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THE NUMBER OF ORTHOGONAL LATIN SQUARES

1. Introduction. A Latin square of order n (n > 2) may be defined
as an arrangement of » distinet elements in an (n xn)-matrix in such
2 way that each element occurs in every row and in every column. Two
Latin squares are said to be orthogonal if for every element a of one square
and every element b of the other one there exists exactly one pair of
integers i, j such that the element a stands in the ¢-th row and in the
J-th column of the first square, and the element b stands at the same
place in the second square. Latin squares of the same order are said to
be mutually orthogonal if every two of them are orthogonal.

Let N(n) denote the largest value of an integer k for which there
exists a set of ¥ mutually orthogonal Latin squares of order n. The fol-
lowing theorems are well known (see [5] and [12]):

THEOREM 1. If n > 2, then 1 < N(n) < n-—1.

THEOREM 2. Ifnisa prime power,then N (n) = n—1.

THEOREM 3. N(n-m) = min{N(n), N(m)}.

THEOREM 4. If n = p{ips2... pir, where p; are distinct primes, and
a; — positive integers, then

N (n) Z min (pfi—1).
1I<isr

If N(n) = n—1, then we say that there exists a complete of orthogonal
Latin squares of order n. We do not know whether a complete of ortho-
gonal Latin squares exists when n is not a prime or a prime power.

Euler conjectured that N(n) =1 for » =2 (mod4). Tarry [13]
showed, by a systematic enumeration, that this is true for n = 6. In
1959 Parker [9] showed that N (21) > 3. This result was very important,
since it showed that in theorem 4 the sign of inequality was essential.

Bose and Shrikhande [1] found the first counterexample to Euler’s
conjecture, a pair of orthogonal Latin squares of order 22. Parker [9]
found a pair of order 10. In 1960, these three authors [3] proved that
N(n)>2 if n> 6. It demolished Euler’s conjecture. Chowla et al. [4]
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proved that N(n)> }n' for a sufficiently large ». This established
the fact that N (n) tends to infinity with =.

Hanani [56] has shown that N(n)>3 if n > 51, N(n)>5 if n > 62
and N(n) > 29 if n > 34 115 553. For even n, N(n) > 29 if n > 2 733 666.

Wilson [14] proved that N(n)>6 if n > 76, except for » = 82
and 90. He also improved the result due to Hanani and showed that
N(n)>3 if n> 46, and N(n) > 4 if n > 60.

We assume that any two Latin squares of order 1 are orthogonal
and there is only one Latin square of order 0, but it is orthogonal to itself.
This convention yields N(0) = N (1) = oo.

Most of the above-mentioned results were obtained by using relations
between orthogonal Latin squares and pairwise balanced designs. In this
Paper connections of that kind will be also applied.

The aim of this paper is to prove that, for odd #n, N (n) > 7 if n > 303,
except for n = 469, 427, 335, and N(n) > 15 if n > 54 047.

2. T-systems, semi-7-systems and orthogonal Latin squares. We
remind first some definitions and lemmas. In what follows |X| stands
for the cardinality of a set X.

Definition 1 (see [7], [8] and [14]). Let W,, W,, ..., W, be a given
class of ¥ mutually disjoint m-element sets (called groups). If it is possible
to form a system of m?2 k-tuples P; (called bloks) in such a way that

(a) |W;nP;l =1 forall i =1,2,...,k;j=1,2,..., m?
(b) IP,AP <1 for all 1,j =1,2,...,m2; 1 #],

then we denote the system of P; by T'[k, m] and call it a T-system.

LeMMA 1 (see [7]). Let a T-system T[k,n] be given and let ae W,
be W;, i <j. Then in T[k,n] there exwists exvactly one k-tuple containing
both elements a and b.

LeMMA 2 (see [10] and [14]). A set of k —2 mutually orthogonal Latin
squares of order n exists iff there exists a T-system T[k,n].

