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A note on weighted bounds for singular operators with
nonsmooth kernels

by
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MaHDI HOorMOZI (Gothenburg and Shiraz)

Abstract. Let T be a multilinear integral operator which is bounded on certain
products of Lebesgue spaces on R™. We assume that its associated kernel satisfies some
mild regularity condition which is weaker than the usual Hélder continuity of kernels of
multilinear Calderén—Zygmund singular integral operators. In this paper, given a suit-
able multiple weight W, we obtain a bound for the weighted norm of T in terms of .
As applications, we obtain new weighted bounds for certain singular integral operators
such as linear and multilinear Fourier multipliers and the Riesz transforms associated to
Schrédinger operators on R™.

1. Introduction. In the past decades, weighted inequalities have been
a very attractive realm in harmonic analysis. One basic problem concerning
them consists in determining conditions for a given operator to be bounded
in LP(w) with an appropriate weight w. A sustained research period started
with the famous work of Muckenhoupt [Mu] in the seventies. In that work he
characterized the class of weights u, v such that the following weak inequality
for the Hardy—Littlewood maximal operator M and for 1 < p < oo holds:

(1.1) M ()| zpoo ) < Cllf L)

When u = v = w, this condition on the weights is known as the A, condition:

-1

s, = sup<|Q|§ <)dm)(Q|§w<x>—1/<P—l>dx)p <oo, p>1
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where the supremum is taken over all cubes (or balls) in R™. For p > 1,
Muckenhoupt proved that the strong estimate

| (Mf@)Pw@)de < C | |f@)Pu@)de, [ e LP(w),
R® R"
holds if and only if w satisfies the A, condition.

After that, harmonic analysts focused on studying weighted inequalities
for many different classical operators such as the Hilbert and Riesz trans-
forms and other singular integral operators, leading to a vast literature.
However, the classical results did not reflect the quantitative dependence of
the LP(w) operator norm on the relevant constant involving the weight. The
question of the sharp dependence of the norm estimates of a given operator
on the A, constant of the weight was specifically raised by S. Buckley [Bul,
who proved the following optimal bound for the Hardy—Littlewood operator:

(1.2) 1M oy < Cp ] 7Y,

where C), is a dimensional constant that also depends on p, but not on w.
The estimate in is sharp in the sense that the exponent 1/(p—1) cannot
be replaced by a smaller one.

On the other hand, it turned out that for singular integral operators the
question was much more complicated. Linear bounds for the Hilbert and
Riesz transforms were addressed by Petermichl [P1l [P2]. Since then, the
so-called Ao conjecture attracted much attention. This conjecture states
that the sharp dependence of the L?(w) norm of a Calderén-Zygmund
operator on the As constant of the weight w is linear. Finally, in 2012
T. Hyténen [Hytl] proved the so-called Az theorem, which confirmed that
conjecture. This, in combination with the extrapolation theorem of [DGPP],
gives the sharp dependence of the LP(w) norm for Calderén—Zygmund oper-
ators with 1 < p < oo. More precisely, if T' is a Calderén—Zygmund operator
then

(1.3) 17Nl 2oy < CT,n,p[w]IZSX(Ll/(p_l)), 1<p<oo,we€ A

Shortly thereafter, A. K. Lerner [Ler4] gave a much simpler proof of the A,
theorem proving that every Calderén—Zygmund operator is bounded from
above by a supremum of sparse operators. Namely, if X is a Banach function
space, then

(1.4) IT(f)llx < Csup [l Ag,s(f)llx,
2,8

where the supremum is taken over arbitrary dyadic grids 2 and sparse

families S C &, and
Azs(f) =) (§ f)XQ-
QeSS Q
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The interested readers can consult [Hyt2] for a survey on the history of the
proof. Lerner’s techniques were used in [DLP] to extend and the Aj the-
orem to multilinear Calderén—Zygmund operators. Later on, Li, Moen and
Sun [LMS] proved the corresponding sharp weighted A 5 bounds for multilin-

ear sparse operators (here P= (p1,..-,0m)). Namely, if 1 < p1,...,pm < 00
with 1/p1 + -+ +1/py, = 1/p and @ = (wy, ..., wn) € Ap, then

r 17 ¢ m
(1‘5) HA@,S(f)HLP(yw) S [ ]max{ DL /Dy s /DY H ||fl||LPz (w:)
=1
for all tuples f = (fi,..., fm). Here Ay g denotes the multilinear sparse
operator

m
Az s(F)@) =3 (T1(e) xele).
Q =1
From ([L.5), we can derive the multilinear A5 theorem for 1/m < p < oo
(see [CRI [LMS]). More precisely, if T' is a multilinear Calderén—Zygmund

operator, 1 < p1,...,pm <00, 1/p1 +---+1/py, = 1/p and @ € A, then

(1.6) nﬂnmwngmwﬁwm“%MHMMw»

=1
For further details on the theory of multilinear Calderén—Zygmund opera-
tors, we refer to [Gl [GT] and the references therein.

In this paper, we study weighted bounds for certain multilinear singular
integral operators on products of weighted Lebesgue spaces. It is important
to note that the multilinear singular integral operators considered here are
beyond the Calderén-Zygmund class of multilinear singular integral oper-
ators studied in [GT]. More precisely, we assume that 7' is a multilinear
operator initially defined on the m-fold product of Schwartz spaces and tak-
ing values in the space of tempered distributions,

T:S[R") x - x S(R) — S'(R").

