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Fock type spaces with Riesz bases of reproducing kernels
and de Branges spaces

by

Anton Baranov (St. Petersburg), Yurii Belov (St. Petersburg) and
Alexander Borichev (Marseille and St. Petersburg)

Abstract. We describe the radial Fock type spaces which have Riesz bases of nor-
malized reproducing kernels and which are (or are not) isomorphic to de Branges spaces
in terms of weight functions.

1. Introduction and main results. Let F be a Hilbert space of entire
functions. Assume that

(i) F has the division property, that is, if f ∈ F and f(λ) = 0, then
f/(· − λ) ∈ F , and

(ii) F has the bounded point evaluation property, that is, for each λ ∈ C,
the mapping Lλ : f 7→ f(λ) is a bounded linear functional on F .

For every λ ∈ C there exists kλ ∈ F , the reproducing kernel at λ in F :

f(λ) = 〈f,kλ〉F , f ∈ F .
Let kλ = kλ/‖kλ‖ be the normalized reproducing kernel at λ. Given

a sequence Λ ⊂ C, we say that {kλ}λ∈Λ is a Riesz basis (of normalized
reproducing kernels) in F if it is complete and for some c, C > 0 we have

c
∑
λ∈Λ
|aλ|2 ≤

∥∥∥∑
λ∈Λ

aλkλ
∥∥∥2 ≤ C∑

λ∈Λ
|aλ|2

for all finite sequences {aλ} of complex numbers. Equivalently, {kλ}λ∈Λ is
a linear isomorphic image of an orthonormal basis in a separable Hilbert
space.

The de Branges spaces H(E) are Hilbert spaces of entire functions deter-
mined by Hermite–Biehler class entire functions E (see [DB]). The norm in
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these spaces is given by ‖F‖2H(E) =
	
R |F (x)|2/|E(x)|2 dx. They have Riesz

bases of normalized reproducing kernels at real points {tn}n∈N . Correspond-
ingly, every space H(E) can be identified with the space H of all entire
functions of the form

F (z) = A(z)
∑
n∈N

anµ
1/2
n

z − tn
, {an} ∈ `2,

where {tn}n∈N is an increasing sequence such that |tn| → ∞ as |n| → ∞,
N = Z, Z+ or Z−,

∑
n∈N µnδtn is a positive measure on R satisfying∑

n∈N µn/(t
2
n + 1) <∞, A is an entire function with zero set {tn}n∈N which

is real on the real line, and the norm of F is defined as ‖F‖H = ‖{an}‖`2 .
On the other hand, every F as above having a Riesz basis of normalized
reproducing kernels at real points is (up to norm equivalence) a de Branges
space (see, for instance, [BMS]).

Given a continuous function (a weight) h defined on [0,∞), we extend it
to the whole complex plane C by h(z) = h(|z|), and consider the Fock type
space

Fh =
{
f ∈ Hol(C) : ‖f‖2 = ‖f‖2h =

�

C

|f(z)|2e−h(z) dm(z) <∞
}
,

where dm is area Lebesgue measure. This is a Hilbert space of entire func-
tions satisfying properties (i) and (ii).

Seip [S] proved that the standard Fock space Fh, with h(z) = |z|2, has no
Riesz basis of normalized reproducing kernels. Later on, it was proved that
Fh has no Riesz basis of normalized reproducing kernels for any sufficiently
regular h such that h(t) � (log t)2 [BDK, BL]. On the other hand, the
spaces Fh with h(t) = (log t)α, 1 < α ≤ 2, do have Riesz bases of normalized
reproducing kernels at real points [BL], and hence are de Branges spaces.

In the opposite direction, Theorem 1.2 of [BBB] states that the de Branges
space H determined by the spectral data ({tn}n∈N , {µn}n∈N ) coincides (up
to norm equivalence) with a Fock type space Fh if and only if the sequence
{tn}n∈N is lacunary : lim inftn→∞ tn+1/tn> 1, lim inftn→−∞ |tn|/|tn+1| > 1,
and for some C > 0 and any n,∑

|tk|≤|tn|

µk + t2n
∑
|tk|>|tn|

µk
t2k
≤ Cµn.

(These de Branges spaces H are characterized by the property that every
complete and minimal system of reproducing kernels is a strong Markushe-
vich basis (strong M -basis)—see [BBB].)

