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L? compactness for Calderén type commutators
by

TiNG MEI and YONG DING (Beijing)

Abstract. We discuss the L? compactness of Calderén type commutators T4 defined
by

2(x —
Taf (@) = . | U R ) d
R’Vl
where R(A;x,y) = A(z) — A(y) — VA(y) - (z —y) with D?A € BMO(R") for all n > 2
and |B] = 1. Moreover, {2 is homogeneous of degree zero and has a vanishing moment of
order one on S™ .

We prove that both T4 and its maximal operator T4 . are compact operators on
LP(R™) for all 1 < p < oo with A satisfying some conditions. Moreover, the compactness
of the fractional operators In, A,m and My, a,m is proved.

1. Introduction. In 1965, Calderén [Cal] introduced the following com-
mutator on R:

[4, S]f(z) = p.v. 1 S A(:E:Z - fy‘l(y) xf(_y?y

s

dy,
R

where A € Lip(R) and S := % o H, H denoting the Hilbert transform
defined by

Calderén proved that the commutator [A,S] is bounded on LP(R) for all
1 <p<oo.

In the same paper [Cal, Calderén also gave a generalization of the com-
mutator [A, S] in higher dimensions:
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R —y) Alz) — A(y)

(1.1) Taf@=pv. \ T =

R

- f(y) dy,

where (2 is the function defined on R™ \ {0} satisfying the homogeneity
condition

(1.2) Q(\x') = 2(2')  for any A >0 and 2’ € S"71,
and the vanishing moment condition of order one:

(1.3) | 202" do(a') =0 forall o € Z7 with |o =1,
Sn—l

Here and below, a is a multi-index a = (aq,...,a,) € Z%. Moreover,
laf =377 aj and 2% = [[, 2" for € R”™. Calderén showed that T, is
bounded on LP(R") for 1 < p < oo if A € Lip(R") and §2 € Llog™ L(S"*1)
satisfies and (L.3).

In 1981, Cohen [Co| gave an extension of the Calderén commutator 4
as follows. Let us first recall the definition of BMO space.

DEFINITION 1.1 (BMO function). Suppose that f € L{ (R™) and BCR"
is a ball. Denote by fz the mean of f on B, that is, fg = |B|™! g f(z)dx.
For a > 0, let

M(f,B) = |;’ S |f(z) — fg|dx  for any ball B C R",
B

and

Ma(f) = Sup M(f, B).
The function f € L} (R") is said to belong to BMO(R") if there exists a
constant C' > 0 such that || ]|« := sup,~q Ma(f) < C.

Let A be a function on R™ with VA € BMO, that is, DA € BMO(R")

for every multi-index 8 with || = 1, where DPA(x) = %(w) is the
zy b0y

partial derivative of A which is assumed to exist in the classical sense almost
everywhere on R™. For x,y € R", set

(1.4) R(A;z,y) = A(z) — A(y) — VA(Y) - (z —y).
Then the Calderdn type commutator T4 is defined by
2z —
(1.5 Taf(a) = pv. | PO R ) )
R

Cohen [Co] showed that if 2 € Lip(S* 1) satisfies (1.2), (T.3]), then for A
with VA € BMO, T4 is a bounded operator on LP(R"™) for 1 < p < oo.
In 1994, Hofmann [Ho| improved the result of [Co.
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THEOREM A ([Ho]). If 2 € U,y L(S™™Y) satisfies ([1.2) and (L.3),
then for A with VA € BMO, T4 is bounded on LP(R™) (1 < p < c0) with
the bound C'3 754 | DA

Now let us consider the maximal operator T’y , of the Calderén type
commutator 1’4, which is defined by

(1.6 T, f(a) = sup|Taf (@)
e>
where Ty . is the truncated operator of Ty defined by
2z —vy
(17) Taf@) = | R ) )
|lz—y|>e

Cohen [Co] stated that if 2 € Lip(S"~!) satisfies (1.2)), (L.3), then for A
with VA € BMO, T}y 4 is bounded on LP(R") for 1 < p < oo. In 2005, Hu
[Hu] improved Cohen’s result above for n > 2. For 2 € L*(S" 1) (s > 1),
the L® integral modulus of continuity ws of {2 is defined by

wi(@) = sup (] 120px) — 2 doa)) "
loll<8 Ngrs

where ||p|| = sup,egn—1 [pz’ — 2’|, and denote w(d) = wi(9).

THEOREM B ([Hul). Let n > 2. Suppose 2 € L*(S*1) satisfies (1.2)

and (1.3). If w satisfies the following Log-type Dini-condition.:

1

J

(1.8) Swg)log@—i—l/é) dé < oo,

0
then for A with VA € BMO, T4, is bounded on LP(R™) with the bound
Cig=1 |DBA| for any 1 < p < oc.

