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Two-weight LP-inequalities for dyadic shifts
and the dyadic square function

by

EMIL VUORINEN (Helsinki)

Abstract. We consider two-weight LP — L%inequalities for dyadic shifts and the
dyadic square function with general exponents 1 < p,q < oco. It is shown that if a so-
called quadratic 7, 4-condition related to the measures holds, then a family of dyadic
shifts satisfies the two-weight estimate in an R-bounded sense if and only if it satisfies the
direct and the dual quadratic testing condition. In the case p = ¢ = 2 this reduces to the
result by T. Hytonen, C. Pérez, S. Treil and A. Volberg (2014).

The dyadic square function satisfies the two-weight estimate if and only if it satisfies
the quadratic testing condition, and the quadratic 27, ¢-condition holds. Again in the case
p = q¢ = 2 we recover the result by F. Nazarov, S. Treil and A. Volberg (1999).

An example shows that in general the quadratic @7, q-condition is stronger than the
Muckenhoupt type A, 4-condition.

1. Introduction. The main purpose of this note is to consider two-
weight norm inequalities for dyadic shifts and the dyadic square function.
A two-weight LP — Li-inequality, 1 < p,q < oo, for an operator T defined
for a suitable class of functions is an inequality of the form

(1.1) ( | 17 f19w dm)l/q < c( | \f\%dx)l/p,
R” R”

where the constant C' > 0 does not depend on f. Here v and w are weights,
that is, non-negative Borel measurable functions. The two-weight inequality
can also be formulated a little differently, which will be done later.

Dyadic shifts are in a sense discrete models of Calderén—Zygmund sin-
gular integral operators. They are much simpler than a general Calderén—
Zygmund operator, but they already have the complication that they are
not positive integral operators.
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It was shown in [5] that a general Calderén—Zygmund operator can be
represented as an average over all dyadic systems on RY of a rapidly con-
vergent series of dyadic shifts. This representation was used to prove the
so-called As-conjecture about sharp constants in one-weight estimates for
Calderon—Zygmund operators.

Dyadic shifts fall also in the category of well localized operators as defined
by F. Nazarov, S. Treil and A. Volberg [14] . They showed that a two-weight
inequality holds for a well localized operator in L? if and only if the operator
satisfies the so-called Sawyer type testing conditions. This means that it
suffices to show that the operator and its formal adjoint satisfy the inequality
with an arbitrary indicator of a (dyadic) cube, and hence Sawyer type testing
may also be called indicator testing. Two-weight LP — L%-inequalities for
well localized operators were considered in [17].

The definition of a well localized operator depends on a parameter r
which measures how “well” the operator is localized. The constant C' in the
two-weight inequality proved in [14] and [17] depends on r and the constants
in Sawyer type testing conditions.

In [7] dyadic shifts were looked at from a little different perspective.
There T. Hytonen, C. Pérez, S. Treil and A. Volberg proved a two-weight
inequality in L? assuming the Sawyer type testing conditions and finiteness
of the so-called As-constant related to the weights. This approach was re-
lated to the As-conjecture mentioned above, and this is the point of view
that we take in this note. The main difference between this approach and the
more general point of view of well localized operators is that this way one
gets a better estimate depending on the complexity of the shift, which was
crucial in the As-conjecture. The complexity of the shift is somewhat anal-
ogous to the “well localization” parameter in the definition of well localized
operators.

The novelty here is that we characterize the two-weight inequality for
dyadic shifts for general exponents 1 < p, ¢ < oo, whereas it was only done
before in the case p = ¢ = 2. Despite the positive result in the case p = ¢ = 2,
F. Nazarov has constructed an example (unpublished) of a Haar multiplier
(a special kind of dyadic shift) and a pair of weights such that the operator
satisfies the Sawyer type testing conditions for some 1 < p = ¢ < 00, p # 2,
but still does not satisfy the (quantitative) two-weight estimate. See [I7]
Section 4] for a more precise statement of the example.

Knowing that there are problems with Sawyer type testing and general
exponents p € (1,00), we generalize the testing conditions for 1 < p < o
in the spirit of R-bounded operator families, as used for example in [18].
We call these new testing conditions quadratic testing conditions. Similarly,
we interpret the As-condition as a special case of a quadratic 27, 4-condition
(see Section |3| for the definition).
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Now we state a special version of the main Theorem [5.1] for dyadic shifts.
It is assumed here that we have some fixed underlying dyadic lattice 2 on
RY which is used in the definition of the shifts and the <y, o-condition.

THEOREM 1.1. Fiz p,q € (1,00), and assume that o and w are two
measures on RN satisfying the quadratic &y, q-condition. Suppose T is a
dyadic shift with complexity k, and let T" be the formal adjoint of T°.
Then there exists a constant C' such that the inequality

(1.2) 1T fllLaqw) < Clfllzr(o)

holds for all f € LP (o) if and only if there exist constants C' and C" such
that for all sequences (Q;)52, C 2 of dyadic cubes and all sequences (a;)52,
of real numbers we have

(1.3) H(g(ailQiTUIQi)Q)I/Q’ L (w) =¢ (ga’h@i)lﬂ’ L2 (o)’
1 (Swtariar) . (S #0) e,

Moreover, if T and TY denote the best possible constants in (1.3) and
(1.4), respectively, and [o,w]p 4 is the quadratic <, 4-constant, then the best

constant ||T'|| in (L.2)) satisfies
(1.5) TS A+ 8)(T7+T) + 1+ K)[o, wlpg.

If p = ¢ = 2, quadratic testing is equivalent to indicator testing and
the quadratic o7 >-condition is equivalent to the simple As-condition. Thus,
when p = g = 2, the above theorem reduces to the one proved in [7].

As another novelty, in Theorem we shall actually consider a family
T of dyadic shifts with complexity at most a given k. Then it is shown that
under the quadratic 27, ,-condition, the family is R-bounded with the same
quantitative bound as in if and only if a quadratic testing condition
for the whole family is satisfied. Our proof follows the broad outlines of
L?-theory but with additional complications coming from the general ex-
ponents. We also briefly outline the proof that if the dyadic shifts are of
a special form that arises naturally in the representation theorem concern-
ing general Calderén—-Zygmund operators, then a certain weakening of the
<), .-condition is sufficient.

It will be shown that this quadratic .27, ,-constant is comparable to the
constant in the “two-weight Stein inequality” for conditional expectations
from L? into LY in the same way as the usual As-constant is related to
boundedness of conditional expectations in weighted L?. We also construct
an example showing that for p > 2 or 1 < ¢ < 2 the 47, ,-condition is in
general stronger than the simple A, ,-condition. Since they are equivalent
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in the case 1 < p <2 < g < 0o, we deduce that the simple A, ;-condition is
sufficient for the two-weight Stein inequality to hold if and only if 1 < p <
2<qg<oo.