The main question we deal with in this paper is to find conditions on
h determining whether the Fock type space Fh has a Riesz basis of (nor-
malized) reproducing kernels and whether Fh is a de Branges space, or
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equivalently whether the norm in Fh is equivalent to a weighted L2 norm
along the real line. Our work can be considered as completing a series of
works [BL], [BMS], and [BBB]. The main novelty here is Theorem 1.3 be-
low which states that there are Fock spaces which (a) have a Riesz basis of
(normalized) reproducing kernels and (b) are not de Branges spaces.

From now on let us fix
ψ(t) = h(et).

Theorem 1.1. If ψ′′ increases to ∞, then Fh has no Riesz bases of
(normalized) reproducing kernels.

In this case, (log t)2 = o(h(t)) as t → ∞. Under different (in some
cases more restrictive) regularity conditions, a similar result follows from
[S], [BDK], and [BL].

Theorem 1.2. If limt→∞ ψ
′(t) =∞ and ψ′′ is a non-increasing positive

function, and |ψ′′′(t)| = O(ψ′′(t)5/3) as t → ∞, then Fh has a Riesz basis
of (normalized) reproducing kernels at real points, and hence is (up to norm
equivalence) a de Branges space.

In particular, the conclusions of Theorem 1.2 are valid for

h(t) = (log t)α(log log t)β, 1 < α < 2, β ∈ R or α = 2, β ≤ 0.

Theorem 1.3. Given any convex positive function ϕ with x = o(ϕ(x)) as
x→∞, there exists a function ψ increasing to ∞, satisfying ψ(t) = o(ϕ(t))
as t → ∞, and such that Fh has a Riesz basis of (normalized) reproducing
kernels and is not (up to norm equivalence) a de Branges space.

1.1. Families of reproducing kernels. Let {kλ}λ∈Λ be a complete
minimal family of reproducing kernels in Fh. Then there exists a so called
generating function E with simple zeros at the points of Λ such that E 6∈ Fh
and Eλ = E/(· − λ) ∈ Fh for every λ ∈ Λ. The family {‖kλ‖Eλ/E′(λ)}λ∈Λ
is biorthogonal to {kλ}λ∈Λ. Consider the mappings TΛ : f 7→ f |Λ and

RΛ : {aλ}λ∈Λ 7→ E(z)
∑
λ∈Λ

aλ
E′(λ)

· 1

z − λ
.

for finite sequences {aλ}λ∈Λ. Then TΛRΛ = Id. If TΛ is bounded from Fh
to `2(1/‖kλ‖2) and RΛ is bounded from `2(1/‖kλ‖2) to Fh, then the family
{‖kλ‖Eλ/E′(λ)}λ∈Λ is a Riesz basis, and hence {kλ}λ∈Λ is a Riesz basis of
normalized reproducing kernels in Fh (see, for instance, [N, Section C.3.1]).

1.2. Non-monotonic weights. In this paper, we deal mainly with
non-decreasing weights h. This does restrict the class of Fock type spaces
we consider.

Proposition 1.4. There exist continuous h0 such that Fh0 does not
coincide (up to norm equivalence) with Fh for any non-decreasing weight h.
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1.3. Notation and organization of the paper. If ψ is convex, then
h is subharmonic and we set ρ(z) = (∆h(z))−1/2 and τ(t) = (ψ′′)−1/2(t) =
ρ(et)e−t. Later on, we will see that ρ will be a local metric coefficient and τ
will be a local metric coefficient in the logarithmic scale. Given an analytic
function f , we denote by Z(f) its zero set.

The proofs of Theorems 1.1–1.3 are given in Sections 2–4, respectively.
Proposition 1.4 is proved in Section 5.

2. Proof of Theorem 1.1. We follow the method proposed in [S] and
later used in [BL]. It turns out that in some large annuli we can obtain precise
estimates on the norm of the reproducing kernel. If {kλ}λ∈Λ is a Riesz basis,
then Λ is ρ-separated and ρ-dense on these annuli (see Lemma 2.6 below),
and this implies that the corresponding Hilbert transform is unbounded,
which leads to a contradiction.

We assume in this section that ψ′′ increases to ∞ or equivalently that τ
decreases to 0.

Lemma 2.1. Given A <∞ and y0 > 0, there exists y ≥ y0 such that

(2.1)

∣∣∣∣ψ′′(x)

ψ′′(y)
− 1

∣∣∣∣ ≤ 1

A
whenever |x− y| ≤ Aτ(y).

For similar statements see, for instance, [H].

Proof. Without loss of generality, we may assume that A is as large as
we please. Set

yn = yn−1 + 4Aτ(yn−1), n ≥ 1,

and suppose that

ψ′′(yn) ≥ A+ 1

A
ψ′′(yn−1), n ≥ 1.

