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Hadamard operators on 2'(R%)
by

DIETMAR VOGT (Wuppertal)

Dedicated to the memory of Pawet Domariski

Abstract. We study continuous linear operators on 2’ (R?) which have all monomials
as eigenvectors, that is, operators of Hadamard type. Such operators on C'*° (Rd) and on
the space & (Rd) of real analytic functions on R? have been investigated by Domariski,
Langenbruch and the author. The situation in the present case, however, is quite different,
as also is the characterization. An operator L on 2'(R?) is of Hadamard type if there is
a distribution T, the support of which has positive distance to all coordinate hyperplanes
and which has a certain behaviour at infinity, such that L(S) = ST for all S € 2'(R?).
Here (S + T)p = Sy(Top(xy)) for all ¢ € Z(R?). To describe the behaviour at infinity
we introduce a class @ (R?) of distributions defined by the same conditions as in the
description of the class 04 (R?) of Laurent Schwartz, but with derivatives replaced by
Euler derivatives.

In the present note we study Hadamard operators on 9’ (]Rd), that is,
continuous linear operators on 2'(R?) which have all monomials as eigen-
vectors, and we give their complete characterization. Such operators on
C*>(R%) have been studied and characterized in [9, [10], on .« (R) in [T}, 2, [3]
and on 7 (R%) in [4]. There one can also find references to the long his-
tory of such problems. Since it can be shown that Hadamard operators
commute with dilations, our problem is, by duality, closely related to the
study of continuous linear operators in 2(RY) which commute with dila-
tions. They have the form ¢ — T,¢(xy) where T is a distribution. We study
the class 2};(RY) of distributions T' such that T,p(zy) € 2(R?) for every
pED (Rd). These are distributions with supports having a positive distance
to the coordinate hyperplanes and a certain behaviour at infinity, similar to
the class O, of L. Schwartz of rapidly decreasing distributions. We define
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a class 0% (R?) of distributions by the same conditions as in the description
of the class O, in [7], but with derivatives replaced with Euler derivatives.
We denote by M(R?) the class of Hadamard operators in 2’(R%), and for
r e R = (R\ {0})? we set o(x) = [1;z;/[x;], that is, the signum of x
which, of course, is constant on each ‘quadrant’. Then our main result is

(see Corollary Theorem and Theorem [4.2)):

MAIN THEOREM. L € M(R?) if and only if there is a distribution
T € ﬁ}I(Rd), the support of which has positive distance to all coordinate
hyperplanes, such that L(S) = ST for all S € 2'(R)). Here (SxT)p =
Sy(Tep(zy) for all ¢ € D(RY). The eigenvalues are my, = Typ(o(x)/z+1).

Moreover, we show that every Hadamard operator on 2'(RY) maps
C*®(R%) to C®(RY), that is, defines an Hadamard operator on C*(R?).
On the other hand, not every Hadamard operator on C*(R%) can be ex-
tended to an operator on 2'(R9).

We follow the notation of [9] [I0]. The class of Hadamard operators in
C>®(R%), that is, of continuous linear operators which have all monomials
as eigenvectors, is denoted by M (RY). The Hadamard operators are given
by distributions 7' € &’(R?) by means of the formula (Mzr¢)(y) = Tpp(zy).
The dual &'(R%) is an algebra with respect to x-convolution given by the
formula (T x S)p = T,.S,¢(xy) where zy = (z1y1,...,2qya). T € &' (RY)
defines a x-convolution operator Ny : S +— ST and Ny = M7, that is, the
dual operator of Mrp.

Differential operators of the form P(#) where P is a polynomial and 0; =
x;0j, or equivalently, of the form ) c,x*0%, are called Fuler operators and
0; is called an Euler derivative. On C° these are the Hadamard operators
My with suppT = {1} where 1 = (1,...,1).

We use standard notation of functional analysis, in particular, of distri-
bution theory. For unexplained notation we refer to [5]-[8].

1. Basic properties

DEFINITION 1. A map L € L(2'(R%)) is called an Hadamard operator if
all monomials are its eigenvectors. The set of Hadamard operators is denoted

by M(R?).