The associated kernel K(z,y1,...,ym) is a function defined away from the
diagonal z = g1 = - - = y,, in (R™)™ T satisfying
T(fla?fm)(x): S K(%Qh7ym)f1(yl)fm(ym)dyldym
(R )™

for all f; € S(R™) and all z ¢ ﬂ;"zl supp fj, j=1,...,m
In what follows, we denote dy; ... dy,, by dy. For the rest of this paper,
we assume that there exist pg > 1 and a constant C' > 0 such that:

(H1) T maps LP° x --- x LPO into [,po/m,00
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(H2) There exists 6 > n/py such that for the conjugate exponent pj
of pgy, one has

(17) ( S S ’K(x7y1>"'7ym)_K(jvyla"'aymﬂpédg)
Sim(Q) 85, (Q)

1/pg

—mdjo

|z — z|™0—n/po)
<C
|Q’m6/n

for all balls @, all z,T € %Q and (j1,...,Ym) # (0,...,0), where
jo=max{jp : k=1,...,m} and S;(Q) = 27Q \ 2771Q if j > 1,
otherwise S;(Q) = Q.

Note that we do not require any size condition on the kernel of T. Con-
sidering the class of operators satisfying (H1) and (H2) is motivated by
the recent works [KWJ, [BD, [GT, [LO™| [LRT, [LMRT), LMPR]. In the linear
case of m = 1, the class of such operators is contained implicitly in [KW].
Condition (H2) is similar to the L"-Hornander conditions considered in
[LRT, LMRT!, [LMPR]. In the multilinear case, this kind of operators were
considered by the first and third authors [BD] in studying weighted norm
inequalities for multilinear Fourier multiplier operators with symbols of lim-
ited smoothness. More importantly, the class of operators satisfying (H1)
and (H2) includes the class of multilinear Calder6n—Zygmund singular inte-
gral operators (see [GT, [LO™] for the precise definition). More precisely, if
T is a multilinear Calderon—Zygmund singular integral operator then it is
easy to see that T satisfies (H1) and (H2) with pg = 1.

The main goal of this paper is to obtain weighted bounds for multilinear
singular integrals which satisfy (H1) and (H2). According to a standard
approach, it is natural to consider the following multi-sublinear operators.
Fix pg € [1,00) and a dyadic grid 2 C R". Define, for any cube @,

1 1/po
N =i Lr@Pde) .
Q)

For k > 0, denote by Al_ﬁj’p ¢ the m-sublinear sparse operator

m

AGR(F) @) =" [H(fi>Q(k)7p0}XQ(w)a

QeS i=1

which acts on measurable m-tuples f: (f1,---, fm). Here Q™" denotes the
kth dyadic ancestor of () in Z. Also, we define an operator 7?”’ ° by

Te7(F)@) = 3 [T 2 | X0 ().

QeS i=1
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We shall also work with the localized versions of the operators above, in
which the sum in the definition ranges over cubes Q contamed in some fixed
cube P. We will denote them respectively by .A 7S and '73 bo.

Our first main result reads as follows:

THEOREM 1.1. Assume that the tuple f 1s compactly supported. Then
for each sparse family S there exist sparse families Sj, 1 < j < ¢y, such that

“Gx><ck+12p%%fW@ a.e.,

J=1
for some constant C' that may depend on m, but not on k or f

The proof of Theorem |1 - 1| follows the scheme of [CR], where the case
»PO

po = 1 is considered. The main new dlfﬁculty is that the operator .A is
not linear for pg # 1. Of course, Ag" f > A1 f for positive tuples f and
p > q. Therefore, bounding the operators Agb’p © for pg > 1 leaves some space
for estimates involving Calderén—Zygmund operators with rough kernels. On

the other hand, the operators Ago = .Ag’p  have nice quantitative properties:

THEOREM 1.2. Suppose that pg < p1,...,pm < 00 with 1/p1 + -+ +
1/pm =1/p and @ € Ap,, . Then

A Py S 0 om0 09 T 5

w As
P
/po =1

This is all we need to get weighted bounds of our operators with non-
smooth kernels.

THEOREM 1.3. Let T satisfy (H1) and (H2). If f has compact support
inside a cube Qg, then we have the pointwise bound

IT(f)(x)| < CZA%)OS (f)(@)  for a.e. z € Q.

Moreover, let X be a quasi Banach function space (in the sense of [CR]).
Then

IT()lx < CS;JPHAO”’“( )lx

(the supremum runs over dyadic systems 2 and sparse families S). In par-
ticular, suppose that pg < p1,...,pm < o0 with 1/p1+---+1/pym =1/p and

weAP/ Then

||T(f)HLP(z/~) < [w ]Eax{l ,(P1/p0) /D;---s(Pm [P0) / P} H ||fz||LPz (1)

P/po
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We point out that our results are new even for the linear case. Although
our conjecture is that these bounds are sharp, we have not been able to
prove this and leave it as an open problem.

As applications of Theorem [1.3) we prove the following new results (see

Section :

(a) Weighted bounds for the linear Fourier multipliers T},, with a symbol
m of limited smoothness as in [KW]—see Theorem Note that in
this situation, T}, is not a Calderén—Zygmund operator.