The two-weight inequality for the dyadic square function was character-
ized in L? in terms of Sawyer type testing and the As-condition in another
paper by F. Nazarov, S. Treil and A. Volberg [13]. We use similar ideas
to those for dyadic shifts and show that the two-weight inequality for the
dyadic square function holds from LP into L? if and only if the quadratic
testing condition and the quadratic .7, ;-condition hold, and we get a sim-
ilar quantitative estimate to the one for dyadic shifts. Here again we get
the previous result as a special case when p = ¢ = 2. Our approach to the
dyadic square function is inspired by the strategy in [10], and similar steps
appeared also in [13].

2. Set up and preliminaries. We begin by specifying the basic nota-
tion and concepts we use. Two Radon measures o and w on RY are fixed.
Most of the definitions below are made with respect to the measure o, but
it will be clear that they are similar for any Radon measure.

For any 1 < p < oo the usual LP-space with respect to the measure o is
denoted by LP(o). For a sequence (f;)2; of Borel measurable functions on
RY we define

=iy = ([ (S 142)" do) ",
i=1

and the space LP(c;1?) consists of those sequences (f;)2; for which this
norm is finite. All our functions will be real-valued.

We fix a dyadic lattice 2 on RY. This means that 2 = Ukez Pk, where
each 9, is a disjoint cover of RY with cubes of the form z+[0,27%)V 2z € RV,
and for every k € Z each cube Q € % is a union of 2"V cubes in P 1.

If Q € 2, denote by QW) the unique cube in Z;_; that contains Q,
and for any integer r > 2 define inductively Q) := (QU~1)(1). Write also
QW := Q. For m = 0,1,2,... the collection ch(m)(Q) consists of those
Q' € 2 such that Q'™ = Q, and we abbreviate ch(l)(Q) =: ch(Q). The
side length of a cube Q € %, is I(Q) := 27%, and the volume I(Q)" is written
as |Q).

Martingale decomposition. If Q € Z, then the average of a locally
o-integrable function f over @ is denoted by

M= f rar
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with the understanding that (f)7, = 0 if 0(Q) = 0. For two functions f

and g we write (f,g)s := | fgdo whenever the integral makes sense. The
averaging or conditional expectation operator Ky, k € Z, is defined as

vF= ) (Hgle-

QEDy,
The martingale difference related to a cube Q € & is defined as

(2.1) of = Y. (Noley —(Hale
Q'ech(Q)

Let (£4)72, be a sequence of independent random signs on some probabil-
ity space (£2,P). This means that the sequence is independent and P(g; = 1)
= P(e; = —1) = 1/2 for all i. We will use the Kahane-Khinchin inequal-
ity [8] saying that for any Banach space X, any 1 < p,q < oo and any
xi,...,xpm € X we have
pN\1/p
X) ’

M a\1/q M
(2.2) (EH g €i%; X) S <EH E EiT;
i1 i=1

where E refers to the expectation with respect to the random signs.

The notation ~,, in means that there exists a constant C' > 0
depending only on p and ¢ and not on M, X or the elements x; such that
if A and B denote the left and right hand sides of , respectively, then
C~'B < A < CB. The subscript on ~ indicates what the constant C
depends on, and is sometimes omitted. We use this kind of notation only if
the constant C' does not depend on any relevant information in the situation,
and no confusion should arise. Similarly A < C'B will be written as A < B.

Let f € LP(o) for some 1 < p < oco. Then for any | € Z we have the
martingale difference decomposition

(2.3) =S hole+ Y 47

Qe Qe
(Q)<2!

where the series converges to f in any order (that is, unconditionally).
Burkholder’s inequality

20 loe=|(S ket X 18507) 7,

QeZ, Qcg
(Q)<2~t

(o)

implies that

25 Il ~E| Y colf)olo+ > a4 /]

Qe

P (o)
(Q)<2 !
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where {eg}gey is a collection of independent random signs. Burkholder’s
inequality was originally proved in [I] in a little different situation.

From and the Kahane-Khinchin inequalities one can deduce the fol-
lowing lemma for LP(o;1?)-norms. Below we shall also call Burkholder’s
inequality.

LEMMA 2.1. Let 1 < p < oo and (fx)2 € LP(o;1?). Then for any

k=—00
l€Z,
(26) H(fk)zo——ooHLP (0312)

—pH(Z > ) \21Q+Z > oAz fk’) ’

k=—00 Q€ k=—oc0 QEZ
Q<2

Proof. By monotone convergence we may assume that only finitely many

functions fj are non-zero. Furthermore, by martingale convergence, we can

suppose that for every k there are only finitely many terms in the martin-

gale decomposition of f;. Thus the sums in the following computation are
actually finite.

Let {ek}rez and {a’Q}QE 2 be sequences of independent random signs on

P(o)

some distinct probability spaces, and E and E’ the corresponding expecta-
tions. Then using the Kahane—Khinchin inequalities and ([2.5) we compute

2T IRl = || (] k_f: ol ),

LP(o)

~E | ‘ i 5kfk‘pda

RN k=—o0

0 )
p
2 [ S Y actigler 3 Y acyaphl i
RN k=—oc0 Q€Y k=—0c0 Q€9
(<2t

If {ck.0}kez, Qe is any doubly indexed finitely non-zero set of real num-
bers, then

(2.8) EE

Z Z&kﬁQCkQ‘ = EFE’ ZsQ Z €kaQ‘

k=—00 Q€Y k——oo

p/2 2\ p/2
52 Y4 3 ae) =BE] 3 a0 Y derel)
Qe?  k=——oo k=00 Q€
s 2\ p/2 > p/2
(6] 3 oY ) = (3 leel?)”
k=—00 Q€2 k=—00 Q€2

Using (2.8) in (2.7]) we get the estimate we wanted. m
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Principal cubes and Carleson’s embedding theorem. We will
need the construction of principal cubes. More precisely, suppose f € LIOC( o)
and take some cube Qg € Z. Set %y = {Qo}, and assume that .%,...,. %
are defined for some non-negative integer k. Then, for S € .74, let chy(S )
consist of the maximal cubes S’ € 2 such that S’ C S and

(7D > 2(11D%-
Set Fk11 = Ugeg, chr(5) and

o
k=0

Now for every Q € & with Q C g, there exists a unique smallest S € .7,
denoted by 7@, that contains @, and it follows from the construction that
(DG < 2(f1)g-

Let v € (0,1). We say that a collection 2y C Z is y-sparse if there exist
pairwise disjoint measurable sets E(Q) C @, Q € %, such that o(E(Q)) >
~vo (Q) for all @ € Zy. The collection . of stopping cubes constructed above
is 1/2-sparse, which is seen by defining E(S) := S\Ugrcen_, (s) S' for S € 7.
Related to these sparse families we shall use the following form of Carleson’s
embedding theorem:

LEMMA 2.2. Suppose 1 < p < oo, v € (0,1) and (f¢)32, C LP(0;1?).
For each k let %), be any ~y-sparse collection. Then

29) H(g%«mgm)” o o [ ()"

Proof. Let MY be the dyadic maximal function defined for any Borel
measurable f by

LP

M(f) = sup 1o(|f).
Qe

For any k and S € .} denote again by Fj(S) the measurable subset of S
such that o(Ex(S)) > vo(S) and E(S’) N Ex(S) = 0 for any other S’ € .%.

