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A. ADRABINSKI (Wroclaw) ORITHM

A HEURISTIC ALGORITHM
FOR THE TRAVELING-SALESMAN PROBLEM

1. Procedure declaration. Let us denote by ¢; = (X, U ; &) a network
in which @ = <X, U) is a complete graph (i.e., for all #, yeX we have
{z, y]eU) and d is a real function d: U—R.

A closed path passing through each node exactly once is called a Ha-
‘milton circuit of a graph @. Procedure TRAVEL finds the shortest Hamil-
ton cycle in a symmetric n-node network.

Data:
n — number of nodes of the network;
P[l:n,1:n] — symmetric array of distances between nodes of the
network (P[i,j]>= 0);
fh — integer number denoting the length of the route for
’ a starting solution;
RH[1:n] — array of node number of the starting solution.

Results:
fh — integer number denoting the length of the route of a heu-
ristic solution;
RH[1:n] — array of node numbers of a heuristic solution.

Remark. The starting solution ought to be chosen in such a manner
to make it possible to finish the calculations as quick as possible with
the solution nearly optimal. The best situation is if we can use many
starting solutions. From a few local optima found in this way we choose
the best one (for example, the shortest or best in the relation to the con-
figuration of the route). Different methods using starting solutions are
described in [14].

2. Method used. In procedure TRA VEL a shortened version of the algo-
rithm of Lin and Kernighan ([11] and [12]) has been used. This algo-
rithm is a peculiar case of a general heuristic method used for solving
many optimization problems on a discrete set.
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integer procedure TRAVEL(n,P,fh,RH);:
¥alye n;
dntegexr n,fh;
dnteger srray P,RH;
kegin
integer =a,al1,a2,b,b1,v2,2,80,g1,82,83,8p,1,3,31,k,1,myD,
Po,p1,8,%t,2,X,¥,¥1,¥2;
Boolean I1,12,13;
me=n-1;
begdn
integer array K[1:n,1:m],H,U[1:n],V,X[1:m],T[0:n+1];
Boolean procedure TOUR(P,H);
dnteger arrgy P,H;
kezin
integer a,b,i,j,k,1,m,p,s;
Boolean B;
B:=falge;
s:i=n;
H[1]:=1s=k:=1l:=m:=1;
L1:. for js=m gtep 1 until k-1,k+1 gtep 1 uniil s do
kegin
a:=i{ B then J else i;
b:=if B then 1 elge J;
p:=P[a,b];
4L p=1Vp=3
then
kegdn
l:=141;
ki=i;
H{1]):=1:=3;
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if 1innjdn
then
keglin
if B
then
kezin
mes=Jj+1;
S:=n
end B
glge
kegin
mi=1;

g:=j-1

end not B;

B:=-B;
g9 o I

end 14n A 3d1;

TOURt=ls=sn;
g9 g FINE

end p=1 V p=)

end Js
if B
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for i:=1 giep 1 until n do
for 1:=1 gtep 1 until m do

ps==1;
l:=n=~i;
for j:=1 gtep 1 until n do
if Ulilep
then
kezln
p:=ULj];
V[1]:=]
end Uljl>p,J;
Ulv{1]]s=-1
end i;
for i:=1 gtep 1 until m do
Klk,1]:=V[i]
end k;
23=0;
ROT:
T[0]:=RH[n];
T[n+1]:=RH[1];
for i:=1 gtep 1 unidl n 4o
T[1]s=RH[1];
I2:=fglge;
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PERs
Zimg+l;
for i:=1 gtep 1 untdl n dg
if T[il==z

lhen g0 o E1;
E11j:=i-1;

l;=n-j;
for k:=1 giep 1 until n do
H(k]:=T[k];
for k:=1 gtep 1 until 1 do
T[k]s=RH[k]):s=H[i4+k-1];
for k:=1 gtep 1 until J do
T[1+k]s=RH[1+k]s=H[k];
Tln+1]:=T[1];
T[0]):=T[n];
Lor 1:=1 gfep 1 until n 4o
for Jj:=i+1 giep 1 unidil n do
P[1,J]:=0;
for 1:=1 gtep 1 uatdl n do
kegin
ks=T[1];
1:=T[i+1];
if x<1
then Plk,1]s=1
elge Pl1,k]i=1
and 1;
I1:=I3:=fglge;
ti=2;
E: m:=T[2];
at=if t<m jheg t gelge m;
bs=if t>m ihen t elge m;
xt=P[b,a];
Pla,b]:=2;
X(1)s=m;

is=kes=0;
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pl:=1;