The compact operator is an important concept in analysis. It is well
known that the commutators of many important operators in harmonic
analysis are all compact operators on some suitable LP spaces and Morrey
spaces (see [U], [BL], [KL1], [KL2], [W] and the recent works [BT], [BDMT],
[CD1]-[CDW3], [DM2], [DMX]). Thus, it is natural to ask whether the LP-
compactness of the Calderén type commutator T4 and its maximal operator
T's« holds or not.

In this paper, we will consider this problem. Let us recall some definitions
and a known result.

DEFINITION 1.2. Suppose X,Y are Banach spaces and U is the unit
ball in X. A linear or sublinear operator S : X — Y is said to be a compact
operator from X to Y if S(U) is precompact in Y.
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DEFINITION 1.3 (VMO function). A function f in BMO(R"™) is said to
belong to VMO(R") if
hH(l) Ma(f) = 0.
a—

In 1998, Muhly and Xia [MX] considered the compactness of the operator

S Alx)—Aly)— A (y)(x—y) fW)X-rRY)
& x—y x—y

(1.9)  f= xrr)pV. dy,

where R > 0.

THEOREM C ([MX]). If A € Lip(R) with A’ € VMO(R), then the oper-
ator defined by (1.9) is a compact operator on L*(R) for any R > 0.

In the present paper, our main purpose is to show that the Calderén
type commutator T4 and its maximal operator T . defined respectively by
and are compact operators on LP(R"™). Let us first introduce some
notations. For m € N, we write V™A € BMO if DA € BMO(R") for every
multi-index § with |3| = m. Moreover, denote

1A = IV A= D IDP AL

|Bl=m.
It is easy to check that || - ||, « is only a seminorm for all m € N. Denote by
y, the closure of C°(R™) in the seminorm || - || «,
(1.10) Ay = CF (R

which means that for any A € o7, (R™) and € > 0, there exists Ayg € C°(R")
such that
1A = Aollms = > IDPA - DPAg|. <.
|Bl=m
Note that C°(R™) ¢ BMO(R"), so it is obvious that V™A € BMO for all
m > 1 and A € 47,. Below we denote 7 by & for simplicity.

REMARK 1.4. We would like to show that for m € N, .7, contains the
set of all functions with compact support and with all its partial derivatives
of order m in VMO(R"). In fact, assume that supp(A) C B and DA €
VMO(R™), where B is a ball in R” and |3| = m. By [DMI], Theorem 1.2],
limy| 0 |7y (DPA) — DPA||, = 0, where 7, f(z) = f(z —y) for y € R™ On
the other hand, the following conclusion was also given in [DMI]:

LemMma 1.1 ([DMI, Lemma 3.2]). Suppose that f € BMO(R"™) with
limy o 7y f — fll+ = 0 and {¢}ren C L' (R™) satisfies the following con-
ditions: for any k € N,

(i) ¢x is positive and continuous in R";
(ii) supp(¢x) C B(0,1/k), where B(x,r) denotes the ball centered at x
and radius r;
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(iil) (gn or(z) de = 1.

Thus, together with the facts above, we have

lim || * DPA — DPA|l, =0 for all |8] =m,
k—o0

whenever {¢r} C C°(R™) satisfies conditions (i)—(iii) in Lemma Let
A = ¢ % A. Since A has compact support, we have {Ay}reny C C°(R™)
and limy_, | V™A — V™ AJ« = 0. Therefore, A € o7,,.

Now we give the main result in this paper.

THEOREM 1.2. Letn > 2. Suppose 2 € L5(S"™1) (s > 1) satisfies (1.2)),
(1.3) andw satisfies (1.8)). If A € o, then Ty and T4 « are compact operators
on LP(R™) for any 1 < p < oo.

REMARK 1.5. When n = 1, since {2 satisfies (1.2) and (1.3), without
loss of generality we may assume that 2(z) =1 on R\ {0}. Thus,

/
(L.11) Taf(e) = pv. | 2D AW =W =y) ) 4,
& (z —y)
Using the idea of the proof of Theorem and the conclusion of Theorem A
as well as the LP boundedness of the Hardy—Littlewood maximal operator,
we may show that if A € &/(R), then T4 defined in is a compact
operator on LP(R) for any 1 < p < oc.

REMARK 1.6. Applying the compactness of T4 on LP(R) (1 < p < o0)
(see Remark 1.5), we can use a totally different approach to show that if
A € o/(R), then the operator defined in is also compact on LP(R) for
any 1 < p < oo.

Fix R > 0, and denote by Ly the operator defined in . Moreover,
let Mp be the multiplication operator defined by Mpf = x[—gg)f for all
f e LP(R)(1 < p < o0). Obviously, Mg is a bounded linear operator on
LP(R), and the operator family {Mpr}r>o is bounded on LP(R) uniformly
in R > 0. Note that

(1.12) Lr = MRTAMR,

and T4 is a compact linear operator on LP(R) (1 < p < oo) when A € o/ (R)
by Remark 1.5. Hence, if A € &/ (R), then for any R > 0 the operator Lp is
compact on LP(R) (1 < p < o0) by (see [R, p. 104]). Here we indeed
use a totally different approach to prove Theorem C when A € o7 (R).

