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holds, where the quantities with asterisks belong to the alternative distribution,
the test based on ¥* is asymptotically consistent (n — co). Concerning efficiency,
the test is convenient for moderate r’s, the situation usually met in practice.
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1. Introduction

Sequential statistical estimation problems, which are characterized by a random
sample size, have been considered about thirty years ago in connection with simple
random processes with independent increments, especially for the Bernoulli process,
Poisson process, and others. (See, for instance, [3], [4], [11] and [20]) The case
of the Poisson process has been considered by Trybufa [19] in 1968. In his paper
Trybuta solved the problem of describing sequential sample plans for the Poisson
process, which are optimal in a certain sense and he studied the properties of such
plans concerning efficiently estimable functions.

It is natural to ask for extensions of the statistical results to a wide class of
processes with independent increments using arbitrary Markov times to .stop the
observation of the considered random process. In fact, this is possible for the so-
called exponential class of random processes with independent increments.

In the following we give a short summary about some results in this direction,
which are due to J. Franz, M. Magiera, S. Trybula, and W. Winkler. For details
see [5}-[10], [13]-[16], [19].

2. The exponential class and stopping times

Let us denote by X(z) = (Xy(¢), ..., X,())T an m-dimensional random process
defined on the probability space [Q,§, P], where X(t) takes values in E = R™
and ¢ € T runs over all non-negative integers or over all non-negative real numbers
as usually. Moreover, let §;, t € T, denote the o-algebra generated by the random
vectors X(s), s < ¢.

We assume that the probability measure P depends on an unknown parameter
0=(0,,...,00" €O = R* and we write P = P,.

DeriNiTION. ‘We shall say that X(z), ¢ € T, belongs to the exponential class if
the following conditions are satisfied:
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(1) X(¢) is a right-continuous homogeneous random process with independent
increments and P{X(0) = 0} = 1, EX?(¢) < +oo holds for all i=1,2,...,m
and teT.

(2) The probability distributions at time # are dominated by a o-finite measure
» and the densities (Radon-Nikodym derivatives) may be represented in the form

%) f(x, 1, 0) = g(x, r)exp{Za,(O)x +5(0)1},

where x = (x4, ..., x»)’» & @ non-negative function.

In the one-dimensional case (m = 1), for instance, the Bernoulli process, nega-
tive-binomial process, gamma process, Poisson process, and Wiener process belong
to the exponential class. We remark that in the one-dimensional case the exponential
class of processes with independent increments was treated by Magiera [13] and by
Franz and Winkler [5], [8], [9], nearly at the same time.

Now, let us consider a stopping time 7, that is, a random variable v defined
on 2 with values in Tu {+ o0} and the property: {w € Q: 7(w) < 1} & §, for every
teT The a~algebra of the z-past of the process X(¢) is denoted by

= {Fe§: Fn{w: t(w) < t} e, for every t e T}.

In the followmg we assume Ev < +4o0; hence P{r < +oo}
we are interested in finite stopping times only.

‘We are now in position to formulate a representation theorem for the common
distribution of the pair (7, X(z)), which will be very useful for statistical considera-
tions.

1 because

THEOREM 1. Let X(1) be taken from the exponential class and let © be any stop-
ping time. Then for every O, there exists a probability measure Py , which does not
depend on the unknown parameter 0, such that

©) Po{(7, X(v)) € S} = exp {Z (O)X(x)+B(0) ) Py,

wlzere Qs = {w: (z,X(¥)) eS8}, S © TxE and o0) = a;(0)—ai(0), P(O) =
B(0)— b(B,).

Remark. Introducing U = Tx E, W = Tx € and denoting by Q the measure
on U defined by Q(S) = P{(v, X(z)) € S}, Sell, where (), x,(u) = (¥, (), ...

.oy X)) are the coordinate functions of a point u = (¢, x) € U, representation
(2) may be written ‘
® 04(5) = {exp {Z 21(0)%,0) + B6) 1)} Qo ().
e

Therefore in the case of the exponential class we are able to get an explicit formula
for the density occurring in the well-known Sudakov lemma (see [18]) which holds
for a certain more general ¢lass of Markov processes.

