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On the set of limit points of conditionally convergent series

by

-

SZYMON GEAB and JACEK MARCHWICKI (Lodz)

Abstract. Let Y >°  x, be a conditionally convergent series in a Banach space and
let 7 be a permutation of the natural numbers. We study the set LIM(3""7 | @ (n)) of
all limit points of the sequence (3.7 _, ®;(n))p21 of partial sums of the rearranged se-
ries > 07 | Tr(n). We give a full characterization of such limit sets in finite-dimensional
spaces. Namely, every such limit set in R™ is either compact and connected, or closed
with all connected components unbounded. On the other hand, each set of one of these
types is the limit set of some rearranged conditionally convergent series. Moreover, this
characterization does not hold in infinite-dimensional spaces.

We show that if >~  x, has the Rearrangement Property and A is a closed subset
of the closure of the sum range of > >~ | x, and it is e-chainable for every ¢ > 0, then
there is a permutation 7 such that A = LIM(3 07 | ©r(n))-

1. Introduction. Let > >° , x, be a conditionally convergent series of
real numbers. For any a < b one can find a permutation ¢ € S of the natural
numbers such that the sequence (Zﬁ:l To(n))he; of partial sums of the rear-
rangement y Ty(n) has lower limit a and upper limit b. Consequently,
a and b are limit points of the sequence (Zf’;:l Tom))hey- Since |Tg(n]
tends to zero, the whole interval [a,b] consists of such limit points. This
simple observation shows that the set of all limit points of (Zi:l To(n))hey
is closed and connected, and for any closed connected subset I of R and
any conditionally convergent series ) 7, z, one can find a rearrangement
Yoy Ty (n) such that the set of all limit points of its partial sums equals .
If >, Ty(n) diverges to oo or to —oo, then the set of its limit points is
empty.

The situation becomes more complicated for conditionally convergent se-
ries in multidimensional Euclidean spaces. One could expect that the limit
sets of all rearrangements are connected or even arcwise connected. It turns

2010 Mathematics Subject Classification: Primary 40A05; Secondary 46B15, 46B20.

Key words and phrases: sum range, Steinitz Theorem, set of limit points, conditionally
convergent series, series in Banach spaces.

Received 15 December 2015; revised 19 July 2016.

Published online 17 February 2017.

DOI: 10.4064/sm8480-10-2016 [221] © Instytut Matematyczny PAN, 2017



222 S. Glab and J. Marchwicki

out that this is not the case. However, some result concerning connectedness
can be proved for multidimensional spaces (see Theorem [3.5]).

Let > >° | z,, be a series in a Banach space X. Denote by LIM(3 0 xp)
the set of all limit points of the sequence of partial sums of the series,
let

LPS(Z ) ULIM(Z:U )

n=1 0ES~

where S, stands for the collection of all bijective maps ¢ : N — N, and
denote by SR(D> .7 | z,) the sum range of the series, that is, the set of sums
of all convergent rearrangements of the series. Let us also introduce the fol-
lowing notation. Denote by X the collection of all series in X, by 3 the
collection of those 230:1 T, € 3 with lim,,_, x, = 0, and by X¥. the collec-
tion of those Y 7 | x,, € X that have a convergent rearrangement, i.e. with
SR(S02, ) 7 0.

It is easy to see that LIM(Y_ 7, z,) is a closed separable set, and that
for every closed separable set A C X there is a series » -~ x, € X with
LIM(Y 7, zy) = A.

Now, let > >° |z, € X(R™). By the Steinitz Theorem the sum range
SR(> .2, xp) is an affine subspace of R™. The limit sets of series were stud-
ied by Victor Klee [3], who claimed that if A = LIM(> 7, x,,), then for
every € > 0 the e-shell A(e) = {z : ||z — y|| < ¢ for some y € A} of A is
connected. Our Example 2.2] shows that this is not true.

A metric space (Y, p) is e-chainable if any points a,b € Y can be joined
by a path zg,z1,...,2; € Y such that xyp = a, xx = b and p(z;, x;—1) < €.
Each connected metric space is e-chainable for every ¢ > 0 [I, 6.1.D(a)];
moreover, if (Y, p) is compact and e-chainable for every £ > 0, then Y is
connected, the compactness assumption being essential [I, 6.1.D(b)]. Klee
also proved that if Y 07 2, € X (R™) and A C SR(} .2, xp) is closed
and e-chainable for every € > 0, then there is ¢ € S such that A =
LIM(Z a(n))

In thlb article we complete Klee’s result by giving a full characteriza-
tion of limit sets LIM(> > | xy,) for > 7, z, € X (R™). Namely we prove
the following dichotomy (Theorem : the limit set is either compact and
connected, or any of its connected components is unbounded; moreover, the
closure of the limit set in the one-point compactification of R™ is connected.
The proof uses the fact that the underlying space has finite dimension. More-
over, this dichotomy does not hold for all Banach spaces. More precisely, in
every infinite-dimensional Banach space we construct an example of a condi-
tionally convergent series such that the limit set of some of its rearrangements
consists of two points.
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Theorem [3.5] cannot be reversed in the sense that there is an unbounded,
closed set in the one-dimensional Euclidean space R each of whose connected
components is unbounded but it cannot be a limit set. Namely, set X :=
(—o0, —1] U [1,00). As mentioned at the beginning, any limit set on the
real line must be connected, and therefore X is not a limit set. However,
Theorem [3.5] can be reversed in higher dimensions. This means that any
compact connected set (or even any closed e-chainable set for every e > 0)
in R™, m > 1, and any closed set in R™, m > 2, all of whose components
are unbounded, is the limit set of some rearrangement of a conditionally
convergent series.