Of course, the function class covered by Theorem C is not contained
in o/ (R). So the conclusion of Theorem C can be seen as a consequence of
our result when A € <7 (R) only.
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REMARK 1.7. It should be pointed out that when n = 1 the maximal
operator T4 » can be defined similarly to ([1.6)). However, as far as we know,
when n = 1 the boundedness and compactness of T4 , are still unclear.

The second purpose of this paper is to prove the compactness of the
fractional variant of the Calderdn type commutator T)4. Let us recall some
known results. For m > 1, the mth remainder of the Taylor series of A at x
about y is denoted by

(L13)  Ruldiy) =A@ - 3 5D AW —v)"

1Bl<m "
In 2001, Ding and Lu [DL2] introduced the following fractional Calderén
type commutator I, 4, and its maximal operator My, 4 m:

L14)  Taamf@)= | Y R (e i) dy,

o f = g

(115) Maamf(@) =swp o | Q0 — y)| [Ru(As 29[| £(3)] dy.
>0T lz—y|<r
where 0 < a < n.
In [DL2], the authors obtained the (LP, L?) boundedness of I, 4, and

Mo Am-

THEOREM D ([DL2])). Let 0 < a < n, 1/qg = 1/p — a/n and 1 <
p < n/a. Let 2 € L*(S"') with s > min{p,q} satisfies (1.2]). Assume
V™A € BMO (m > 1). Then I am and Mg, A m are bounded from LP to L4
and there exists a positive constant C' such that

Hoamf llgs [Ma,amfllg < ClIVT AL flp-
The authors of [DL2] indeed established the weighted (LP, L?) bounded-

ness for a more general fractional Calderén type commutator and its maxi-
mal operator. Theorem D is a special case of a result in [DL2].

The next result shows that I, 4, and M, 4, are also compact from
LP(R™) to Li(R™).

THEOREM 1.3. Let 0 < a < n, 1/g =1/p—a/n and 1 < p < n/a.
2 € L5(S"Y) with s > p' satisfies and ws satisfies . If A €
Gy, (m > 1), then 1o Am and Mq am are compact operators from LP(R™)
to LI(R™).

The plan of this paper is as follows: In Section 2, we give the proof of
Theorem (1.2l The proof of the compactness of I 4., and My 4., can be
found in Section 3. In the final section, we show that similar compactness
results hold for higher order Calderén type commutators and multilinear
Calderén type commutators.
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In this paper, C' will denote a positive constant that can change its value
in each statement without explicit mention.

2. The proof of Theorem Let us begin by recalling some known
results. The first one characterizes strongly precompact sets in LP(R™).

LEMMA 2.1 (Fréchet-Kolmogorov, see [Y]). A subset G of LP(R™) (1 <
p < 00) is strongly precompact if and only if G satisfies the following con-
ditions:

(a) supreq || fllp < o005

(b) limg—eo || fXELllp = 0, uniformly for f € G, where E, = {x € R™ :

|z > a};

() Timypy o LF -+ 1) = F()llp = O, uniformiy for f € G.

In order to prove Theorem we also need the LP-boundedness of the
maximal operator M, with homogenous kernel, which is defined by

Mof(e) =swp = | 12)]1/( — y)] dy

r>0
ly|<r

LEMMA 2.2 (see [LDY] Theorem 2.3.3]). Suppose that 2 € LY(S"71)
satisfies (1.2)). Then Mg is bounded on LP(R™) for 1 < p < oc.

LEMMA 2.3 (see [KW] for § = 0 and [DLI] for 0 < § < n). Suppose
2 € L¥(S™ 1) (s > 1) satisfies (1.2) and the following L*-Dini condition:
1

(2.1) | ""S;‘S) ds < co.
0

Then for 0 < B < n, there exists a constant 0 < 6§ < 1/2 such that when

|z| < OR,
1/s
dy>
|lz|/R

(1
<cpien{l,

R<|y|<2R
lz|/(2R)

Ry-z) _ Q)
y—al? Iy~

wséé) dd},

where the constant C > 0 s independent of R and x.

LEMMA 2.4 (see [Rl, Theorem 4.18]). Let X and Y be Banach spaces. The
compact operators form a closed subspace of B(X,Y) in its norm topology,
where B(X,Y) denotes the space of bounded linear operators from X to Y.