To prove , assume without loss of generality that every fi is non-
negative. We want to argue by duality, and for that purpose let {gi s :

k=1,2,..., S €. be any finitely non-zero collection of L? (o) functions
(p’ denotes the Holder conjugate exponent to p). Then

Z Z S (fe)3lsgr,sdo <~~ 12 Z (1) (9r.5)%0(Ex(S))

k=1Se.% k= ISEyk

12 > VM (fo) M (grs)1E, () do

k=1 Se.%,
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lH(i > (Mg(fk))21Ek(S))l/2‘

k=1Se.7 "
N(E Zotmerns) .,

Since for a fixed k the sets Ex(S), S € %, are pairwise disjoint, the first
factor on the right hand side satisfies

[(X S e 1ns) |

k=1Se.%

Lr(o)

< |(San?) |

o (2 8)"

where in the last step we have used the dyadic Fefferman—Stein inequality [3].
In the second factor we may just omit the indicators 1g, (s) and apply the
Fefferman—Stein inequality again. These estimates prove (2.9

LP

* € LP(o;1%), 1 < p < oco. Stein’s
inequality, which originally appeared in [16], says that

(210) H(Elgfk)zoz—oo”Lp(a;p) rgp H(fk)zo:—ooHLP(a;ﬂ)'

This can equivalently be formulated by saying that for any set {fg}oeca,
where each fq is a locally o-integrable function, we have

e (Swawe) ., 5 (X )"

Note that ( also follows from the dyadic Fefferman—Stein inequality
that was used in the proof of Carleson’s embedding theorem.

Stein’s inequality. Let (fj)2

(o)

3. The quadratic ), ,-condition. In this section we introduce the
quadratic &7, ,-condition and investigate its relation to the Muckenhoupt
type A, 4-condition. Here 1 < p,q < oo. The quadratic 47, ,-condition will
be used in the characterization of two-weight inequalities for the dyadic
square function and dyadic shifts.

The measures ¢ and w are said to satisfy the simple or Muckenhoupt
type A, 4-condition if
o (Q)MP w(@)"/

(3.1) (0, W)p,q == sup < 0.
Qe Q|

If p = q, we just write A,.
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The measures ¢ and w are said to satisfy the quadratic <7, 4-condition if
for every collection {ag}geco of real numbers we have

63 (5 («5a) 1) ], sl (S te)
Qe Qe

where [0, w]p 4 € [0,00) is the best possible constant. We also write [0, w]p 4
< 0o to mean that the condition holds, and [o, w],, = 0o to mean that it
does not hold. It is clear that (o,w)p 4 < [0, w]p 4, which follows by taking
only one term in the sums in .

La(w) Lr(o)

LEMMA 3.1. Let 1 < p,q < co. The quadratic <7, 4-condition is symmet-
ric in the sense that [0, w]p g ~ [w, 04 .

Proof. Choose any (finitely non-zero) collection {ag}gecs of real num-
bers, and let {fg}ges be a collection of LP(o) functions. Then

Qdcr
SZaQ ] 1 deU—SZ Q |Q\ 1o dw

Qe7 Qe
2 1/2
<(Z 10) i |(Z (a5 1)
(3 Whah® )"

1/2
<o, w]an( Z aélQ) ‘
Qeg Qg

<ol Z ) (S )

where in the last step we have used Stein’s inequality. By duality this shows
that (w, o]y S o, wpg. »

LY (w) La(w)

ool oo

For 1 < p,q < oo a two-weight version of Stein’s inequality (2.11]) can
be formulated as

(5 ()., <A )

where {fg}geo is again a collection of locally o-integrable functions, and
& = S (o,w,p,q) denotes the smallest possible constant with the under-
standing that it may be infinite.

LEMMA 3.2. The best constant . = . (o,w,p,q) in (3.3) satisfies .S ~
[0, w]p,q-

Proof. That [0, w]p, < (0, w,p,q) follows from (3.3 with the special
functions fg = aglg, where ag € R. To see that . (o, w,p,q) S [0, w]pq,

(3.3)

La(w) Lr(o)’
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choose any set {fg}gea of locally o-integrable functions. Then

LHS = H <QZ€:9 <(f@>‘ég|(Q@>21Q> v

La(w)
<ot (S 60716) ], 5 o5 )

where we have used Stein’s inequality (2.11)) in the last step. Hence also
[07 w]l)»q 5 y(ovvav Q)- u

Lr(o)

The next lemma shows that the quadratic .7, ,-condition is actually
equivalent to the simple A, ,-condition if 1 < p < 2 < ¢ < oo, and a
similar remark will apply to the quadratic testing conditions below.

LEMMA 3.3. If 1 <p <2< g < o0, then [o,w]pq = (0, w)pq-

Proof. This follows from the fact that LP-spaces have certain type and
cotype properties. For our purposes it is not necessary to define these in
general, but it suffices to note that for any sequence (f)3, C LP(0;1%),1 <
P2,

31 (S8 2 (M) ™

and for any sequence (g)7>, C L4(o; 1), 2 < q < oo,

09 ) = (i)

Of course these inequalities are independent of the measure.

Suppose now that the simple A, ,-condition holds with 1 < p < 2 <

q < 00, and let {ag}gey C R. Then
Z 2 1/2
< )
La(w) La(w)

2 1/2
60 |(32 (gl ) 19)
Qe Qe
/
< (@ X laglalt) < w3 adie)
Qe QEY

and thus [0, w]p 4 < (0, w)pq. =

1/2

IA

L7(o)’

4. The dyadic square function. In this section we consider the dyadic
square function. Let {bg}geo be a collection of real numbers. For a locally
Lebesgue integrable function the generalized dyadic square function is de-
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fined by
1/2
Si(h) = (Y (bgae?) ",
Qe

where Agf is the usual martingale difference related to the cube @ as
in , but with respect to the Lebesgue measure. The “generalized” here
refers to the coefficients bg, and the usual dyadic square function corre-
sponds to by = 1 for all Q € Z.

Now we are interested in the two-weight estimate for this operator.
Namely, we fix exponents 1 < p,q < oo and want to characterize when
there exists a constant C' > 0 such that the inequality

(11) I(x QAQfa>>)/2H < Ol f )

La(w)

holds for all f € LP (0). Here Ag(fo) is understood as

,fd fd
Aoy = Y, @, lel
Q'ech(Q)

1Y 1.
QT ¢ ol ¢

Denote by Sy the operator defined for locally o-integrable functions f by

57(5) = (X (raa(ro)?)

Qe
and for all ) € Z define the localized version

. 1/2
Sva(f) = < Z (bQ/AQ/(fO’))Q) .
Qe
Q'CQ
If v and v are weight functions on R, that is, positive Borel functions,
and p = ¢ = 2, a result from [I3] says that

(4.2) 1Sb(fu)ll2(w) < CllflL2(w)
for all f if and only if there exists a constant C’ such that
(4.3) 1S6(Lrw)llr2wy < €Il r2(w)

for all I € 2. Also in this case the best constants in and . 4.3)) satisfy
C' ~ C. Actually a bit more was shown, namely that the two-weight in-
equality holds if and only if a Muckenhoupt type condition for the measures
and a localized testing condition hold.

