing kernels at real points is (up to norm equivalence) a de Branges
space (see, for instance, [BMS]).

Given a continuous function (a weight) h defined on [0, c0), we extend it
to the whole complex plane C by h(z) = h(|z]), and consider the Fock type
space

Fo={f € Hol(©): | £? = £} = [ £ ()%™ dm(z) < oo},
C

where dm is area Lebesgue measure. This is a Hilbert space of entire func-
tions satisfying properties (i) and (ii).

Seip [S] proved that the standard Fock space Fy,, with h(z) = |z|?, has no
Riesz basis of normalized reproducing kernels. Later on, it was proved that
Fn, has no Riesz basis of normalized reproducing kernels for any sufficiently
regular h such that h(t) > (logt)? [BDKL BL]. On the other hand, the
spaces Fp, with A(t) = (logt)®, 1 < a < 2, do have Riesz bases of normalized
reproducing kernels at real points [BL], and hence are de Branges spaces.

In the opposite direction, Theorem 1.2 of [BBBJ states that the de Branges
space H determined by the spectral data ({tn }nen, {ftn}nen) coincides (up
to norm equivalence) with a Fock type space Fy, if and only if the sequence
{tn}nen is lacunary: liminfy oo tpy1/tn, > 1, iminfy, oo [tn|/|tns1] > 1,
and for some C' > 0 and any n,

Z Mk+t2 Z Mk<cﬂn

[t | <|tn] [tr]>tn] b

(These de Branges spaces H are characterized by the property that every
complete and minimal system of reproducing kernels is a strong Markushe-
vich basis (strong M-basis)—see [BBBJ.)

The main question we deal with in this paper is to find conditions on
h determining whether the Fock type space Fj, has a Riesz basis of (nor-
malized) reproducing kernels and whether Fj is a de Branges space, or
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equivalently whether the norm in Fj, is equivalent to a weighted L? norm
along the real line. Our work can be considered as completing a series of
works [BL], [BMS], and [BBB]. The main novelty here is Theorem be-
low which states that there are Fock spaces which (a) have a Riesz basis of
(normalized) reproducing kernels and (b) are not de Branges spaces.

From now on let us fix

W(t) = h(e").
THEOREM 1.1. If 9" increases to oo, then Fp has no Riesz bases of
(normalized) reproducing kernels.

In this case, (logt)? = o(h(t)) as t — oo. Under different (in some
cases more restrictive) regularity conditions, a similar result follows from

[S], [BDK], and [BL].

THEOREM 1.2. If limy_, ¥/ (t) = 0o and 9" is a non-increasing positive
function, and [¢"(t)] = OW"(t)°/3) as t — oo, then Fj has a Riesz basis
of (normalized) reproducing kernels at real points, and hence is (up to norm
equivalence) a de Branges space.

In particular, the conclusions of Theorem are valid for
h(t):(logt)a(loglogt)ﬁ, l<a<?2,8€eRora=2,8<0.

THEOREM 1.3. Given any convez positive function ¢ with x = o(p(x)) as
x — 00, there exists a function v increasing to oo, satisfying ¥(t) = o(e(t))
as t — 0o, and such that Fy, has a Riesz basis of (normalized) reproducing
kernels and is not (up to norm equivalence) a de Branges space.

1.1. Families of reproducing kernels. Let {k)}\ca be a complete
minimal family of reproducing kernels in Fj. Then there exists a so called
generating function F with simple zeros at the points of A such that E ¢ Fj,
and Ey = E/(- — \) € Fy, for every A € A. The family {||kx||Ex/E"(N\)}rea
is biorthogonal to {ky}xc4. Consider the mappings T : f — f|A and

Ry {(IA})\eA = E(Z)
A€A
for finite sequences {a)}rea. Then TyR4 = Id. If T4 is bounded from Fy,
to £2(1/||kx||?) and R, is bounded from ¢2(1/|ky||?) to Fp, then the family
{I[kxl|Ex/E"(X) }aca is a Riesz basis, and hence {ky}xc is a Riesz basis of
normalized reproducing kernels in Fj, (see, for instance, [N, Section C.3.1]).

ay 1
E'(\) z—X\

1.2. Non-monotonic weights. In this paper, we deal mainly with
non-decreasing weights h. This does restrict the class of Fock type spaces
we consider.