Definition 2 (see [11]). Let W,, W,, ..., W, be a given class of k
mutually disjoint sets (called groups) such that |W;| =m for ¢ =1, 2,...
...y k—1 and |W,| = m —wu. If it is possible to form a system of m?2 sets
P; (called blocks) such that |P;| =% for j =1,2,...,m(m—u) and |P
=k—1forj) = m(m—u)+1,...,m, and
(o) |WinP;jl =1 foralli=1,2,...,k—1; j =1,2,..., m?,

(o) W,nP,| = 1 for]. 1,2,...,m(m—u),
0 forj =m(m—u)+l,...,m?,

(B) IPiaP)| <1 foralll,j=1,2,...,m% 1 +j
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are satisfied, then we denote the system of P; by ST [k, m,«] and call
it a semi-T-system.

LEMMA 3 (see [11]). If a T-system T[k,m] ewists and 0 < u < m,
then a semi-T-system ST [k, m, u] ewvists.

Applying the construction due to Wilson [14], we can prove the
following

THEOREM 5. The existence of ST [k, m, u] implies that
N (km —u) > min{N (k), N(k—1), N(m)—1, N(m —u)}.

Proof. Let | = 24+min{N (k), N(k—1), N(m)—1, N(m —w)}. From
lemma 1 it follows the existence of T[I, k], T[l, k—1], T[1+1,m],
T{l, m —u]. For the proof we construct T[l, k-m —u].

Let be given a class of sets W;,4 =1, 2,...,1+1, such that |W;| =m
for i =1,2,...,1, and |W;,,| = m—u. As a group we take

W* = (W, xE)U({i} xWiyy), i=1,2,...,1,

where K is a set of k¥ —1 elements.
Blocks are obtained as follows:

(i) For each block AeS8T[l+1,m,u] such that [AnW,,| =0,
we construct a T[l,k—1] with groups (AnW,)xK, i =1,2,...,1,
and blocks P.

(ii) For each block AeST[l+1,m,u] such that |[AnW;,| =1,
we construct a T[l,k] with groups (4,nW;)xEU({s}x(4n W)

]
t=1,2,...,1, where 4 =An|J W,, and blocks P,.
i=1

Since T' [, m — u] exists, we may form a system with groups {i} X Wy 1,
i=1,2,...,1 and blocks P}. The block {i} x(AnW;,,), ¢ =1,2,...,1,
for A containing an element of W, ,, belongs to T[l, m —«] and to a cer-
tain T[1, k].

Let

p={ U (P NP, UP,.
AeST[14+1,m,u]

It is easy to verify that the blocks P form the system T'[l, k-m —u].
This completes the proof.

Theorem 5 can be written in another form:

THEOREM Ha (see [14]). If 0 < u < m, then

N (km +u) > min{N (k), N(k+1), N(m)—1, N (u)}.

3. Seven mutually orthogonal Latin squares. The main aim of this
Ppaper is the proof of the following
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THEOREM 6. For odd n, N(n) =T if n > 303, except for n = 469,
427, 335.

Proof. If (n,210) =1 (n and 210 are relatively prime), then it
follows from theorem 4 that N(n)> 10, and thus for such numbers n
theorem 6 is valid.

If (n, 210) > 1, we show that there are m and » such that n = 9m —u
and S8T[9,m, u] exists. In table 1 there are shown suitable m and %
for n (mod 1890). In column 4 we examine those cases in which (m, 210) > 1
or (#,210) > 1. In column 5 the maximum » is given for which either
N(n)< 7 or it is not known whether N (n) > 7. The minimum number
taken from column 5 implies the result.

4. Fifteen mutually orthogonal Latin squares.
THEOREM 7. If n 18 odd and n > 54 047, then N (n) > 15.

Proof. The proof of this theorem is based on the method used by
Hanani {6]. For more accurate evaluation we could had proceeded simi-
larly as in the proof of theorem 6, but in this case the evaluations would
be very extensive.

Let n be odd and let n = 16m; +u,, 17 < wu, <47, P =2-3-5 and
Q = 7-11-13. We show that for each m, (modP) and each u, suitable s,
and ¢ can be found in such a way that

n=16m+uv, m=m,—t—P-8;, u = u,+16t+16-P-s,,
(m, PQ) =1, (u,PQ) =1,

which will imply, in view of theorem 5a, that N (n) > 15 for m > w.

