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A MAJORANT PRINCIPLE
FOR MULTIPOINT ITERATIONS WITHOUT MEMORY

The paper deals with multipoint iterations without meimnory for the
solution of the non-linear scalar equation

(1) o(z) = 0.

The function @ has a suitable number of derivatives.

For equation (1) we construct a sequence of approximations {z™}
by the formula,

(2) L g™t = P(p)(a™).

In the case of one-point methods the function & can be defined as a zero
of a polynomial p,(z), interpolating ¢ at the point # with information
¢(@), ..., ¢™(x). The order of this method is equal to n+1. Such a method
cannot be used in practice, since the zero of a polynomial of degree greater
than 2 can be found only approximatively. This disadvantage can be
avoided by linearization of the interpolating Taylor polynomial. A class
of methods is obtained in [2], p. 270, including among others Konig’s and
Schréder’s methods.

The same problem appears in the case of multipoint iterations. In
Paper [4], Kung and Traub apply an inverse interpolation. Their algorithm
Is the following:

Given a™, construct z, = 2™, @, = @,+ fp(z,) for a non-zero B,
% being a zero of the polynomial interpolating y(y) = ¢~ !(x) at distinet
Points y, = ¢(x;), ¢ = 0(1)k—1, k = 2(1)n+1, a™* = a,,,, and having
the order of convergence 2"

Wozniakowski [5] presents a more general method using also the
derivatives of ¢. If at the point 2;, ¢ = 0(1)n, we use the information

P(x;), ..., g% (x,), I, — non-negative integer, then the order of conver-
gence u is equal to

(3) s =G+ [[+2).

=1
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In this paper we present a method having its source in the lineariza-
tion of a Newton interpolating formula. It is of the following form:
Given z™, put 2, = 2™, x, = @+ Bp(x,) for a non-zero f, and

(4)

Tpyr = Tp—

Pr
P -1+ Preyg—a (T — Tp—y) + .- +‘Pk,o(wk-wk—1) oo (g —2y) ’
k'=11)n, 2™ =a, .,

where ¢, ; denotes the difference quotient of ¢ at the points z;, z;_,, ..., ;.

The method of majorant, used here, has been introduced first by
. Kantorovich [3] for the operator case of the Newton method, and also
by Altman [1] for methods of higher order.

Definition. f(s) = 0 is a majorant equation for equation (1) if there
exist points «° s° s* such that

(i) f(s*) = 0;

(ii) |o(2°)] < f(5°);

(iii) |’ (2°) = —F'(s%);

(iv) g™ (@) < f@(s), & = 2(1)n;

(v) |tV (@)] < f™FV(s) for |o—a° < 8 —8° < s*—8°.

THEOREM 1. Assume that f(s*) = 0, s* beinb the closest, lying on the
right of s, zero of f, and

f8)>0, f(s9<0, (>0, ...,
™) >0, [N =0 for " <s< st
Then the sequence of iterations {s™} derived from the formulas
8o = 8™, 8 =8+ Bfo, where 0 <pf < —1/f'(s%,
(5)

Sk = S —

Jx
Jep—1FTep—o(Sk—8k—1)+ - +Tr0(Sk—8k=1) --- (82— 8;) ,
Ek=11)n, s" =3, ,,

ts monotonic and tends to s*. The order of convergence of this method is equal
to 27,

Proof. Observe that f®(s)>0, k == 2(1)n, f'(s) <0, f(s)> 0 for
8° << 8 < ¢*. Put s, = 8°; then, since 0 < g < —1/f'(s%, we have s, > s,
and &, < s*. Suppose that s, < 8, < ... < 8, < 8*. Since

(6) Flugy ooy we) = [ fPbouo+ ... +Hu)dty ... dty,
lj}O
2‘]=1
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we get
J(uq, ) <0,
Ftoy ooy u) >0, &k =2(L)n+1, u, ..., u, € (s°, 8*).
We have

(7)

f(s*) =0 =fetFup1(8* =8+ oo +fio(s*—8) ... (8*—8)+

+(3*""gk) “ee (8*_30)f(3k’ -++y 8oy 8*).
This formula and (7) give
Fe i T Sek2 (8 — 85— y) + v Ffr0 (85— 851) --. (52— 8;) < 0.
The inequality f(s,) > 0 implies s, +1> 8 and
Skp1— 8 = — Te —
Fie—1tFon—2 (B —8-1) + oo +fro(Sk—8k-1) - (82—81)

< - fe .
Jekor 4 Fr o (8* =85 _1) F vv +Jr0(8* —85_y) --- (8% —8;)

<8 —8.

