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Introduction

If M is a compact Riemannian manifold of positive Ricci curvature, then the first
Betti number b, (M) vanishes [6]. On the other hand, the first Betti number b,(M)
of a compact metric space M is positive if and only if there exists a continuous
mapping f: M — S! which is not homotopic to a constant [2]. Comparing these
two results we get the following:

(») Every continuous mapping of a compact Riemannian manifold of positive
Ricci curvature into S? is homotopic to a constant.

If N is a complete Riemannian manifold of non-positive sectional curvature,
then, according to the Hadamard-Cartan Theorem, the universal covering N of N
is diffcomorphic to the Euclidean space. Therefore, all homotopy groups s (N)
are trivial. On the other hand, :z,,(f\’) ~ m(N) for any k > 2 [4]. It follows that

(»+) the homotopy groups 7.(N) of a complete Riemannian manifold N of
non-positive sectional curvature are trivial for all k& > 2.

In this note we generalize the above results () and (xx). We prove the follow-
ing:

THEOREM. Let M be a compact Riemannian manifold of non-negative Ricci curva-
ture and N a compact Riemannian manifold of non-positive sectional curvature such
that n = dimN < dimM = m. If either the Ricci curvature of M is strictly positive
at some point of M or H*(M,R) = 0 for k = 1,2, ...,m—1 and the fundamental
group nt,(M) of M does not contain any subgroup of index 2, then any continuous
mapping of M into N is homotopic to a constant.

1. Preliminaries

Let M and N be Riemannian manifolds and denote by V¥ and V¥ the Levi-Civita
connections on M and N, respectively. If /1 M — N is a differentiable mapping,
then the differential df can be considered as a section of the bundle T*M ® f*TN.
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The connections V™ and V¥ induce a connection on this bundle. We denote it by V.
The covariant derivative Vdf is a section of the bundle T*M @ T*M @ f*TN. It is
called the second fundamental form of f. The mapping f is said to be totally geodesic
if and only if Vdf = 0. The trace v(f) of Vdf is a section of the bundle f*TN called
the tension field of f. The mapping f is said to be harmonic if and only if 7(f) = 0.

LemMa 1 [3). If M and N are compact Riemannian manifolds and the sectional
curvature of N is non-positive, then any continuous mapping f: M — N is homotopic
to a harmonic mapping.

LEmMMA 2 [3]. If f: M — N is a harmonic mapping, M is compact, the Ricci cur-
vature of M is non-negative and the sectional curvature of N is non-positive, then f
is totally geodesic. If, moreover, the Ricci curvature of M is strictly positive at some
points of M, then f is constant.

If Fis a k-dimensional oriented foliation of a Riemannian manifold M, then
the characteristic form w of F is defined by

@Dy, ..., v) = detl<v,, wyd; i, j < K,

where ©v,, ..., 7, € T, M (x € M) and w,, ..., w, is a positive ortented orthonormal
frame of the space T, L tangent at x to the passing through x leaf L of F. Clearly,
w is a k-form on M such that its restriction to any leaf L of F is a volume element
on L.

Lemma 3 [1], [B). The characteristic form o of a foliation F is closed if and only
if leaves of F are minimal submanifolds of M and the normal bundle of F is involutive.

2. Proof of the Theorem

If the Ricci curvature of M is positive somewhere, then our statement follows im-
mediately from Lemmas 1 and 2. (This case was considered in [3], § 11, Theorem B.)

Assume that =, (M) contains no subgroups of index 2 and H*(M,R) =0
for k=1,2,...,m—1, and take an arbitrary continuous mapping ¢: M — N.
Suppose that ¢ is not homotopic to a constant. According to Lemma 1, ¢ is homo-
topic to a harmonic mapping f: M — N. From Lemma 2, it follows that f is totally
geodesic. Therefore, f has constant rank £k on M. Clearly, 1 < kK £ m—1 because
fis not constant and m > n.

For any point x of M, put

E, = kerdf(x).

The union E = () E, carries a natural structure of a subbundie of the tangent
xeM

bundle TM of M. It is involutive. In fact, if X and Y are sections of E, then they
are vector fields on M which are f-related to the zero section Oy of TN. Therefore,
[X, Y] is also f-related to Oy, i.e. [X, Y] is a section of E. Consequently, E is tangent
to an (m—k)-dimensional foliation F of M.

The foliation F is orientable because 7,(M) contains no subgroups of index 2.
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Leaves of F are totally geodesic submanifolds of M. In fact, if X and Y are sections
of E, then

0 = (Vxdf)(Y) = Vi(df - Y)-df(V¥Y) = —df(VYY)
because df o Y = 0. Therefore, V¥ Y is a section of E,
The normal bundle E* of F is involutive. In fact, if X is a section of EL and Y

is a section of E, then V¥Y is a section of E. Therefore, for any sections X,, X,
of E* and Y of E, we have

X1, Xo], V) = VX, YO —(VEX,, Y)
= Xy (X3, )= XlX1, ) — <X, VXY ) +{X,, VEY) = 0.

This shows that [X,, X.] is a section of E* if only X, and X, are.

From Lemma 3, it follows that the characteristic form @ of F is closed. The
cohomology class [w] is a non-trivial element of H™ *(M, R). In fact, if 1: L - M
is the inclusion of a leaf L of F into M, then

*lo] = [*o] £ 0
because L is a2 compact orientable manifold and ¢*w is a volume element on L.
This ends the proof.

3. Final remarks

(i) Simple examples (the canonical projection T™ — T" and the Hopf fibering
S* — §5?) show that if either M has non-negative Ricci curvature which is not strictly
positive at any point and H*(M, R) # 0 for some ke {1,2,...,m—1} or M has
strictly positive curvature, H*(M, R) = 0 for any k€ {l,2,...,m—1} but the
curvature of N is not non-positive, then continuous mappings f: M — N which
are not homotopic to a constant may occur.

(i) A wide class of manifolds admitting Riemannian metrics of positive Ricci
curvature is described in [7]. Meyer [5] showed that cohomology groups H*(M, R),
k=1,2,...,m—1, of a compact orientable m-dimensional Riemannian manifold
M with positive curvature operator are trivial,

(iii) If the sectional curvature of N is negative everywhere, then a harmonic
mapping of a compact manifold M of non-negative Ricci curvature is either constant
or maps M onto a circle (i.e., onto a closed geodesic on N). From Lemma 1 and the
mentioned in the Introduction Borsuk’s result, it follows that any continuous mapping
of a compact Riemannian manifold M of non-negative Ricci curvature into a mani-

fold of negative sectional curvature is homotopic to a constant if only H!(M, R)
=0.
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