PROPOSITION 1.4. There exist continuous ho such that Fy, does not
coincide (up to norm equivalence) with Fy, for any non-decreasing weight h.
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1.3. Notation and organization of the paper. If ¢ is convex, then
h is subharmonic and we set p(z) = (Ah(z))~"/? and 7(t) = (¢")"V/3(t) =
p(et)et. Later on, we will see that p will be a local metric coefficient and 7
will be a local metric coefficient in the logarithmic scale. Given an analytic
function f, we denote by Z(f) its zero set.

The proofs of Theorems [1.1H1.3| are given in Sections respectively.
Proposition is proved in Section

2. Proof of Theorem We follow the method proposed in [S] and
later used in [BL]. It turns out that in some large annuli we can obtain precise
estimates on the norm of the reproducing kernel. If {ky} c4 is a Riesz basis,
then A is p-separated and p-dense on these annuli (see Lemma below),
and this implies that the corresponding Hilbert transform is unbounded,
which leads to a contradiction.

We assume in this section that 1)” increases to oo or equivalently that 7
decreases to 0.

LEMMA 2.1. Given A < 0o and yg > 0, there exists y > yo such that

‘Z;EB - 1‘ < 1 whenever |z —y| < AT(y).

- A
For similar statements see, for instance, [HJ.

(2.1)

Proof. Without loss of generality, we may assume that A is as large as
we please. Set

Yn = Yn—1 + 4A7—(yn—1>7 n=>1,
and suppose that

V) = ),
Then

P (S) . w1,
and hence

— _ s ] —
Z(yn Yn 1) < 00 lim y, Yy < 00,
=~ n—00

which is absurd.
Hence, there exists z > yg such that

P'(z) <YP'(x) < %1#”(2), 0<z—2z<4A7(2).

It remains to set y = z + 2A7(z). For large A we obtain (2.1)). =
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LEMMA 2.2. Let B >0 and N < co. Given €Y = R < Ry < --- < Ry,
Ryn41 = 00, and integers ky,

..., kn such that

l < M <B, 1<j5< N,
B ey (y)
1
5 < k() < B, 1<j<N,

set
2\ ki
o= IL0-(:))
1<j<N J
Next, set
( ) {O, t< Ry,
v(t) =
> 1<s<j ks(logt —log Ry),

R;j<t<Rj41,1<j<N.
Then for every 6 > 0 there exists D = D(d, B) independent of N such that
for all y > y(6,v, B) we have

|log | P(2)] — v(|z|)| < D(6,B) whenever dist(z,Z(P)) > de’7(y).
Proof. It suffices to use the estimates

|log |1 — zkH <Ce™|
|log |1 — zkH < Do(9), 1—1/k<|z| <1+ 1/k,dist(z, Ag) > d/k,
log |1 — 2*| — klog |z|| < Ce e™tR o) =1 4 t/k, t > 1,
where A = {ezﬁij/k}0§j<k. "
Given A, R > 0, set

2| =1—t/k, t > 1,

Qpa={zecC: Hz| — R| < Ap(R)}.
LEMMA 2.3. Given A < oo, there exist R > 0 and a polynomial @ such
that Z(Q) \ {0} C 2r 24 and

1 _ [Q(2)|p(R)e™"?)
M distlz 2@y =M

2 € (2R A,
Q(2)| < MM, zeC,
aist(, 2(@)\ {w}) > A0 7)) (0),
dist(z, Z(Q) \ {w)) < Mp(R), =€ 2pa,
for some absolute constant M.

Proof. The lemma follows immediately from Lemmas and In-
deed, by Lemma we can find R such that " is almost constant on a

suitable interval around log R. Then we find k;, R; in Lemma and a € R,
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k € N such that a + kt + v(expt) is close to 9 (t) for expt € {2r 24. Finally,
we set Q(z) = e?2¥P(2), where P is given by Lemma .

For a similar construction see [BDK]; for an alternative way to produce
analytic functions () satisfying such conditions see the atomization proce-
dure in [LM].

Now we can proceed as in [BL].

LEMMA 2.4. Given A and R such that the conclusions of Lemmal[2.3] are
valid, and given w € (2g 4/, there exists a function @y, analytic in the disc

D, ={2z€C:|z—w| <p(R)} and such that
1/M < |®y(2)|e ™) < M, ze D,,
for some absolute constant M.

Proof. The proof of this folklore result is identical to that of [BLL Lem-
ma 2.1]. m

LEMMA 2.5. Given A and R such that the conclusions of Lemmal[2.3] are
valid, we have

1/M < |k.|le ™&2p(R) <M, z€ 2R, 435
for some absolute constant M.