Here we are going to give a characterization for with any 1 <
p,q < oo. This will be done in terms of a quadratic testing condition and
the quadratic 7, ,-condition introduced in the last section, and for p = ¢ = 2
the theorem reduces to the result from [13].
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We say that the operator Sy satisfies the global quadratic testing con-
dition (with respect to p and g) if there exists a constant C' such that for
every collection {ag}ges C R we have

(4.4) H (nge;jsg(anQP)lm‘ Lot < CH <Q§€:@aélQ) 1/2’

The operator Sy is said to satisfy the local quadratic testing condition if it

similarly satisfies
1/2 1/2
o 2 2
w9 (S e ., <l S
Qeg Qe

Of course it is equivalent to assume that these inequalities hold for all finitely
non-zero collections {ag}geg-

We shall modify the quadratic 47, ,-conditions according to the coef-
ficients bg. The measures satisfy the %Ifq-condition if for every collection
{ag}geg of real numbers we have

(2 (o) 10)

Qe

Lr(o)

LP(o)

)

La(w) <l w]g’qH( Z aél@>1/2‘ L (o)

Qe

(1) |

where again o, w]%q denotes the best possible constant.
Now we can state the two-weight theorem for the dyadic square function:

THEOREM 4.1. Let1 < p,q < co. The dyadic square function Sy satisfies
the two-weight inequality if and only if it satisfies the global quadratic
testing condition (4.4) and if and only if it satisfies the local quadratic
testing condition (i and the quadratic M;q—condition holds.

In this case the best constant ||Sf| in satisfies ||SY || ~ Gglop

Sioc + [0, w]g,q, where Ggion, and Gy are the best possible constants in 1}

and (4.5)), respectively.

Let us discuss the case p = ¢ = 2, or more generally 1 < p <2 < ¢ < oo.
Similarly to what was noted above in Lemma the %lfq—condition is
equivalent to assuming

1/p’ 1/q
s 1| 7@ 0@
Qe Q|

The same kind of computation shows that the quadratic testing conditions
are equivalent to the corresponding Sawyer type testing conditions. For ex-
ample considering the global testing (4.4]), this means that it is enough to
assume just

157 (1) | Law) < Co(Q)MP

uniformly for all Q) € 2.
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With these facts Theorem reduces to the result proved in [I3] when
p=q=2.

Proof of Theorem[].1. We begin by showing that the global, and hence
also the local testing condition is a necessary consequence of the two-weight

inequality (4.1). Then we show that global testing implies the quadratic

%jq—condition. The main part of the proof is to show that local testing and

b o . .
the &7, -condition are also sufficient for 1'

Necessity of the testing conditions. This is very much like a classi-
cal theorem of Marcinkiewicz and Zygmund [12], which says that bounded
linear operators in LP-spaces have an extension to a vector-valued situation.
Choose a sequence (fx),_; C LP(0) and let (e)}_, be a sequence of in-
dependent random signs. Then using the Kahane-Khinchin inequalities we
compute

w7) H(g 500) "] = (S S pedatrionr)

Qe k=1 Latw)
(2 #f S emoactio])) ",
ez k=1
! 211/2
- H(EH{XZ:{E’J)QAQUW)}Q@ l2> ‘Lq(w)
I
- Gl nsatiol L)
I
ZEH H{ggkaAQ(ka)}Qe@ 21l La(w)’

where at the first “~” we have used the Kahane-Khinchin inequality in 2,
and at the second in L9(w;(?). Linearity of the martingale differences and
the assumed two-weight inequality (4.1)) imply

()

< IS¢ IE| ZskkaLp ~
k=1 (@)

(4.8)  RHSET)

(ka) |

where at “~” we have used the Kahane-Khinchin inequality, first in L? (a)
and then in R. From (4.7)) and (4.8)) it is seen that the two-weight inequality
(4.1) implies the global quadratic testing condition (4.4]).

LP
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Global testing implies the %ﬁq-condition. For any Q € 2 let
{Qr}2Y, be its dyadic children. If Q € 2 and k € {1,...,2}, then

a(Qx)
Ol S [Aq(lg,o) ()]

for any = € ), and thus

|(Q |)1Q S Spolagle,)-

This leads to
2 1/2 1/2
b a(Qk)) ) < So 2
H<Q§€:j (aQ o ) 1) © H(Q; roliala,)?) (Lq(w)

<[[( 3 sttaate?)],..,, < ST atta)”

Qeg Qe

(X at1e) "

Qeg

Lr(o)

< Gglob

Lr(o)

Since
(g@ <aQbQUI(QQ\)>21Q>1/2 = iN: ( > ( agbq |(C§2k|)) 1Q>1/2,

we get [0, w];’,q < Gglob-

Sufficiency of local testing and the <7 bq-condltlon Now we turn
to the main part of the theorem, which consists in showmg that local testing
and the 7 bq condition are sufficient for the estimate . To this end, fix
f € LP(0). We can assume here that there are only ﬁmtely many non-
zero coefficients bg in the definition of Sy, and we prove a bound that
is independent of this finite number. Of course the original local testing
condition implies the same condition for this “truncated” square function.

There are at most 2V increasing sequences Q' - Qé C-yi=1,...,3
< 2N of dyadic cubes in 2 such that

] o0
(4.9) RY = J @k
i=1k=1
and . -
YJainlJai=0 forii
k=1 k=1

It follows from the properties of dyadic systems that for every cube @ € ¥
there exists ¢ € {1,...,7} such that Q C ,—; Q}.
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Since there are only finitely many non-zero bgs, we can choose indices
k1,...,kj such that if by # 0, then Q C J_; Qi;i, and we write Q; := Q}Cl
Thus we can assume that the function f is supported on ngl Q;. Since
Syf=3%1, S"(l 5,.f), it is enough to bound each of these separately.

The choice of the cubes Q; implies that Sy (1g,) = S" ( .), and thus

16,95 Lo Loy = 1€13,55 5,1, Lo(w)
< Glocl[ (3,160,120 (o) < Groclllg, fllLe (o)

So finally it is enough to fix some Q};Z_ =: (Jg, and assume that the function
f is supported on Qg and has zero o-average.
We use a splitting of the function inside the operator, similar to one
n [I0]; a corresponding step also appeared in [I3]. Consider some @ € Z.
Slnce the martingale differences Af, f have o-integral zero, the term Ag(fo)
in the square function can be ertten as

Aq(fo) = Aq((Aaf + Y ARf)o) = Ae((A01)0) + (NHAa(lqo).
R:R2Q
Here we have used the fact that f has zero average to get > . poo ARflg =

(f )"QlQ. Accordingly we split the estimate for the square function into two
parts as

(110) ST e < | (X (bodal(a50)9)) "

Oco La(w)
i o\ 1/2
#I(Z tetnaaetan’) 7,
Qe
For the first term on the right hand side of (4.10]) we estimate
. 114511 do Q
2045019 5 =81 T 10 = 1251157 1a.
This together with the ;zfgjq—condition gives
, o\ 1/2
|(X Getetazne)’) .,
Qe
AC Ffldo 2 1/2
<2 () )
1/2
< b
< oyl ( X (W4 s00110) 7,

Qev

Sl (X @00%10) ]

Qe

~ b
L7 (o) - [07 w]p,quHLP(a)a
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where the second to last step follows from Stein’s inequality (2.11)), and the
last step follows from Burkholder’s inequality (2.4]).