The proof of Theorem 1 is given in [8] in the case of real processes; the proof
of the multidimensional case needs only some obvious modifications.
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3. Sufficient statistics

We now turn our attention to the problem of obtaining sufficient statistics. If we
observe a process satisfying condition (1) of the definition of the exponential class
during a fixed interval [0, #], then the last observation at ¢, X(¢), is a sufficient stat-
istics for 6. More precisely, we have that the process X(z) belongs to the exponential
class if and only if X(¢) is sufficient for every fixed observation interval [0, ¢] and
the following condition holds: For every 8, , 8, the probability distributions of X,(0)
and X,,(t) are mutually absolutely continuous and the Radon-Nikodym derivatives
Py g, (t, x) are continuous with respect to arguments ¢ and,x on TxE (see [9],
[10)).

If we observe a process with independent increments up to a random stopping
time 7, the problem of determining a sufficient statistics is more difficult. By my
knowledge, a general solution is not known, but in the case of processes of the
exponential class the following theorem gives a positive and expected answer (for
the proof see [10]):

THEOREM 2. Suppose that X (t) belongs to the exponential class and let © be any
stopping time. Denote by W the smallest o-algebra of §, relative to which (r, X(z))
is measurable. Then W is a sufficient c-algebra, i.e. the pair (v, X(1)) is a sufficient
statistics to estimate 6.

This theorem allows us to restrict our statistical considerations to observa-
tions of 7 and X(z). Knowing these quantities, we estimate the parameter vector 0.
The problem is to find stopping times = and estimators ¢ (=, X(7)) which will possess
optimal properties.

4. A general relation between the moments of 7 and X(z)

Let X(¢), t e T, be a random process of the exponential class. We suppose that the
functions a,(8), ..., a.(68), b(6) in formula (1) are differentiable with respect to the

components of the parameter vector 8 = (9, ..., 6,)". We denote by 4 = (a;)
the matrix with the elements a;, = 6[10’0(0) ,i=1,2,..,k; j=1,2,...,m and
i

T
let b= %@u s vers %I%@l) . Then for the expectation vector of X(¢) we have
1 k
4@ A-EyX(@t)+b-1=0.

Let us now consider a random stopping time 7. We ask for relations between
the moments of v and X;(7), ..., X,,(7). There are many results connected with
some special cases, for mstance, Bernoulll, negative-binomial, Poisson, erner
process and others. First of all we mention Wald’s well-known identities; for farther’
equations of this type see, for instance, [2], [12], [17]. In the following we shall
generalize these equations to processes of the exponential class.
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Let ¢ = (@4, ..., p,)" be a vector of functions ¢;, / = 1, 2, ..., p, defined on
T'x Ex 0, satisfying some regularity conditions which guarantee the differentiability
under the sign of integration. Then it is possible to obtain the equation

®) Ey(AX(7)+ br)p™ = grady(E,@")~ E,gradye”.
For proofs see [10].

We remark that in the special case p = 1, ¢ = 1 equation (5) turns to a general-
ization of the Wald first identity

© AE,X(v)+ bEy7 = 0

which holds in general for X(t) belonging to the exponential class and any stopping
time 7.

5. Inequalities of the Cramér-Rao type

In this section we are interested in generalizations of inequalities of the Cramér—Rao
type in sequential estimation theory. An interesting result in this direction has been
stated by Magiera.

In [I3] Magiera considered a class of (one-dimensional) random processes
for which the Sudakov lemma is valid and it is assumed that 6 is a real parameter.
Let pgo, (2, x) be the density of the measure O, with respect to Qy, and let (7, X(7))
be an unbiased estimator of a function A(f) with E,p? < + oo, satisfying certain
regularity conditions. Then we have

[dh(e) 2
2 do
™ Db > i
()

and equality holds at a particular value of the parameter 8 if and only if

® v = 5020 1),

where g(0) # 0.