Proof. Analogous to that of [BLi Lemma 2.3] with F' there replaced by
our polynomial ). =

LEMMA 2.6. In the notation of Lemma[2.3] let a sequence A C C be such
that {kx}xea is a Riesz basis in Fp. Then

(a) dist(A, A\ {A}) = Bp(R) for all X € AN g a4,
(b) dist(z, A) < p(R)/B for all z € 2, /4,

for some 8 = [(A) and for A > A(A).
Proof. Analogous to that of [BL, Lemma 2.4]. =

Proof of Theorem . We follow the proof of [BL, Theorem 2.5]. Suppose
that {k)}xca is a Riesz basis in F. Fix a large A, choose R and @ as in
Lemma [2.3] and define E as in Subsection Lemma [2.5] implies that

H E |*_[EWP
= A ez 12

Consider the function E/[(- — X\)®,]. Applying the mean value property we
obtain

P 2
S ”zE’E 2\“26_11(2) dm(z) < C S |E(Z)|2e—h(z) dm(z)
C

= [E'WP(p(N)Pe™™, X e AN g .
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By Lemma [2.6{a), we have

C MA—R|<Np(R), eA

2 s
(B ooy
with A/4 —1 < N < A/4, and, as a result,

1
(2.2) inf [(p(R))2 > 2} <C.
z:|z—R|<(N+1)p(R) A= R|<Np(R), \eA |Z — )\|

|E(2)Pe) dm(z),

Finally, by Lemma [2.6[b),
9 1 dm(Q)
(R) > ezl | e

_ |z — 2 = ¢*
IA=R|<Np(R),\eA P(R)<IC|<Np(R)
For large A (and hence large N) we get a contradiction to (2.2)). =

3. Proofof Theorem([I.2] The situation for  of slow growth is quite dif-
ferent from that considered in Section In particular, along some special (la-
cunary) sequence of points {\, },>0 we show that ||k, [|> < ") /(A p(\n))
> ) /(p(A\,))? instead of |ky, || = €"®n)/(p(\,))? in Lemma To
prove the boundedness of the operator R, introduced in Subsection [1.1] we
use the results of [BMS].

For n > /(0)/2 — 1 we choose y,, such that ¢/(y,) = 2n + 2 and set
An = exp yp. Define

g(t) =V(yn +1) — (yn + U (Yn), —yn <t < 00

Set a,, = " (yn) = ¢”(0). Then ¢'(0) = 0, 0 < ¢"(t) < ¥"(0), |¢"(t)] =
O((g"(t))*/?), and hence

(3.1) g(t) — g(0) < ant?, t| < Cay /3,
(3.2) g (t) = ant, t| < Ca; /3,
(3.3) g(t) — g(0) = Ca '3+ CallPlt],  [t| > Ca, /3.

To the finite number of y,, not yet defined, we assign arbitrary values in such
a way that the sequence {yy }n>0 of positive numbers is strictly increasing.

LEMMA 3.1.
||an2 - e(2n+2)yn—w(yn)(1/)”(%))—1/27 n > 0.
Proof. We have

I2")1* = 0(1) + 2 | 2" e v gt = O(1) + 27 | eCrF2s=v() g,
1 0
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By (3.1)) and (3.3) we have

Ch T _ s
< 69(0) g(t) dt < 7
Van _Syn Vo

and hence

G < |27 2t m) = Cnt2un < & -
an Van
Next, we estimate the norm of the reproducing kernel at the points A\,
(cf. also Lemma [2.5)).
LEMMA 3.2.
lex, |I? = e Wm)=20m (4 (y,)) /2 = ) [ (Ap(An)), 1> 0.

Proof. First of all, by Lemma [3.1], we have

2n
”k>\n||2 > ||)\Z||2 > Cei/’(yn)*Qyn(w//(yn))l/Q.
z
Let f € Fp and
2 A 1/2
F(t) = (g | f(tew]QdG) . w(s) = log F(exp s).
0

Hardy’s convexity theorem [Dl Chapter 1] states that w is convex.
Next, by (3.2)), for large n we have y,, — aﬁl/Q > y,_1 and

I£17 = (F(£)%e "Dt dt > | 2)e)+2s g
0 0
yn+017_11/2
> [ e g

—1/2
Yn—0n /
—1/2
[07%% /

> Ce900) S 2w (Unts)=2n(yn+s) 1o —. J.