2.1. The compactness of T4 on LP(R"). By Lemmal[2.4] we need only
show that if (2 satisfies the conditions of Theorem and A € C°(R"),
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then T4 is compact on LP(R") for all 1 < p < co. In fact, for A € &/ and
e > 0, there exists Ag € C2°(R™) such that

(2.2) 1A = Aolle = Y I1DP(A = Ao)llx <&
18]=1

by (1.10). Thus, by Theorem A and (2.2]) we get

(T4 — Taoll = sup || Taf —Taofllp

I £llp<1
= sup [Ta—aofllp < C Y DA~ Aol < Ce,
o<1 i

which shows that the operator T4 can be approximated by the operator
family {Tp}pece in the operator norm topology.

Now we assume A € C°(R™) and denote F = {Taf : f € B}; here and
below, B denotes the unit ball in LP(R™) (1 < p < 00). Since F C LP(R™)
by Theorem A, to show that T4 is compact on LP(R™) it suffices to prove
that the set F is strongly precompact in LP(R™). Applying Lemma we
need only prove that conditions (a)—(c) in Lemma [2.1 hold uniformly for F
with A € C°(R™).

Condition (a) is a direct consequence of Theorem A. For (b), since A €
C*(R™), without loss of generality we can assume that supp(A) C {x € R™:
|z| < b} with b > 1. Let » = min{p, s} > 1 and for any € > 0, take a > 2b
such that (a — b)™™" < e. Note that

1
R(A;z,y) = Y \DPA@Oz+ (1 - 0)y)(x —y)’do - Y DPA(y)(z —y)’,
510 A1

we have

12(z — y)| PN
|ITafxellpy <C Y V (V51D AW If )l dy ) da
1

SIENE W‘y)’wmwxm—e)yn|f<y>|dy)pdx)l/pde}

_ yln
0 Mz|>a “R™ |$ y‘

=1 + Is.

First consider I». Note that |z —y| > 4=5 since 6 € (0,1), |#z+ (1 —0)y| < b
and |z| > a. Combining Hoélder’s inequality with Minkowski’s inequality, we
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obtain

2 —y) )

(5 (1 psae - omliswlay) i)
je>a R Y
T p/T
sc(S ( S ”fy(ﬁ?' If(wy)ley>
R™ S y>¢=2
’ p/T‘/ 1/1’)
X < | [DPA@Oz + (1 0)y)" dy) dm>
Rn
o 0 y r 1/r
< Clb/(1—0)]Y ||D5A\|oo|f\lp< | ||(n2~’ dy)
ly|>2=2

< Ceb™"||2] Lo(sn-1) | DP Allool| £ -

Similarly,
n/r’ 2(x — Yy " r P Hr
n<or™y HDﬁAHm(S < | ‘x(_y‘n)r‘!f(y)! dy) dw)
18|=1 R ™ z—y[>a—b
< Ceb™" | Q| sgn-1y D IDPAllsoll £l
18=1

Therefore, condition (b) holds for F uniformly.
It remains to prove (c), that is, we need to verify that for any 0 < ¢ < 1/4,
if |h| is sufficiently small and depends only on ¢, then

(2.3) ITaf(-+h) = Taf()lp < Ce
holds uniformly for f € B. In fact, for any x, h € R", we have

(24)  Taf(z+h)—=Taf(x)

_ 2z +h—y) [R(A;Hh,y) B R(A;:v,y)} P
S e ey e v ALK
le—y|>el/<|h|
9(x+h—y)_9(w—y)]R(A;:v,y) p
) Lw+hmn g | oy (W

le—y|>el/<|h]
S 2z —y) R(A;2,y)
lz —y|™ |z -yl

f(y)dy

lz—y|<el/=|h]|
S Qxz+h—y) R(A;z+ h,y)
lt+h—yl™ |x+h—y

+ fy)dy

lz—y|<el/¢|h|
= J1+Jy — J3+ Js.
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In the following, we estimate .J;, J2, J3 and Jy. Since |z — y| > e!/¢|h| and
0 <e<1/4, we have |x —y| ~ |z + h — y| and

(2.5) [R(A;z,y)| < C Y ID7 Al — yl.
181=1

Applying ([2.5)), it is easy to see that

(2.6) ‘RMw+hw)_MAmww

[z +h —yl [z =yl
Az + h,y) — R(A; h
< clBAz +hy) R(wwﬂ+amm%w,!\2
|z —y |z —y|
<0 Y DA
— |z —y|
161=1
Thus, by (2.6 we get
2(x—vy
@1 l<oh X Il § )y

|B]=1 |z—y|>el/c|h|

< Ce ) |IDPA| o Mo f(x).
18l=1

As L3(S™ 1) c LY(S™ 1Y) for any s > 1, (2.7) and Lemma give

172ll, < C Y ID7 Allsce™ % £l
81=1

For Jo, combining (2.5 with Minkowski’s inequality, we have

e e(J( rf<y>|dy)pdx)l/p

R N o—y|>el/<|h
x Y ID°All
181=1

Qr+h-y) 2x-—y)

lz+h—y™ |z -yl

Qy+h)  2y)