The last thing to do is to bound the second term in (4.10)). Let .# be the
collection of principal cubes for the function f, constructed by beginning
from the cube Q.

Note that Ag(lgo) = Ag(1lro) for every cube 2 5 R O Q. Using the
principal cubes we estimate

(X tatnpaation’) |,
Qe
(S wmer X vosetr?)|,,
FeZF nggZF
< IS wnmrsteaer) .,
< G (é(qﬂ);)?lp)l/zum(a) < Gocllfll (o),

where the last step follows from Carleson’s embedding theorem ([2.9)).

Note that we have actually applied the quadratic testing condition only
with a collection that is sparse with respect to the measure ¢. This concludes
the proof of Theorem .

5. Dyadic shifts. Now we begin to consider dyadic shifts. First we give
some basic definitions, and then we move on to characterize the two-weight
inequality.

For any interval I C R write 9 := |I|7Y/21; and h} = |I|7Y/2(1;, —11,),
where |I| is the length of I, and I; and I, are the left and right halves of I.
The function h? is called the non-cancellative Haar function and h} the
cancellative Haar function related to the interval I.

For a cube Q = I; x --- X Iy € &, where each I; is an interval in R,
define for n € {0,1}" the Haar function related to the cube by

N
he (@, .. ay) = [ [ 1 ().
i=1
If some 7n; is non-zero, then hWQ is called cancellative since Sh% dx = 0;
otherwise it is called non-cancellative. In any case | |th|2 dr = 1.

Fix two non-negative integers m and n. For every cube K € & suppose
we have a linear operator A% defined on locally o-integrable functions by
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(5.1) “f= > auxf.hi)eh],
1,JED
Jm)—jgn) =K

where h{ is a Haar function related to the cube (not interval) I € 2 and
hf} is a Haar function related to the cube J € 9. The coefficients a;jx € R
satisfy |arsx| < /|I||J|/|K|. Here the Haar functions are just some Haar
functions, not any specific ones, and hence we do not specify them with the
superscript 7. Similarly define the corresponding dual operator

woi= Y an(ghhuhi
1,Je2
7m)—jgn) =K
for locally w-integrable functions, where it should be noted that the func-
tions h{ and h5 are in “opposite” places.
As a direct consequence of the size assumption on the coefficients we get,
for any f € L (o),

loc

(5.2) AR fl < fldolg,

1
el S |
K|

K
and a similar estimate holds for A%..

We assume that there are only finitely many K € & such that the
coefficients ajyx are non-zero. We make this assumption to have the dyadic
shift well defined in the general two-weight setting, but all the bounds below
will be independent of this number.

With the operators A%, the dyadic shift T is defined by

(5.3) TOf:= > A%f, [ € Liglo),

Keo

and the shift 7% is defined analogously with the operators A% . They are
formal adjoints of each other in the sense that

(T7f, 9)w = {,T"9)s
for all f € Li (o) and g € LL (w). The shift 77 is said to have parameters

(m,n), and correspondingly tlﬁ(é: shift 7% has parameters (n, m). The number
max{m,n} is the complexity of the shift.

Instead of a single dyadic shift we are going to consider a family 7 of
dyadic shifts with at most a given complexity. Let us first recall the definition
of R-bounded operator families as used for example in [I8]. Suppose (e5)7° 4
is a sequence of independent random signs. If X and Y are two Banach
spaces and 7 is a family of linear operators from X into Y, then .7 is said
to be R-bounded if there exists a constant C' such that for all U € {1,2,...},
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(T)Y_, ¢ 7 and (2,)"_, C X,

U U
(5.4) EH;guTuxu < CEH ;Euxu )

We denote the smallest possible constant C' in (5.4) by R(.7).
If X =LP(c) and Y = L9(w) for some 1 < p,q < 0o, then similar com-
putations with the Kahane—Khinchin inequality as above with the dyadic

square function shows that in this case R-boundedness can be equivalently
defined as

v 1/2 1/2
65 () ., 2| (5 2) .

where R(.7) is the constant as in . If p=q =2, it is easily seen from
that in this case T\’,—boundedness is equivalent to uniform bounded-
ness. On the other hand, from one sees that if 7 consists of a single
operator 7', then R-boundedness means just the boundedness of T'.

Let = {T? : a € &/} be a collection of dyadic shifts. If TZ € 7,
then we write 7T for the corresponding formal adjoint. We say that the
collection 7 of dyadic shifts satisfies the (local) quadratic testing condition
(with respect to exponents 1 < p,q < oo) if for every Ue{l,2,...} and all
sequences (a,)V_; CR, (T)Y_; € 7 and (Q,)Y_, C Z we have

(5.6) H(ZU: (a1, T91q.,) )1/2‘ (ZU:angu>l/2‘
u=1 =

51 [(Seterr100?)"”

u=1

<7

La(w)

LP(U)7

o =T (S ete) ]

where 77, 7% < oo are the best possible constants. Note that it is not
forbidden that T, = T, for some u # u'. In particular, if .7 consists only
of a single shift, then we get the corresponding quadratic testing condition
for the dyadic square function as above.

The two-weight theorem for dyadic shifts is as follows:

)

L9 (w)

THEOREM 5.1. Let 1 < p,q < oo and assume that the measures o and
w satisfy the quadratic <7, 4-condition. Suppose 7 is a collection of dyadic
shifts as in with complexities at most k. Then the collection J is
R-bounded from LP(o) into LY(w) if and only if it satisfies the quadratic
testing conditions and , and in this case
(5.8) R(T) S L+ ) (T7+T) + (14 5)*[0, wlpg-

Again before proving the theorem we comment quickly on the case 1 <
p < 2 < g < oo. Similar computations to (3.6) show that in this case
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R-boundedness is equivalent to uniform boundedness, the quadratic testing
condition reduces to Sawyer type testing, and the quadratic 7, ;-condition
becomes the simple A, ;-condition. Thus we find that a dyadic shift T is
bounded from LP(o) into L4(w) if and only if the Sawyer type conditions

11T 1g| Laqw) < T (Q)'P
and
||1QTw1Q||Lp’(U) < Tww(Q)l/q

hold for all @ € Z, and the measures satisfy the Muckenhoupt type A, 4
condition
1/ 1/q
(0, W)p.q := sup (@) " w(@) < 0.
Qe Q)

In this case
1T\ ooy ) S 1+ &) (T7 +T) + 1+ K)*(0, w)pg,
which is the result proved in [7] when p = ¢ = 2.

Proof of Theorem [5.1. Suppose .7 is R-bounded, whence clearly the
quadratic testing condition is satisfied. Using duality one sees that the
collection of formal adjoints of the shifts in .7 is R-bounded from L7 (w)
into L¥ (o), and thus also is satisfied. Hence it is enough to show the
sufficiency of the testing conditions.