In the last section we show that if > >, x, is a series in an arbitrary
Banach space such that Y > | x,, has the Rearrangement Property, and A C
SR(3>_72 @p) is closed and e-chainable for every e > 0, then there is 7 € Sy
such that A=LIM(> 02 2o ()

2. Counterexample to Klee’s claim. As mentioned in the Introduc-
tion, Victor Klee [3] claimed that if A = LIM(} ° | x5,) for some > 7, z,
€ X, then its e-shell A(e) is connected for every € > 0. This is equivalent
to saying that A is e-chainable for every € > 0. Klee used different notation,
but the gap in his argument can be translated into our language as follows.
He argued that it was “evident” that LIM(> ", x,) cannot consist of two
sets X and Y having disjoint e-shells X (¢) and Y (¢). However, the following
example shows that this is not true.

According to [4], in finite-dimensional spaces every series > .o |z, € 3o
with LIM(>">, #,) # (0 has a convergent rearrangement. Therefore the
problem of characterizing those A C R™ with LIM(} 07, z,) = A for
some Zn 1Tn € X, is equivalent to characterizing those A C R™ with
LIM(Y >, xp) = A for some ) >, x, € Xp. This permits us not to care
about the ex1stence of a convergent rearrangement, but only about the con-
dition lim,, ,o z, = O.

For natural numbers n < m we denote by [n,m] the discrete interval
{n,n+1,n+2,...,m}, and by [n,00) the set {n,n+1,...}. Let > .>° | z,
€ Xy. The partial sums sequence (sp), sp = > p_; Tk, will be called a walk.
Note that a € LIM(D> 07 | x,,) if for every e > 0 the walk (s;) hits the
ball B(a,¢). If (s,)5°; is a sequence in R™, then we call it a walk if some
rearrangement of the series 7 | (sp41 — Sy, is convergent. A sequence (sy)
of elements of a set X is called an X-walk if

(i) the set {sy : n € N} is dense in X;
(i) [15ms1 — snll > 0.

Observe that conditions (i) and (ii) imply that X is e-chainable for every
e>0.
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PROPOSITION 2.1. Let X C R™ be dense-in-itself and let (s,) be an
X-walk. Then Y o2 xn = > .00 (Sn — Sn—1) € X, where sp = 0, and
LIM(Y 5, 74) = X.

Proof. From (ii) we get Y 7 | x,, € Xp. Fix x € X. From (i) we know that
z = limy,_o0 S, for some increasing sequence {m,}>° ; of natural numbers.
Hence € LIM(> .2 | @), so X € LIM(D> 07, @y). Since LIM() 7 | @) is
closed, we have X C LIM(>_>° | z,). We also know that each element of
(sp) isin X, so LIM(} 72, zx) € X. Finally, by the above mentioned paper
[4] of Rosenthal we have Y 7 z,, € .. =

EXAMPLE 2.2. We define a series > _p | yx € Z(R?).

STEP 1. The first two y,,’s are (1/2,0), (1/2,0).

STEP 2. We define the next 1-4 +4 + 1 -4 elements:

(0,1/4),...,(0,1/4),(-1/4,0),...,(—1/4,0),(0,-1/4),...,(0,—1/4).

STEP 2k+1. In this step we define 2k-22k+14-92k+1 4 9k 92k+1 clements:
(0,271 . (0,272k1) (2721 ), ... (2721 ),

-~

2kﬂ22k+1 22k+1
(0,—272k=1y . (0,—27%"1).
2k-22k+1

STEP 2k+2. In this step we define (2k+1)-22+2 422642 4 (2 4-1).22k+2
elements:

(Oa 2_2k_2)a R (07 2_2k_2)7 (_2_2k_21 0)7 R (_2_2k_27 0)7
(2k+1)~22k+2 22k+2
(07 _272’672)7 ) (07 _2721672) .
(2]6—1—1‘)r~22’““’2

Since > 70 yr € Eo(R?) and (0,0) € LIM(D 22, k), we have > po | yk €
.(R?). Note that LIM(3-2%, y,,) equals {0,1} x [0,00), so its e-shell is
disconnected for all € < 1/2.

ExaMPLE 2.3. Now we describe a construction in which the limit set
of the series is the closure of the union of infinitely many pairwise disjoint
half-lines {a, : n € N} x [0,00) where (ay) is a sequence of distinct real
numbers. This example is similar to Example so we only specify the
walk (sp). Since at each step of the construction the walk goes from one
point to another and then back along the same path, the steps of the walk
can be rearranged into an alternating series. Since the lengths of the walk’s
steps tend to zero, the resulting series is convergent. We describe the first
three steps of the construction:
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Fig. 1. The first three steps of the construction of the walk (3°7 | n)p=1 from Ex-

ample [2:2]

STEP 1. We start the walk at (a1,0). Then we move to (ag,0) along the
line y = 0 using steps of length not greater than 1. Then we go back to
(a1,0) along the same path.

STEP 2. We go upwards to (a1, 1), then along the line y = 1 to (ag, 1),
next downwards to (ag,0) and back upwards to (ag, 1), then again along
y = 1 to (a3, 1) and downwards to (as,0), always using steps no greater
than 1/2. Finally, we go back to (a1,0) using the same path.

STEP 3. In this step first four points (a;,0),...,(a4,0) are involved,
steps are no greater than 1/4, and to move between the vertical lines = = a;
we use the horizontal line y = 2, etc.

Clearly A := LIM(}_ 7, xy) 2 {a, : n € N} x [0,00). Since A is closed,
we obtain A D {a, :n € N} x [0,00) = {ay : n € N} x [0,00). To show the
opposite inclusion, let (u,v) ¢ {a, : n € N} x[0,00). If v < 0 then (u,v) ¢ A,
because our walk is in R? and has a nonnegative second coordinate. If v > 0
and u ¢ {ay : n € N} then inf, ey |u — a,| = 0 > 0. Fix a natural number
m > v+4. Then the ball B((u,v),d) contains no elements of our walk defined
at the kth step of the construction for any & > m. Hence (u,v) ¢ A. Finally,
A ={a, :n e N} x|[0,00).