Bs 1:=K[m,p1];
as=1f m<l thep m glge 1;
be:=1f m>1 then m glge 1;
it Pl[a,b]=0
3hen
kezin

y:=P[b,a];
if x-y>0
then g0 ic A
glse &0 %o P6d
end Pla,b]=0
elae
kegin
pli=pl+l;
iL p1>5
ihen go i P64;
gQ ko B
and Pla,bld0;

As P[1,1]):=1;
g1=g1s=gps=x-y;
Pla,b]s=3;
for J:=4 gtep 1 unidl n do
iL£ Tl3l=1

then g0 io C;
C: m:=T[j-1];
J12=J;
at=1{ m<l theg m glge 1;
bs=if m>1 ihen m glae 1;
x:=P[b,a];
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Pla,bjs=2;
y1:=P[if m>t then w giga t,if m<t then m glge t]:
X[2]s=m;
g831=x-y1;
iL g1+83>0
Shen
hegin
803=g1+g3;
k=2
end g1+g3>0
2188 g0:1=0;
ps=1;
A1:1:=K[m,p];
as=1f m<l thep m glge 1;
bs=if m>1 thep m glge 1;
if Pla,b]=0A1ldt
ihen yi1=P[b,a]
alse
hegdn
Pi=p+1;
iL p>5
ihen
kegin
iL 20>0
Shen
hegin
ar=1f m<t thang m glge t;
b:={f m>t theg m glge t;
£9 1o CB
end g0>0

6 — Zastosow. Matem. 15.2
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£lon g2 52 £ 11 ihen P1 glae P2
£nd p>53
£ o M
€xd Fis,bl=0Vi=t;
rie,2)i=1;
§28=X=Y3
Er1=31+g2;
<% 800
hagia
if g0>0
fhan
begin
a:=1f m<t then m glag t;
b:sif m>t fhen m glge t;
£9 g CB
exd g0>0
alss go to if I then P1 glss P2
224 8ps0; |
4L gp<g0
han
kagln
ai={f m<t ihan = glage t;
bi=if w>t than m alas t;
& g CB
and gpsg0;
Pla,b]s=3;
BI1=2;
45T “°=1 gien 1 untdl n do
iL ?(§)=1



B1:

A2:

Algorithm 45

then g2 %Q B1;
si=8+1;
m:=T[j-1];
al:=}f m<l then m glge 1;
b1s=if m<l iken 1 elge m;
if Pla1,b1]=2Vvi=3

then g0 1o A2;
as=1f m<t thep m glge t;
bs=]f m>t then m elge t;
Pla,b]:=3;
Pla1,b1]:=2;
if TOUR(P,H)

then

kegdn

y2:=P[b,a];

x:=P[b1,81];

X[s8]s=m;

Pla,b]ls=0;