_ By induction we have s, < 8, < ... < Spp1 < 8% L.e., 8° < 81 < 8*. Since
this method is stationary and without memory, we get

<<l L. ... L sk,

The fact that s™ tends to s* is obvious. .
The second part of the theorem will be also proved by induetion.
From the Newton interpolation formula we obtain '

fo = JitK1,0(82—81) +f2,0(82—81) (82— 8) = O[($2—8,)(s2—80)]
= O[(s*—3,)*].
Since fz/(s*—-sz) = f'(0) # 0, 0 (s,,s*), we get

8* —8y = O[(s*—s,)’].
Suppose that

(8) s*—s, = O[(s*—s8,)? '] for I = 1(1)k.
Compare the formulas
F(8) = fitSup-1(8—8) + -2 (8 —8p) (s —8_1) + ... +

o8 —8;) e  (8—8)+(8—84) ... (8 —80)f(8ky -5 805 §)
and ~

0= fk+fk,k—l(sk+l — 8+ S -2 (Sky 1 — 1) (8 — 84—y) + -0 +
+fr0 (81— 8k) -+ (82— 81).
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By (8) we have

(Sk+1— k) (Sur1—8k—1) -+« (Brp1—8p) = (k41— 3%) (B —8—1) --- (811 —8p) +
+O[(s*—80"], P =1(1)k—1.
Hence
._fk+1 = fre—2[(8k 11— 8) (8rg1 — 8—1) — (Sepr — S) (S — Sp—1) 1+ - +
+sz,0[(8k+1 —8) oo (8531 —81) —(Spp1—8k) - (82— 81) ]+
+fk+1,o(3k+1—sk) coe (Skp1—80) = 0[(3*‘"30)2k]-
Analogously as before we get
8*¥ —8,., = 0[(8*-—80)2k].
We have shown that
§*— 5™ = O[(s*— ™",
and this completes the proof.
LEMMA. Let 8;, ,—8;> |v; ,—a;l, ¢ =0(1)k—1, and
FR(8) = lg® (@) for |o—aol < 8—38< 8*—3,.
Then
@ (@oy ooy @) < S(80y o0y 84)-

The lemma follows immediately from formula (6).

THEOREM 2. If f(8) = 0 i a majorant equation for equation (1), then
(i) equation (1) has the root x*;
(ii) of 0 < |B| < —1/f'(8°), then the ileration process (4) s convergent
lo x*;
(iii) the imequality |x™ — x*| < 8*—8™ holds for all m.
Proof. Let assumptions (i)-(v) of the Definition be fulfilled for
points 2™, s™, m > 0. Then

|2y — @l = [B]l@p(®e)] < IB1f (o) = 8, — 8.
Assume that s, —8 > |2;,,—a;l, ¢ = 0(1)k—1. By the Lemma we
have
/4"

Pri—11 oor TP 0@ — T—y) --. (B3 —2,)

~J .
< =8,.,—8,..

JegmrF oo FLr0(8—8k—1) .- (82— 8,) ke Tk

Applying induction we obtain -

(9) [Tg 1y — | =

|37m+1 __wml < 8m+l — 8™,
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Now, we show that assumptions (ii)-(iv) are satisfied if 4™ and s™
are replaced by «™*' and s™+!, respectively. Assume that
lp* (@) < frHD(g), o —ad <s—80 < s*—5® for 2< k< m.
For k = m this inequality holds due to (v). We have

1
P @) =[o" (@) + (@ —a9) [ ¢+ (2 +i(2—0%) (1 — )]

1
SF®(80) + (s —8°) [ O+ (30 +8(s —8") (1 —t) e
J
= f®(s).
Since |a™+! —z% < s™+1 —° < 3* —3°, we get by induction
g™ (@™ 1)} < f® (smH)

for k = 2(1)n.
We consider the case k¥ = 1 separately:

g (&™) ;I¢'(m°)+ [ @ (ta™ (1 —1)2°) (1 —t)dt- (@™ —a0)|
> [p' (@) — ™! —af| f lqo"(tw"‘+‘+(1—t;w°)(1 —t)|dt
’ 0
> —f’(8°)—(s’“+l—-8°)ff"(ts"‘+l+(1~—t)8°)(1—t)'dt
= —f'(s™).

The proof of (ii) is a little more complicated. Let [p(x;)] < f(8)),
! = 0(1)%. Then, using the Lemma and formula (9), we have

(@) = P (@) + @ k1 (Th1 — L) + oo+ Preis, 0T — Tg) « oo (Fpyy — )|
S I?’(‘”k)+¢k.k—1(97k+1—wk) t oor + P @y — Tg) oo (B3 —2y) +

T P10 Ty — ) - .. (Tp 1 — o) + 2 | Pre o3 (Zre1 — i) (@ —Tp—y) -
j=2

oo (B — Ty ) — (B — Tpmy) oo (Bhmjpr —p—jyy) ]l

< fk+1.o(3k+1 —8) . (8511 —80) t+ 2fk,k—j(8k+l_ 8 [(8541— 8%-1) - -
j=2

o (Skr1 = 8mjp)) — (8 — 8im1) oo+ (Bk—jyr —81—ji)]
= f(841)-
Hence |p(2™t!)| < f(s™11).

Applying induction once more we obtain |a™** —a™| < g™tk _gm for
every m> 0, k> 0.

