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S. TRYBULA (Wroclaw)

SOME PROBLEMS OF PREDICTION OF THE DIFFERENCE
OF RANDOM VARIABLES

The problem of minimax prediction of the difference of binomial ran-
dom variables is solved for a quadratic loss function. Also, the problems of
Minimax prediction of Y; — Y;, ¢ # j, for the multinomial and multivariate
hypergeometric random variable (Ya,...,Y;) are solved.

1. Let the random variables X; and Y; have binomial distributions with
Parameters m and pq,p;, respectively, and let X; and Y2 have binomial
fﬁStributions with parameters n and p;, py. Assume that X;,Yq; X,,Ys are
Independent. The problem is to determine a minimax predictor d of X; — Y,
based on X 1, Y7 for the quadratic loss function

L(X; - Y3,d) = [d(X1, Vi) - X3 + Y]? .
Let us try a predictor of the form
(1) d(X1,Y)) = a(X; - Y4).
For this d the risk is
R(plsmad) = E[L(XZ - 1,2,(“:(X'1! j/1))] = E[G(X] - },l) - X3 ¥ Y2]2
= (a*m 4 n)[p1(1 = p1) + p2(1 = P2)] + (n — am)*(p1 — p2)*.
Assume that
a*m+n =2(n—-am)?.
This equation surely holds if

(2) 2n—1
a= m
spyde -k
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and for this a the risk is
R(p1,p2,d) = (n — am)[~(p1 + p2)* + 2(p1 + 12)].-
The function R(py,p;,d) attains its maximum when
3) n+p=1.
On the other hand, for any predictor d

(4) R(P‘lap?!d) o E{d(XI,“) = X2 + Y2}2
= E{d(X1,Y1) — n(p1 — p2)}* + n[p1(1 = p1) + p2(1 — p2)].-

Notice that the expression in square brackets is independent of d.
Let py, p; satisfy (3) and let p; have the beta density

1 a=171 _ -1
g(pl)z { B(G,ﬁ)pl (1 pl) lf{](p] < 1':
0

For this a priori distribution the expected risk attains its minimum if
d(X1, Y1) = nE(pr — p2 | X1, 1h)

otherwise.

= nE(2p; — 1 |X1,Y-,)=n(2x’ po { el & —1)

2m+ a+ B
and is equal to the predictor defined by (1) and (2) if
1
a = ﬁ —1(1+n —+——a)

Thus the predictor d(X,,Y;) defined by (1) and (2) is minimaz.

2. Let the random variables X = (Xy,...,X;) and Y = (V3,...,Y;) be
distributed as follows:

|
P(X =2) = P(X1 = 21,0, Xr = 27) = pp o op

PY=y)=PMr=y,....Yr=y)= -@—_n.!_—yjpi“ o
The problem is to determine a minimax predictor d of ¥; — Y2 on the basis
of X for the loss function
L(Vi1 -Yp,d) = [d(X)-Y1 + V2]*.
For the predictor
(5) d(X) = a(X1 - Xa)
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the risk is
R(p,d) = E[a(X; - X3) - Y4 + V5]
= (a’m + n)[py + p2 — (11 — p2)?] + (n — am)*(p; — p2)?
= (a¥m + n)(p1 + p2)

Provided a’?m + n = (n — am)?. This equation is surely satisfied if

(6)

n-=1

a= _m_ :
N
When n = 1 we obtain a = 0.
This R(p, d) attains its maximum if p; + p; = 1.
Let us look for the least favourable distribution among the following:

@pm+p=1,
(b) p1 has a beta distribution with parameters o, 3.

It follows from (a) that X; + X; = m, and from (b) that the following
18 the Bayes predictor:

d(X) = nE(pm — p2 | X1,X2) = nE(2p — 1| X71)

_ X1 +a _ _
_n(2m+a+ﬁ 1) = a(2X, — m)

Provided

s e e g n(—-——2£———1)-—am
m+atp m+a+p |
Solving this system of equations for a given by (6) we obtain

m 1 1 1
“—ﬁ—m(“" a’frm)

When n > 1.
When n = 1, a = 0. In this case d(X) = 0 is a minimax predictor. It is
Bayes with respect to the a priori distribution

Pm=p=1)=1.