Using Example we can show that the limit set of a rearrangement
of a conditionally convergent series can have uncountably many unbounded
components. Let £ = {ay, ag, ...} be a countable dense subset of the ternary
Cantor set C. By Example one can find a series » °  z, € X, such
that LIM(3 07 2n) = {an}22, X [0,00) = C x [0,00). Since C' is totally
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disconnected, i.e. each of its components is a singleton, the half-lines {z} x
[0,00), z € C, are the components of C x [0, c0).

3. Characterization of limit sets in Euclidean spaces. Let B(0, R)
={veR™: |jv]| < R} and S(0,R) = {v e R™: ||v|| = R}. For a topological
space X, we denote by K(X) the set of all nonempty compact subsets of X
equipped with the Vietoris topology (for details see for example [6, p. 66]). It
is well known that the compactness (metrizability, separability) of X implies
the compactness (metrizability, separability) of the hyperspace K(X) and
that the family of all nonempty compact connected subsets of X forms a
closed subset of IC(X).

LEMMA 3.1. Let X CR™ be a closed set and let R > 0. Then
Z = U{C’ : C' is a component of X N B(0, R) such that C N S(0,R) # 0}
s a compact subset of R™.

Proof. Let (v,) € Z. Find components C,, of X N B(0,R) such that
C,NS(0,R) # 0 and v, € Cy,. Pick x,, € C,,NS(0, R). Since £(X NB(0, R))
is compact, we may assume that C,, tends to some C, v, — v and x,, — .
Then v,z € C and C is connected. Therefore v and x are in the same
component of X N B(0, R) which intersects the sphere S(0, R). Thus v € Z,
and consequently Z is compact. m

Let X C R™ be a closed set. We define an equivalence relation £ on X
as follows:

zFEy < x and y belong to the same component of X.

We denote by X/FE the set of all equivalence classes of E, and by ¢ the
mapping from X to X/F assigning to a point x € X the equivalence class
[z]r € X/E. On X/E we consider the so-called quotient topology consisting
of those U C X/E such that ¢~'(U) is open in X. The set X/E equipped
with this topology is called the quotient space, and ¢ : X — X/E is the
natural quotient mapping. The following result important for us can be found
in [1].

THEOREM 3.2. For every compact space X, the quotient space X/E is

compact and zero-dimensional.

LEMMA 3.3. Let Y 2 xn, € B(R™). Assume that Y is a nonempty
bounded subset of X := LIM(D> 02 | xy). If Y () is disjoint from X \'Y for
somee >0, then X =Y.

Proof. Note that the closure Z of Y'(¢) \ Y (¢/2) is a compact set disjoint

from X. Suppose that X \ Y # (). Consider the set A := {Zﬁzl Ty k € N}
N Z of those partial sums of Y ° | x, which are in Z. Since all elements of
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the nonempty sets Y and X \ Y are limit points of the partial sums sequence
{Zﬁzl xn}72 |, the elements of that sequence walk from Y to X \ Y and
back infinitely many times. Since the lengths of steps ||z, || taken during this
walk tend to zero, the set A is infinite. By compactness of Z we know that A
has a limit point, which in turn is in Z, but this contradicts the fact that
ZNX =10. Thus X \'Y =0 and consequently X =Y. u

Denote by a(R™) the one-point compactification of R™, that is, to R™
we add a point co. A neighborhood base at each z € R™ consists of open
balls centered at z, and a neighborhood base at oo consists of all sets of the
form (R™\ C') U {oo} where C is compact in R™. For A C a(R™) we denote
by A” the closure of A in a(R™).

LEMMA 3.4. Let {C; : i € I} be a family of connected and unbounded
subsets of R™ and let C := J;c; Ci. Then
(1) C° =CU{x};

(2) C™° is connected.

Proof. (1) The set C'U{oo} is closed in a(R™), since (R™ U {oo})\ (C'U
{oo}) = R™\ C is open in R™. Thus C*° C C'U{oc}. Since C' is unbounded,
we have co € C°°, and consequently C' U {co} C C™.

(2) Note that CU{oo} = C U {oo}—this follows from (1) and the
inclusions ¢ C C U {oc} € C U {c}. It is enough to show that A :=
C'U{o0} is connected. Suppose to the contrary that there are two nonempty
disjoint open sets U and V with A = (ANU)U(ANV) and oo € U. Set
U’ := U\ {occ}. Then U’ is open in R™. There is a compact set D C R™
such that (X \ D)U{oc} = U. Then X \ D = U’ and V C D. Since V is
nonempty, there is i € I with VN C; # 0. But then C; = (VN C;) U(UNC;)
and by the connectedness of C; we obtain C; C V C D, which contradicts
the unboundedness of C;. =

THEOREM 3.5. Lety | xn € 3:(R™). Then the set X =LIM (Y > xp)
is either compact connected, or a union (finite, countably infinite or uncount-
able) of unbounded closed connected sets; in particular, X is compact and
connected.

Proof. Since X is closed in R™, we have X = = X if X is bounded and
X = X U {oo} if X is unbounded. On X ° define an equivalence relation
E given by the decomposition of X - into components.