Since the condition means that L(z®) € span{z®} for all a € Ng,
the set M(RY) is a closed subalgebra in L,(2'(R%)), and therefore also
in Ly(2'(R%)). Here o denotes the topology of pointwise convergence, and b
the topology of uniform convergence on bounded sets.

We define m, by L(z®) = myx®. Since the polynomials are dense in
2'(R%), the operator L € M(R?) is uniquely determined by the family mq,
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a € Ng, of eigenvalues. Clearly the set A(R?) of eigenvalue families is an
algebra and L — (m,) achd 1S an algebra isomorphism.

To study and characterize Hadamard operators in 2(R?) we need some
preparations. We set R, := R\ {0}. For a € R? we define the dilation operator
D, € L(2'(RY)) by

(DaT)p := T<m¢<z)>

for T € 2'(R?) and ¢ € 2(R?). By direct verification we see that D,&® =
a“E”.

LEMMA 1.1. For L € M(R?) and a € R? we have Lo Dy = Dy o L (we
say that L commutes with dilations).

Proof. For any a we have (L o Dy)&* = a®mo&® = (Dg o L)EY. So the
claim is shown for all polynomials, and these are dense in &’ (]Rd). n

By definition of D,, for the dual map D} € L(2(R?%)) of D, we obtain:
LEMMA 1.2. For a € R? and ¢ € 2(R?) we have

i) = ;7 o(2).

If L commutes with dilations then D} o L* = L* o D} for all a € RY. For
0 € 2(R%) we set ¢ = L*p and obtain

ot (5) =@ (o)

For n € R? we set a = 1/7 and obtain ¢ (nz) = L (p(ng))[z].
We have shown:

LEMMA 1.3. If M = L* € L(2(R?%)) and L commutes with dilations,
then

Me(p(né))lx] = (Mep)(nz)
for all ¢ € D(RY) and n € RY.
For ¢ € 2(R?) we now define
Ty = (Mp)(1) = (Lo1)(p)-
Then T € 2'(RY) and for all € R? we have
(1) (M) (n) = Tep(ng).

The problem with the right hand side of (1)) is that for n; = 0, in general,
T cannot be applied to the non-compact support function £ — ¢(n¢). For T’
as above, however, the function 7 — Tzp(né), £ € RY, is the restriction of a
function in Z(R?).
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DEFINITION 2. We denote by 2,(IR9) the set of distributions 7€ 2'(R?)
such that for every ¢ € 2(R?) the function y Tep(&y), y € RZ, is the
restriction of a function in 2(R?).

This means that 1" must have the following properties:

(¥) For every ¢ € 2(R?) there is r > 0 such that Tzp(Ey) = 0 for
y € R? with |y|e > 7,
(#x) For every ¢ € Z(R?) the map y — Trp(€y), y € RY, extends to a
function in C*°(RY).

For T € 9};(R%) we denote by My the map which assigns to ¢ € Z(R9)
the continuous extension of y — Tep(£y). The closed graph theorem easily
implies:

LEMMA 1.4. My € L(Z2(R%)) for every T € 2};(RY).
We obtain the following representation theorem:

THEOREM 1.5. L € L(Z'(R?Y) commutes with dilations if and only if
there is T € P7;(RY) such that L(S) = S*T for all S € P'(RY), where
(S*T)p = Sy(Tup(zy)) for o € Z(RY). In this case T = L(d1).

Proof. The assertion can be written as L = M7. If L commutes with
dilations then, by the above, L* = My for T = L(61) and T € Z4(R?)
by . This formula also implies the result. m

NOTATION. For T € 2},(R%) we set Ly (S) = ST for all S € 2'(RY).

COROLLARY 1.6. If L € M(RY) then there is T € Z4;(R?) such that
L=1Lr.

2. Properties of Z};(R%). First we will exploit the fact that My €
L(2(R%)). For € > 0 we set

We = {mERd:min|xj| 25}
J

and we will use the following notation:

For r = (r1,...,7q), where all ; > 0, we set B, = {x € RY . || < rj
for all j}, and for s > 0 we set B, := By = {z € R?: |z|s < s}.