Then

ψ′′(yn) ≥
(
A+ 1

A

)n
ψ′′(y0), n ≥ 1,

and hence ∑
n≥1

(yn − yn−1) <∞, lim
n→∞

yn = y <∞,

which is absurd.

Hence, there exists z ≥ y0 such that

ψ′′(z) ≤ ψ′′(x) <
A+ 1

A
ψ′′(z), 0 ≤ x− z ≤ 4Aτ(z).

It remains to set y = z + 2Aτ(z). For large A we obtain (2.1).
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Lemma 2.2. Let B > 0 and N <∞. Given ey = R1 < R2 < · · · < RN ,
RN+1 =∞, and integers k1, . . . , kN such that

1

B
≤ Rj+1 −Rj

eyτ(y)
≤ B, 1 ≤ j < N,

1

B
≤ kjτ(y) ≤ B, 1 ≤ j ≤ N,

set

P (z) =
∏

1≤j≤N

(
1−

(
z

Rj

)kj)
.

Next, set

v(t) =

{
0, t < R1,∑

1≤s≤j ks(log t− logRs), Rj ≤ t < Rj+1, 1 ≤ j ≤ N .

Then for every δ > 0 there exists D = D(δ,B) independent of N such that
for all y > y(δ, ψ,B) we have∣∣log |P (z)| − v(|z|)

∣∣ ≤ D(δ,B) whenever dist(z, Z(P )) > δeyτ(y).

Proof. It suffices to use the estimates∣∣log |1− zk|
∣∣ ≤ Ce−t, |z| = 1− t/k, t ≥ 1,∣∣log |1− zk|
∣∣ ≤ D0(δ), 1− 1/k < |z| < 1 + 1/k, dist(z, Λk) > δ/k,∣∣log |1− zk| − k log |z|

∣∣ ≤ Ce−cmin(t,k), |z| = 1 + t/k, t ≥ 1,

where Λk = {e2πij/k}0≤j<k.

Given A,R > 0, set

ΩR,A =
{
z ∈ C :

∣∣|z| −R∣∣ ≤ Aρ(R)
}
.

Lemma 2.3. Given A <∞, there exist R > 0 and a polynomial Q such
that Z(Q) \ {0} ⊂ ΩR,2A and

1

M
≤ |Q(z)|ρ(R)e−h(z)

dist(z, Z(Q))
≤M, z ∈ ΩR,A,

|Q(z)| ≤Meh(z), z ∈ C,

dist(w,Z(Q) \ {w}) ≥ ρ(R)

M
, w ∈ Z(Q) \ {0},

dist(z, Z(Q) \ {w}) ≤Mρ(R), z ∈ ΩR,A,
for some absolute constant M .

Proof. The lemma follows immediately from Lemmas 2.1 and 2.2. In-
deed, by Lemma 2.1 we can find R such that ψ′′ is almost constant on a
suitable interval around logR. Then we find kj , Rj in Lemma 2.2 and a ∈ R,
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k ∈ N such that a+ kt+ v(exp t) is close to ψ(t) for exp t ∈ ΩR,2A. Finally,
we set Q(z) = eazkP (z), where P is given by Lemma 2.2.

For a similar construction see [BDK]; for an alternative way to produce
analytic functions Q satisfying such conditions see the atomization proce-
dure in [LM].

Now we can proceed as in [BL].

Lemma 2.4. Given A and R such that the conclusions of Lemma 2.3 are
valid, and given w ∈ ΩR,A/2, there exists a function Φw analytic in the disc
Dw = {z ∈ C : |z − w| < ρ(R)} and such that

1/M ≤ |Φw(z)|e−h(z) ≤M, z ∈ Dw,

for some absolute constant M .

Proof. The proof of this folklore result is identical to that of [BL, Lem-
ma 2.1].

Lemma 2.5. Given A and R such that the conclusions of Lemma 2.3 are
valid, we have

1/M ≤ ‖kz‖e−h(z)/2ρ(R) ≤M, z ∈ ΩR,A/3,

for some absolute constant M .

Proof. Analogous to that of [BL, Lemma 2.3] with F there replaced by
our polynomial Q.

Lemma 2.6. In the notation of Lemma 2.3, let a sequence Λ ⊂ C be such
that {kλ}λ∈Λ is a Riesz basis in Fh. Then

(a) dist(λ,Λ \ {λ}) ≥ βρ(R) for all λ ∈ Λ ∩ΩR,A/4,
(b) dist(z, Λ) ≤ ρ(R)/β for all z ∈ ΩR,A/4,

for some β = β(Λ) and for A > A(Λ).