For each m,; (modP) and each %, we find a minimum non-negative
number ¢ such that (u,+16t, P) =1 and (m, —t, P) = 1. Let my, = m,—1
and %, = u,+16t. For each u, we find four non-negative integers s;,
¢ =1,2,3,4, such that (u4,+16-P-s,,Q) = 1 for each ¢ =1, 2, 3, 4 and
no two of them are congruent modulo 7, 11, 13. By the definition of ¢
and s,, for every u, and m, there exists an integer s; with (m, —P-s;, @) = 1.
Using this s; for every n, we obtain suitable

m=m;—t—P-s;, and u = u,+16¢4+16-P-s,.

In table 2 for every u, and every m, we show the suitable {,
the set of s; and the maximum value of ». The maximum value of u is
obtained for w, = 45, ¢ = 16, s, = 6. In this case v = 3181 and N (n) > 15
for m > 3179, i.e. for n > 54 047. This completes the proof of theo-
rem 7.

Acknowledgement. I wish to express my sincere thanks to Dr. Barbara
Rokowska for helpful discussions.
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TABLE 1
Odd »
n for which
" u Proof of special class Nn)>1T
(mod 1890) | (mod 210) is not
proved
1 2 3 4 5
3 223 114 © 3
5 221 94 5
7 211 2 7
9 1 0 -
15 221 84 15
21 221 78 21
25 223 92 n = 25 = 52 (Th. 2) -
27 221 72 n = 27 = 3* (Th. 2) —
33 223 84 33
35 221 64 35
39 227 114 39
45 221 54 45
49 229 122 n =49 = 7% (Th. 2) —
51 221 48 51
55 229 116 55
57 221 42 57
63 223 54 63
65 221 34 65
69 221 30 69
75 221 24 75
77 221 22 77
81 223 36 n = 81 = 3¢ (Th. 2) -
85 223 32 85
87 221 12 87
91 223 26 91
93 223 24 93
95 227 58 95
99 11 0 —
105 13 12 —
111 229 60 111
115 13 2 —
117 13 0 —
119 227 34 119
123 227 30 ? 123
125 227 28 n = 125 = 52 (Th. 2) —
129 229 42 n =129 = 9:16 — 15 (Th. 5) —
133 229 38 133
135 227 18 135
141 229 30 n = 141 = 9-16—3 (Th. 5) —
145 241 134 n = 145 = 9-17—8 (Th. 5) —
147 17 6
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1 2 3 4 5
151 229 20 151
153 17 0 —
155 233 52 155
159 239 102 159
161 233 46 n =161 = 9-19—10 (Th. 5) -
165 19 6 -
171 19 0 —
175 241 104 175
177 241 102 177
183 233 24 183
185 23 22 —
189 239 72 189
195 23 12 —
201 23 6 -
203 23 4 —
205 241 74 205
207 23 0 —
213 239 48 n =213 = 9-25—12 (Th. 5) —
215 239 46 215
217 241 62 n = 217 = 9-25—8 (Th. 5) -
219 239 42 n =219 = 9-25—6 (Th. 5) -
225 241 54 n = 225 = 32-5? (Th. 4) -
231 239 30 231
235 241 44 n = 235 = 9-27—8 (Th. 5) -
237 241 42 237
243 29 18 -
245 29 16 —
249 29 12 -
255 29 6 -
259 31 20 —~
261 29 0 —
265 31 14 —
267 31 12 -
273 247 60 n = 273 = 17-17—16 (Th. 5) —
275 251 94 n = 275 = 9-32—13 (Th. 5) —
279 31 0 —
285 247 48 n = 285 = 9-32—3 (Th. 5) —
287 251 87 n =287 = 9:32—1 (Th. 5)