For 7 = (r1,...,7q) € R? and s € R we set 7 + s = r + s1 = (r| + s,
ceyTad+ S).

LEMMA 2.1.

(1) If T € P4 (R?) then there is ¢ > 0 such that suppT C Wk.
(i) If T € 2" (RY) and there is € > 0 such that suppT C W. then T
satisfies (x).
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Proof. (i) If T € 2};(R?) there is r > 0 such that supp My C B, for
any ¢ € Z(B1), and this implies that Tzp(n&) = 0 for any ¢ C Z(B;) and
n € RE with |n]e > 7.

We set ¢ = 1/r and assume that supp o N W, = (), that is,

supp ¢ C U{:L’ cR?: |zj| < e}
J
Then we can write ¢ =3, ¢; with ¢; € P({z € RY: |z < e}).

We fix j and choose i € R¢ such that sup{|z,7,| : * € suppy,} = 1 for
all v. We set ¢(§) = ¢;(£/n). Then suppt) C By and |n|s > 7, and therefore
we have T'¢; = Tep(né) = 0.

Since this holds for every j, the proof of (i) is complete; and (ii) is ob-
vious. m

A special case is that of distributions with compact support.
COROLLARY 2.2. &'(RY) N 27,(RY) = &'(RY).

Proof. This follows from Lemma[2.1] and the fact that (+) is fulfilled for
distributions with compact support. =

This will be used in Section [ to handle the case of T with compact
support.

Having settled (x) for T' € 2};(R?), we turn to property (xx). It is quite
restrictive.

LEMMA 2.3. 27, (RY) C 7'(R9).

Proof. Let T € Q}I(Rd); we may assume that supp 7' C Wo. For k € N¢
we set |plr = ||¢™ ||, and remark that for every 2(B,), r = (r1,...,74),
these norms are a fundamental system of seminorms. On Z(Bj) the family
of distributions T(,yp = Trp(zy), y € RZ N By, is weakly bounded, hence
equicontinuous. This means that there are k € Ng and C' > 0 such that

Tty el < Clielle, ¢ € Z2(B), [yloo < 1.
For r with r; > 1 for all j and ¢ € 2(B;) we set ¥(xz) = ¢(rz). Then
Y € 9(B1), and therefore
Tl = [T ym¥l < Cllgllk = Cr¥liel.

For every r there is t, € Loo(B,) with [t,]cc < C7F such that Ty =
(¢, (x)p®) (2) dx for all p € D(B,).

We now restrict to 7 € N? and set U, = [r1,71 + 1[ X - -+ X [rg,7q + 1].
Then {J, cye Ur = W1. We choose x € Z(By2) with {x = 1 and set x,(z) =
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Su. x(x — &) d§. We obtain

To=> Thre) =Y \tria(@)(xrp)™ (2) do

T

-3 gtw(:c)(; ()@t ) da
=X (0ot (S rstont o)
_ Z (’;) [ (@)1, (z) de

To estimate the functions 7, we set v(x) = {r : x € [[;[r; — 1/2,7; +3/2[}.
Then

(@) < Y (@) [XF ()],
rey(z)

For all 2¢ elements r € () we have |t, o(x)| < C(r+2)* and r < |z| +1/2
(here |z| = (|z1,...,|zq])), and therefore |t, o(x)| < C(|z| + 3)*. With a
new constant C,, we have

|7 (2)] < Cylz|*.
This shows the result. m

The necessary conditions we have found are far from being sufficient, as
the following example shows.

EXAMPLE 2.4. Let d = 1, and set Ty = {° p(2) dz. Then Tpp(zy) =
y~! SZO o(z)dz for all y > 0, which, in general, is unbounded near 0. The

distribution 7' is in .#/(R) and has support in W7.

The following definition is in analogy to a characterization of the space
Oy, of rapidly decreasing distributions in L. Schwartz |7, §5, p. 100].

DEFINITION 3. T € 0%;(R?) if for any k there are finitely many functions
ts such that (1 + |z|?)%/?t5 € Loo(R?) and such that T = 2.8 0Pts.