—1/2
—a Y

If § = ap 1 2, then by convexity of w we have

1

I> C'e_g(o)a;lﬂ S o20(yn+s)=2n(yn+s) g
)
Yn+90

— Ce_g(o)o{;lﬂ S €2w(s)—2ns ds

Yn—0
exp(yn+9)

— Ce90)4~1/2 S 1f(2)?

22+ dm(z).

n
exp(yn—9)
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n—1

Applying the mean value theorem to the function f(z)z~""", we conclude

that
() < ClfIPe/ D ag/2e?n = O f|[Pe? W) =2 an/?. a
Next, we consider a continuous piecewise linear function ¢ such that
Ct)=2n+2, yp<t<ypi1,n>0.
Then ¢'(t) < ¢/(t) for large ¢, and hence £(t) < ¥ (t) + O(1) as t — oo. On
the other hand, ¢/(t) 42 > ¢/(t) for large t, and hence £(t)+2t > ¥ (t)+0O(1)
as t — oo.

LEMMA 3.3. We have

(a) S efO=v1 gt < o0,

0
(b) S =¥ g < Cef(yn)*w(yn)(wﬂ(yn))—l/2’
Yn—0
Yn—0
(C) S €£(t)_¢(t)+2t dt < Cee(y")_w(yn)+2yn (wll(yn))—l/Q7
0

n

(d) Zew(ys)fg(ys)(w//(ys))l/Z = ew(yn)*f(yn)(,l/}//(yn))l/Q’
s=0

(e) Z ¥ Ws) =Eys)=2ys (" (y ))1/2 < ¥ n)=E0yn) =2um (4 (y, 1)1/2,

for any fized 6 € (0,y1).
Proof. Set u =1 — £. Then
W (yn +1) > Capt, 0<t<Cay??,
Ulyn +1) 2 Carl?, Cay <t <yurr = yn,
u (Y —t) > 1, 0<t<Ca;?3

Therefore,
w(yn) = u(yn—1) + Cay, ?/3.

Since 9" does not increase, (a), (b), and (d) follow immediately.
Next, set w(t) = £(t) + 2t — ¥ (t). Then
W' (yn +1) > 1, 0<t<Cay??,
) > Capt, 0<t<Ca;??,
) > Cal? Cay?3 <t <yn—yn1
Therefore,
W(Ynt1) > w(yn) + Cay />,

Since 9" does not increase, (c¢) and (e) follow immediately. m
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Set
z) = 1-— Z>.
pe =11,
Arguing as in the proof of Lemma for small § > 0 we obtain
|E(e))? < cef®, >0,
IE(eh)? <M, dist(t, {yn}nz0) > 0.

Therefore, for every entire function F' # 0 we have

(3.4) FE & Fp.
Indeed,
VIF(2)PIE(2)Pe ™3 dm(z) > C | e O7v 0+ gt = oo,
C 0
In a similar way, by Lemma [3.3|a), E/(- — Xg) € F},. Furthermore,
(3.5) | (A\n)|? = efm)=2un,

Set du(z) = |E(2)Pe ") dm(z), v, = e¥Wn) " Mm) (/" (y, )12, 2, = {2 :
e¥n =0 < |z| < e¥n+179}, for n > 0. By Lemma b)7 we have

du(z) E(2)
| ,wa = | R

2
(3.6) e =) dm(z)

n evn =8 <|z|<eYnt1-9

Yn+1—0
S I I I P

Yn—0
o0
< S L= @) gt
yn_(s
L(yn)—¥(yn)
< 067 = g n > 0.

IO ) R B
Furthermore, again by Lemma [3.3(b), we have

S B | wwmog< © s

m=n+1 2, ’2‘2 Ynt1—0 Unt1
By Lemma [3.3{d), we find that
n
Z Vs X Up, n>0.
s=0
Therefore,
n o
(3.7) Yoo Y| dlli(lj) <C, n>o0.

s=0 m=n-+1 2,
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Next, by Lemma [3.3|c), we obtain

n yn+1_6 2Yn41
Z S du(z) = S efO—vt+2t gy < cf , n>0.
m=0 2, 0 Un+1

By Lemma [3.3|(e), we have

o0

Us Un+1
Z = n > 0.
s=n+1 |As|? [Ans1]?