— dy.
y+hr Ty |

<C Y DAl Al

|B]=1 ly|>el/e|h|
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By Lemma and (|1.8), we have

S Qy+h) 2y
+hn n
wisevep | YA |yl

oo

<D )

k=0 251/ | <[y  <2+1 1/ |
[hl/2+eV/< |

I w(9)
CZ{Qk 1/5]h\ S 5d5}

|h|/2kF1el/=|h|

0o 2—ke—1/e
1 1 w(9) 1
< — 1] 24 = 1déd
<o \grtirae ) (2 g) o)

92— (k+1)g—1/¢

Qy+h)  2y)
ly+h™  Jy”

dy

< Cle Ve +e).
Thus, [[J2[l, < C Y521 IDP Alloc || fllp(e™ /% + €). As for J3, note that

(2.8) R(A;z,y)= ) B'DBA(MH—(l—t) y)(xz —y)? for some t € (0,1).

181=2
By ([2.8]) we have
2(z — y)|
|J3] < C Z 1D” Al|so S W\f(y)‘dy
181=2 |lz—y|<el/=|h|
< Ce'?|n| Y |IDP Al Mo f ().
|B]=2

In a similar way, we can obtain the following estimate for Jy:

[Ja] < CF+1)Ih| Y D7 AllocMaf (@ + h).
|8]=2
Using Lemma [2.2] again, we get
1 T3llp + 1 7all, < C > 1D Ao £ lp(€!® + 1)]R].
|8]=2
Choosing |h| < e/(e/® +1) < &, we can see that condition (c) holds for F
uniformly, and the compactness of T4 on LP(R™) follows.

2.2. The compactness of T4 , on LP(R™). The proof of the compact-
ness of Ty . uses the following obvious fact; we omit its proof here.

LEMMA 2.5. Suppose that A,V € of. Then for 1 < p < oo,
() [Tapf(x) = Tvaf ()] < Tacvsf(@);

(i) [[TaxfXEallp < 1TV XEollp + [ Ta-veflp;
(i) [Tasxf (+h)=TanfCllp < NTvuf (+0)=Tvaf Ollp+2lTa-veflp-
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Now denote G := {Ta.f : f € B}. Then G C LP(R™) by Theorem B.
By Lemma to prove the compactness of T4 . we need only show that
conditions (a)—(c) in Lemma [2.1] hold uniformly for G with A € C°(R™).

The verification of (a) is obvious by Theorem B. Using the same approach
as in verifying (b) for F in Subsection 2.1, we can show that (b) holds
uniformly for G. So, to complete the proof of of the compactness of T4 ., it
remains to verify that (c) holds uniformly for G.

For § > 0, denote Ks(z,y) = %Xﬂm—ybé}' Similarly to the decom-
position (2.4), for any 0 < ¢ < 1/4 and h € R", where |h| is sufficiently
small and depends only on €, we see that |Ta . f(z + h) — Taf(x)| can be

controlled by the sum of the following four terms:

R(A;x + h, R(A;x,
Ly = sup S Ks(x+ h,y) ( y) - ( y) f(y) dy|,
5>0 [z +h—y| |z —yl
je—y[>eL/2]h]
R(A;x,
=sw| § s )~ Kot S ) )
>0, 1/e r—y
le—y|>el/<[h]|
R(A;z,y
L3 = sup S K§(x7y)|(x_|)f(y) dy|,
>0 lo—y|<el/=|h] Yy
R(A;x + h,y
Ly = sup S K§($+h’y)](x+h\)f(y)dy"
20N jamyi<er/zn) Y

Applying (2.5), (2.6) and Lemma we estimate Ly, L3 and L4 in the
same way as for Ji, J3 and Jy in Subsection 2.1. Hence, we only estimate Lo.

Notice that

2(x+h— 2(x — R(A;zx,
(2.9) Lo<suwp| | [ ( v) K iﬂ (Ai.9) p) dy‘
50 [z +h —yl [z —y* | |z —yl
|z—y|>e'/¢|h|
|z+h—y|>0
Qx—vy) R(A;z,y
R e O
70 eyl >et/|n)
|x+h—y|>6
lz—y|<d
Qxz—vy) R(A;x,y
wap|§ PR @mbwwﬂ
70 eyl >et/zn)
|z+h—y|<é
|lx—y|>6

=: Loy + Log + Los.