If in (7) the equality holds the estimator ¢ is called efficient at  and the func-
tion k is efficiently estimable at the point 6. If equality holds for every 6 the
estimator ¢ is said to be efficient and h is efficiently estimable.

In the case of the exponential class with

Sx, 2, 0) = g(x, )exp {a(@®)x+b(®)¢}
inequality (7) takes the form
[ dh(9) ]’-

@
a T
E, (%(;l x(e)+ 20 r)

Dip >
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Suppose that ¢ is efficient. Then it can be shown that the probability distribution
of (7, X(2)) is accumulated on some straight line in T'x E. For further optimal
sequential plan research see [19] for the Poisson process, [16] for the Bernoulli
process, [3] for the negative-binomial process.

Let us now turn to the general case of the exponential class defined in Section 1.
We consider h(0) = ((1110), voes hy(@))", where h; are functions of 6, and let ¢
= (¢y, ..., p)7, be an unbiased estimator of h. We define H = grad,4™ and I’
= Ey(AX(¥)+ b)) (AX(v)+ b7)". Since the ¢; = p;(7, X(z)) are independent
of 8, it follows from (5) that

® Ey(4AX(z)+ b7)e" = H.

Under some regularity conditions, using the Schwartz inequality, it is possible
to prove that

(10) Eyo—h)(¢—-h" > H'T'H
and the equality holds if and only if
(1D ¢ = H'T'H(AX(x)+ b)+ k.

For details see [10]. If the estimator ¢ is efficient in the sense that in (10) the equality
holds for every 0, it can be proved under proper conditions that the probability
distribution of (7, X(7)) is accumulated on some m-dimensional hyperplane in
T'x E. Using this result, it is possible to discuss in detail the properties of efficiently
estimable functions in the considered case.

6. Final remarks

An important problem in sequential estimation theory is to determine the distri-
bution or at least the first moments of the stopping time . This problem has been
considered in special cases only. Let us consider the negative-binomial process
X(2), ie.
I@+k) 6"
PiX() = k} = TWOIk+1)  (+oy+F °
to illustrate the method which was used at first by Trybula in the case of the Poisson
process [19].

We assume that 7 is the moment of the first attaining of the straight line, say

k=0,1,2, ..,

= —’}‘ (t—s), r>0, s> 0, on which the probability distribution of (=, X(7))

is accumulated in the case of an efficient sequential plan. Let pi(s) denote the prob-
ability of the first attaining of this line for x = k. Then, moving this straight line

to x = % (t—s—4s), we obtain

k
Pl As) = D puc (s +m) PLX(AS) = ).
y=0
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For As— 0 this leads to a system of differential equations with the solution

) = s{(s+k(+D)) ¢
P = Gl s DI ) (T By e+

Using the relations between the moments of X(7) and 7, we get

N8 2. _ 0(1+0)r3s
F=ise PrETasep
These results are due to Magiera [14]. For the binomial case see [16].

Another interesting method used by Franz [6] is connected with crossing
problems. We assume that X(¢) is a proeess of the exponential class with the property
that its realizations are either continuous with probability one or have only positive
(or only negative) jumps. Then Z(¢) = yr+ 6X(¥), 6 < 0, p+ 80 > 0, is also a process
of the exponential class and stopping of Z(¢) at the level s is equivalent to stopping
of X(¢) at the straight line x = yt~s. By 7, = inf{t: Z(z) > s} we denote the
crossings of Z(¢) at the level 5. By a result of Skorochod, 7, has independent in-
crements and under some further assumption it can be shown that =, is a process
of the exponential class again with the density

feltys,0) = Tgﬁ-g (‘_63’_ z) exp {—5’-501 s+ [b(O)—%- a(0)] t}
and o :
S 2, = DX 82
y+40° ? (y+466)3
Finally, we remark that it is possible to construct sequential confidence intervals
of a fixed lenght for 6 by using properties of the exponential class; see Franz [5].

These confidence intervals are asymptotically optimal in the sense of Chow and
Robbins [1]. :

E7, =
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