(b) Weighted bounds for the Riesz transforms VL~'/2 where I =
—A+V is a Schrédinger operator with potential V' € RH,, n/2 <
q < n—see Theorem It is worth noticing that if V' > ¢ > n then
VL 12isa Calderén—Zygmund operator. However, this is not so far
V € RHy;,n/2 < g < n (see for example [J]);

(c) Weighted bounds for the multilinear Fourier multiplier 75, as
in [BD]—see Theorem Note that in this situation, the multilin-
ear Fourier multiplier T, cannot be a multilinear Calderén—Zygmund
singular integral due to the limited smoothness imposed on m.

The outline of the rest of the paper is the following: In the next section
we recall the definition of multiple weights and Lerner’s local oscillation
formula. Section [3]is devoted to proving Theorem [T.I} The proofs of The-
orems [I.2] and are given in Section [ Finally, in Section [B, we apply
Theorem to obtain weighted bounds for certain singular integral opera-
tors such as linear and multilinear Fourier multipliers and Riesz transforms
associated to Schrodinger operators.

Throughout, A < B will denote A < C'B, where C'is a positive constant
independent of the weight which may change from line to line. Moreover,
A Sap B will denote A < OB, where C'is a positive constant depending on
a and b.

2. Preliminaries

2.1. Multiple weight theory. For a general account on multiple weights
and related results we refer the interested reader to [LOT]. In this section
we briefly introduce some definitions and results that we will need. Consider
m weights wy, . .., w,, and denote W = (wi,...,wy,). Alsolet 1 < p1,...,pm
< oo and 1/m < p < oo be numbers such that 1/p = 1/p; + -+ 1/pm, and
denote P = (py,...,pm)- Set

m
Vg 1= wa/pi.
=1



Weighted bounds for singular operators 251

We say that @ satisfies the A5 condition if

(2.1) [wuﬁ—sup(@,g )ﬁ(@w%)mgm.

When p; = 1 for some i, (|Q|~ 18 - pl)p/pz is understood as (infg w;)~?.

This condition, introduced in [LO+] was shown to characterize the classes
of weights for which the multilinear maximal function M is bounded from
LPr(wy) X -+ X LP (wyy,) into LP(vg) (see [LOT, Thm. 3.7]). We also denote
by A4,,1 < p < oo,and RH,,1 < g < o0, the classes of Muckenhoupt weights
and of reverse Holder weights on R", respectively. For w € A,,1 < p < oo,
the quantity [w]a4, is defined by

lwla, = S‘”’(@\ i) de ) <|Qr i) 10 )

with the usual modification when p = 1. The supremum above is taken over
all cubes (or balls) in R™. For w € RH,, 1 < g < 0o, we define

ety = S‘””(|Q|S vl )qd”“’)l/q<«612|§2w(x) d)

with the usual modification when ¢ = co. Again, the supremum is taken
over all cubes (or balls) in R™.

p—1

Let 0 € Ay = Up>1 Ap. The dyadic mazimal function with respect to o
is defined as -

1
2.2 M(;@fx:supi flo.
(2.2) (f)(=) erU(Q)éH
Qe
It is well-known (see e.g. [Mo]) that
(2.3) 1M Fllre) < P fllpr@). 1 <p<oo.

2.2. A local mean oscillation formula. For the notion of a general
dyadic grid 9 we refer to previous works (e.g. [Ler2] and [Hyt2]). A collection
S ={Q} C Ziscalled a sparse family of cubes if there exist pairwise disjoint
subsets Eg C @ with |Q| < 2|Eg| for each Q € S.

The major tool to prove our main results is Lerner’s local oscillation
formula from [Ler2]. To formulate it we need to introduce several notions.
By a median value of a measurable function f on a set () we mean a possibly
nonunique, real number m(Q) such that

max{|{z € Q: f(z) >ms(@Q)},{z € Q: f(z) <my(Q)}} <1QI/2.
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The decreasing rearrangement of a measurable function f on R" is de-
fined by
) =inf{a>0:{z eR": |f(z)] > a}| <t}, 0<t<oo.
The local mean oscillation of f is
A(FQ) = ik ((f = Q) (@), 0<A<1,
Then it follows from the definitions that

(2.4) Ims(Q)] < (fx@)"(1Q/2)-

The following theorem was proved by Hytonen [Hyt2, Theorem 2.3] in order
to improve Lerner’s original formula given in [Lerll Ler2].

THEOREM 2.1. Let f be a measurable function on R™ and let Qy be a
fized cube. Then there exists a (possibly empty) sparse family S of cubes

Q € 2(Qo) such that for a.e. x € Qo,
(2.5) [f(x) = mp(Qo) €2 wyjansa(f; Q)xq().

QeS

3. Proof of Theorem This section is entirely devoted to the
proof of Theorem |1 To that end we first make some reductions. First,
since the operator ’T % is (multi- )subhnear we may assume that f; > 0 for
1 < i < m. Second, by a well known variation of the one-third trick (see,
for example, [HLP]), we may replace centered dilations by dyadic ancestors.
More precisely, we may write

—

Tk °f (x ~po,n ZA’%DOS f(@)

for certain dyadic systems 2!,..., @Cn, sparse families S; C 27 and some
dlmenswnal constant ¢,. Therefore, we may just concentrate on one such
operator .A P2, However, we will consider a slightly more general operator.
Namely, glven a dyadic system 2 (that we remove from the notation from
now on), we will study operators of the form

Al flz) =" ag [H<fi>Q<k)7p0}XQ($)a

Qe i=1
where the sequence a = (ag)q is Carleson and normalized:
Tl

Q]

Finally, by the usual density arguments, we may assume that the sequence
« is finite, which in particular implies that there exists some cube Py € ¥

sup =1.