The estimation of Lo is the same as for Jy in Subsection 2.1. As the esti-
mation of Loz is similar to that for Log, we only estimate Loo. Notice that
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|z —y| > e'/¢|h| and 0 < & < 1/4, then

(2.10)

!w+h—y\S!w—y!S1 |z +h—yl

b
14 e 1/e
For any 1 < pg < p, by (2.5 and Holder’s inequahty, we have

2(x —
M2<c§:Mﬁm@?m | H;_JTV@H@
18=1

_1/ <|x y‘<(5

Tz 1/po
<Cc) HD’BAHOO?;HP ( | le(y)lpD dy)

— qyln
181=1 <|z—y|<s |$ y‘
N 1/pg
(1
S <Jy|<

<C Z ||DBAHooHQ||2/f%n ) (log(1 +6—1/6))1/P0M9(fp0)(l‘)l/po‘
18]=1

By Lemma we see that (c) holds uniformly for G, which completes the
proof of Theorem

71/

3. The proof of Theorem Before giving the proof, let us recall
some known facts. The first one is the classical Hardy—Littlewood—Sobolev
theorem on the Riesz potential I,, which is defined by

(.1 Taf@) = o § W
|z =yl

R’VL
LEMMA 3.1 (Hardy-Littlewood-Sobolev, see [§]). If 0 < a < n, 1 <
p<nj/aand 1/q=1/p— a/n, then I, is bounded from LP(R™) to LY(R™).

The second fact is the (LP, L?)-boundedness of the fractional integral
operator I o, with the homogenous kernel defined by

(32) Ioaf() = | 2E—8)

=yl

dy, 0<a<n.

fly)dy, 0<a<mn,

where 2 € L/("=)(S*~1) satisfies (1.2)).

LEMMA 3.2 (JLDY], Theorem 3.3.1]). Suppose that 0 < o < n and 2 €

Lr/n=e(Sn=1 satisfies (1.2). For 1 <p < n/a and 1/q = 1/p —a/n, Ig,
is bounded from LP(R™) to L1(R"™).

3.1. The compactness of I, 4., from LP(R") to LI(R"). Asstated in
Section 2, by Lemma[2.4 we need only show that if {2 satisfies the conditions
of Theorem |1.3|and A € C2°(R"™), then the operator I, 4, is compact from
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LP(R™) to LY(R™). By Lemmal[2.1] it suffices to verify that conditions (a)—(c)
of Lemma [2.1 hold uniformly for

J ={Ioamf:feB} where AeCXR").

Condition (a) comes from Theorem D and the fact C2° € BMO. For (b),
we assume that supp(4) C {z € R™ : |z| < b} with b > 1. As ' < p, there
exists p; such that s’ < p; < p. For any € > 0, we take a > 2b such that

(a — b)MU/PA=1/8) ¢,
Using Taylor’s extension with remainder in integral form (see [RS]), we have
(3:3)  [Rm(A;2,y)

1
< 3 |- 0D AW + (1 - O)y)(a — )P db

|B]l=m 0
+C Y IDPA(y)(z - y)°).
|B|l=m
Thus,
(34) |oanf@)<C Y S y‘n K@= 9) s )1 1£(9) dy
|B]l=m
Co 120z —y)|, 5 -
#0030 §a—omt | VDA + (1= 0)) )] dy df
|B|=m0 R™

=: N1 + Ns.
Note that |z — y| > %=L since 6 € (0,1), |0z + (1 — H)y] < b and |z| > a.
Applying Holder’s mequahty with exponents py, s, = p, , we get
1

35 Npy<c > {a-omt | MWM(@ +(1—6)y)|

‘ﬂk:n10 |m47|> |$ |n @
x| f(y)l dy do

s—pa

1 o) =
=c > la- e)m_1< J IDPA(6z + (1= 0)y)| 7 dy> '

|8l=m 0 R

() Le—wl, e [ W N g
T — y’”s/pﬁ Bn |,7; — y|”—apl

lo—y|>9=b |

< Cet" VP2 o1y Y 1D AllooTap, (If1P1) () /7.
|Bl=m
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Analogously, for |z| > a,

36)  M<CcY | W\D%ymﬂywy
|8|=m |z—y|>a—b

< Ol R0 pssny D I1DP AllooLap, (LFP*) () /7.
|8]=m

Notice that p; < p. Combining (3.5)), (3.6) with Lemma we get

Mo AmfxEllg < Cell Rl pssn-1y D 1D Allooll fllp-
|8]=m

Thus, (b) holds uniformly for 7.

Finally, let us verify (c). For any 0 < ¢ < 1/4 and h € R", where |h| is
sufficiently small and depends only on €, we have the decomposition

(37) Ia,A,mf('T + h) - Ioz,A,mf(l‘)

_ S Qx+h—vy) [Rm(A;x—i—h,y) B Rm(A;%y)}f(y)dy
\:l?fy|>61/5|h| ’ y‘ ‘ y| | y‘
2(x +h — 2(x — R, (A;x,
+ S [‘wih_y‘ng)a - |x(_y|n%)a] |x(_y‘my)f(y)dy
lz—y|>el/%|h|
2(x — Ry (A;x,
n S |.I' (_ y|n%)a ’.1‘(— y’my) f(y) dy
lz—y|<el/#|h|
Qz+h—y) Ru(dz+hy)
+ = L F(y) dy
omylzetsepp 12T Y o +h =yl
=: 01+ 0Oy + O3 + Oy4.
For O1, notice that
(3.8) [Rm(As2,9)| <C Y |[DPAllsclz —y|™

|Bl=m

and

(3.9)  |Rm(A;z+ h,y) — Ry (A;2,y)|

<Clhl Y IDPAfclz -y,
1<|BI<m
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It is easy to see that