g2 kg B2

end TOUR(P,H);
Pla,b]:=0;
Platl,b1]s=1;
m:=T[J+1];
als=jf m<l theg m glge 1;
b1:=if m>1 iheg m glge 1;
Af Plal,b1]=2Vj=nVj=n-1
then g9 o CA;
as=jf m<t then m glge t;
bi=if m>t ihen m elge t;
Pla,b]1=3;
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Pla1,b1])s=2;
if TOUR(P,H)
then
kegin
y2:=P[b,al;
x:=P[b1,a1];
X[s]:=m;
Pla,b]:=0;
g9 1o B2
end TOUR(P,H)
elge
kegin
Pl[a,b]:=0;
Pla1,b1]s=1;
&9 1o CA
end TOUR(P,H);
B2:g3s=x-y2;
iL gp+g3>g0
tken
kegdn
80:=gp+g3;
Ke=g;
1:=0
end gp+g3>go
elge i:=1;
pos=l;
B3:11:=K{m,po];
a2:=1f m<l thepn m elge 1;
b2:=if m>1 then m glge 1;
if Pl[a2,b2])=0A14t
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then y:=P(b2,a2]
elge
kegdn
pos=po+1,
if po=5
then g0 o CB;
82 19 B3
end Pla2,b2]d0vi=t;
Pls,8]t=l;
gi=X=Y;
gPp:=gp+g;
if gp<0Vegpss0
then 2o %o CB;
Pl[a2,b2]:=3;
for js:=1 gtep 1 unidl n do
if Tljl=1
then gg g B1;
CAsI3s=frue;
CB:if z>n
theq g9 %o LOOP;
4L £0>0
then
kegin
fhs=fh-g0;
Af 1=0
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x:=X[k]; ~ T
P(a2,b2]):=0;
Plif t<x then t elge x,if t>x theg t elge x]:=3;
TOUR(P,T);
g9 1o PER
end I13;
Pla,b]t=3;
TOUR(P,T);
g9 %o PER
end 1=0
elae
if 13
Lheg