QEZ reg(Q)
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such that AP0 = A®PO  that is,

a, Py’

Ao fl) = Z aQ [ﬁ(fi>@(k),po] xQ(®).

QRe2,Qk) cpy i=1

Also, recall that we assume that each function f; is supported in the cube B.
The rest of the proof consists in obtaining a pointwise estimate of A_"p k.po , and
follows the lines of [CRJ. Since it is a bit lengthy, we divide it into several
steps. We will skip some details at the points where our argument does not
differ substantially from that of [CR].

STEP 1. Slicing: reductzon to separated scales. We start the proof by

separating the scales of A kb OO as follows:

k—1 oo T
A Fa) =323 37 ao([Tthaw ) xole)
=0 j=1 QEPDj1+e(Po) =1
k—
=0

J’O 5

Now, as in [CR], we rewrite .A p, Asasum of disjointly supported operators

of the form AZ”;’ 0, Indeed, we have the expression

-3 T A

(=0 PeZ(PRy)

Therefore, it is enough to prove the following claim: Let £ > 1 and « be a nor-
malized Carleson sequence. For nonnegative integrable functions fi,..., fm
on Py, there exists a sparse family S of cubes in Z(F) such that

AR O f@y <> (H ,p0>XQ($)7

QeSS i=1
for some constant C' independent of £ and the cube F.
STEP 2. Construction of the collection S for the sliced operator. We now

build the family S. The construction is similar to that in [CR) p. 6]. We
start by defining

C* = 220" DW (po, k),
where

k,po;
W(po, k) = sup H-A i Il Lo (P)x:+x LPO(P)—LP0/™:%°(P)-
Pe2, o Carleson

an#0= Qe (P)



254 T. A. Bui et al.

Also, if Q € Dy, (Py) for some n > 0, define

Yo = max ag.
@ Re7(Q)

Set also Ap, = 0. Then we inductively implement the following selection
procedure, starting with the cube P = Py:

(1) If Ap — (IT7%, (fi) Ppo)YP < O, then we choose P € S and we set
Ag = Ap+(C* = ag) [ [(fi)ppo
=1

for all Q € Zy(P).
(2) If Ap — (IT7%, (fi) Ppo)YP = 0, then we choose P ¢ S and we set

Ag = Ap — ag H(fi)P,po-
1=1

(3) Go back to (1) for the cubes Q € Zy(P).

Since the sequence « is finite, the procedure terminates and yields the family
S that we will use.

STEP 3. The family S is sparse. To prove sparsity, we will show the
following (stronger) claim: fix P € S, and denote

FP)= |J @

QCP Qes

Then |F(P)| < |P|. The claim and its proof are entirely similar to [CR]
pp. 7-8]. Let R be the collection of maximal subcubes of P which belong
to §. By maximality, for each z € R € R we have

m

(Tt mm ) v+ AL Flw) > € TS -

i=1 i=1

Now, denote

m

gPpof Z’YR(H >,p0>XR

ReR =1
Then for all x € P,

—

Gppof(x) + AL f(a) > C* H (F:) P.po-
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Thus we have

m

F(P)| < |{z € P Gppo fla) + A f(2) > C* T[4fi)pan }|

=1
1900 + A 1)

LP0(P)x--x LP0(P)—LP0/ ™% (P) po/m
< 1
i (C* Hz 1<fZ>Pp0)p0/m <H‘|fHLpo )

po/m
< QPO/m’P| HQPPOHLPO ) X=X LPO (P)— LP0/™-2 (P)
. (Cypolm

k,po;0)po/m
HA r HL(;’O P)x---x LP0(P)— LP0/™:%(P)
(Cryporm
po/m

< 1P ”gpvpo”Lopo(P)x---xLPo(PHLPo/T”»W(P) 1
S5 5 +5)-

Finally, we observe that the operator Gp, is bounded above by the multi-
sublinear operator

7:'Ppof Z (H ,po)XRa

ReR =1

which is contractive from LPO(P) x --- x LPo(P) to LPo/™>(P). Therefore,
the norm of Gp,, from LPO(P) x --- x LP(P) to LPo/™>(P) is bounded
by 1. This is enough to obtain the assertion.

STEP 4. Pointwise bound. Following the proof of [CR), Lemma 2.3], one
gets the pointwise bound

AZ’,I?O;OLF(CU) gn,m W(p[L k) Z <H<fi>Q,po>XQ(x)-

Qes i=1
Therefore, we only need to prove W(po, k) Sponm 1.

STEP 5. Weak type estimate for AZ’I}E. Fix some P € 2 and some nor-

malized Carleson sequence « such that ag # 0 only if Q € Z(P). We need
to show that

k7
H‘A pOHLPOX - LPO — [P0/ ™00 Snm,po L.