291 251 78 291
295 247 38 295
297 37 36 —
301 253 86 301
303 253 84 303
305 251 64 n = 305 = 9-37—28 (Th. 5) -
309 37 24 -
315 37 18 -
321 253 66 n = 321 = 9-37—12 (Th. 65) —
325 37 8 -
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1 2 3 4 5
327 37 6 -
329 41 40 -
333 37 0 -
335 257 88 335
339 41 30 -
343 253 44 = 343 = 7% (Th. 2) —
345 41 24 -
351 41 18 -
355 43 32 -
357 41 12 -
363 43 24 -
365 41 4 -
369 41 0 -
371 263 106 = 371 = 9-43—-16 (Th. 5) -
375 43 12 -
381 43 6 -
385 43 2 -
387 43 0 -
393 47 30 -
395 47 28 -
399 47 24 -
405 47 18 -
411 263 66 = 411 = 9-49—-30 (Th. 5) -
413 47 10 —
415 271 134 = 415 = 9-49—26 (Th. 5) -
417 47 6 —
423 47 0 = -
425 53 52 —
427 271 122 427
429 269 102 = 429 = 9-49—-12 (Th. 5) -
435 53 42 -
441 53 36 —
445 271 104 = 445 = 17-27—-14 (Th. 5) -
447 53 30 —
453 53 24 —
455 53 22 -
459 269 72 = 459 = 33-17 (Th. 4) -
465 53 12 —
469 271 80 469
471 53 6 —
475 271 74 = 476 = 52-19 (Th. 4) -
4717 53 0 -
483 59 48 —
485 59 46 -
489 59 42 —
495 59 36 —
497 281 142 = 497 = 9-61 —52 (Th. 5) -
501 59 30
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tab. 1, contd.
1 2 3 4

5056 61 44

507 61 42

511 61 38

513 59 18

515 59 16

519 59 12

525 59 6

531 59 0

535 61 14

537 67 66

539 281 100 n = 539 = 73-11 (Th. 4)
543 283 114 n = 543 = 9-64—33 (Th. 5)
545 281 94 n = 545 = 9-67—58 (Th. 5)
549 61 0

553 67 50

555 67 48

561 283 96 n = 561 = 9-67—42 (Th. 5)
565 67 38

567 67 36

573 67 30

575 293 172 n = 78 = 5223 (Th. 4)
579 67 24

581 71 58

585 71 54

591 71 48

595 67 8

597 67 6

603 67 0

605 71 34

609 71 30

615 71 24

621 71 18

623 293 124 n =623 =17:37—6 (Th. 5)
625 73 32

627 71 12

633 79 78

635 71 4

637 73 20

639 71 0

645 73 12

651 73 6

655 73 2

657 73 0

663 79 48

665 83 82

669 79 42

675 79 36

679 79 32
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2 3 - 4
681 83 66
685 79 26
687 83 60
693 79 18
695 83 52
699 79 12
705 79 6
707 83 40
711 79 0
715 307 158 = 7156 = 9-81—14 (Th. 5)
717 83 30
721 313 206 = 721 = 9-89—80 (Th. 5)
723 83 24
725 83 22
729 89 72
735 83 12
741 89 60
745 307 128 = 7456 = 9-83—81 (Th. b)
747 83 0
749 89 52
753 89 48
756 89 46
7569 89 42
763 307 110 = 763 = 17-47—36 (Th. 5)
7656 89 36
771 89 30
775 307 98 = 775 = 5%-31 (Th. 4¢)
777 97 96
783 89 18
785 89 16
789 97 84
791 89 10
796 89 6
801 89 0
803 317 160 = 803 = 9-99—-88 (Th. 5)
805 97 68
807 97 66
813 97 60
815 317 148 = 815 = 9-99—76 (Th. §)
819 97 54
825 101 84
831 101 78
833 317 130 = 833 = 9:103—-94 (Th. 5)
835 97 38
837 97 36
843 97 30
845 101 64
847 97 26




94 K. Szajowski
tab. 1, contd.

1 2 3 4
849 97 24
851 101 58
855 97 18
861 101 48
865 97 8
867 101 42
873 97 0
875 101 34
879 101 30
885 103 42
889 109 92
891 101 18
895 103 32
897 101 12
903 103 24
905 101 4
909 101 0
915 107 48
917 107 46
921 103 6
925 103 2
927 103 0
931 109 50
933 109 48
935 107 28
939 107 24
945 107 18
951 109 30
955 109 26
957 107 6
959 107 4
963 107 o !
965 113 52
969 109 12
973 109 8
975 109 6
981 109 0
985 121 104
987 113 30
993 113 24
995 341 184 n =995 = 17-61 —14 (Th. 5)
999 121 90