PROPOSITION 2.5. If T € O;(RY) then for every ¢ € 2(R?) the func-
tion y — Tp(p(zy)), y € RY, extends to a function in C(R?).

Proof. We have to show that for every a the function y — 9T (p(zy)),
y € RY, extends to a continuous function on R,

By definition of 0, (RY) we have to show our proposition only for T = #5t
where (1 + |2]?)*/?t € Loo(R?) and k is suitably chosen. Since the formal
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adjoint (0*)? of the Euler operator #° is again an Euler operator, we have

V(07 (@)p(w) dz = [#(2)((07) p) (z) dw =y e, \t(w)z" ) (x) da

v

where the sum is finite with suitable ¢,. Therefore it is enough to study the
function

(2) F(y) == t(2)(2y)" o (xy) dz, y e R

We have to show that all limits lim,,_,,, F@(y), yo € RY, a € N¢, exist. We
have

(3) F(y) = t(2)a* (2" ") (2)) @ [ey] da

= 3 e ft@)a (@) ") (ay) da.

a—v<y<a
If k is chosen so large that t(z)x® € Lq(RY) then the limits exist as re-
quested. m
Thus we have shown:
THEOREM 2.6. If T € 0 (R?) and suppT C W, for some ¢ > 0, then
T € 2;(RY).
To show the converse we give a description of 2,(R?) in terms of regu-

larizations of distributions.

THEOREM 2.7. T satisfies (xx) if and only if T * x satisfies (xx) for
all x € Li(B1). In this case the set of maps {¢ — (T * x)zp(x-) : x €
Li(B1), |Ix|lL, <1} is equicontinuous in L(2(RY), C>(R%)).

Proof. We assume that T satisfies (%) and want to show that the same
holds for T * y. We need some preparation. We set

P(&y2) = | X(22)@(€ + w2y2) das

and remark that for o € Z(B,) and x € L1(B1) we have ¥ (-, y2) € Z(B, 1 ,))-
This implies that the map which assigns to every ¢ € Z(R?) the function
Yo+ (-, y2) is a continuous linear map @ : Z2(RY) — C®(R?, 2(R?)).
We set
F(y1,y2) = Toy (101, 42) € C(RY x RY).

By assumption it extends to a function F on RY x R? such that F(, y2) is
in C°(R?) for every yo € RY.

The map which assigns to every g € Z(R?) the continuous extension of
Teg(€y1) defines a continuous linear map ¥ : 2(R?) — C°°(R?). We obtain

F(y1,y2) = U{D(0)y2l}ly1] € CF(R?, O (RY)) = CX(R? x RY).
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Therefore F(y,y) € C*°(R?) and it is the extension of

F(y,y) = T, | x(22) (21 + 22)y) day = (T = X)wp(xy).

This proves one direction of the theorem; it remains to show the other im-
plication. We will use the idea of proof of [7, §7, Théoréme XX].

First we show the additional assertion of the theorem. We assume that
T * x satisfies (%) for all x € Li(B1). We consider the map Lq(B;) —
L(2(RY), C>(R%)) defined by x + [¢ = (T * X)z¢(z )] (cf. Lemma
If [[x|| = 0 and [¢p = (T * x)z@(z-)] = A in L(Z2(R?),C>®(R?)) then for
fixed y € R? and all ¢ we have (T * x)z¢(2y) — 0, and therefore (Ay)p =0
on RY, hence on R?. So the map Li(B;) — L(2(R%), C>®°(R%)) has closed
graph and, by de Wilde’s Theorem, is continuous. This shows the assertion.

We fix y € 2(R?) with {|x| = 1. Then for every ¢ € Z(R?) the function
(T * X)zp(zy), y € RE, extends to a function in C*°(R?) and the set {F, :
¢ (Txx)zp(zy) : x € Z(RY), x > 0, { x = 1} is equicontinuous. Therefore
it is relatively compact in L(Z(Bg), C*®(R%)). We fix x and set x.(z) =
e9x(x/e) for e > 0. Then there is a sequence &, |. 0 such that F}_ converges
to some F € L(2(Bg), C®(R%)). Since

Fro, = Te(§xe, (@)p((@ + Oy) do) = Tep(ey)

for every y € R%, we see that Txp(£y) extends to a function in C*°(R?).