Assume that C' is a bounded component of X. There is R > 0 such
that C C B(0,R) and C N S(0,R) = (. Set Z := J{C’" : C' is a com-
ponent of X N B(0, R) such that ¢’ N S(0,R) # (}. By Lemma Z is
compact in R™. Set U := (X" N B(0,R)) \ Z. Then U is open in X . and
U = ¢ (q(U)); therefore ¢(U) is open in X - /E. Since C € q(U) and X~ /E
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is zero-dimensional, there is a clopen set V C X /F with C € V C q(U).
Since Z and Y := ¢~ 1(V) are compact, there is ¢ > 0 with Y(e)NZ =0
and (Y(e)\Y)N X"~ = 0); consequently, Y(e) N X \ 'Y = (). By Lemma
we find that Z C X \ Y = (). Therefore no component of X N B(0, R) inter-
sects S(0, R). Thus X N B(0, R) = ¢ *(¢(X N B(0, R))), and consequently
¢(X N B(0,R)) is open in X~ /E. Since X /E is zero-dimensional, there is
a clopen V with C € V C ¢(X N B(0, R)). Thus Y := ¢~ 1(V) is clopen and
it contains C. There is € > 0 such that Y (e) C B(0, R), which means that
Y (g) is disjoint from X \ Y. By Lemma [3.3| we deduce that X is bounded.

We have thus proved that if X has a bounded component, then X is
bounded itself. That means that if X has an unbounded component, then
each of its components is unbounded and, by Lemma X is connected,
or equivalently ¢(X~) = [0o]g. Thus X is connected in a(R™) if X is
unbounded.

To finish the proof we need to show that if X is bounded, then it is
connected. If not, there would be two disjoint nonempty clopen subsets Y
and X \'Y of X. But then there would be ¢ > 0 with Y(e) N (X \Y) = 0,

contrary to Lemma [3.3] =

4. Theorem does not hold in infinite-dimensional spaces.
Now we will define a series » o2z, € 3.(X) in an infinite-dimensional
Banach space X such that LIM(} 7 | x,,) consists of two points.

EXAMPLE 4.1. Let X be an infinite-dimensional Banach space and Y C X
be a linear subspace with a normalized Schauder basis {e; : i € N}. Such a
subspace Y exists by Mazur’s Theorem (see for example |2, Theorem 6.3.3]).
For z € Y we write x = (2(1),2(2),...) instead of x = Y., z(i)e;.

STEP 1. We define the first six elements x1,...,xg to be es, 1, —ea, €9,
—€1, —€3.

STEP k + 1. In this step we define six consecutive groups of elements
of the series, each consisting of 2* elements: the elements of the first group
are all equal to 2*kek+27 of the second are all 2 %e;, of the third 2* are
—2_kek+2, of the fourth are 2_kek+2, of the fifth are —2 %¢;, and of the last
one are —2 ¥e; 5. Observe that the series can be rearranged to become an
alternating series, and since its term tends to zero, the rearranged series is
convergent.

The sequence of partial sums s, = > "

ne1 Zn is the following:
e2,e2 + €1,€e1,e2 + €1, €2, 0,

1 1 1

5€3,€3,€3 + 5€1,€3 + €1, 563 + €1, €1,

1 1
5e3t+e1,e3+e1,e3+ 1/261,63, 563,9,. e
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1 2 1 2k

27]96]6+2727k,ek+27" €k+27ek+2+2k 7ek+2+ela 2k; 6k+2+61,...,€1,
1 2k —1 2k —1

61+276k+2,...,€1+ek+2,€k+2—|— oF el,...,ek+2,27kek+2,...,0,...,

where 6 = (0,0,...).
The walk (s,,) has the following properties:

(i) 0 and ey appear in the sequence (s;,) infinitely many times;
(ii) for every natural j > 2 there exists p € N such that s,,(j) = 0 for
all natural m > p;
(iii) the distance between z = (2(1), 2(2),...) with z(1) ¢ [0, 1] and the
set {sm, : m € N} is positive;
(iv) if spu(1) ¢ {0,1} then there exists a natural & > 2 such that
sm(k) = 1.

We claim that A := LIM(} 2, z,) = {6,e1}. By (i) we get 0,e; € A.
Conditions (ii) and (iii) imply A C {(a,0,0,...) : a € [0,1]}. Indeed, since
z=1(2(1),2(2),...) € A, by (ii) we get z(i) = 0 for every i > 2. Moreover, if
z(1) > 1 or 2(1) < 0 then by (iii) we have z ¢ A.

Now, let a € (0,1). We will show that a := (a,0,0,...) ¢ A. One can
find € > 0 such that (a —e,a+¢) N{0,1} = 0. We consider the ball B(a,¢)
in X. If 2 € B(a,e) N {sm : m € N} then 2(1) € (a —€,a + ¢), hence the
first coordinate of z is neither 0 nor 1. Then by (iv) there exists k > 2
such that z(k) = 1, which contradicts the fact that z € B(a,e). Hence
B(a,e) N {sm :m €N} =0, s0a ¢ {sp:m e N}. Since A C {s,, : m € N},
we have a ¢ A. Finally, A = {0, e;}.

REMARK. Roman Wituta called our attention to the fact that he and
his co-authors had found a very similar example of a series with two-point
limit set (see [7]).

5. On the converse of Theorem In this section we will prove
that Theorem [3.5] can be reversed: for any compact and connected subset
X of R™ there is a series » - x, € X, with X = LIM(}_ 7, z,), and
for any closed subset Y of R™ with each component unbounded there is a
series Y 7y, € M. with Y = LIM(D> ., yn). This shows that Theorem
gives a full characterization of limit sets in finite-dimensional Banach
spaces.