8 — Zastosowania Matematyki 17.1
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The sequence {z™} is Cauchy (because {s™} is convergent). Then
the limit ‘
z* = lim 2™

m—»00
exists.

Letting & tend to infinity in the last inequality we prove (iii) of the
theorem.

Remark. There exist methods using also the derivatives of ¢, con-
structed in a .similar manner as (4). Our two theorems remain valid with
the order of convergence defined by (3). Similar results hold also for
one-point methods with memory.

Construction of the majorant equation. Let an initial ap-
proximation be chosen. Put

1
b, =—¢® (@, k=0(1)n,
k!
and set 3
f(8) = b,8"+ ... +by82—b,8+b,.

The equation f(8) = 0 may have no positive roots or two. If it has
no roots, then we must choose a new initial point z°. In the second case,
choose the greater one, say s* (or, better, the point $* > 0 where f attains
its minimum), and put '

1
b,., = ——— max |tV (x)].
n+1 41)! joadier lp (@)
If the equation f(8) = 0, where f(s) = f(s)—{—b,, 18"Y, has positive
roots, then it is a majorant equation for (1).
Example. Let

¢(x) =In(2 —z)—sin (m—}- %)

Choose z°* = —0.6, n = 2. We have
@(2%) =1.032, ¢'(2°) = —1.382, ¢"(2°) = —0.224,

""" (x)] < 0.9 for ze[-1.7,0.5].

Put
f(8) = 1.04—1.38810.12824-0.1583.

Then f(0) > 0 and f(1) < 0, so there exists a positive root s* of the
equation f(8) = 0, 8* < 1.1. Hence, putting s* = 0 we get the majorant
equation.

It can be checked that, for » =1, 2° = —0.6 is not a good initial
approximation in the sense of the Definition.



A majorant principle 115

References

[1] M. Altman, 4 general majorant principle for functional equations, Bull. Acad.
Polon. Sci. 9 (1961), p. 745-1750.

(2] L. Collatz, Funkcionding analyzé a numerické matematika, Prague 1970.

3] JI. B. Kanroposuy u I. II. A K110 B, DYHKYUOKAALHUIL AHAMUS 6 HOPMUPOBAH-
Hux npocmparcmeaz, MockBa 1959.

[4] H.T. Kung and J. F. Traub, Optimal order of one-point and mullipoint iterations,
J. ACM 21 (1974), p. 643-651.

[5] H. Wosiniakowski, Maximal order of multipoint iterations using n evaluations,

P. 75-107 in J. F. Traub (editor), Analytic computational complezity, New York
1976.

INSTITUTE oOF MATHEMATICS

SILESIAN TECHNICAL UNIVERSITY
44-100 GLIWICE

Received on 15. 7. 1977
revised vergion on 21. 9. 1978

J. TROJAN (Gliwiee)

ZASADA MAJORANT
DLA METOD ITERACYJNYCH WIELOPUNKTOWYCH BEZ PAMIECI

STRESZCZENIE

W pracy opisana ‘jest wielopunktowa metoda iteracyjna dla rozwiszywania
réwnan skalarnych. Jej idea wywodzi sie¢ z linearyzacji wzoru interpolacyjnego New-
tona. W dowodzie zbieznodei zastosowano uogélnions zasade majoranty rzeczywistej
Pochodzacej od Kantorowicza [3].

Dla réwnania skalarnego (1) konstruujemy ciag iteracji {#™} w nastepujacy
8poséh ;

Maja(q' dany punkt 2™, ustalamny xy = 2™, x; = 2o+ Po(c,) (B # 0) oraz okresla-
My ., za pomocy wzoru (4), gdzie gg,; oznacza iloraz réznicowy ¢ w punktach
Tk s Tp—1s -+, .

Definicja. f(s) jest majorantq dla réwnania (1), jezeli istnieja takie punkty
a0, 80, 8%, ze

(i) f(s*) = 0;

(i) lp (=) < f(s%);

(iii) g’ (2%)] > —f'(s%);

(iv) |p®) (29)| < f) (89), & = 2(1)m;

(v) gD (@)] < fr+D(s) dla |£— 20 < 8—60 < 8% — o0,
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TWIERDZENIE 1. Zalétmy, e f(s*) = 0, gdzie 8* jest najblizszym, lezqcym na prawo
od &% zerem funkcji f, oraz ze

f(s°) >0, f’(SO) <0, f"(so) >0, cees f(n)(SO) >0,
f@D () >0 dla < s < 8*.

Wtedy ciqg iteracji {s™}, okreblony wzoramsi (5), jest monotoniceny i zbieiny do s*.
Wykladnik zbieinosci lego ciqgu wynosi 2%.
TWIERDZENIE 2. Jeseli f(s) = O jest majoraniq dla réwnania (1), to
(i) réwnanie (1) ma pierwiastek z*;
(ii) oiqg iteracji okreslony wzorami (4) jest zbieiny do x*;
(iii) dla wezystkich m zachodzi nieréwnosé |a™ — z*| < 8% — ™