Proof. Analogous to that of [BL, Lemma 2.4].

Proof of Theorem 1.1. We follow the proof of [BL, Theorem 2.5]. Suppose
that {kλ}λ∈Λ is a Riesz basis in Fh. Fix a large A, choose R and Q as in
Lemma 2.3, and define E as in Subsection 1.1. Lemma 2.5 implies that∥∥∥∥ E

· − λ

∥∥∥∥2 � |E′(λ)|2

‖kz‖2
� |E′(λ)|2(ρ(λ))2e−h(λ), λ ∈ Λ ∩ΩR,A/4.

Consider the function E/[(· − λ)Φλ]. Applying the mean value property we
obtain

�

C

|E(z)|2

|z − λ|2
e−h(z) dm(z) ≤ C

(ρ(R))2

�

|z−λ|<ρ(R)

|E(z)|2e−h(z) dm(z).
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By Lemma 2.6(a), we have

�

C

( ∑
|λ−R|<Nρ(R), λ∈Λ

1

|z − λ|2

)
|E(z)|2e−h(z) dm(z)

≤ C

(ρ(R))2

�

|R−z|<(N+1)ρ(R)

|E(z)|2e−h(z) dm(z),

with A/4− 1 < N ≤ A/4, and, as a result,

(2.2) inf
z: |z−R|<(N+1)ρ(R)

[
(ρ(R))2

∑
|λ−R|<Nρ(R), λ∈Λ

1

|z − λ|2

]
≤ C.

Finally, by Lemma 2.6(b),

(ρ(R))2
∑

|λ−R|<Nρ(R), λ∈Λ

1

|z − λ|2
≥ C

�

ρ(R)<|ζ|<Nρ(R)

dm(ζ)

|z − ζ|2
.

For large A (and hence large N) we get a contradiction to (2.2).

3. Proof of Theorem1.2. The situation for h of slow growth is quite dif-
ferent from that considered in Section 2. In particular, along some special (la-
cunary) sequence of points {λn}n≥0 we show that ‖kλn‖2 � eh(λn)/(λnρ(λn))
& eh(λn)/(ρ(λn))2 instead of ‖kλn‖2 � eh(λn)/(ρ(λn))2 in Lemma 2.5. To
prove the boundedness of the operator RΛ introduced in Subsection 1.1 we
use the results of [BMS].

For n ≥ ψ′(0)/2 − 1 we choose yn such that ψ′(yn) = 2n + 2 and set
λn = exp yn. Define

g(t) = ψ(yn + t)− (yn + t)ψ′(yn), −yn ≤ t <∞.
Set αn = ψ′′(yn) = g′′(0). Then g′(0) = 0, 0 < g′′(t) ≤ ψ′′(0), |g′′′(t)| =
O((g′′(t))5/3), and hence

g(t)− g(0) � αnt2, |t| ≤ Cα−2/3n ,(3.1)

g′(t) � αnt, |t| ≤ Cα−2/3n ,(3.2)

g(t)− g(0) ≥ Cα−1/3n + Cα1/3
n |t|, |t| ≥ Cα−2/3n .(3.3)

To the finite number of yn not yet defined, we assign arbitrary values in such
a way that the sequence {yn}n≥0 of positive numbers is strictly increasing.

Lemma 3.1.

‖zn‖2 � e(2n+2)yn−ψ(yn)(ψ′′(yn))−1/2, n ≥ 0.

Proof. We have

‖zn‖2 = O(1) + 2π

∞�

1

t2n+1e−ψ(log t) dt = O(1) + 2π

∞�

0

e(2n+2)s−ψ(s) ds.
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By (3.1) and (3.3) we have

C1√
αn
≤
∞�

−yn

eg(0)−g(t) dt ≤ C2√
αn
,

and hence
C1√
αn
≤ ‖zn‖2eψ(yn)−(2n+2)yn ≤ C2√

αn
.

Next, we estimate the norm of the reproducing kernel at the points λn
(cf. also Lemma 2.5).

Lemma 3.2.

‖kλn‖2 � eψ(yn)−2yn(ψ′′(yn))1/2 = eh(λn)/(λnρ(λn)), n ≥ 0.

Proof. First of all, by Lemma 3.1, we have

‖kλn‖2 ≥
λ2nn
‖zn‖2

≥ Ceψ(yn)−2yn(ψ′′(yn))1/2.