1001 113 16
1005 113 12
1011 113 6
1015 121 74
1017 113 0
1023 347 210 n = 1023 = 9-125—-102 (Th. 5)
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1 2 3 4
1025 341 154 = 1025 = 9-127—118 (Th. 5)
1029 121 60

1035 121 54

1041 121 48

1043 347 190 = 1043 = 9-127—100 (Th. 5)
1045 127 98 \
1047 121 42

1053 127 90

1055 347 178 = 1055 = 9-127—88 (Th. 5)
1057 121 32

1059 127 84

1065 121 24

1071 121 18

1075 121 14

1077 121 12

1083 127 60

1085 131 94

1089 121 0

1095 127 48

1099 127 44

1101 131 78

1105 127 38

1107 131 72

1113 127 30

1115 131 64

1119 127 24

1125 127 18

1127 131 52

1131 131 48

1135 139 116

1137 127 6

1141 139 110

1143 127 0

1145 131 34

1149 131 30

1155 131 24

1161 131 18

1165 139 86

1167 137 66

1169 131 10

1173 139 78

1175 131 4

1179 131 0

1183 139 68

1185 137 48

1191 139 60

1195 139 56

1197 137 36
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tab. 1, contd.

1 2 3 4
1203 137 30
1205 137 28
1209 137 24
1211 143 76
1215 139 36
1221 139 30
1225 139 26
1227 137 6
1233 137 0
1235 149 106
1239 139 12
1245 143 42
1251 139 0
1253 143 34
1255 151 104
1257 143 30
1263 149 78 !
1265 143 22
1267 151 92
1269 151 90
1275 143 12
1281 143 6
1285 157 128
1287 143 0
1293 149 48
1295 149 46
1299 149 42
1305 149 36
1309 151 50
1311 151 48
1315 151 44
1317 151 42
1323 149 18
1325 3717 178 n = 1325 = 9-1563—52 (Th. 5)
1329 149 12
1335 149 6
1337 167 166
1341 149 0
1345 151 14
1351 151 8
1353 157 60
1356 167 148
1359 151 0
1365 157 48
1371 163 96
1375 163 92
1377 157 36
1379 167 124
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1 2 3
1383 157 30
1385 173 172
1389 167 114
1293 157 20
1395 157 18
1401 163 66
1405 157 8
1407 157 6
1413 157 0
1415 167 88
1419 167 84
1421 173 136
1425 163 42
1431 163 36
1435 163 32
1437 167 66
1443 163 24
1445 167 58
1449 167 54
1455 163 12
1461 163 6
1463 167 40
1465 169 56
1467 163 0
1473 167 30
1475 167 28
1477 181 152
1479 167 24
1485 167 18
1491 169 30
1495 169 26
1497 173 60
1503 167 0
1505 173 52
1509 169 12
1515 169 6
1519 169 2
1521 169 0
1525 187 158
1527 173 30
1533 173 24
1535 173 22
1539 179 72
1545 179 66
1547 173 10
1551 173 6
1555 181 74
1557 173 0

T — Zastosow. Matem. 15.1
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1 2 3
1561 181 68
1563 179 48
1565 191 . 154
1569 179 42
1575 179 36
1581 179 30
1585 181 44
1587 181 42
1589 179 22
1593 187 90
1595 179 16
1599 179 12
1603 187 80
1605 179 6
1611 179 0