g8:=8-1;
Zor pi=k gtep 1 watil-s do
kegin
a:=X[p]l;
b:=P[p,pl;
P[4f a<b ihen a elge b,if a>b then a glge bl:=0
end p;
ss=8-1;
for p:=k giep 1 watil s do
hegdn
m:=p+1;
as=X[m];
b:=P(p,pl;
P[if a<b then a glge b,4if a>b then a glge bl:=1;
snd p; |
a:=X[k];
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P[if a<t then & elge t,if a>t ithen a glge tl:=3;
TOUR(P,T);
&2 o PER
end I3
else
begin
8:=8=1;
for p:=k gtep 1 unidl s do
kegin
at=X[p]l;
b:=P(p,pl;
ms=p+1;
P[4if a<b then a elge b,if a>b then a elge b):=0;
a:=X[m];
P[if a<b then a else b,if a>b then & glge bJl:=1
end k;
a:=X[k];
P[if a<t then a glge t,if e>t then a elge tl:=3;
TOUR(P,T);
g to PER
end not I3,i40
end e0>0;
4if 1=0
ihen
hegdn
p:=p+1;
ms=X[2];
Pl4if m<l jhen m glge 1,if m>1 ihegy m elge 1):=0;
I3:=falge;
if p>5
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then g9 to if I1 ihen P1 elge P2;
£9 1o A1
end i=0
elge
if£ I3
Shen
kegin
St=s-1;
for pos:=2 gtep 1 unidl s do
kegin
xst=X[po];
y:=P[po,pol;
P[if x<y ihen x elme y,if x>y ihen x glae y]:=0
end po;
8t=8-1;
for po:=2 gtep 1 uutdl s 4o
kegin
ms=po+1;
x:=X[m];
yi=Plpo,pol;
P{if x<y then x glse y,if x>y then x elae yl:=1
end ro;
ms=X[2];
y:=P[1,1];
x:=P[{f m>y ihen m glge y,if m<y then m else vl;
p:=p+1;
I3:=£alge;
if p»>5
then g9 19 if I1 ihen P1 glge P2;
go g A1
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end I3
elae
Regin
83=g8~1;
for po:=2 gtep 1 untdl s do
begin
‘x3=X[po];
y:=P[po,po]l;
P[if x<y fhen x glae y,if x>y ihen x elge yls=0;
ms=po+1;
x:=X[m];
P[if x<y then x else ¥,if x>y itheg x glge yli=1
eud po;
m:=X[2];
y:=P[1,1];
x3=P[{f m>y ihen m glae ¥,if m<y fheny m elge y1;
pP3=p+1;
iL p>5
ihen go o if I7 fhen P1 elae P23
£ 1o A1l
end ot I3,1d0;
P2:I1s=1ryue;
iL J1=n
3hen go %o P1;
at=ls=P[1,1];
be=X[2];
P[if a<b fhep = glse b,if a>b ihen a glae bli=1;
X[2)s=m:=T[j14+1];
at=]f 1<m fhen 1 olas m;
b:=if 1>m then 1 glge m:
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x:=P[b,a];
Pla,b]:=2;
gp:=gl;
po:=1;
A1Pp2:
1:=K{m,po];
as=if m<l theg m glge 1;
b:=lf m>1 then m glge 1;
if Pla,b]=0A14t
then y:=Plb,a)
glae
kezin
po:=po+1;
if po>5
then zQ %o P1;
g9 g A1P2
end Pla,bl40vi=t;
P[2,2]:=1;
gi=X=Y;
gp:=gp+g;
iL eps0
then 20 Lo P15
Pia,bl1=3;
8:=2;
for j:=1 gtep 1 unidl n do
iL Tlj)=1
then g0 to B1P2;
B1P2:
iL 3>31+1
then g0 tg B2P2
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slae g Lo B1;
B2P2:
s:1=8+1;
me=T[J-1];
al:=if 1<m then 1 elge m;
b1:={f 1>m then 1 glge m;
Pla1,b1]:=2;
x:=P[b1,81];
X[3]s=m;
pot=iz=1;
A2P2;
l:=K[m,pol;
Lor J:=1 gtep 1 unidl n 4o
i T(jl=1
then gg tg A3P2;
A3P2:
1L =i+
Lhen
kegin
pot=po+1;
4L po>5
ihen 2a %o P171;
g9 g A2P2
end 3>31+1;
AL 14t
then
hegin
a2:1=1f m<l ihen m alge 1;
b2:1=if m>1 fhen m glge 1;
yi1=P[b2,a2]
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snd 14t
elge
kegln
pos=po+i;
if po>5
fhen g9 g P13
g0 g A2P2
end 1=t;
P[3,3]1=1;
gy=X~y3
8P =gp+8&;
i eps0
ihen go io P11;
P[a2,b2]1=3;
Lor J:=1 agfep 7 untdl n do
iL 1(J)=1
then £9 io B1;
P11
Pla1,b1]3=1;
Pla,b]:=0;
Plrag=X[2];
bs=P[1,1];
P[if a<b then a elae b,iL e>b then & elgg bl:=1;
mi=as=X[1];
P[AL a<b then & glag b,if a>b then a glgg bl:=0;
pls=pi+l;
iL p1>5
ihan gg 1o Pé4;
x:1=P[if m<t theg + else m,if m>t fhen t glge ml;
Ge %g Bs
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P6d:
if 12
then
Regin
if z=n
ihen g9 to LOOP;
g9 Lo ROT
end I2;
I2:= H
as=t;
be=T[2];
P[if a<b ihen a else b,if a>b thep a glge bli=1;
ms=n-1;
for it=1 gtep 1 waidl m do
T(i+1])s=RH[n-i+1];
T[0):=T[n];
Bo 19 E;
LOOP:
for 1:=1 gtep 1 uatdl n do
RH[1]):=T[1]

and
end TRAVEL

The class of these problems can be formulated shortly as follows:

find a subset 7 « 8 which satisfies some criteria Z and minimizes
the function F.

For example, a traveling-salesman problem can be formulated as

follows:

from a set U of all edges of a complete directed graph G find a Hamil-
ton circuit H of minimal length.

Generally, the method mentioned above can be described by the
following steps:
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1. Generate a pseudo-random solution T' satisfying some criterion Z.

2. Improve the solution T by some transformation.

3. If the found solution T’ is better than T, i.e. if F(T')< F(T),
replace T by T’ and repeat from step 2.

4. If no improved solution can be found, T is a locally optimum
solution. Repeat from step 1 until the computation time runs out or the
answers are satisfactory.