Let f ∈ Fh and

F (t) =
(2π�

0

|f(teiθ|2 dθ
)1/2

, ω(s) = logF (exp s).

Hardy’s convexity theorem [D, Chapter 1] states that ω is convex.

Next, by (3.2), for large n we have yn − α−1/2n > yn−1 and

‖f‖2 =

∞�

0

(F (t))2e−h(t)t dt ≥
∞�

0

e2ω(s)−ψ(s)+2s ds

≥
yn+α

−1/2
n�

yn−α−1/2
n

e2ω(s)−ψ(s)+2s ds

≥ Ce−g(0)
α
−1/2
n�

−α−1/2
n

e2ω(yn+s)−2n(yn+s) ds =: I.

If δ = α
−1/2
0 , then by convexity of ω we have

I ≥ Ce−g(0)α−1/2n

δ�

−δ
e2ω(yn+s)−2n(yn+s) ds

= Ce−g(0)α−1/2n

yn+δ�

yn−δ
e2ω(s)−2ns ds

= Ce−g(0)α−1/2n

exp(yn+δ)�

exp(yn−δ)

|f(z)|2

|z|2n+2
dm(z).
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Applying the mean value theorem to the function f(z)z−n−1, we conclude
that

|f(eyn)|2 ≤ C‖f‖2eg(0)α1/2
n e2nyn = C‖f‖2eψ(yn)−2ynα1/2

n .

Next, we consider a continuous piecewise linear function ` such that

`′(t) = 2n+ 2, yn < t < yn+1, n ≥ 0.

Then `′(t) ≤ ψ′(t) for large t, and hence `(t) ≤ ψ(t) + O(1) as t → ∞. On
the other hand, `′(t)+2 ≥ ψ′(t) for large t, and hence `(t)+2t ≥ ψ(t)+O(1)
as t→∞.

Lemma 3.3. We have
∞�

0

e`(t)−ψ(t) dt <∞,(a)

∞�

yn−δ
e`(t)−ψ(t) dt ≤ Ce`(yn)−ψ(yn)(ψ′′(yn))−1/2,(b)

yn−δ�

0

e`(t)−ψ(t)+2t dt ≤ Ce`(yn)−ψ(yn)+2yn(ψ′′(yn))−1/2,(c)

n∑
s=0

eψ(ys)−`(ys)(ψ′′(ys))
1/2 � eψ(yn)−`(yn)(ψ′′(yn))1/2,(d)

∞∑
s=n

eψ(ys)−`(ys)−2ys(ψ′′(ys))
1/2 � eψ(yn)−`(yn)−2yn(ψ′′(yn))1/2,(e)

for any fixed δ ∈ (0, y1).

Proof. Set u = ψ − `. Then

u′(yn + t) ≥ Cαnt, 0 ≤ t ≤ Cα−2/3n ,

u′(yn + t) ≥ Cα1/3
n , Cα−2/3n < t < yn+1 − yn,

u′(yn − t) ≥ 1, 0 ≤ t ≤ Cα−2/3n .

Therefore,
u(yn) ≥ u(yn−1) + Cα−2/3n .

Since ψ′′ does not increase, (a), (b), and (d) follow immediately.
Next, set w(t) = `(t) + 2t− ψ(t). Then

w′(yn + t) ≥ 1, 0 ≤ t ≤ Cα−2/3n ,

w′(yn − t) ≥ Cαnt, 0 ≤ t ≤ Cα−2/3n ,

w′(yn − t) ≥ Cα1/3
n , Cα−2/3n < t < yn − yn−1.

Therefore,
w(yn+1) ≥ w(yn) + Cα−2/3n .

Since ψ′′ does not increase, (c) and (e) follow immediately.
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Set

E(z) =
∏
n≥0

(
1− z

λn

)
.

Arguing as in the proof of Lemma 2.2, for small δ > 0 we obtain

|E(et)|2 ≤ Ce`(t), t ≥ 0,

|E(et)|2 � e`(t), dist(t, {yn}n≥0) ≥ δ.
Therefore, for every entire function F 6≡ 0 we have

(3.4) FE 6∈ Fh.
Indeed,

�

C

|F (z)|2|E(z)|2e−h(z) dm(z) ≥ C
∞�

0

e`(t)−ψ(t)+2t dt =∞.