Therefore,

oo

(3.8) Z |;§|2 Z S du(z) <C, n>0.

s=n+1 m=0 2,

Set A = {An}n>0 and consider the mappings 74 and R, defined in
Subsection [1.1} The argument in the proof of Lemma implies that the
mapping T is bounded from Fj, to £2(1/|/kx|[?). By (3.4), T4 is injective.
By Lemma 3.2 and by B5), va = |k, [?/|E'(A)|*. Estimates (3.6)-(3-3)
permit us to apply [BMS, Theorem 1.1] to show that du is a Carleson mea-
sure for the space of the corresponding discrete Hilbert transforms. Thus,
R, is bounded from ¢2(1/|/ky||?) to Fj,. By the argument in Subsection
we conclude that {ky, }»>0 is a Riesz basis in F,.

4. Proof of Theorem [1.3l In this section we construct an increas-
ing weight h and a corresponding set A consisting of (increasing numbers
of) equidistributed points on rapidly growing concentric circles such that
{kx}xea is a Riesz basis in Fp,.

Given an increasing sequence { R, },>1 we set

Y(t) =t+2 Z s(t —log Rs) + nmin(t — log Ry, log Rp+1 — t),

s<n
log R, <t<logRpy1,n > 1.

Clearly, % is an increasing function.
An elementary geometric argument permits us to choose a sequence
{Ry}n>1 satisfying the following two properties:

(I) Rl 2 27 Rn—l—l Z R1217 n 2 17
() (t) = olp(t), t— oo

In particular, log R,, > 2™log2. As above, we fix h(t) = 1 (logt). Next, we

define )
B(z) = H<1 - (1;) ) A= Z(E).

n>1
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By an argument similar to that in the proof of Lemma [2.2] we have

Ly/ondist(z, A R,
1B(z)] = et W%, Il — Rl < .
! - Rn)/2_ 1 —
(41) B = NeA =R
_ R, n/2 n+1
|E(z)| = eM2)/2) 5|71/ - R, < |z| < \/RnRni1,
h(z)/21.1-1/2| % ik nly 1
|E(z)| <e |z 7 VERyRny1 < |z] < ———.
n+1 n+1

Let F # 0 be an entire function. Then
(42) [[FEPRIEE) P dmz)
C

n? dist?(z "
>0y g yF(z)FW dm(z) >3 % ~ 0.

n n>1

Thus, £ ¢ Fp, and more generally, FE ¢ Fp, for any entire function F' # 0.
Given A € A, we set Ey = E/(- — \). Next, we are going to deal with
the scalar products (Ey, E,)r,. For A € A with |A\| = R,,, we have

~ 2
(43) 1B = § 2 e dm(e)
C

n? dist?(z, A)
< )
< C< é ICIEES\E dm(z)
R

<n+l

n — - n

s% dist?(z, A)

- Z S Rz — A2 dm(z)
s>1,s#n s—1 Ri|§s+1 S
Ry dm(z)
+Z S z | |z ]z = A2
s21 st R <|2|<\/RsRst1
z P dm(z)
> 5 R rz\-|z—w)

s21 /R R.11<|2|< S5 Rett
1

C R,
+C S
R Z smax(Rs, R,)? R,
s>1,s#n
Furthermore, if A\, u € A with R; = |A| < |p| = Ry, then in a similar way
20| S— Clog(k +1)
4.4 — e "Wdm(z) < —————=.
o s e "0 =g,
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Next we fix n > 1 and set R = R,,. Then
1 2\" z\° R
we= (re0(z)) (- (7)) (7)o
1<s<n
Let o # B with || = |B] = 1, and let A = aR, u = SR belong to A. Then

S 7( |E(Z&e*h(z) dm(z)

PG A)z—
—o( L)+ (1-(2)") A= (R)")|z 1 dm(2)
nk (z=A)z—p R 2]
R/2<|2|<R
o (- (A= ()| R|™ dm(z)
Replare FTNETH ? 2]
1 L 1ol —_
= O(TLR) + E S (Z asw"_1_5> Zﬁswn—l—s |w[”_2 dm(w)
1/2 s=0 s=0
1 3/2 n-1 n—t___________
— syn—1-5 Sqm—1—s —3n—1
R § @%O‘“’ )gﬁw Jw| =" dm(w)
n—1
1 1 2\S 1 1
:O<nR> +R§2ﬂ(a6) (28+n+1 * 3n—23—2>'
Set
= ! + ! 0<s<
T s tntl 3m_2s—2 =™
n—1
bj,k — Z e27ri(j—k)s/nas, 0<ik<n,
s=0