To prove it, we first establish an L?P0™ estimate. We will use the estimate
of [CD], which reads

(3.1) ( Y o« (ﬁ | £ ) !Q\)l/qéilj_[lpﬂ\fi\m(m

QEZ(P) i=1 Q
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whenever 1/qg = 1/p1 +--- 4+ 1/py,, and « is Carleson and normalized. We
will show that

m
k,
HA pofHLQPO H||fi||L2P0m-
i=1

Indeed, by using duality we reduce to showing

| g(2) AL fla) dee S 1
P

assuming that || fil[ 2e0m = ||| 2o = 1 for all 1 <7 < m and g > 0. By
definition and Hoélder’s inequality, it is enough to show

Z aQ(ﬁ(fz?Q(k),pO) \Q’)l/m

QED>m (Po) i=1
1 (2po)’ 1/(2po)’
( 3 aQ(sg) r@\) <1
Q)

QEZ>1 (o)

The second term can be estimated, using (3.1) in the linear case, by an
absolute constant. For the first term observe that the sequence 3¢ defined by

g D OR
RE@k (Q)

is a Carleson sequence adapted to P of constant 1. Indeed, for any Q € Z2(P),

Z 5R|R\ IQI Z = Y. oar

Rej Re2(Q Tejk(R
- z > arlfl= 5 Y anlAI<1
Re2(Q) T€Zx(R) ReZ>1(Q)

Therefore, we can write the first term as

(> BQ(ffqu%) Q)"

QeZ(P) =1
which can also be estimated by (3.1)), with py = --- = py, =2m, ¢ =2:

<2:%GI o) ") = (XI%GIWMMNQY%’

QEZ(P) =1
1
,mmHMWWmﬁl

Combining both terms we arrive at the strong type result we want.
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Now we can prove our weak type estimate
m
sup o s A1) > AN S [ 1l
>

By homogeneity we can assume ||f;||zro = 1 and f; > 0 for 1 < ¢ < m.

We will use the previous strong bound and a standard Calderén—Zygmund

decomposition of the positive tuple (f{°,..., fi), which we explain now.
We need the following version of the dyadic maximal operator:

M g(z) = Supoj<g>c2,po-

TEQE
For 1 <i < m, denote
. 9 1/m
Q; ={x € P: My fi(x) > Al/my,
If (f;)ppo, > A/™ then
| PIX/™ < | £l

and the estimate follows by the homogeneity assumption. Therefore, we can
assume (f;)pp, < A/™ for all 1 < 4 < m. But then we can write (2; as
a union of cubes in a collection R; consisting of pairwise disjoint dyadic
(strict) subcubes R of P with the properties

(fi)Rpo > A/ and <fi>R(1>,po < )\l/m, R eR,;.
Foreach 1 <i<mletbh; = ZRE& blR, where
b (x) := (f1°(x) — (f)l,, ) xR (2).
We now let g; = f7° — b;. Observe that

lgi(@)| S A, lgillr S DL fillzeo = 1

as well as

1
|92;] = Z |R| < \po/m”
ReER;

Set 2 =, £2;. Now we have
(32)  [{a: AL f(2) >/\}]<]Q]+\{a:eR”\Q AR f(2) > A}
+[{z € R\ 2: AN f(a) > A}

—)\p/m

To estimate the second term above observe that

(Fi)Opy <

1 1
7891’ +'Sb1
17" el
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Therefore, by the concavity of the function z +— |z|'/P° we obtain
k7 P _’ P ] j
AL fla) < A g() Z JASER (B, - By (@),

where we have denoted g = (gi)1§i§k, hi is either g; or b;, and for each j,

there is at least one 1 < ¢ < m such that hz = b;. Also, we have used the

notation
m

ARz = > ag]]

Qe7(P),Qkcp =1

1/po
XQ ().

1
o ) i

If h! = b;, then for all z ¢ §2; we can see that | Al ’po(h{, k) (@) =0

because each blR has zero average. With this fact we can see that the second
term in (3.2 is actually identical to

[{z € R\ 2: JA|L8G(@) > A},

Now we can use the L2 bound. Writing |§]*/70 = (|g1|'/7°, ..., |gk|"/?0), we
have

{z e R"\ 2: \A\a’ﬁ’gﬁ( ) > A}

7P0

2 k,po| = 2
gHL];(,’,O < /\onHA Po fl/poHngo

< W | 1A

l/p 2po l/m
< o Hn 2 S HH G S

Putting both estimates together we arrive at the desired result. This com-
pletes the proof of Theorem

4. Proofs of Theorems [1.2] and [I.3|
Proof of Theorem 1.2 - We borrow some ideas from [LMS, Theorem

3.2], where the case pg = 1 is considered. Throughout the proof we set
a = p/po and a; = p;/pp for i = 1,...,m. Let o; = w ff,,pO =
(f1 1/p0 mam/po) and f; > 0. We have 0, vz € A (see [LO*, Theorem
3. 6]) It sufﬁces to prove that

g max{1l,a a),...,al, a
(A1) A (ool o () S L]yt oe)ston (o ”anluwz

P/p
0 =1

By definition, for any cube Q C R™, we have

(4.2) [@ay, > <’22§21/u7> ]17‘:[1(22' gw;a;>a/a3.
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Denote f = max{1,a}/(poa),...,a,,/(poa)}, and assume that 0 < g €
L” (v5). We have