In a similar way, by Lemma 3.3(a), E/(· − λ0) ∈ Fh. Furthermore,

(3.5) |E′(λn)|2 � e`(yn)−2yn .
Set dµ(z) = |E(z)|2e−h(z) dm(z), vn = eψ(yn)−`(yn)(ψ′′(yn))1/2, Ωn = {z :

eyn−δ < |z| < eyn+1−δ}, for n ≥ 0. By Lemma 3.3(b), we have
�

Ωn

dµ(z)

|z − λn|2
=

�

eyn−δ<|z|<eyn+1−δ

∣∣∣∣ E(z)

z − eyn

∣∣∣∣2e−h(z) dm(z)(3.6)

�
yn+1−δ�

yn−δ
e`(t)−2(t−yn)

+−ψ(t)+2(t−yn) dt

≤
∞�

yn−δ
e`(t)−ψ(t) dt

≤ C e
`(yn)−ψ(yn)

(ψ′′(yn))1/2
=
C

vn
, n ≥ 0.

Furthermore, again by Lemma 3.3(b), we have
∞∑

m=n+1

�

Ωm

dµ(z)

|z|2
=

∞�

yn+1−δ
e`(t)−ψ(t) dt ≤ C

vn+1
, n ≥ 0.

By Lemma 3.3(d), we find that
n∑
s=0

vs � vn, n ≥ 0.

Therefore,

(3.7)

n∑
s=0

vs

∞∑
m=n+1

�

Ωm

dµ(z)

|z|2
≤ C, n ≥ 0.



Fock type spaces 137

Next, by Lemma 3.3(c), we obtain

n∑
m=0

�

Ωm

dµ(z) =

yn+1−δ�

0

e`(t)−ψ(t)+2t dt ≤ C e
2yn+1

vn+1
, n ≥ 0.

By Lemma 3.3(e), we have

∞∑
s=n+1

vs
|λs|2

� vn+1

|λn+1|2
, n ≥ 0.

Therefore,

(3.8)

∞∑
s=n+1

vs
|λs|2

n∑
m=0

�

Ωm

dµ(z) ≤ C, n ≥ 0.

Set Λ = {λn}n≥0 and consider the mappings TΛ and RΛ defined in
Subsection 1.1. The argument in the proof of Lemma 3.2 implies that the
mapping TΛ is bounded from Fh to `2(1/‖kλ‖2). By (3.4), TΛ is injective.
By Lemma 3.2 and by (3.5), vn � ‖kλn‖2/|E′(λn)|2. Estimates (3.6)–(3.8)
permit us to apply [BMS, Theorem 1.1] to show that dµ is a Carleson mea-
sure for the space of the corresponding discrete Hilbert transforms. Thus,
RΛ is bounded from `2(1/‖kλ‖2) to Fh. By the argument in Subsection 1.1
we conclude that {kλn}n≥0 is a Riesz basis in Fh.

4. Proof of Theorem 1.3. In this section we construct an increas-
ing weight h and a corresponding set Λ consisting of (increasing numbers
of) equidistributed points on rapidly growing concentric circles such that
{kλ}λ∈Λ is a Riesz basis in Fh.

Given an increasing sequence {Rn}n≥1 we set

ψ(t) = t+ 2
∑
s≤n

s(t− logRs) + nmin(t− logRn, logRn+1 − t),

logRn ≤ t ≤ logRn+1, n ≥ 1.

Clearly, ψ is an increasing function.

An elementary geometric argument permits us to choose a sequence
{Rn}n≥1 satisfying the following two properties:

(I) R1 ≥ 2, Rn+1 ≥ R2
n, n ≥ 1,

(II) ψ(t) = o(ϕ(t)), t→∞.

In particular, logRn ≥ 2n log 2. As above, we fix h(t) = ψ(log t). Next, we
define

E(z) =
∏
n≥1

(
1−

(
z

Rn

)n)
, Λ = Z(E).
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By an argument similar to that in the proof of Lemma 2.2, we have

|E(z)| � eh(z)/2n dist(z, Λ)

R
3/2
n

,
∣∣|z| −Rn∣∣ ≤ Rn

n
,

|E′(λ)| � eh(Rn)/2 n

R
3/2
n

, λ ∈ Λ, |λ| = Rn,(4.1)

|E(z)| � eh(z)/2|z|−1/2
∣∣∣∣Rnz

∣∣∣∣n/2, n+ 1

n
Rn ≤ |z| ≤

√
RnRn+1,

|E(z)| � eh(z)/2|z|−1/2
∣∣∣∣ z

Rn+1

∣∣∣∣n/2, √
RnRn+1 ≤ |z| ≤

nRn+1

n+ 1
.