THEOREM 5.1. Let m € N. Assume that X C R™ is closed and e-
chainable for every e > 0. Then there is a series y .- 1 &y € X(R™) such
that X = LIM(D> 2 | xn). In particular, the assertion holds if X is compact
and connected.
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Proof. Let (d,) be dense in X. We will construct an X-walk. In the
first step we find a 1-chain inside X between d; and do and denote it a1 =
di,ag,...,ap = do. We define s; = a; for every i € {1,...,p}. In the second
step let a, = d2, apt1, ..., aptr = d3 be a 27 1-chain between dy and d3. We
define s; = a; for i € {p+1,...,p+ r}. In the third step we consider a
272_chain between d3 and d4 and define the next s,’s as before, and so on.
By Proposition 2.1} we obtain the assertion. Finally, note that connected
sets are e-chainable for every € > 0. u

THEOREM 5.2. Let m > 2. Assume that X C R™ 1is closed and any
component of X is unbounded. Then there is a series Y - xn € 3e(R™)
such that X = LIM(Y 7, xp).

Proof. Let X = [, A¢, where for every t € T the set A; is an un-
bounded component of X. Clearly each A; is closed and e-chainable for
every € > 0. Let (dy,) be dense in X. If d; € Ay, dj € Ay, Ay N Ag =0, then,
by the connectedness and unboundedness of A; and Ay, there is a sphere
S(0, R) intersecting As and A¢. Let a; € A;NS(0, R) and ar € A;NS(0, R).
By an e-chain via S(0, R) from d; to d; we mean a concatenation of three
e-chains: from d; to as using elements of Ay, from as to a; using elements of
Sk and from d; to a; using elements of A;. If A; = Ay, then by an e-chain via
S(0, R) from d; to d;j we mean just an e-chain from d; to d; using elements
of A,.

Let R,, be a sequence of radii tending to oo such that S(0, R,,) intersects
each component containing dy, ..., dp4+1.

Now let us describe a walk (s, ), which, in general, need not be an X-walk:
The first elements of (s,,) form a 1/2-chain via S(0, R;) from d; to dg. In the
kth step of the construction the subsequent elements of (s,) are elements of
a 2 %_chain via S(0, R;) from dj, to dj;.

We have defined the sequence of partial sums s, = > | x; of a series
Yool xn € Bo(R™). Clearly X C LIM(Y 02, zn) € X Uiz, S(0, Ry).
Since Ry — oo and the sequence (s,,) contains at most finitely many elements
of S(0,Ry) \ X, we obtain the reverse inclusion X O LIM(> >, xy). In
particular LIM(Zn 1 Zn) # 0. Thus Y27y, € B (R™). w

As mentioned in the Introduction, the assertion of Theorem [5.2] is not
true if m = 1.

6. When the limit set is a singleton. By definition, if Y7 | z,, = o,
then LIM(> >, xn) = {zo}, since every subsequence of the sequence of
partial sums is convergent to xg. In general the converse need not be true,
which is illustrated by Proposition below. However, in finite-dimensional
spaces the above implication can be reversed.
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THEOREM 6.1. Let ) 7z, € Bo(R™). If LIM(>.,2 xy) is a single-
ton {xo}, then Y 7 | x, converges to xy.

Proof. Suppose that » 7, z, does not converge to zp, so there ex-
ists € > 0 such that for every kg € N one can find [ > kg such that
I Zf’b:l Ty, — xol| > €. This means that there are infinitely many indices
p such that >°?_ x, ¢ B(zo,¢). On the other hand, since z( is a limit
point of the series > 7| @y, there exist infinitely many r € N such that
Y m_qTn € int B(zg,e/2). Hence there are infinitely many elements of a
walk (sy) of partial sums in the interior of B(zo,c/2) and infinitely many
outside the ball B(xg,¢). Since x,, — 0, there are infinitely many s,’s in
B = B(zg,¢) \ int B(xg,€/2). By the compactness of B, it contains a limit
point of (sy), contrary to LIM(Y > | ) = {zo}. =

Note that the assumption x,, — 0 cannot be omitted. To see this consider
the series 271 + 21 — 21 4+ 272 492 9249273 123 23 ... Clearly 1 is
its only limit point, but the series is not convergent.

PROPOSITION 6.2. Let X be an infinite-dimensional Banach space. There

is a series y oo &y € Be(X) such that LIM(D> 02 | x,) = {0}, where 6 =
(0,0,...), but Y°07 |z, diverges.

Proof. The construction we present is very similar to that in the proof
of [2, Theorem 6.4.1]. Let Y C X be a closed linear subspace of X with
normalized Schauder basis {e, }nen. As in Example for x € Y we write
z = (z(1),2(2),...) instead of z = Y2, z(i)e;.

STEP 1. Firstly we define 1 = e1, x5 = —e;.

STEP k. In this step we define 2¥ elements; the first 281 of them are all
equal to 27" tle; and the others are equal to —27 "¢,
The series > 07 |y, Is

1 1 1 1 1
€1 — €1+ 5€2+ 562 — 562 — 5€2 + z€3

+i63+%63+%63—ieg—ieg—%eg—%eg-f—"'
It can be rearranged to become the alternating, convergent series
el —ey+ %62 - %62 + %62 - %62 + %63 — ieg
+i€3—%634-%63—&63—{—&63—&63-1-'“,
S0 Y 0 xy € Be(X).
Thus the walk s,, = Y_;_; z has the following properties:

(1) sgr+1_9 = 0 for every k € N;
(2) for every j € N there exists p € N such that s,,,(j) = 0 for all m > p;
(3) Sokigk—1_9 = €, for every k € N.
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From (1) we have {6} C LIM(> > | x5,) and from (2) we get the reverse inclu-
sion. Hence LIM (3" ° ; ,) ={6}. From (1) and (3) we obtain ||syr_or—1_5(k)
— Sort1_9(k)|| = |lex|| = 1 for every k € N. This means that the sequence
of partial sums of the series is not a Cauchy sequence, and consequently it
diverges. m

7. Rearrangement property. For a series Y | z, in R* Klee proved
the following fact: if A € SR(} ;7| xy) is closed and e-chainable for every
e > 0, then there is 7 € S buch that A = LIM(} 2, x,(,)). This is a
strengthening of Theorem [5.1}—to see this, take any conditionally convergent
series » 0 | x, with SR(D -7, z,) = R™.