+ 1615 181 14
1617 181 12
1623 187 60
1625 191 94
1629 181 0
1631 191 88
1635 187 48
1641 191 78
1645 187 38
1647 187 36
1653 187 30
1655 191 64
1659 187 24
1665 187 18
1671 191 48
1673 197 100
1675 187 8
1677 187 6
1683 187 0
1685 191 34
1687 193 50
1689 197 84
1695 191 24
1701 191 18
1705 199 86
1707 191 12
1713 193 24
1715 191 4
1719 191 0
1725 193 12
1729 199 62
1731 193 6
1735 193 2
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1 2 3 4 5
1737 193 0 -
1743 197 30 -
1745 197 28 —
1749 197 24 —_
1755 197 18 _
1757 197 16 —
1761 199 30 -
1765 199 26 —
1767 197 6 —
1771 199 20 —
1773 197 0 —
1775 209 106 -
1779 199 12 -
1785 199 6 -
1791 199 0 -
1795 211 104 -
1797 211 102 —
1799 209 82 -
1803 209 78 —
18056 221 184 -
1809 209 72 -
1813 223 194 -
1815 209 66 -
1821 209 60 —
1825 211 74 _
1827 211 72 -
1833 227 210 _
1835 209 46 _
1839 209 42 _
1841 209 40 _
1845 209 36 _
1851 209 30 _
1855 211 44 -
1857 211 42 —_
1863 209 18 -
1865 209 16 —_
1869 209 12 —
1875 211 24 -
1881 209 0 -
1883 227 160 -
18856 211 14 -
1887 211 12 -
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TABLE 2
U, t Uy 8, 89 83 84 Maximum
value of u
1 2 3 4 53 6 7 8
17 0 17 0 2 3 5 2417
2 49 1 2 3 5 2449
6 113 0 1 2 3 1553
14 241 0 2 3 4 2161
19 0 19 0 1 3 5 2419
4 83 0 1 3 4 2003
10 179 0 1 2 3 1619
12 211 0 1 2 4 2131
21 2 53 0 2 3 4 1973
8 149 0 1 2 4 2069
10 181 0 1 3 5 2581
16 277 0 1 2 3 1717
23 0 23 0 1 2 4 1943
6 119 1 3 4 6 2999
8 151 0 1 3 4 2071
14 247 1 2 5 6 3127
25 4 89 0 1 2 5 2489
6 121 1 2 5 6 3001
12 217 1 3 4 5 2617
16 281 0 1 2 3 1721
27 2 59 0 2 3 4 1979
4 91 1 2 3 4 2011
10 187 1 2 3 6 3067
14 251 0 1 3 6 3131
29 0 29 0 1 2 4 1949
2 61 0 1 2 3 1501
8 187 0 2 3 4 2077
12 221 1 2 4 5 2621
31 0 31 0 2 3 4 1951
6 127 0 1 2 3 1567
10 191 0 2 4 5 2591
16 287 2 4 5 6 3167
33 4 97 0 1 3 4 2017
8 161 1 2 3 4 2081
10 193 0 1 2 3 1633
14 257 0 2 3 153 2657
35 2 67 0 1 4 5 2467
6 131 0 2 3 5 2531
8 163 0 1 2 4 2083
12 227 0 2 3 4 2147
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1 2 3 4 5 6 7 8
37 0 37 0 2 4 5 2437
4 101 0 2 3 4 2021
6 133 1 2 4 5 2533
10 197 0 1 3 4 2117
39 2 71 0 1 P 3 1511
4 103 0 2 3 6 2503
8 167 0 1 3 4 2087
- 10 199 0 2 5 6 3079
41 0 41 0 1 3 4 1961
2 73 0 2 3 4 1993
6 137 0 1 2 3 1577
. 8 169 2 3 4 6 3049
43 0 43 0 1 2 3 1483
4 107 0 1 4 5 2507
6 139 0 1 3 4 2059
10 203 1 2 3 5 2603
45 2 77 1 2 3 4 1997
4 109 0 1 2 4 1549
8 173 0 1 3 5 2573
16 301 3 4 5 6 3181
47 0 47 0 1 2 3 1487
2 79 0 2 4 5 2479
6 143 2 3 4 5 2543
14 271 0 1 2 3 1711
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K. SZAJO WSKI (Wroclaw)

LICZBA ORTOGONALNYCH KWADRATOW LACINSKICH

STRESZCZENIE

Niech N (n) oznacza liczbe ortogonalnych kwadratéw tacinskich rzedu n. W praocy
pokazano, e N (n) > 7 dla nieparzystych n > 303 z wyjatkiem » = 469, 427, 335
oraz ze N (n) > 15 dla nieparzystych n > 54 047.