(A2 e = 3 (g (ﬁ(w j 1 i)l/po)

R" QESQ
From this and the definition of [J] Ap,, » We obtain
0

m 1/po
S Jonex (I g 1emer) -
QESQ it | ‘Q
.8 Q™ (Ba—1/po)
<l 2 O T, ow@p
1 o . 1 . |PO . l/po
(@ ég@ (o VA )

m(Ba—1/po)
m(Ba—1 -8 |EQ|
<2 /pO)[w]Aﬁ Z vg(Q)P—1 I, 04(Q)Pa/ai=1/po

QES

X (V;Q) 291/15) X <f[ 0 é)|fz‘|p°oi> 1/po

=1
|Eg |m(Ba—1/po)

P %;9 va(EQ)P T, Ji(EQ)ﬁa/agfl/po

X (@éww) X <ﬁai(1@§2|fz’|p00i)1/po7

where in the last inequality we have used the inequalities v5(Q) > vg(Eq),
0i(Q) > 0i(Eg) and the positivity of the exponents. On the other hand, by
Hoélder’s inequality, we have

< gm(Ba—1/po) [7]

Y

ma M 1/(ma’; ma - mad’
43)  [Bol= | v [0/ < vag(Bg)/ o [ 0s(Eq) /.
Eq i=1 i=1

Inserting this into the estimate above we conclude that

2 Jovax <H @) ) "

QesSQ
< 2m(f3a*1/100)[w]g}3 Z
QES

(i ) = (g o)

va(Eg)Ba=1/po)/a]m Ui(EQ)(ﬁafl/po)/a;
vi(EQ)P=1 [, 0i(Eq)Pe/ai—1/ro
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< QM(Bafl/po)[wﬁq Z (EQ)I 1/(apo) HG (Eg) 1/(p0az)
P

Qes =1
1 - = 1 Po Yo
" <Vw(Q) Jo ) ’ @1 @ ) UZ)
o S () T ) (s o)
i QeS i=1 va(Q) Q

x [ﬁ (Uz(lQ) ch \fi\poffi)Uz‘(EQ)pO/pi} 1/p0-

i=1

This, together with Holder’s inequality and the disjointness of the family
{EQ}Qeg, yields

> Vova x <ﬁ@é\f¢\p°ai>q

QesSQ / /
[ o) ]

< gmalBa=1/po) (]

QeS Q
i 1 pi/Po 1/pi
S (g ) o)
i=1'Qes N " Q
< 2" 1M O ) an (L o

< gm(Ba— 1/1?0)[ ]5 ”gHLp ) HHJ:PoHl/po

LPi/Po(

= 2m PO (@] lgll 0 % H 1£ill 2o 00)-
=1

by applying (2.3)) to get the last inequality. This proves (4.1). m

The following proposition plays an important role in proving Theorem

L3l
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PROPOSITION 4.1. Let T satisfy (H1) and (H2). Then, for any cube
QCR",

WA (T]F, Q) S C(Ta >\7 m, n) Z 2—550 <H |2€
=0 1=1

1 1/po
g ) rar)

20Q
where 5o =0 — n/po.

Proof. The proof is standard. For completeness, we sketch it here._’ For
each i = 1,...,m, we define f0 = fixg- and f° = fi — f. Setting f° =
(f1X4Q7 st me4Q)7 we have
(4.4) T()(z) =T(FO) =) + D T fam)(2),

aely
where Zp := {d = (au,...,am) : a; € {0,00} and at least one a; # 0}. We
first observe that

[(2(F) 32 T £ o) xa] (MQD

aely
< 2(T(f%)xq)*(\Ql/2)
+2H ST ) - ST f“,..-,f%m)(wo)HLm(Q),
acly aely

where z( is the center of Q. Since T' maps LP° x --- x LP0 into LPo/™> e
have

(T NQD) < Cor AT F Ol prosmos @.aaia)

n 1 1/po
< (1) [Po )
< Cora (1211 10 4&2 i) dy)

On the other hand, for z € @, the argument in [BD| Theorem 3.1] yields

(45) DD TUP @) = S TR L) o)

aecly aely
©0 LC | 1/po
— 05
< Comir 32 (I iy § 15l
=0 i=1 20Q)

with §g = 6 — n/pp. Taking the last two estimates into account we obtain

(1(F) = 3 T ) o)) va] QD

acly
oo m
—06
< Comrn 32 o(n
(=0 =1

1
- 2@

1/po
| !fi(y)!pody> .
20Q
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At this stage, Theorem follows immediately from Theorem [I.2] via
the following short argument:

Proof of Theorem From Theorem and Proposition for
Qo € 2, we can pick a sparse family S(Qo) C 2(Qo) so that

T(F) () = ma 7,(Qo)|
T n, m _650
2 (g

for a.e. x € Qp. Since T maps LP0 x --- x LP0 into LPO/™> we can write

Moy Q)] < (T(F)xo) (1Q0l/2) < (2/1Q0))™ ™ 1T (F )Xol /e

1/po
[ 1A >\P0dy) Yol@)
20Q

m
S HT||LP0><---><LP0HLP0/T”»°0 H<‘fi‘>Qo,pO‘
i=1

Therefore, after adding the median term to the right hand side and rela-
belling we are left with the estimate