So we assume that we have a collection .7 of dyadic shifts with com-
plexity at most  satisfying the quadratic testing conditions (5.6)) and (5.7} .
For any U = 1,2,... suppose we have some sequences (1 ") _1 C 7 and
(f)V_, cLp (J). To prove it is enough to take an arbitrary sequence
(9u)V_, € LY (w) and show that

}EU: (T3] fus Gu) w’

S(A+RT7HT) + 1+ 5)*(0,0)pa) | (fu)i=t o (o) (9=t | 1t g2y

For every u we write the corresponding shift as

T3 fu = Z Au i fu= Z Z a%JK<fu7h{,u>oh5,u
Ked Ke9 I1,Je9
7m)—jgn) =K
Let again (Jpo, Q%, i = 1,...,5 < 2N, be the different “quadrants” of
our dyadic system, as explained around (4.9)). Because we have assumed that
every shift consists of only finitely many operators A%, we can choose for

every i a cube Q}Ci := Q; such that af ;i 7 0 implies K C ngl Q;. Since the

—_
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definition of the shift shows that T77 (f.1p,) is supported on 15 , we have

U j U
Z<qufua gu>w = Z Z<T51Q~ifu, 1Qi!]u>w7

u=1 i=1 u=1
and it is enough to estimate for each ¢ separately.
Finally, we split

(59 (TT10,fur g0 = (T3 (1o, (Fu = (F)5 ) g, (90 — (95 )
+ <1Ql(fu - <f“>g~21)’ <9u>giT5}1Qi>g + <<fu> Tal o ngu>wa

and the sum over u of the last two terms can be bounded dlrectly by using
the testing conditions. For example

’Z Fug AT 1, Q9u>w‘
2 U 1/2
H( 1 Tilg) ) ! ‘Lq(w)H<;‘1Qi9u’2> / )

12 .
<77 ( Z(<fu>%z)2> U(Qi)l/pH (1Qigu)5=1 ”Lq’(w;l2)7

u=1

L (w)

QMQ

and using the fact that an [2-sum of averages is less than the average of the
[2-sum we get

(i )1/2 Q)P
u=1
<(Zf2)1/2> (@) < (g fu) il (o)

After these reductions it is enough to fix one cube Q};i =: Qo and suppose
that for every u the functions f, and g, are supported on Q)¢ and have zero
averages. Since the shifts 7] are a prior: bounded, by LP-convergence of
martingale differences we can assume that

fu= Y Dpfus  gu= Y Abgu,

QeY Qeg
QCQo QCQo

where the sums are finite.
Using the martingale decomposition

(5.10) Z<T Fur Gu)w —Z > AT AY fur Agu)w,

u=1Q,Re2
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we split the proof into parts depending on the relative positions of the
cubes Q and R; this part of the proof follows the outlines in [4]. The cases
“IQ) < I(R)” and “I(Q) > I(R)” are treated symmetrically, and here we
concentrate on the first. Using the maximal possible complexity x of the
shifts, we further split into three cases “Q N R = 0”7, “Q® C R’ and
“Q C R C Q"7 and these are treated separately using different properties
of the shifts.

In the summations we understand that we are summing over dyadic
cubes, and we will not always write “Q € 2” in the summation condition.
Moreover, since we have assumed the finite martingale decompositions of f
and g, we can think that every Q € Z that appears below actually belongs
to some sufficiently big finite collection %y C 2. This way all the sums
are actually finite, and one does not have to worry about any convergence
issues.

At this point it is convenient to introduce the notation

AGf= > AYf
Qe
Q=
for any f € Ll (0), @ € 2 and i € {0,1,2,...}, and similarly for the
measure w.

Disjoint cubes: QN R =0 and /(Q) < I(R). Here we bound the part

(5.11) (Z Y (TADfus Agu)w

u=11(Q)<I(R
QNR= (/)

Consider a fixed u first, and suppose the shift 7)0 has parameters (m, n) with
m +n < k. Fix two cubes Q, R € 2 with Q N R = () and suppose K € 9
is such that (A7 A fu, ARgu)w # 0. We must have QN K # 0 # RN K,
which combmed w1th Q N R = () implies that Q, R C K. Also, since the
functions A o.f and A%g have zero o- and w-averages, respectively, and a
Haar functlon hr is constant on the children of I, we have K ¢ QU™ and
K ¢ R™. Thus the sum is actually zero if m = 0 or n = 0. Hence
we assume m,n > 1, rearrange the sum in question and estimate with
as

(5.12) > KT AD fur Afgu)ul

H(Q)<UR)
QNR=0

<222, D HALkAR u Al

i=1 j=1Ke2 Q,Re
QW=RU=K
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SZH:Z 3 IIAgfullLl(T}g‘Aggu||Ll(w)

,j=1Ke2 Q,Rey
QW=RU=K

_ i > AL full L1 (o) | A% gull L1 )
ij=1 Ke9 K]
Note that this estimate does not depend on the parameters (m,n) of the
shift.

Then for any fixed ¢ and j, we sum over u, and continue with

U 0’77; ’Ll),j
AL fu A ” w
(5.13) Z Z | K[ ||L1( )H K 9 ||L1( )

u=1Ke9 ’K|
SZ Z ’AU quL |Aw,] u|dw
u=1Ke9
U 0,8
1A% quLl(o) 2 \1/2
= H(;g;@( K| ) 1K> ’L‘I(w)
4 wi e \1/2
' H(Z Z (AK"gu) 1K> ‘Lq/(w) = 4B
u=1Ke9
Using the quadratic <7, ,-condition we get
' 2 1/2
(5.14) H( > (0axnz el ) 1)
u=1Kec9P ’K| La(w)
; /
< lovtl| (30 3 (83 501 N
u=1Ke9

<o, w]p,qH <[§@ << ( il(A}Téifu)z) 1/2>;)21K) 1/2‘

Lr(o)

Applying Stein’s inequality (2.11]) and then Burkholder’s inequality (2.6]) to
the last term in ([5.14)) we obtain

RISETD < w3 S5 501"

Kezu=1
U
S/ [07 w]p#}” (fu)uzl ||LP(U;l2) .

The factor B in ([5.13]) is estimated directly using Burkholder’s inequality,
and then it only remains to sum over the finite ranges of ¢ and j, which

LP (o)
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produces a factor 2 in the final estimate. Hence we have shown that
2 U U
B-11) < 52 - o, 0l (F) ol ooy 190 U | o iy

Deeply contained cubes: Q%) C R. We again consider a fixed T)Y
with parameters (m,n) first. Assume @, R € 2 are such that Q") C R.
If AZ,KAUqu is non-zero, we must have K ¢ QU < Q" C R. Since
Ai KA‘Z? fu is supported on K and A%g is constant on the children of R, we
see that

<AZ,KA6fu7 %gu)w <AU KAqu7 <ARgu>Q(n)1Q(~)>w7
and thus
<TUA fua %gu>w <TUA fu7< Rgu>Q(n)1Q(n)>

Taking “Q*)” as a new summation variable we can rewrite the sum to
be estimated as

(5.15) > ATIAY fur Agu)w

Q,Re2
=33 Y (1A fu (A la),

QWCR
Qe Re@ Q'ez
2R =g
= Z <A0Q’Efua <QU>QA8KT$1Q>J7

Qe
where we collapsed the sum }_pco poo{AR%u)gle = (9u)(le, and used
the fact that the martingale difference operator AUQ’“ can be put also on
the other side of the pairing (-, -),. Now we have again an equation that is
independent of the parameters (m,n), so it holds for all the shifts 7'7.

