APPROXIMATION AND FUNCTION SPACES
BANACH CENTER PUBLICATIONS, VOLUME 22
PWN--POLISH SCIENTIFIC PUBLISHERS
WARSAW 1989

A NOTE ON A TWO-WEIGHTED SOBOLEV INEQUALITY

PETR GURKA and ALOIS KUFNER

Math. Inst. Acad. Sci., Zitna 25, 115 67 Praha 1, Czechoslovakia

In [3], Fabes, Kenig and Serapioni proved the following inequality

1 1/kp
() ( f |u(x)|**’w<x)dx) < c-R(
W(BR) Br
Here, the weight w belongs to the Muckenhoupt-class A, (1 <p < ),
1 <k <nf(n—1)+4, u is any function in C(Bg) and n is the dimension of
the ball Bg. Further,

1/
[ 1Pu ()P w(x) dx) p.

w(Bg) Bg

w(Bg) = [ w(x)dx.
Br
In [2], Chiarenza and Frasca gave a simple proof of the weighted imbedding
theorem (1) based on the properties of the Hardy-Littlewood maximal
function.
The purpose of this note is to extend (1) to the case of two weights and
thus to obtain a two-weighted imbedding theorem of the type

) WoP(Q;0) & L1(Q;w), 1<p<g<oo,
which means that the inequality

(flue(?w(x)dx)! < c([Pu(x)IPv(x)dx)"/?

2 Q2

takes place for every ueCg(£2). More precisely, we shall show that the
following inequality holds:

1/kp 1/p
[u (x)]¥? w(x) dx) <c'R ( [ 17u(x)Pv(x) dx)
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for every function u € C§(Qr), where k = nr/(nr —p), 1 <r < p <nr and Qy is
a cube ]_Lf':l(ai, a;+ R). Moreover, it is assumed that the weight functions
v, w satisfy

@ (é gw(x)dx>(|la gu*"'(x)dx)'—l <ep <
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!

for any cube Q = ]—[Ll(a,-, a;,+9) (a;€R,i=1,...,n, 0 >0 arbitrary, r
= r/(r—1)) with ¢, independent of Q. This assumption will be briefly written
in the form

(w, V) €A,.

The proof of (3) follows the ideas of [2] and is based on the following
lemma:

LEMMA. Let | <r <p<nr, w,v 20, (w,V)€A,, let Qg be a cube with
edges of length R, f € L?(Qg, V). If we denote

Lf
1 = —_—_— .
If(x) le—yl"" y

then the inequality

k d ke R 1 p 1/p
I P <c: Py
©) (W(Qk)éﬁlf(x)l W) x) ¢ (W(Qn)anlf(x)l v(x) x)

holds with k = nr/(nr—p) and a constant c independent of f.

Proof. To prove (5) set, for any & > 0:

19 f(x) = ‘- |f(.VZ|_1 dy,
wilx-y'Se QR |x =yl
Iy f(x) = If () = I f(x)
Lf O

—dy.
wix—yl>e nQR lx—y"

It is easy to prove that
(6) If(x) <ceMf(x), xeQy,

where Mf is the Hardy-Littlewood maximal operator (see Hedberg [5)).
Further, using the Holder inequality we have

Lo [ <IN ogp ey b | [x — y|(1 =My Ue= D () gy V1P
wilx—-yl > Qg

If we again use the Holder inequality we get the estimate

W) I, f(x) < c”f”U’(QR.u)( § [o()]! " dy)e=Virgt-me,
Qr

From (6) and (7) we obtain
® D <ce MX)+cllfllpg,,( § 0177 0)dy)r Vet =,
Q

R



ON A TWO-WEIGHTED SOBOLEV INEQUALITY 171

We minimize the right-hand side of (8) with respect to ¢ to get
(9) If(-x) < C[Mf(x)]l—p/nr”f“i/pr:rgk'v)( j’ pl-" (_V)dy)('_l)/"’.
Qr

From the assumption (w, v) €A4,, using the Hdlder inequality we easily get
that (w, v) € 4; for all ¥ > r. By Muckenhoupt [8], Th. 8, and the Marcinkie-
wicz interpolation theorem (see [1]) we get the inequality

(10) (| IMf()IPw(x)dx)V? < c( | 1S (x)IPv(x)dx)'?
Or 2r

with a constant ¢ independent of f, r < p < F. Using this inequality we obtain

from (9)

(§UfEHPw(x)dx) ™ < c-( [ o' =" () dy) (| If (x)Pv(x)dx)!'?,

2r Qr 2r
where k = nr/(nr—p). To complete the proof we divide both sides by
[w(Qg)]™ ~P/*r and use the condition (w, v)€A,.

Since |u(x)| < cl(Vu)(x) for any sufficiently smooth function u with a
compact support, (3) is an immediate consequence of (5).

Remark. Condition (4) provides a rather simple criterion for the pair
w, v, under which the imbedding (2) takes place. Other criteria which are
more complicated and in general cannot be easily verified have been derived
by Lizorkin and Otelbaev [7], by Gurka [4] (the case n =1 only) and by
Opic and Kufner [9], [10] (for the case p = q only). For comparison let us
present some examples.

If we assume that w(x) = [dist (x, 0Q)]%, v(x) = [dist (x, dQ2))?, where 0Q
is the boundary of a bounded domain Q in R", a, f €R, then it can be easily
shown that '

) 1 v U

(w, V)€A4,(2) (ie. that (TQ—IQ;‘;Qde>(I—Q_IQ.n{)vl r dx) < ¢p)
if and only if
(11) a>—-1, B<r-1, a—f=0.
Consequently, we have the imbedding
(12) WoP(Q; df) = I*(2; d*)  (d = dist(x, dQ))
for «, B from (11), and the H&lder inequality yields the imbedding
(13) Whe(Q; d%) o LP(Q; d%).

The imbedding (13) was derived earlier (see Kufner [6]) for a—f > —p,
B # p—1, ie. for a wider class of admissible a, §. On the other hand, using
the criteria of Lizorkin and Otelbaev [7] we can show that the imbedding
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(12) holds for a, 8, B# p—1 if and only if

nr nr—n

a=p —p

nr—p “nr—p

These examples show that using other criteria we can obtain (at least for
special weights of the form given above) a greater number of admissible
weight functions. The main advantage of our approach is the simplicity of
condition (4).

Remark. When proving (5) we have used the fact that the maximal

operator Mf maps a weighted LP-space into another weighted L?-space.
Using the result by Sawyer [11] who showed that Mf maps a weighted L*-
space into a weighted L?-space with ¢ > p we can further improve our
results, but the criteria for the weights are again very complicated.
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