Thus in both cases the predictor (5) with a given by (6) is minimaz.

3. Consider the following problem. A lot consisting of N units of a
Product is given. The units are classified into r categories, the ith category
containing M; units (¢ = 1,...,7). Two samples of size m and n respectively
are taken from the lot one after another; 2,,...,z,, respectively ¥1,...,¥r
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units of categories 1,...,r are observed in the samples. Then we have
My (M)
P(X = :[:) = P(X1 = Blgeeiydp = z,.) = ’"‘—(N)_L 5
P(Y=UIX=3)_'P(YI_91: er=y9|Xl=zh---er=3r)
(M‘l"""l) Mp-xr)

s )

The problem is to determine a minimax predictor d(X) of the difference
Y1 - Y; for a quadratic loss function.

We take once again a predictor of the form
d(X)=a(X1 - X,).

The risk is then
R(m,d)
= Ela(X; - X3) - Y1 + V5)?
= E{E{la(X1 - X3) -1 + V2] | X}}

_ My - X, M; — X,
_E{E{[u(}ﬁ Xz) n N —m +n .

M, - X, M; - X2\

- ("1 ""_N":?) * (Yz““ﬂ)d
12

=E[G(X1—X2)—R(MI —XI — Mz—X2)

)
{22 ) o] - =2 ]

o] (-2 -2 )

2
n
<ol (o))
+nN—m—-—n E Ml—XlN—MI—m+X1)
N-m-1 N-m N-m
Mg—XgN—Mz—m-l-Xg M1-X1M2—X2
+E(N m N-m )+2E(N—m N-m

le
N -

) [ mN m;m(Ml M) + m———— (M1+Mz)]

+ (’—;;a = —) (My — M,)?
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n(N —m— -m-1
T === m)z[(N N—l (M1 + M3)
+ (— 1+ 2; E?; )(Ml ~ Mz)z]
ifN>m+1 M= (M], )

Assume that the coeﬂicxent of (My — M;)? in the above expression van-
ishes:

it (o wm) +(Fe-7)
+(_ bk 2; ?E?ZB) v n(::r— 1r)n(1\rn)n-.,)z

or after expanding the expressions in the first two brackets and reduction

=0,

m(m — 1)a® — 2mna + n(n — 1)
NV =1)

The solution a of this equation does not depend on N:

©

=0.

n—1

= 141 1

ViR ik
Thus q is the same as for the multinomial case as one can expect from the
above remark.

Notice that @ = 0 when n = 1.
On the other hand, we obtain

R(M,d) = E[d(X) - Y + Y] = E{E[(d(X) - Y + ¥2)? | X]}

M, - Xy M; - X,
_E{E[(d(X)—n Ly

(i3 (-4 )

- E[d(X - X —M2+X2)] + Ro(M)
2
- E - )|+ Ro0M),
Where R, is independent of d and
(8) do(X) = - X2).
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Let an a priori distribution of the parameter M be defined as follows:

Myt My=N, P(My=u)= (I:)B(u+gzi\f;)u+ﬂ)_

The expected risk attains its minimum if
do(X)=N" E(My~ My | X) = 5——E(2M; - N | X)
__n (N+a+ﬂ)X1+(N m)a _N
N-m m+ta+p
(see [1]). By (8) and X; + X2 = m we obtain

_ 2X; _m——a+ﬁ _ B _ _
d(x)—n(m-l-a-i-ﬂ m+a+ﬁ)—a(xl X3) = a(2X, — m)
provided

n m-a+p
————-—:a, n—
m+a+p m+a+p
where a is given by (7). This leads to

a=p = —1)( ;11-+%--1;11?1-)

ifn>1. Thusforn>1
9) d(X) =

=am,

is a minimax predictor of ¥; — Y.
We conjecture that for » = 1 a minimax predictor does not exist.
For the predictor (9),

n ! N-m1 N-m-n 1
R(M’d)=[(“+N_m)’“N—z“ﬁ+“ N-m N—l](Ml+M2)'

For related problems of minimax estimation and prediction see [1]-[5].
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