We will show that the above fact holds true in every Banach space pro-
vided "7 | @y, has the so-called Rearrangement Property; in fact, we then
prove that if A C SR(>_,2, =) is closed and e-chainable for every ¢ > 0,
then there is 7 € So such that A = LIM(3 02| (n))-

LEMMA 7.1. Let Y 7, x, be a conditionally convergent series in a Ba-
nach space X. Then

SR(3en) =SR( 3 w) 42w
n=1 n=k+1 n=1

for every k € N.

Proof. “2" Let k € Nand o € SR(3_02, . @n) + Z _1 Tpn. Then there
exists a permutation o : [k+1,00) — [k+1,00) such that . = 3%, | 2o+
Zszl Zp. Define m(n) = n for n < k and 7(n) = o(n) for n > k + 1. Hence

T =Y 00 Trny, 50 € SR()Z @p).
“C” Let © € SR(Y>_ 2, @) and k € N. Then there exists a permutation

7 : N — N such that £ = Y07 2r,). Let M = 7~ 1({1,...,k}). Then for
every € > 0 there exists mg > max M such that |z — Z;”Zl Tl < € for
every m > myg. This means that ||z — Zszl Tn = Donefl,...mP\M Tr(n)ll < €
for every m > mg. Define a permutation o : [k + 1,00) — [k + 1,00) as
follows: o(k +1) = 7(n ) where n is the [th number in the set N\ M. Then

T = Zn k+1 xU(n + Zn 1Tn- Hence z € SR(Zn k+1 $n) + Zn 1Tn. =

We say that a conditionally convergent series > ;- |z, has the Rearrange-
ment Property, or (RP), if for every £ > 0 there are a natural number N (¢)
and a positive real number 0(g) such that the implication

n
i=1

holds for every finite sequence (y;)I"; C (mi);’iN( o) The Rearrangement

j
<d(e) = (max I E Yo ()|l < € for some permutation o € Sn)
jsn i
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Property is widely known and used implicitly by many authors. It appears
explicitly in |2 Lemma 2.3.1] as Property (A), or in [5, p. 65]. Note that if
e > ¢’ > 0, then we can find numbers d(¢), N(¢) and d(¢'), N(¢') as in the
definition of (RP) such that §(¢) > §(¢’) and N(e) < N(£). Similarly, having
a decreasing sequence (e,,) of positive real numbers, we can find 6(e,,), N(ep)
as in the definition of (RP) such that d(e,) > d(en41) and N(e,) < N(ep+1)
for every n € N.

LEMMA 7.2. Assume that > " | xy is a conditionally convergent series
with (RP) in a Banach space X. Let ¢ > & > 0 and let 6(¢/2), N(g/2)
and 6(¢'/2),N(¢'/2) be as in the definition of (RP). Let k € N, a,b €

SR(>.02, ) with
e 1 (€
lla — b <m1n{ 13’ 35<>},

and 7 : [1,k] = N be a partial permutation such that

an:x —aH<m1n{152 ;5(2>} and g7 2 [1, N(/2)].

Then there exist k' > k and a partial permutation 7 : [1,k'] = N such that:

(1) 7|1 = 7 and [1,maxrng 7] C rng 7';
(2) 1 X1 #rmy —all < e Jorp G [k +1,K];
(3) |l Zn 1 Trr(n) — b < mm{ 53 (8 )}
(4) g7’ 2 [ (5 /2)]-

Proof. Let ko=max{N(e'/2), N(¢/2), maxrng 7}. Define 9222:1 Tr(n)
and z = Zne{lr“7k0}\{T(1)7W’T(,€)} xn. Hence y + z = ]:L‘)Zl Zp. From the

assumption that b € SR(> 2 x,) by Lemma we obtain b — (y + 2) €
SR(> 2 kot 1Zn). Thus we can find kg < ny < --- < ny such that

e 1 [\ 1. [¢
SN ERWEEHEN)

where w =z, + -+ Tp,.

Enumerate the set ([1,ko] \ {7(1),...,7(k)}) U {ni,...,m} as {m1 <
- < mys_k}, where k' = ko + I. Hence,

k' —k

| 3 @,
i=1

= [z +wll < lly = all + la = bl +|b = (y + 2 + w)].
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Consequently,

I o < mind 5355} min{ 5335}
e 2.59(3) 55} =)

Since m; > N(eg/2) for i € [1,k' — k] and || Z 1 F &m,|| < 6(/2), by (RP)
there is a permutation o € Sy _j, such that || Y 7_; Ty
j € [1,K' — k]. Define 7'(n) = 7(n) for n < k and 7
n € [k + 1,k]. Then for every p € [k + 1, k'] we have

4 k 4
H > Tra) —GH = H DT+ D T —aH
n=1 n=1 n=k+1

~—~

| < 8/2 for every

Z(n) _) for

<ly=all+| Y 2
n=k+1

<mind £ Ls(E) L E o
- 1273 2 2 ’
which gives (2).

Now we check (1), (3) and (4). Note that the numbers 1,..., ko are
among 7'(1),...,7'(k") and ky > maxrng7. Therefore we have (1). Since

/

Zk Tri(n) = y+z+w and ||y + z +w — 0| < mln{ﬁ,f (%/)}, we
obtaln (3). Condition (4) follows from the fact that if n ¢ rng7’, then
n>kyo>N(E/2). m

LEMMA 7.3. Let A be a separable subset of a Banach space such that A
is e-chainable for every e > 0. Let (n;) be a sequence of positive numbers.
Then there is a sequence (d,,) dense in A with the property that there is an
increasing sequence (l;) of natural numbers such that {dy,, dy, 1, ..., dy, } is
an n;-chain for every i.