Now we can show the converse of Theorem 2.6l

THEOREM 2.8. IfT € 94 (R%) then for every 8 > 0 there is a function tg
such that x°tg is bounded and an Euler operator P(6) such that T = P(0)ts.
In particular T € 0';(R?).

Proof. Let T € 24, (R?) with suppT C Wa,. Let x € 2(R?Y) with
x >0, {x =1 and suppx C Be,. Then for every ¢ € Z(Bq) the function
(T * X)z0(zy), y € R, extends to a function in Z(R?). We set 7 = T * x.
For y € R? and ¢ € 2(RY), we set

F(y) = | r(z)p(xy) da.
Then F € C*®(R%) and F(y) = 0 for |y|s > 1/eq. For B € Ny, we have
FO(y) = \r(2)2%0 (2y) da.

By Theorem on 2(By) the set of distributions ¢ — F)(y), y € RY,
with x as above, is equicontinuous. Hence there is p such that all these dis-
tributions extend to 21°11P(By) and the set of these distributions is bounded
in 9\ﬁ|+p(31)/.
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For a € Ny we choose ¢, € 290, 1] such that ¢, € C>*°(R\ {0,1}) and

a+1 (z — 1)a+1
(2a+2)!

For a € N¢ such that 21°/(By) c 21°17(By), we define

va(z) = for 0 <z <1.

d
val@) = [ [ #a, (z5)
j=1

and consider F(y) = {7(z)pq(2y) dz. Then for y € (0,00)%, setting v + 1 =
(a1 +1,...,aq+ 1) etc., we get
F(201+2) (y) — S T(x)xQOH-Q dl’,
[0,1/y)¢

1 1
(2a+3) - - -
F (v) = y2a+47—<y>'

With an analogous argument for the other ‘quadrants’ we get, for general
y € RY,

and therefore

Qatd) 0y (1
F (y) = y2a+i T<y :

We set G(z) = o(x)F®(1/z). Then G is a bounded function on R? with
a bound independent of y and o(z) F¥)(z) = G(1/z). We calculate the
derivatives. With certain coefficients ¢, we have

o) PO () = Y e, ﬁ o) (i)

v

where Z:j runs over 1 < v; < q. We choose ¢ = 2a + 3 — 3. Replacing x
with 1/x and ¢, with —¢,, we obtain

(4) P r(2) = Z/c,, ' GW)(z).

We now analyze functions of type z™*G")(z) and claim

LEMMA 2.9. Any such function can be written as a linear combination
of the functions (l’erjG(iL'))(j) with 0 < j; < v; for all i.

Proof. For any m € Z there are constants ¢, ,,; such that

(@G @) =Y ey TGV (@),
j=0
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and therefore, since ¢, 0 = 1,
/

xm-‘rl/G(V) (.T) _ ($m+uG(:C))(u) _ Z Conr fEm+V_jG(V_j)(CC).
J
where Z; runs over all j with j # 0 and 0 < j; < y; for all i. Induction over
|v| yields the result. =

End of the proof of Theorem . From Lemma and we obtain,

with new constants c;,
@)= Y gl @ GE) Y,
liloc <p+2

We fix now x € 2(R?) with y > 0 and {x = 1. For ¢ > 0 we set
Xe = e 9 (x /), 7. = T * x. and let G- be the corresponding function. Then

(5) (Txxe)p= STE(ZL‘)QO(J/‘) dr = Z ¢; S e PG (2)a) V) (z) da.
|7]o0 <p+2

We have lim_,o(T* x: )¢ = Tp. On the other hand, {G; : € > 0} is bounded

in Loo(RY) = L1 (RY). Therefore there is G € Loo(R?) and a sequence G,

which converges to G' in the weak* topology with respect to L;(R%).
From it then follows that

To— Y ofa Gl @) de = |(oP G @) (PO ) do
j]oc <p+2

= (PO ("G (2))p(x) da.