T(F)@)| £ 27 Tém (Fia)  for ae. x € Qu.
{=0

We now argue as in [CR] Corollary A.1] (see also [C]) and apply Theorem
to obtain the pointwise estimate

(4.6) )] < ZA%’OS (f)(z) for ae. z € Qo,

which is the first assertion of Theorem [I.3] Finally, taking a sequence of
cubes that grow to fill the space and by a limit procedure we obtain the
second assertion:

Il Smn $up 1AZ s (f)llx- =

REMARK 4.2. Our local pointwise estimate holds only for points
inside a compact set. This is irrelevant in applications, since the estimate
is powerful enough to deduce full norm estimates from it. In the particular
case of w-Calderén—Zygmund operators, the global pointwise estimate can
be deduced from the local one by taking an appropriate partition of R™ (see
for example [Ler3|). However, this technique does not seem feasible in our
present setting. The reason is that for a given cube @, Lerner [Ler3| can
bound T'(f13g) by a sparse family of cubes inside @), whereas we are able
to bound T'(f13¢) by a sparse family of cubes inside 3Q.
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5. Applications to certain singular integral operators with non-
smooth kernels

5.1. Linear Fourier multipliers. Let m be a bounded function on R".
We define the multiplier operator T;,, by setting

(Tnf)" () = m() f ()
where f is the Fourier transform of f.
Let s > 1, be a positive integer and « = (a1, ..., ;) be a multi-index of

nonnegative integers «; with length |a| = |a1|+ - - - + |ay|. Following [KWI,
we say that the function m is in M(s,1) if

(5.1) sup (RS“’|—” S ]Gam(x)\sda:> e < oo forall |af <.
R>0 R<|z|<2R
Hormander [H] showed that if m € M(2,1) and | > n/2, then the as-
sociated operators T, are bounded on LP for 1 < p < oco. The condition
m € M(s,l) with s > 2 and [ > n/s was considered in [CT]. In [KW], the
authors consider the class of m € M(s,l) with s < 2 and | > n/s. The
following result is a direct consequence of [KWJ, Theorem 1].

THEOREM 5.1. Let 1 < s <2 and m € M(s,l) withn/s <1 < n. Then
Ty, is bounded on LP for 1 < p < oo.

Moreover, the following estimate follows from [KW), Lemma 1]:

LEMMA 5.2. Let 1 < s <2 and m € M(s,l) withn/s <1 <mn. Then for
any po > n/l there exists € > 0 such that for any ball B and x,% € B,

/ 1/17/ 2_k€
(§ 1K@y -K@yrhay) " <o
(2 T‘B)n/pO
Sk (B)

for all k > 2, where K(z,y) is the kernel of T,,.

Therefore, 1), satisfies conditions (H1) and (H2). Thus, as a consequence
of Theorem we obtain the following result.

THEOREM 5.3. Let 1 < s < 2 and m € M(s,l) with n/s <1 < n. For
any n/l < py < 0o:

(a) Forpy<p<ooandwe A we have

P/Po’

max{1,1/(p—
1T o) S Crppollim T £ oy,

Po

(b) For1<p <py and w € Ay N RHy 1y, we have

/ /
max{p’'—1, pflo} max{p'—1,2—=L}

7_ 'l —
||TmeLP(w) < CTmJLPO [w}RH(p’o/m’ e [w]A poro Hf||Lp(w).

P
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Proof. (a) From Theorem and Lemma T,, satisfies (H1) and
(H2) for py. As a consequence of Theorem [1.3| we get

maX{L(P/LHO)/}
HTmeLP(w) < Cr,pipo [w]Ap/pO ! ||f||LP(w)
max{l,ﬁ}
= CTppolWla, 111z () -
(b) For w € Ay N RHy /), we claim that
p'-1 =1 Y/ (=) 1/(p—1)
(5.2) [U]Ap//po < [w]RH@()/py[w]Ap = [w]RH<p6/p)/ [w]Ap )

where 0 = w!™?". Once (5.2)) is proved, (b) follows immediately by duality.
To prove (5.2), we write

[U]Ap’/po - SUP(S O’) G gl—(p’/po)’)p//pofl'
Q g o

This along with the fact that
Y Po P\’
- (] - )
( ) o p—po(p—1) p

o1,,,, = sup(§ =) (§ b/ )"
© Q

Using the facts that w € RH (v /)’ and
20
Po p p—1

_ / 1/(p—1)
[U]AP//PO < [w} }%/Igp(p{)l/)p)’ Slép (é wlip ) (é} w> ’

1/(p—1 1/(p—1
< [w] ,{g”%/ly ] {7V,

implies that

we obtain

This proves (5.2). m

REMARK 5.4. Note that it was proved in [KW, Theorem 1] that under
the assumptions of Theorem 5.3} 75, is bounded on LP(w) for n/l < p < oo
and w € Ay, and hence by duality T, is bounded on LP(w) for 1 < p <
(n/1)" and w € Ap N RH (, 1y /py - Hence, it is reasonable to expect that the
weighted bounds in Theorem still hold for py = n/l. We leave it as an
open problem.
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5.2. Riesz transforms related to Schrédinger operators. Let L =
—A + V be a Schrodinger operator on R™ with n > 3 where the potential
V' is in the reverse Holder class RH, for some g > n/2. Note that if V €
RH,, ¢ > n, then the Riesz transforms VL2 and L='/2V turn out to be
Calderén—Zygmund operators (see e.g. [S]). That is why we restrict ourselves
to the case V € RH, with n/2 < ¢ < n.