3.10 -
(3.10) |z +h —y|™ |z —y[™
1 Al
= |Bn(A;z + h,y) — Rpn(As2,y)| + C|Rin(As 2, y) | —— 7
|%_Wl ( )= Rl i)+ ClRu (i)
Al
1<\5|<m Yy
Hence
|2(x +h —y)|
O <0 X ID Al | e )y
1<|8I<m |z—y[>el/¢|h]| Y Y
<C > DO Al|so(eF R IED B L (1) ( + ).
1<|I<m
Note that s > p’ > ——. Applying Lemma we obtain

101l <C Z 1DP Alloo (/# 1] =D [A] | ]
1<[B|<m

As for Oy, denote r, = 2¥e'/¢|h| and By = B(0,r;). Then by (3.8) and
Lemma we have

e S L N R e LI
|Bl=m yl>et/efnl Y Y
> 0
<0y DALY | [tk - 20) |11 - gl dy
|8]=m k=0 Bx11\B Y
00 s 1/s
<0y ||D5A||OOZ< [ |2tk ﬁfﬁl dy>
|8]=m k=0 " By11\B Y
s 1/5/
(Il dy)
Bi+1\Bg
) |R] /7
<cY ||DBA\|OOZ{'T’”+ e da} n/s=nta
= E=0 PR
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<C > IDPAllsoLas (| 7))
|B|l=m

9—ke—1/2

17

" Z {2k i7e Tk —|—11/5 i S wséé) log<2 n (15> d(g}

k—1lg—1/¢

Z IDPAllso(e™V* + ) asr (117 )M+,

_ 1
q/s’ — p/s

102]lg < Ce ) HDBAHoonHp-
|8|=m
Finally, let us estimate O3 and O4. Note that

Thus, noting that s’ < p and

. we have

(3.11) R (A;z,y) Z —DﬁA (uz 4+ (1 —w)y)(z —y)?
Bl= m+1

for some u € (0,1). Thus,

2(x—vy
Ol <C Y DAl | |'_(|n_o?_’1|f<y>|dy
|B|=m~+1 lz—y|<el/<|h|
<0 Y IDP Al Bl g a(f) ().
Bl=m+1

In the same way, we can obtain the following estimate for Oy:

(3.12) 04 <C Y IDPAllo(€"* + DA g (| ) (@ + h).
|8|=m+1

Then by Lemma it is easy to see

10sly + |0allg < Cle" + 1)|n| >~ 1D AlloolI flp-
|Bl=m+1

_ _2m-—1
Therefore, if we choose |h| = ¢ 2(m=D¢ when m > 1 or |h| = Ve

when

m = 1, then condition (c) holds for J uniformly. Hence we have proved that
the fractional Calderén type commutator I, 4., is a compact operator from

LP(R™) to LI(R™).

3.2. Compactness of M, 4, from LP(R") to L4(R™). We first notice
that Lemma also holds if we use My, 4, instead of T4 .. Let £ :=
{Mq amf : f € B}. We need only show that conditions (a)—(c) of Lemma

hold uniformly for £ with A € C2°(R"™).
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Condition (a) is a direct consequence of Theorem D. Notice that

Mopnf (@) = s | 1200~ 9)] R (i) £ (0)] dy
> |lx—y|<r
2(x —
| e )£ @) dy

o =y

Thus, using the same approach as in verifying condition (b) in Theorem
we may show that (b) also holds uniformly for £. It remains to verify (c).

For any 0 < € < 1/4 and h € R", where |h| is sufficiently small and
depends only on ¢, denote

Kr(xv y) = T—n—m—i-a‘Q(x - y)|X{\w—y|<'r}-

We can control [My amf(z 4+ h) — My amf(x)| by the sum of the following
four terms:

P =sup | Eo(z+ h,y)| R (A2 + h,y) — R (A; 2,9)| | £(y)| dy,

>0
"7V lz—y[>el /el

P = sup | Ko (@ + hyy) = Ko, y)| [Rin(As 2, 9)] | £ (y)] dy,

lw—y|>el/<|h]
Ps :sug S Kr(x,y)|Rm(A§$»?/)\ ’f(y)|dya
" Jo—yl<el/<|h)
Py = sup S K, (x+h,y)|Rn(A;z+ h,y)| | f(y)| dy.
720 oyl <el/zn)