Setting tg := 7 P71G(z) we have shown: For every S there is a function i3
such that 2%t5 € Loo(R?) and an Euler operator Q(6) := P(#)* such that
T = Q(0)tg. This completes the proof. m

From Theorems and we obtain one of the main results of this
paper:

THEOREM 2.10. 2},(RY) = {T € 0};(R?) : supp T C W, for some ¢>0}.

3. The space 0;(R?). We recall the definition: T € &% (R?) if for any k
there are finitely many functions tg such that (1 + |z|?)"/?t5 € Lo (R?) and
T =3 50°t5.

The space ﬁéj(Rd) of L. Schwartz may be defined by any of the following
equivalent properties (see [7, §5, Théoréme IX]). Let T € 2'(R%). Then
T € 0/(R?) if and only if (i) or (ii) below holds:

(i) For any k there are finitely many functions ¢4 such that (1+|x|?)*/?t
€ Loo(RY) and T = PP Ptg.
(ii) For any y € 2(R?), T+ is a rapidly decreasing continuous function.
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Without proof we state

LEMMA 3.1. &'(RY) C OL(R?) N 0% (RY).

This implies:

LEMMA 3.2. If T|ga\p, = Slga\p,, for some R >0 and S € 0 (RY) or
S € OL(RY) then T € 04 (RY) or T € OL(R?), respectively.

Proof. T=S+(T—S)and T — S € &'(RY). u
ProprosITION 3.3.

(i) O¢(R) C O4(R).

(i) If suppT C W, for some e >0 and T € O4(RY) then T € O (RY).

Proof. (ii) It is enough to show the claim for 7' = t(ﬁ’g), (1 + |z[2)k %4
bounded. Set 75 = (1/27)tg. Then 75 is decreasing even faster and (z%75)(#)
= t(ﬁﬁ). Since f ~ (2 £)®) is an Euler operator, the proof of (ii) is complete.

(i) Choose x € Z[—1,1] with x = 1 in a neighbourhood of 0. For T' €
OL(R) set S = (1 — x)T. Then supp S C W, for some ¢ > 0 and, due to

Lemma S € OL(R). By (ii) we have S € 0% (R), and therefore, again
by Lemma (3.2, T € 0, (R). =

The space O (R) is a proper subspace of € (R), as the following example
shows.

EXAMPLE 3.4. If T = e7%_ that is, Ty = Se*mgp(m) dx, then we have
() T ¢ OL(R), (ii) T € 6} (R).

Proof. (i) Let x € Z(R). Then (T x)(z)={e “x(z— &) dé=x(-1) e~ .
By the second definition of O (R) (see above), T' & O (R).

(ii) To show that T € &7 (R) we choose x € Z[—1,1] with x = 1 in
a neighbourhood of 0. For given k we set ty(z) = (i¥/2*)(1 — x(z))e ™.
Then (1 + 22)*/2t,(x) is bounded and (¥t (2))*) = (i*(1 — x(z))e*)*) =
e~ 4+ g(x) where g has compact support. Hence T' = (z¥t;,(x))®) — g where
g has compact support. This shows the result as above. =

By Proposition [2.5]we know now that for 7" as in Example[3.4]the function
T.o(zy), y € Ry, extends to a C* function on R. For this example we can
make it explicit, even for higher dimensions, setting e ~** = e H@1t+ra) For
¢ € 2(R?) and y € R? we set F(y) = Tpp(xy). We obtain, for all y € RZ,

0F(y) = Se_wxo‘go(o‘) (zy)de = o(y) Se_i(x/y)wagp(o‘) (z) dz

ya—i-l
_ oW (]
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Since 22p(@) € .7 (R?) we obtain lim,_,,, F(®)(y) = 0 for every yo € R?\RZ.
This means that if we denote the extended function again by F, then F(®) (y)
= 0 on all coordinate hyperplanes and for all c.

Returning to the one-dimensional case we present another example which

we take from [7), §5, p. 100, (VIL,5;1)].

EXAMPLE 3.5. If T = €™ then T € O (R) and therefore T' € 0% (R).
The function ™ is bounded, but its derivatives are not.