A = (bjk)o<jk<n-
Then A is a circulant matrix. It is well known and easily verified that A has
an orthonormal basis of eigenvectors n_l/z(e%mq/”)ogkn, 0 <qg<n,and
the corresponding eigenvalues are EZ;OI bgjkeQ’”'k‘I/ " 0 < g < n. Therefore,
the norm of the corresponding operator acting on £2 is equal to

n—1 n—1
max Z e?mika/n Z e~ 2mks/ng | = n max lagl = O(1), n — oo,
0<g<n 0<g<n
k=0 s=0
Thus, if
By = ((Ex, Ep) B )\, pe |\ =|u/=Rn
then

(45) 1Balliz iz = O(U/Ry). o0
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Now, for |A\| = R,, we estimate |k,||. Applying the mean value theorem

to the function .
s =16 T1 (%)

1§S<Rn
in thedisc D ={z:|z =\ < Rn/n} we obtain

(4.6) [F(N) P S 72 S w)Pe™") dm(w),
Ry D
and hence

n
liall < CerRa2 |z =

n

By (4.1) and (4.3)), for A € A with |A\| = R,, we have

[Ex(V)] _ [E'(V)] h(Rn)/2 1
[kall = = > Ce =,
[EA]l IEA] R,
Replacing E(z) by E(e?2) we get the same estimate for all A with [A| = R,,.
Thus,

L h(Ray2 ™ h(Rn)/2
. — e —— < < ni e — =
(4.7) o° 7 = [kall < Ce R A[=R

n n

for some C' independent of A and n.

Now, we con51der the mappings T4 and R, defined in Subsection [I.1]
Estimate (4.6) implies that T4 is bounded from F}, to ¢*(1/|kx|?). By (4.2),
T, is injective. Set ey = {HkAH(SAu}uEA Then He,\HZQ( K2 = 1 and
Raex = E\||kA||/E'(N) Estlmates 4.1), (4.4), (£.5), and (4.7) show that the
matrix ((Raex, Raeu))a pea consists Of ( ) a sequence of squares along the di-
agonal with uniformly bounded norms and (ii) rapidly decaying off-diagonal
terms. Thus, R, is bounded from ¢2(1/|/ky||?) to Fp. By the argument in
Subsection (1.1 we conclude that {ky}xea is a Riesz basis in Fp,.

Finally, for n > 3 we set

E(z ”— 6—27ris/an
fn(z) = ( ) H e

_ e2mi
"ocsens2 © € s/ Ry,
Then |ER,| = |fn| on the real line, and
1fall? = {1 £a(2)]2e ™) din(2)

C

> g Fa(2)Pe™C) dm(2)

|2l Ru| <R/, |arg z—m /2| < /4

C
> _—_9n/20 > nHERnHQ, n — 00.
nk,

This shows that Fj is not (up to norm equivalence) isomorphic to a de
Branges space.
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5. Proof of Proposition Let Fj, = Fp, (up to norm equivalence),
and suppose that all polynomials belong to Fj,. We have

[e.e] [e.e]
||z”||%_-h = S o2 tle=h(r) gp — S r"up () dx,
0 0

where uy,(z) = me V7).
If A is continuous and non-decreasing, we can find a non-increasing @ €
CY(R) such that uj, <@ < 2uy, and @' < 0. Since

oo 1 oo
S z"u(x)dx = — S 2" () de,
0 n+1 0

by the Cauchy—Schwarz inequality we deduce that for some bounded se-
quence {¢, }n>1,

. the sequence {log[n|/z + ¢ }n>1 1S convex.
5.1 h 1 "%, >1 i
On the other hand, let
pn=log | 2" dpu(z), where du(z) =) e " ipyq,
0 k>1

with some t; € N and s, > 1 for kK > 0. If t;, > t5_1 + 1 and si > 2t5S5_1
for k > 1, then

pn=log» etk = max((n —ty)si] + O(1), n>1,
k>1 =
and
pn=(n—tg)si +O(1) forty+1<n<tpp, k>1

Finally, suppose t; > t271 for £ > 1, let up, be a continuous positive
function such that

[e.e]
pn — log S "upy(x)de| <1, n>1,
0
and let wup,(z) = me "), Then hg is continuous and there exists a

bounded sequence {d,,},>1 such that the sequence {log[||z”\|2}-h | + dn}n>1
> o >
is linear for ¢ + 1 <mn < tg41, k > 1, which contradicts (5.1)).
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