Proof. Since A is separable, there are vy, vg, ... such that A={v,:neN}.
Then one can find an 7;-chain dj,,dj,11,...,d;,, of elements of A with
d;, = v; and dj,,, = viy1 for any i € N. Clearly the sequence (dn);2; is
as desired. m

LEMMA 7.4. Let A be a separable and e-chainable (for every ¢ > 0)
subset of a Banach space. Assume that {d; : i € N} is a dense subset of A
and (g;) is a sequence of positive numbers tending to zero. If (x;) is such that
|lw; — di|| < ei for every i € N, then LIM(x;) = A where LIM(x;) denotes
the set of all limit points of the sequence (x;).
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Proof. If A is a singleton, then d; = a, A = {a} and z; — a. Then
LIM(z;) = {a} = A. Assume that A has at least two elements. Clearly A
is dense-in-itself. Fix i € N. There is a sequence (d;, )72, such that j; <
Jo < --- and||dj,—d;|| < ¢€j,. Then x;, — d;, and consequently d; € LIM(x;).
Since the set LIM(x;) is closed, we have A C LIM(z;).

Note that for every k almost every element of (z;) is in the eg-shell of A.
Thus A D LIM(z;). =

THEOREM 7.5. Let > .»°, x, be a conditionally convergent series with

(RP) in a Banach space X. Then for every A C SR(> .7, ) which is
closed and e-chainable for every € > 0, there exists a permutatwn T € Seo

such that A = LIM(> 2 1 Tr(n))-

Proof. Let g; = 2. We fix numbers §(g;/2), N(g;/2) as in the definition
of (RP) such that 6(g;/2) > d(gi+1/2) and N(g;/2) < N(gi+1/2) for every
i € N. Since A is separable and e-chainable for every £ > 0, using Lemmal(7.3]
let A= {d, : n € N}, where for every i € N the elements dj,, dj, +1, e dy
form an 7;-chain for some 1 =11 <ly < ---, where n; = mln{48, 15 5(%)}
Note that (7;) is a nonincreasing sequence of positive real numbers.

Inductively we define natural numbers 1 = k1 < kg < ---, one-to-one
functions 7; : [1, k1] — N and d}, d,, ... fulfilling the following conditions:

(i) 75 € Tiv1;
(i) [1maxmgr] C mgrip:
(iii) H Zfz:l xn(n) — dfi—lH <¢gj for p € [kz +1, k,‘_,_l] and i € [lj +1, lj+1];
(iV) d/ € SR(Z .%'n), Hd; — dz” <mnj for i € [lj,lj_H — 1];
) | ZnH—ll Tr(n) — dil < 4nj for i € [l lj1 — 1];
(vi) rng7; O [1 N(ej/Q)] for i € [lj,1j41 — 1].
Define z = 227:(?1/2) zy. Let d} € SR(}>.;2, xn) be such that ||d; — df]|
< m. Hence from Lemma we get di —z € SR(XF (., j2)+1 Tn). Let
7 [N(e1/2) + 1,00) = [N(e1/2) + 1,00) be a bijection such that dj —z =
DN (e1/2)+1 Tr(n)- One can find a natural number ky > N(e1/2) which
satisfies ||d} — = — ZZQZN(el/Z)—i-l Trmyll < m. Define mi(k) = k for k& <
N(e1/2) and 7i(k) = w(k) for k € [N(e1/2) + 1, kz]. Conditions (i)—(vi)
are fulfilled for 71, d}, k1, k2: we need not check (i) and (ii), condition (iii)
has to be checked for ¢ > I + 1 = 2, and (iv)—(vi) are fulfilled since
h=1

Assume now that we have already defined 71,...,7;, k1 < --+ < k;11 and
d’l, ..., dj fulfilling (i)—(vi). Find dj , such that (1v) holds. We use Lemma
fora—d b—d;_H,T—TZ,E—EJ where [; <17 <1lj1—1, g = g4 where
l —1§2§lq+1—2 and k = kjy1; notethatj:qiflj <i<ljy1—1,
that is, if ¢ ¢ {ls —1: s > 1}, otherwise i = ;41 — 1 implies that ¢ = j + 1.
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Let us check the assumptions of Lemma [7.2] By (iv) and (vi) we obtain
a,b € SR(3_)2 xn) and tng 7 2 [1, N(g/2)]. Since dy,, dy; 41, - .., dy;,, form
an n;-chain, by (iv) we obtain

la—bll < ld; = dil| + lds = dia | + i — diya | <y + 15 < 4

i {162 ;5<2)}

By (v) we obtain || Zn L Tr(ny — all < 4n; = min{5, 30(5)}. Now, using
Lemma - 7.2\ we find k4o > k?z+1 and a function 7,41 : [1, kiy2] — N such that

(1) Tit1lp1ksy) = 7i and [1, maxrng 7] C 10g Tjy1;
(2) | Zn 1 Tripa(n) — gl < €5 for p € [kip1+1, kigo] and i € [lj, lj41 —1];

( ) || z:nhLl2 le+1 (n) — z+1” < 477q for 1 € [lq - lvqurl - 2]7
(4) g 141 2 [1,N(gq/2)] for i € [lg — 1,141 — 2].

Note that 71,..., 711, k1 < -+ < ko and dy, ..., dj; fulfill (i)-(vi): By (1)
we obtain (i) and (ii). Since the condition i+1 € [l;+1, ;1] is equivalent to
i € [lj,1j41 — 1], we obtain (iii). The element dj_ ; has already been chosen
to fulfill (iv). Conditions (3) and (4) are exactly (v) and (vi) for ¢ + 1.