Let F 6= 0 be an entire function. Then

(4.2)
�

C

|F (z)|2|E(z)|2e−h(z) dm(z)

≥ C
∑
n≥1

�

n−1
n
≤ |z|
Rn
≤n+1

n

|F (z)|2n
2 dist2(z, Λ)

R3
n

dm(z) ≥
∑
n≥1

Rn
n

=∞.

Thus, E 6∈ Fh, and more generally, FE 6∈ Fh for any entire function F 6= 0.

Given λ ∈ Λ, we set Eλ = E/(· − λ). Next, we are going to deal with
the scalar products 〈Eλ, Eµ〉Fh . For λ ∈ Λ with |λ| = Rn, we have

(4.3) ‖Eλ‖2 =
�

C

|E(z)|2

|z − λ|2
e−h(z) dm(z)

≤ C
( �

n−1
n
≤ |z|
Rn
≤n+1

n

n2 dist2(z, Λ)

R3
n |z − λ|2

dm(z)

+
∑

s≥1, s 6=n

�

s−1
s
≤ |z|
Rs
≤ s+1

s

s2 dist2(z, Λ)

R3
s |z − λ|2

dm(z)

+
∑
s≥1

�

s+1
s
Rs≤|z|≤

√
RsRs+1

∣∣∣∣Rsz
∣∣∣∣s dm(z)

|z| · |z − λ|2

+
∑
s≥1

�
√
RsRs+1≤|z|≤ s

s+1
Rs+1

∣∣∣∣ z

Rs+1

∣∣∣∣s dm(z)

|z| · |z − λ|2

)

≤ C

Rn
+ C

∑
s≥1, s 6=n

Rs
smax(Rs, Rn)2

� 1

Rn
.

Furthermore, if λ, µ ∈ Λ with Rj = |λ| < |µ| = Rk, then in a similar way

(4.4)
�

C

|E(z)|2

|z − λ| · |z − µ|
e−h(z) dm(z) ≤ C log(k + 1)

Rk
.
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Next we fix n ≥ 1 and set R = Rn. Then

E(z) =

(
1 +O

(
1

R

))(
1−

(
z

R

)n) ∏
1≤s<n

(
z

Rs

)s
,

∣∣|z| −R∣∣ ≤ R

2
.

Let α 6= β with |α| = |β| = 1, and let λ = αR, µ = βR belong to Λ. Then

�

C

|E(z)|2

(z − λ) z − µ
e−h(z) dm(z)

= O

(
1

nR

)
+

�

R/2≤|z|≤R

(
1−

(
z
R

)n)(
1−

(
z
R

)n)
(z − λ) z − µ

∣∣∣ z
R

∣∣∣n−1 dm(z)

|z|

+
�

R≤|z|≤3R/2

(
1−

(
z
R

)n)(
1−

(
z
R

)n)
(z − λ) z − µ

∣∣∣∣Rz
∣∣∣∣3n dm(z)

|z|

= O

(
1

nR

)
+

1

R

1�

1/2

(n−1∑
s=0

αswn−1−s
) n−1∑
s=0

βswn−1−s |w|n−2 dm(w)

+
1

R

3/2�

1

(n−1∑
s=0

αswn−1−s
) n−1∑
s=0

βswn−1−s |w|−3n−1 dm(w)

= O

(
1

nR

)
+

1

R

n−1∑
s=0

2π(αβ)s
(

1

2s+ n+ 1
+

1

3n− 2s− 2

)
.

Set

as =
1

2s+ n+ 1
+

1

3n− 2s− 2
, 0 ≤ s < n,

bj,k =

n−1∑
s=0

e2πi(j−k)s/nas, 0 ≤ j, k < n,

A = (bj,k)0≤j,k<n.

Then A is a circulant matrix. It is well known and easily verified that A has
an orthonormal basis of eigenvectors n−1/2(e2πikq/n)0≤k<n, 0 ≤ q < n, and

the corresponding eigenvalues are
∑n−1

k=0 b0,ke
2πikq/n, 0 ≤ q < n. Therefore,

the norm of the corresponding operator acting on `2n is equal to

max
0≤q<n

∣∣∣n−1∑
k=0

e2πikq/n
n−1∑
s=0

e−2πiks/nas

∣∣∣ = n max
0≤q<n

|aq| = O(1), n→∞.