4. Eigenvalues. In this section we study Hadamard operators in terms
of the representing distributions in .@}{(Rd). A special case are the distribu-
tions in 2},;(RY) with compact support.

As a consequence of Lemma [I.I] Theorem [I.5] and Corollary 2:2] we ob-
tain:

THEOREM 4.1. For T € 2'(RY) the following are equivalent:

(i) T € &' (R?) and the x-homomorphism Nt can be extended to a map
in M(R?).
(i) T € 2% (RY) and Lr(&'(RY)) C &'(RY).
(iii) T € &'(RY).
In this case mq = Ty(o(z)/zFL).

Proof. (i)=(ii): By assumption there is L € M(R?) such that L(S) =
Np(S) = ST for all S € &(R%). Then T = Np(61) = L(61) € P (RY).
By definition N7 (S) = S« T = Lp(S) for S € &'(RY).

(ii)=(iii): By assumption T = Lr(01) € &' (R?). Hence T € &'(R?) N
24 (RY) = &'(RY), by Corollary

(ii))=(i): By Corollary T € &'(R%) € Z4(R?) and we have Ly (S) =
S+ T = Nr(S) € &' (R?) for S € &'(RY).

Moreover

Lr(£)[g] = [ (Top(2€)) dE = T, (; | (z6)p(x€) d§>

=T, <;;Efi §ne(n) dn) = | (man®)e(n) dn.

This shows that Ly (£%) = ma&® with mg = Ti(o(z)/2%T1). =

Notice that the interchange of T and the integral is clear since T €
&'(RY). For T with non-compact support this is more complicated. We fur-
ther study operators represented by distributions in 24;(R%). By Theorems
and we know that they define operators Ly € L(Z'(R%)) commuting

with dilations. We show that these are, in fact, Hadamard operators.
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THEOREM 4.2. If T € 94, (R%), then Ly is an Hadamard operator with
eigenvalues my, = Ty (o (x)/zFT).

Proof. It remains to show that all monomials are eigenvectors of Lp. It is
sufficient to assume that 7 = (—1)*(z*7)*) where 7 € L;(R?) and k € N¢.
Then the function

f(2,€) = €27(2)¢" ) (w€)
is in L1 (R? x R?%). To see this let suppp C Bgr. Then f(z,&) # 0 only if
|zj| > e and |z;&;| < R for all j, hence only for |{;| < R/¢ for all j. We have

JeoTop(ag) dg = [ (| T<x><x€>’“ ) (wg) dar ) d
(o) (§ @6 *o® (wt) de) de
jr(a xaﬂ(ﬂ o0 () dn) d
J7(a

=\r(z xaﬂ 1)kW(§n“¢(n)dn) dz.
Therefore

V&2 Top(a€) dé = | (man®)p(n) dy
where

mey =

() O ) D) 4,

Taking into account that for « with min; |z;| > 0,

- (a(z@ ><’“ _ Ly @F R o)

xotl al  gpotl’

we finally obtain m, = T(o(x)/z*"1), which proves the result. m

REMARK. In the proof we needed only very weak assumptions on 7.
Under these, ¢ +— Tpo(zy) might not send Z(RY) into Z(R%), hence its
adjoint sends something much smaller to 2/(R%), but it sends £ to ma&®
for all a € Ng.

5. Hadamard operators in 2'(R?%) and in C*°(RY). We now study
the problem when an Hadamard operator M on C°°(R?) extends to an
operator on 2'(R%) and, on the other hand, when an operator L € M(R?)
leaves C°°(R?) invariant, that is, L(C™(R%)) ¢ C*®(R?).

We start with the latter question, which has a rather straightforward
answer.

THEOREM 5.1. If T € 24(R?) then Ly € M(R?) and Ly(C>(RY)) C
C>®(R%).
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Proof. We may assume T = P(f)t where t € Li(R?%) with suppt C W.
for some € > 0 and P(f) is an Euler operator. Let P*(6) denote the formal
adjoint of P(6) which is again an Euler operator. Then for f € C*°(R?) and
¢ € 2(R?) the function

FW)t@)P*(O)op(zy), z,yeR’,

isin L1(R%xRY). Using the fact that Euler operators commute with dilations,
we obtain

(Lrf)p = Sf(y)(ﬁt(x)P*(e)M(xy) dw) ay
— [ {7t (@) (P*(0) ) (wy) da .