Let 7 = U;»; 7 : N = N. Then (i) implies that 7 is one-to-one. Con-
dition (ii) implies that 7 is onto N, and consequently 7 € Soo. By (iii)
and (iv) the distance between A and Y0 _ x,(, is less than 1/27 for al-
most every p € N. Thus LIM(3_7% | 2,¢,)) € A. By (iv) and (v) we obtain

I Zn“’ll Trn) — di|| < 5nj < gj for i € [lj,1;41 — 1]. Thus by Lemmawe
get A = LIM((zfﬁ;x m)221) C LIM(X%, ().

It is well-known that every conditionally convergent series of elements in
a finite-dimensional Banach space has (RP) (for details see |2, Chapter 2|).
Thus, Klee’s result mentioned at the beginning of this section is a partic-
ular case of Theorem Combining the methods used in the proofs of
Theorems [7.5] and [5.2] one can prove the following strengthening of Theo-
rem [£.21

COROLLARY 7.6. Let m > 2. Assume that SR(} .~ z,,) = R™, X CR™
is closed and any component of X is unbounded. Then X = LIM(} )2 | ()
for some 0 € Sy

Note that singletons are trivially e-chainable for every ¢ > 0. Fix a €
SR(3>.,2, xp). Using Theoremfor A CSR(>.,7, xp) such that A = {a},
we deduce that there is 7 € S, such that LIM(} 72| 2-¢,,)) = {a}. As we
have seen in Proposition this does not necessarily mean that > > Tr(n)
= a. However, if we set d; = a, then d; — a, and by (iii) almost all elements
of the sequence (>F_, Tr(n))pey are in every neighborhood of a. Therefore
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Yo Tr(n) converges to a. Thus a € SR(>°.2, x,). Hence as a byproduct
of the proof of Theorem [7.5 we obtain the following.

COROLLARY 7.7. Let Y 07 | x,, be a conditionally convergent series in a
Banach space X, which has (RP). Then SR(D> .2 | ) is a closed set.

The referee pointed out that Corollary [7.7) is widely known: see for ex-
ample [5, Theorem 3.3|. It follows from the fact that (RP) implies that
SR(3.02, xn) = LPS(3°,7 | ), and the latter set is always closed.

Now, we will discuss the problem of whether Corollary [7.7] can be re-
versed, namely whether or not the closedness of SR(Y_,° | z,,) implies (RP)
for the series > 7 | x,,. We denote by S, the set of all permutations of the
set [1,n].

LEMMA 7.8. Let k € N and n = (Qkk) Then there exists a finite sequence
xi,...,2Tor € R" such that:

(1) [|zillsup = 1 for every i < 2k.

(2) 125 Zo(w)llsup = k for every o € Say.

(3) 3 @i =0.

Proof. Let k € N. There are n = (Qkk) sequences of length 2k consisting
of kK many 1’s and k£ many —1’s. Enumerate all such sequences as t1, ..., ;.
Define z;(j) = t;(i) for j = 1,...,n and i = 1,...,2k. Now, if 0 € Sy,
then there is a sequence tj, such that ¢ (o(i)) = 1 for i = 1,...,k and
tj,(o(i)) = —1fori=k+1,...,2k. Thus

k
Z Lo (i) (Jo) =k,
=1

and consequently

k
ot

Before we state the last result, first note that if a series > .o, x; in R™
does not have (RP), then one can find € > 0 such that for every § > 0 and
N € N there exists a finite subsequence (y;)i; C ()52, for which two
conditions hold:

o 122 uill <9
e for every o € S, there is j < n such that || ZZ 1 Yo (i)llsup = €.

The following theorem shows that Corollary [7.7] cannot be reversed.

THEOREM 7.9. There is a conditionally convergent series Y .- | zn in
co that does not have (RP) and for which SR(D> .2, zn) is a singleton, in
particular it is a closed set.
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Proof. Define e, = (6in):2, for every n € N, where 6;, = 1 if i = n, and
d;n = 0 otherwise. Let ng = 0 and n; = (zkH) + ng_1. For every k € N

let x(k), .. a:g’;)ﬂ € R™~"-1 he the sequence constructed in Lemma
Define

Np—Mkg—1

k 1 k), . .
0= LS 0 sy toriken
7=1

It is easy to see that yz(k) € ¢ for all k,i € N. Define the series Y > | z, as
follows:

1 1 1 1 1 1
21:y§ )7'22:_1/% )723:yé)7z4:_yé)7z5:y§ )>26:_y§(’))7

1 1 2 2
Z7=y51),z8=—y51),z9=y§),210=—y§ ),....

It is easy to see that Y > | z, converges to § = (0,0,...).
Let e =1, N € N, and § > 0. One can find k € N such that np_; > N.

Then by Lemma for (ygk), .. ,yéi)ﬂ) C (#i)i>n and every permutation
o € Syr+1 we have

2k
1 (k) Lok
@kz%z [y | zgr-r--
i=1 sup

Moreover || Zi:l y

not have (RP).
Since the projection of the series on each coordinate contains only finitely

many nonzero terms and a finite sum does not change under rearrangements,

we have SR(> 07 z,) = {0}. =

Let us finish the paper with a list of open questions.

H = 0 < 6. This proves that the series Y - | z, does

[

1. Let ZOO T, € g be a series in an infinite-dimensional Banach space.
Is there Zn 1 Yn € B¢ with LIM(D "0 yn) = LIM(D 02 | )7

2. Assume that A is a closed and separable subset of an mﬁmte-dlmen—
sional Banach space. Is there Y > | z, € 3o with A = LIM(> 72 | 2p)?
(Note that a positive answer to this question answers affirmatively the
first question as well.)

3. Is the assertion of Theorem [3.5]true in some infinite-dimensional topo-
logical vector spaces?
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