Then we sum over v and estimate

(5.16) ‘ZZ (A" fur (9, BAG TV 1), ‘

u=1Qeg

- HZ S AG fulg) BAG T 1 do]

u=1Qey

(T n)

u= IQEJ

: (Z 3 <<gu>zsA3“T5’1Q>2)” ’

u=1Qe2
where Burkholder’s inequality (2.6)) implies that the first factor on the right
hand side is dominated by ||(fu)g:1“Lp(o-;l2).

L¥ (o)’
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In the second factor we note that if ¢ is any locally w-integrable function,
then Ag'{Az”’K(lchp) = 0 for any Q,K € 9, which follows from the fact
that the shift has complexity at most . This shows that
(5.17) AF T g = AL TV 1p
forany 2 5 P D Q.

Beginning from the cube @Qq, construct the sets ¥, of principal cubes for
the functions g, with respect to the measure w. Since the functions g, have
finite martingale difference decompositions, and are accordingly constant on
sufficiently small cubes @@ € Z, the collections ¥, are finite.

Using the remark we proceed with

(3 3 (osagreie?)”]

=1 0co LY (o)
J w2 O,Kw 2 1/2
<[ (X X dmbey X @gmne?) |,
u=1Ge, Qe 7
Teg, Q=G

M=

w w 1/2
(lguVé16Ti16)?)
GeY,

<
<7 (X X e

u=1G€EeY,
where we have used Burkholder’s inequality (2.6 in the second step and

Carleson’s embedding theorem (12.9)) in the last step. This concludes the
proof for the part “Q(*) CR.

L (o)

Il
—

U

U
poiy S TG ey

Contained cubes of comparable size: Q ¢ R ¢ Q. For a fixed w,
the sum to be estimated in this last subsection can be written as

(5.18) ZZ Y (T7AD fus Afgu)w

=0 ReZ Qe

QW=R
K
= ZZ Z Aalfua %9U>l}%kT$1Rk>o’
1=0 k=1 RE9
k2N .
— ZZ Z <1RkA7{’Zf’u7 (A%g“>l}%kT;Ule>0
=0 k= 1R€9
K
+ ZZ Z 1CRkA fua< RgU>Rk 1Rk>o”

=0 k=1 Re2
where the cubes Ry are the dyadic children of R.
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Consider the first sum on the right side of (5.18). We fix some ¢ and k,
sum over u and use testing to deduce that

U
505 (AT o (BT 1m,),

u=1 Re9
N S anagnr)”|,..
u= 1R69
15 Zsmnnrzn) ..,
S TNl o) (ZZI £9) Rklﬂf)m\mw)

u=1 REY
S TN ()=t | ooy 1 (9u)i=t | Lo (o)

Now turn to the other sum in ([5.18)) to be estimated. With the same no-
tation as there, we have 1gp AW 1R, # 0 only if K D R. Hence, using (5.2),
we get

’<1CRkAgifU’< %gu>%kT1iUle>o‘

23 I1er, AR full 21(0) 1R ARGull 1 ()
- K|

Keg
KDR

HlﬂRkAUlquLl(a)Hle Rgu||L1(w
|R|
Summing this over k, and then over R € ¥ and u € {1,...,U}, leads,

as in and (| - to

U

1gr, AF fulli o)1 ARGl L1 ()
(5.19) ZZZ : 7

H(Z Z R9u) )1/2’

u=1 RED
S [Ga w]p,qH(fU)qajzl||LP(U;Z2)||(gu)g:1||Lq’(w;12)-

La(w)

L (w)

Summing over i € {0,...,x} produces the factor 1+ x in the final estimate.
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This finishes the proof of the case “Q € R ¢ Q" and hence also of
Theorem (.1 =

LEMMA 5.2. Let 1 < p,q < oo and suppose 7 is a family of dyadic
shifts containing all shifts with parameters (m,n). If 7 is R-bounded from
LP(o) into LY(w), then

[J w]p . < 2N min(m, n)R(y)

Proof. Suppose for example that m < n. The case m > n is similar. For

every I € 2 define the shift

variiei
7= ) UL sy,

\ J(m)

Jeg
Jn—m)_7

where the functions h; and h; are some fixed Haar functions related to the

cubes I and J. Define also f7 := hy\/|I|.
With these definitions we have |T7 f| = 2Nm|)1| 17, and clearly |f7| = 1;.

Thus, if {a;};eco is any finitely non-zero set of real numbers, then

o €j< ), H(;;mff»?)”!m

NS i) .., =R (Saitn)™

Ieo
which shows that [o, w]p g <2NMR(T). m

COROLLARY 5.3. Suppose 1 < p,q < oo. The family 7 of all shifts
with parameters (m,n) is R-bounded from LP(o) into Li(w) if and only if
the family satisfies the quadratic testing conditions (5.6) and (5.7), and the
quadratic <7, 4-condition holds. Moreover, we have the quantitative estimate
- Nmintmn) (g ],  +T7+T SR(T) S (146)(TO+T)+(146)[0, wlp g,

where T and TY are the testing constants and k = max{m,n}.

LP)

Dyadic shifts of a specific form. We look at the case when all the
operators A% in the definition of the dyadic shifts are of the form

(5.20) %f = Z CL]JK<f, h{>ghl,

LJ: M= =K
IVJ=K

where I V J denotes the smallest cube (if it exists) in 2 containing both I
and J. Thus IV J = K is equivalent to I and .J being subcubes of different
children of K. This kind of dyadic shifts arise naturally when representing
general Calderén—Zygmund operators with dyadic shifts as in [5]. Note that
in this case if A% is to be non-zero then m,n > 1.
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In this situation a weaker form of the quadratic 7, ,-condition is suf-
ficient in Theorem Namely, let again Q, k € {1,...,2"V}, denote
the dyadic children of a cube @ € 2. We do not have any special or-
dering in mind, and in fact the ordering need not be the same for differ-
ent cubes. Thus, if Q,Q" € 2 and Q # @', then Q) and Q) need not
be in symmetrical places with respect to the parents Q and @Q'. We say
that the measures o and w satisty the quadratic 7 -condition if for any
k1 € {1,...,2V}, k # I, and any collection {ag}gea of real numbers we
have

(5 () )

Qe

La(w)
/
< oy | (3 adta,) |
Qe

where again [0, w]; , denotes the best possible constant. Similarly to the
case of the quadratic 4, ¢-condition, we have [o, w]} , >~ [w, 0]}, .