(¢
€€

We apply the substitution zy = 7, y = £n with Jacobian determinant

wene = ($ren(¢) (7 i) oman

We have shown that on C*°(R?) we have Ly = P(6) o Mps where

= t(é) 510'('5')&1'

Notice that t(%) gf-(--gg)d is an L1 (R%)-function with compact support, hence
T# € &'(RY). u

REMARK. Asin Theorem we needed much weaker assumptions than
T € 0% (R?) (cf. the remark at the end of Section . This corresponds to
the fact that not all Hadamard operators in C°°(R%) extend to operators in
M(R?), as the following proposition shows:

PROPOSITION 5.2. If suppT = {0} and T # 0 then My cannot be ex-
tended to a map in M(R?)

Proof. UT =3 4 c56®) then My (f)[x] = 2.8 cg(—1)81 £B)(0)28, hence
R(Mr) C E = span{z” : B € e} where e is a finite set. Assume L € M(R9)
and L|geo(gay = Mr. Since E is closed in 2'(RY) and C*(R?) is dense in
2'(R%), we have R(L) C E, and this implies that L(S) = >8 S(pp)x” for all
S € 2'(R?) where s € 2(R?) for all 3 € e. This implies c5(—1)7 f(?)(0) =
(f(©)pp(&)dEforall B € eand f e C*(R%), which is possible only if cg =0
for all g € e, thatis, T =0. =

To study the problem which Hadamard operators on C*°(R%) extend
to operators in M(R?) we consider an operator M = My € M(R%) with
T € &'(R%). We may assume that T = (—1)!81t(®) where t € L;(R%) with
compact support.
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Here we assume that f € C*(RY) and ¢ € 2(R?). Then the function
t@)p(y)y” f D (zy), zyeRY,

is in L1 (R? x R?). We use the same coordinate transformation as above.
Then the function

a(§)
§1---&

is again in L;(R? x R?). By Fubini’s theorem and the change of variables we
obtain

Jow){ @)y’ 1O (wy) o} dy = [§ @)y 1O (ay) da dy

_rfe© (1 ,
“Nee (€> (&m)(€n)” £9) () € i

V(17 (5 )P eten ac) o an

= | (P(0) £)(n) Sewp(€n) dn
where P(0)f(n) = fﬁf(ﬁ) (n) and the distribution S is defined by

_ a(§) ¥] <1>
=aat e )

Our problem now boils down to the question: when is S in .@}{(Rd)? Then
we have

t<2>¢(£n)(€n)ﬁf(ﬁ)(n), ¢,neRY,

MT = LS o f(9)
Since clearly suppS C W, for some ¢ > 0, the question is: when does
n = Sep(€n), n € RY, extend to a function in C°°(R%)?

Sufficient for that is that t(%) € L1(RY) for all v € N¢, and this is
equivalent to

{'Y
&1&d
Yt(z) € Li(RY)  for all v € N¢.
We have shown:

THEOREM 5.3. If T € &' (R?) and there are finitely many functions tg €
L1(R%) with compact support such that T = d8 t(B’B) and x77tg(z) € L1(R?)
for all v € N¢ then My : C®(RY) — C>(R?) extends to a map in M(R?).

A condition on the behaviour of T' at 0 is necessary, as we have seen in
Proposition

That in the assumptions for Theorem [5.3] we need a strong vanishing

condition at zero and that a condition in the spirit of the &’ (R?)-condition
is not sufficient is shown by the following easy example.
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EXAMPLE 5.4. For any pe Ny we define a function t, as follows: ¢,(z)=0
for x < 0, t(z) = x(x)2P/p! for x > 0 where y € Z2(R%) and x = 1 in a
neighbourhood of 0. Then § = tz(,p) + to where tg € 2(]0, 00[). So for any p

the distribution ¢ is a sum of derivatives of functions with zeroes of order p
at 0, but Mz does not extend to an operator in M(R%) (see Proposition [5.2)).
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