The most important part of this procedure is the choice of the initial
solution and transformation. The method of generation of the initial
solution has been given in the Remark. In general, however, the transfor-
mation in step 2 relies on finding a number k and sets

{1, @oy ..oy @} =T and  {Y1, Yy ooy Ypp < 8T
to be the best in the given iteration. These sets are generated “element
by element?”, i.e. we choose #, €T and y,eS — T as the “most-out-of-place”.
Then we choose elements #,eT —{®,} and y,e8 —T —{y,} again in such
a way that the replacement of {z,, x,} by {y,,¥,} gives the greatest possible
decrease of the Hamilton cycle length. We continue the process taking

i

TABLE 1
| g ..
Flndmg- the Flndl.ng the Frequen-

start.mg optm.lum cy of Optimum

Dimeén.- solutions solutions optimum| value of

Source of example | sions of | _ ;. value of solution object‘:ive
problem object- | time | object- | time | ©CCUT- function

ive fune- ive fune- rence
tion tion

Karg [8] 5 | 148 1 148 1| 1 148
Flood A [6] 5 32 1 32 1] 1 32
Flood B [6] 6 22 4 22 21 1 22
Little [13] 6 70 1 70 2 0.8 70
Dantzig [5] 10 425 2 387 7| 0.25 378
Christofides [2] 10 229 2 212 6] 1 212
Lawler and Wood [9] 10 159 2 152 3 0.43 150
Croes [3] 20 398 | 13 253 49 0.11 246
Held and Karp {7] 25 1772 24 1711 162 0.42 1711
Polish cities (1) 27 3901 30 3336 126 | 0.36 3336
Polish cities (%) 27 4074 29 3757 121§ 0.5 3757
Karg [8] 33 12218 53 10861 228 10861
Dantzig [4] 42 1591 123 1399 572 1398
Held and Karp [7] 48 13055 | 150 | 12294 | 1186 11470
Karg [8] 57 16538 | 236 13459 | 1741 12955

(1) Railway distances.
() Road distances.
(Data taken from the Dom Ksigzki Calendar for 1974.)
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care that a possible replacement of {®,, %, ...,®} DY {¥1, Ysy-..) Yi}
gives a solution that satisfies the criterion Z.
As is easily seen, the number ¥ may be different in each iteration.

3. Certification. Procedure TRAV EL has been verified on the ODRA
1204 computer for many examples found in the literature. The method of
“the nearest neighbour with a starting point at the greatest gradient”
[14] was used to obtain the starting solutions. The computatlonal results.
are listed in Table 1 (time in secs.).

It is seen from Table 1 that in most cases the optimum solution
has been obtained by using only one starting solution. Optimum solutions.
for almost all examples have been obtained when more random starting
solutions were used.
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ALGORYTM 45
A. ADRABINSKI (Wroclaw)

HEURYSTYCZNY ALGORYTM DLA ZAGADNIENIA KOMIWOJAZERA

STRESZCZENIE

Procedura TRAVEL, oparta na metodzie Lina i Kernighana ([11] i [12]), po-
szukuje mozliwie najkrétszego cyklu Hamiltona w symetrycznej n-wezlowej sieci.
Dane: '

n — liczba wierzcholkéw sieci;
Pf1:n, 1:n] — symetryczna tablica odleglodci miedzy wierzchotkami sieci (P[¢, j]1 > 0);
fh — liczba catkowita, oznaczajaca dlugoéé drogi rozwiszania poczatko-
wego;
RH[1:n] - tablica numeréw wierzchotkéw rozwigzania poczatkowego.
Wyniki:
Jh — liczba calkowita oznaczajaca dlugo8é drogi rozwiazania heurystycznego;
RH [1:n] — tablica numeréw wierzcholkéw rozwigzania heurystycznego.
Uwaga. Ré6ine metody otrzymywania rozwiagzania poczatkowego zawarte sa
w [14].
Obliczenia kontrolne, wykonane na maszynie cyfrowej ODRA 1204, wykazaly
poprawnosé procedury TRAVEL. W wiekszosei przykladéw otrzymano rozwigzanie
optymalne, startujac z jednego tylko rozwiazania poczatkowego.