Thus, if

Bn = (〈Eλ, Eµ〉Fh)λ, µ∈Λ, |λ|=|µ|=Rn ,

then

(4.5) ‖Bn‖`2n→`2n = O(1/Rn), n→∞.
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Now, for |λ| = Rn we estimate ‖kλ‖. Applying the mean value theorem
to the function

g(z) = f(z)
∏

1≤s<Rn

(
Rs
z

)s
in the disc D = {z : |z − λ| < Rn/n}, we obtain

(4.6) |f(λ)|2e−h(λ) ≤ Cn2

R2
n

�

D

|f(w)|2e−h(w) dm(w),

and hence

‖kλ‖ ≤ Ceh(Rn)/2
n

Rn
, |λ| = Rn.

By (4.1) and (4.3), for λ ∈ Λ with |λ| = Rn we have

‖kλ‖ ≥
|Eλ(λ)|
‖Eλ‖

=
|E′(λ)|
‖Eλ‖

≥ Ceh(Rn)/2 n
Rn

.

Replacing E(z) by E(eiθz) we get the same estimate for all λ with |λ| = Rn.
Thus,

(4.7)
1

C
eh(Rn)/2

n

Rn
≤ ‖kλ‖ ≤ Ceh(Rn)/2

n

Rn
, |λ| = Rn,

for some C independent of λ and n.

Now, we consider the mappings TΛ and RΛ defined in Subsection 1.1.
Estimate (4.6) implies that TΛ is bounded from Fh to `2(1/‖kλ‖2). By (4.2),
TΛ is injective. Set eλ = {‖kλ‖δλµ}µ∈Λ. Then ‖eλ‖`2(1/‖kλ‖2) = 1 and
RΛeλ = Eλ‖kλ‖/E′(λ). Estimates (4.1), (4.4), (4.5), and (4.7) show that the
matrix (〈RΛeλ, RΛeµ〉)λ,µ∈Λ consists of (i) a sequence of squares along the di-
agonal with uniformly bounded norms and (ii) rapidly decaying off-diagonal
terms. Thus, RΛ is bounded from `2(1/‖kλ‖2) to Fh. By the argument in
Subsection 1.1 we conclude that {kλ}λ∈Λ is a Riesz basis in Fh.

Finally, for n ≥ 3 we set

fn(z) =
E(z)

z −Rn

∏
1≤s<n/2

z − e−2πis/nRn
z − e2πis/nRn

.

Then |ERn | = |fn| on the real line, and

‖fn‖2 =
�

C

|fn(z)|2e−h(z) dm(z)

≥
�

| |z|−Rn|≤Rn/n, |arg z−π/2|≤π/4

|fn(z)|2e−h(z) dm(z)

≥ C

nRn
2n/20 ≥ n‖ERn‖2, n→∞.

This shows that Fh is not (up to norm equivalence) isomorphic to a de
Branges space.
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5. Proof of Proposition 1.4. Let Fh = Fh0 (up to norm equivalence),
and suppose that all polynomials belong to Fh0 . We have

‖zn‖2Fh =

∞�

0

2πr2n+1e−h(r) dr =

∞�

0

xnuh(x) dx,

where uh(x) = πe−h(
√
x).

If h is continuous and non-decreasing, we can find a non-increasing ũ ∈
C1(R) such that uh ≤ ũ ≤ 2uh and ũ′ ≤ 0. Since

∞�

0

xnũ(x) dx = − 1

n+ 1

∞�

0

xn+1ũ′(x) dx,

by the Cauchy–Schwarz inequality we deduce that for some bounded se-
quence {cn}n≥1,
(5.1) the sequence {log[n‖zn‖2Fh0 ] + cn}n≥1 is convex.

On the other hand, let

pn = log

∞�

0

xn dµ(x), where dµ(x) =
∑
k≥1

e−sktkδexp sk

with some tk ∈ N and sk ≥ 1 for k ≥ 0. If tk > tk−1 + 1 and sk > 2tksk−1
for k > 1, then

pn = log
∑
k≥1

e(n−tk)sk = max
k≥1

[(n− tk)sk] +O(1), n ≥ 1,

and

pn = (n− tk)sk +O(1) for tk + 1 ≤ n ≤ tk+1, k ≥ 1.

Finally, suppose tk ≥ t2k−1 for k > 1, let uh0 be a continuous positive
function such that∣∣∣pn − log

∞�

0

xnuh0(x) dx
∣∣∣ ≤ 1, n ≥ 1,

and let uh0(x) = πe−h0(
√
x). Then h0 is continuous and there exists a

bounded sequence {dn}n≥1 such that the sequence {log[‖zn‖2Fh0 ] + dn}n≥1
is linear for tk + 1 ≤ n ≤ tk+1, k ≥ 1, which contradicts (5.1).
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