We now recall the following result of [S| concerning the boundedness of
VL7 Y% and L71/2V.

THEOREM 5.5. Let L = —A 4V be a Schridinger operator on R™ with
n > 3. Assume that V. € RHy,n/2 < q <n. Let pg = qn/(n —q). Then:

(a) L=Y2V is bounded on LP for phy < p < oc.
(b) VL2 is bounded on LP for 1 < p < po.

We now apply Theorem to get weighted bounds for these operators.

THEOREM 5.6. Let L = —A 4V be a Schrodinger operator on R™ with
n > 3. Assume that V € RHy, n/2 < g <n. Let po = qn/(n —q). Then:

(a) Forpy<p<oo andw € A we have

P/Py?

_ max{1,1/(p—p}
L7325 £l Loy < CL,p,q[w]Ap/p{6 e pO)}”fHLP(w)-
(b) For 1 <p<po and w € Ay N RHy, /py, we have
max{p'~1, 274} max{p/~1, 2%}
IVEZE flrw) < Cralelning, ™" Wla, 7 Il

Proof. (a) Let K(z,y) be the kernel of L™1/2V. According to [GLP,
proof of Theorem 1.6(iii)] there exists € > 0 such that for any ball B and
x,T € B,
9—ke

1/po
- 7 Po —_—
( | 1K (@,y) - K@)l dy) SC(riB)n/pg

Si(B)

for all k£ > 2. Hence, (a) follows immediately from Theorem [1.3

(b) This follows from (a) and the duality argument used in Theorem
0.0l =

REMARK 5.7. It is worth noting that our approach also yields weighted
bounds for other Riesz transforms, like V/2L~Y2 [=12y1/2 -1 and
L=V,

5.3. Multilinear Fourier multipliers. Another application of The-
orem is to obtain weighted bounds for multilinear Fourier multiplier
operators.
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For simplicity, we only consider the bilinear case. Let m € C*(R?"\ {0}),
for some integer s, satisfy

(5.3) |00 m(&,m)| < Cap(€] + )+
for all |a| + |B8] < s and (&,7) € R?™\ {0}. The bilinear Fourier multiplier
operator T}, is defined by

Tin(f, 9)(x) = !

@y | LS f©atm) de dn

Rn Rn
for all f,g € S(R™). The associated kernel K (x,y1,y2) is given by

(5.4) K(z,y1,y2) = m(z — y1,x — y2)

where 7 is the inverse Fourier transform of m. It is proved in [BD] that K
satisfies (H2).

PROPOSITION 5.8. For any p > 2n/s, we have

/ 1/p’
(5.5) (X VK@) — K@y, 0) dy1dy2)
S;(Q) Sk(Q)
|x_§|s—2n/p

|Q’s/n

<C 9—s max{j,k}

for all balls Q, all x,T € %Q and (j,k) # (0,0).

It was shown in |[CM]| that if holds for s > 4n then T, maps
LPr x LP2 into LP for all 1 < py,p2,p < oo with 1/p; + 1/p2 = 1/p. It
was proved in [GT] that T,, maps boundedly LP! x LP? into LP for all
1 < p1,p2 < oo such that 1/p; + 1/p2 = 1/p provided that holds for
s > 2n + 1. However, in view of the linear case, the number of derivatives
s > 2n + 1 is not optimal and it is natural to expect that we only need
s > n + 1. The first positive answer is due to Tomita [T] who proved
that if holds for s > n + 1, then T,, maps LP! x LP? into LP for
all 2 < p1,p2,p < oo such that 1/p; + 1/pa = 1/p, and then by using
multilinear interpolation and duality arguments he proved that 7,, maps
LPr x LP2 into LP for all 1 < py,pe,p < oo such that 1/p; +1/ps = 1/p. This
result was then improved in [GS| to p < 1 by using the L"-based Sobolev
space, 1 < r < 2. A particular case of [GS, Theorem 1.1] is the following
theorem.

THEOREM 5.9. Assume that (5.3) holds for some n+1 < s < 2n. Then
for any p1,p2 and p such that 2n/s < p1,p2 < o0 and 1/p1 + 1/py = 1/p,
the operator T,, maps LP* x LP? into LP.

We remark that the number 2n/s in Theorem is contained implicitly
in the proof of [GS| Theorem 1.1].
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For any 2n/s < pg, by Theorem and Proposition T, satisfies
(H1) and (H2) for pg. Then applying Theorem [1.3| we obtain

THEOREM 5.10. Assume that (5.3)) holds for somen+1 < s < 2n. Let
2n/s < po. Then for any p1,p2,p such that py < p1,p2 < 00, 1/p1 +1/pa =
1/p, and & = (wy,ws) € Aﬁ/po with P = (p1,p2), we have

—ymax{1, "/p, !
1T (f1, f2) | o) < CLPR 0L /m0) [0 /20l oY) 1 ol 02 ) -

B/pg
REMARK 5.11. Similarly to the linear case in Theorem it is natural
to ask whether the weighted bound in Theorem holds true for pg =
2n/s. This will be a subject of our future research.
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