The two-weight inequality for the Hilbert transform was characterized by
M. Lacey, E. Sawyer, C.-Y. Shen and I. Uriarte-Tuero [11] and M. Lacey [9]
in the case when the measures o and w do not have common point masses.
This restriction was lifted by T. Hytonen [6], and a key new component was
a similar kind of weakening to we have here of the Poisson As conditions

used in [I1] and [9].

Lr(o)

THEOREM 5.4. Let 1 < p,q < oo and assume that the measures o and
w satisfy the quadratic < -condition. Suppose T is a collection of dyadic
shifts with complexities at most k, and suppose every shift in 7 is of the spe-
cific form (5.20)). Then the collection 7 is R-bounded from LF (o) into L% (w)
if and only if it satisfies the quadratic testing conditions and , and
in this case

(5.22) R(T)S A+ 6T+ TY) + (1 + k)20, w]

Pa

We outline the proof of Theorem which is probably known to spe-
cialists.

All we need to do is to look at the previous proof, consider the places
where the quadratic <7, ;-condition was applied, and show that in this spe-
cial case it is enough to assume the weaker condition. The quadratic .7, 4-
condition was applied in two places: first at the end of the subsection
dealing with the case “Q N R = (17, and then at the end of the case
“QC Rc Q.

Assume that K € Z and we have an operator A% of the form ([5.20)).
Then for f € Li () and g € L{. (w) we have

loc loc
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(5:23)  [A%fabl=| Y Y awxlf i ele M

kie{l,..2N} r(m=D =,
k#l Jr=D=k,

IA

> 1L, Fll o) | Lk, 9l 21 ()

o N K]
) 6{17--'72 }
kAl

If we use (5.23) in (5.12)), we end up with the term

i > 150, AT full 110 1116 A% gl 11 )
K|

ij=1 K€D k#l
If one continues as in (5.13)) with fixed k # [, the result is

H (i 3 ||1KkA§J|CuHL1(o) )21Kz) I/QHLq(w)
(X X awanr)

u=1Ke9

L (w)

The factor related to g is directly handled by using Burkholder’s inequality,
and the other related to f is estimated via the &/ -condition as in .
In the end one can sum over the finite ranges of k and [. This takes care of
the first application of the </ -condition.

The other application is even easier, since there the functions are already
in the right form. If we look at the first term in (5.19)), we see that it can
be written as

Z Z Z HlﬁRkAmquLl U)Hle RgunLl
|R|

u=1 ReZ k=1
U y
_ ZZ Z HleA;f%quHLl(a)HleA%QuHLl(w)
kil u=1Re9 5] ’
k£l
and for a fixed pair k # [ this can again be estimated by using the <7 -
condition.

6. Examples related to the quadratic 7, ;-condition. Consider the
one-weight case with p = ¢ € (1,00), where we have an almost everywhere
(in the Lebesgue sense) positive Borel measurable function w : RV — R.
With the same symbol we also denote the Borel measure

w(F) = Swdm,
E
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where £ C RY is any Borel set. The dual weight to w is o := w=/#=1)
and we again use o for the corresponding measure. The Muckenhoupt A,
characteristic is defined as

[w], := sup o (@) 'w(Q)
" ger QP 7
and the Muckenhoupt A, class consists of those weights that have [w], < oco.

In this one-weight case the weighted Stein inequality (3.3]) can be equiv-
alently written as

o (2 (f2layi) "] <o 3 i10)”]

It can quite easily be seen that if p = 2 then the constant ¥ in the
weighted Stein inequality is [w];/ 2, that is, the inequality holds with
a finite constant if and only if the weight is in the Muckenhoupt As class.
A quantitative form of the extrapolation theorem of Rubio de Francia [15]
by O. Dragicevié¢, L. Grafakos, M. Pereyra and S. Petermichl [2] then implies
that the best constant . (w,p) in satisfies

LP(w)

Lr(w

[w]]l)/(Q(p—l))’ 1< P S 27
[w]zl/Z, 2<p<oo.

Y(w,p)fi{

Since Lemma shows that the quadratic &7, ,-constant is equivalent to
the best constant in the two-weight Stein inequality, we get the quantitative
estimates

[wly” < [o,wlpp S ]y ®P) 1<p<,
[w]zli/p < [‘77 w]p,p < [w]zli/za 2 <p<oo.

~

On the other hand, in the general two-weight setting the quadratic .47, 4-
condition is strictly stronger than the simple A, ,-condition if p > 2 or
q<2:

LEMMA 6.1. Let p,q € (1,00).

(a) If 1 < p <2< q < oo, then (o,w)pq = [0,w]pq for all Radon
measures o and w.

(b) If 2<p< oo orl<q<2, then there exist Radon measures o and
w such that (o,w)pq < 00 but [0, w]yq = 0.

Proof. Case (a) is just Lemma so we need to prove only the other
assertion. Let 1 < p,q < oo and choose a cube Qg € Z with |Qy| = 1. Then
we simply set the measure o to be 1g,dx, that is, the Lebesgue measure
restricted to Q.
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The measure w that we next construct must satisfy

Q1
w(Q) < CW7

for some constant C'. Keeping this in mind we set

o
k) g—
w = Z ‘Qé )]q 11ng)\Qék—1) dx.
k=1

To see that the pair (o, w) satisfies the simple A, ,-condition, first note
that since the measures are supported on Qo and 0Qq, respectively, then
oc(Qw(Q) = 0 for all cubes Q € Z with I[(Q) < 1. Also if Q@ € Z is
such that I(Q) > 1 and o(Q) # 0, there exists an [ € {1,2,...} such that

Q= Qél). But then

Qe

l

l
k) jg— k k—
=>oleIr e v ey = Yoy = 11
k=1 k=1
and this shows that

o(QUYP (V) /a
[

<1,

Thus (o, w)pq S 1.

On the other hand, consider the quadratic .7, ,-condition, and choose
some K € {1,2,...}. Weset ap = 1 for k € {1,...,K} and a; = 0 for
k > K. Then the construction of the measures shows that

())

H( 1( Q k)‘ )21 ék))lﬂlq

La(w)

K

1/2 (k k—1) k)|

=Z(ZIQO )RRt e Y = SR = K,
k=1 m=k k=1

where in the second to last step we have used the fact that a geometric sum

is about as large as its largest term.
For the quadratic .7, ;-condition to hold, this should be dominated by

K
1/2q 9
(6.3) o, w]g,qH (kz_: 1 Qék)) Hm(g> = [0, w] K2,
Comparing (6.2) and (6.3)), we see that since K was arbitrary, (6.3 can
dominate (6.2]) only if ¢ > 2.

So if ¢ < 2, we can construct a pair (o, w) of weights such that (o, w), 4
< oo but [o, w]p ¢ = 00. On the other hand, if p > 2, then p’ < 2, and we can
construct measures such that (o,w)y y = (w,o)p,q < oo and [o, W]y ~
(w,0]pq =00. m



Two-weight LP-inequalities 55

Combining Lemmas [3.2] and [6.1] we get the following corollary:

COROLLARY 6.2. If p,q € (1,00), then the simple Ay, 4-condition is suf-
ficient for the two-weight Stein inequality (3.3)) if and only if 1 <p <2 <
g < o0o.
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