By (3.9)), we can give the following estimate for P; analogous to that for Oy:

h
P<C Y DAl ) 2 ) ay
P GED) R
<IBlsm |z—y|>el/¢|h]|
h
<C I Al a1 + )
1<|8|1<m

The estimation of P3 and P; is the same as for Oz and O4 in Subsection 3.1. We
only estimate P,. Similarly to the idea of dealing with Lo in Subsection 2.2,
we obtain
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(3.13)
1
Py Ssglgm | 1R@+h—y) = 2@ —y)| [Bm(A;2,y)| | (y)] dy
' jo—y|>e/|h]
|z+h—y|<r
1
+Sulgm S 12(z — y)| |Rin(A; 2, 9)| [f(y)] dy
lz—y|>el/%|h]
|lz+h—y|>r
|le—y|<r
1
+Sl>113m S 12(z — y)| |Rm (A52,9)| | f(y)] dy
" jo—y|>e/|h]
|z+h—y|<r
|lz—y|>r

=: P31 + Pos + Pos.

For Py, note that |z4+h—y| ~ |z —y| (see (2.10)). Also denote 7, = 2Fel/%|h|
and By = B(0,71). By (3.8), we have

> 2y +h)— 2
mzc Y Yy, | I gy
|Bl=m k=0 B4 1\By
e Qy+h) -2\
<CZ ||D6A||oo s’ \fI / Z( S 192y y)|n (y)| dy) '
|B]l=m k=0 ™ Bjy1\Bx

By the monotonicity of ws, we have

> Qy+h)— 2 \Y*
Z( S |2(y + h) () dy>

n
k=0 " Bri11\B vl

Tk+1

() 1/s
< Z( b |9(py’+h)—Q(y’)lsda(y’)dp>

k=0 g Sn—1

s (Tu()2) <o

92— k+1 —1/e

ws(9) 1
- < .
C’E k:—1+1/€ 7& 5 log<2+5)d5_05

E

1 _ as i
7 /S = o7 -, Lemma gives

(3.14) 1Parllg < Ce D 1DP Alloo|l fllp-
|8]=m
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Notice that |z — y| > €'/¢|h| and 0 < & < 1/4. Similar to estimating Lo

with 1) ap, instead of Mg, where 1 < pg < min{p,n/(as’)}, applying (3-8)
1-

and ([2.10) we obtain
2(z
PasC Y I Asw | )
1Bl=m - <Ja—y|<s
Qz—vy 1/po
¢y uDﬁAuoosup( e )
Bl=m e Slayl<5
0 1/pg
(y ooy,
5 ly|™
He,l/sg\ylsé

<C Z DﬁAlloollﬁHlL/f%n 1y (log(1 + e o)) P gy o (|F170) ()P0

Since s >~ using Lemma [3.2] we get
(3.15) 1Pasllg < CeMPo > IDP Alloo | £l

|Bl=m
Analogously, we obtain the same estimate for Py3. Thus, (c) holds uniformly

for £. Hence, the maximal operator M, 4 n, is also compact from LP(R™) to
L%(R™), which completes the proof of Theorem

4. Final remarks

REMARK 4.1. The higher order Calderén type commutator 77" and the
corresponding maximal operator T, (see [CGI] and [CG2]) are defined

by

Q _
TR (@) = pv. | MRm(A; 2, 9) () dy,
Rn

TR, f(x) =sup T4, f(z)]
e>0

| oY) g (A f)dy)

= sup ’;U _ y|n+m

e>0

lz—y|>e
Using the idea of the proof of Theorem we can show that 77" and T7",
are compact on LP(R") (1 < p < oo) when 2 € L¥(S"!) (s > 1) satis-
fies (|1.2)) and has vanishing moments up to order m and w satisfies (|L.8)),

and A € ,. The proofs have no essential difficulties but more complicated
computations.
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REMARK 4.2. For m = my +---+my (m; > 1) and A; € o, (1 =
1,...,k), one may define the following Calderén type commutators:

m 2(x
TA1,...,Akf(35) = Dp.v. S ]:L”(y|”+m HRmZ (Aisz,y) f(y) dy,
Rn

m 2(x
TH, . ap.f(x) =sup S MHRm (Aisz,y) f(y) dy|,

e>0

lz—y[>e
and for 0 < a < n,

WHRT”Z Aizz,y) fy) dy,
=1

IaaAly---,Ak,mf(x)
Ma,Al,...,Ak,mf(x)

k
= supr” ") Q@ = y)| [ 1Rmi (Ass 2, )| 1 £ ()] dy.
r>0 .
lz—yl<r =1

Using the method of this paper, one can prove that the conclusions of Theo-
rems and also hold for the operators T;ﬁw’Ak, quﬁ,...,Ak,*’ In Ay, Aym

and Mg 4. A,,m With £2, p and ¢ satisfying the corresponding conditions.
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