APPLICATIONES MATHEMATICAE
22,1 (1993), pp. 139-143

A. BORATYNSKA and R. ZIELINSKI (Warszawa)

BAYES ROBUSTNESS VIA THE KOLMOGOROV METRIC

Abstract. An upper bound for the Kolmogorov distance between the
posterior distributions in terms of that between the prior distributions is
given. For some likelihood functions the inequality is sharp. Applications
to assessing Bayes robustness are presented.

1. Introduction and notations. Given a sample space X and a pa-
rameter space O, let [ : X x © — R! be a given function such that (V8)I(-, )
is a density of a probability distribution function on X and (Vz)l,(-) = (=, -)
is the likelihood function on @. Throughout the paper we assume that ©
is an interval (0z,0y) in R, —co < 0 < Oy < +o0, and that for every
x € X the likelihood function I,(-) is of finite variation; also, we define
s(x) = supgecp l(0).

All integrals are Lebesgue—Stieltjes integrals over (61,6 ) unless stated
otherwise. To avoid some technical difficulties we assume that the distri-
bution functions F' and G appearing below are continuous. Actually, it is
enough to assume that points of discontinuity of F' and G do not coincide
with those of I,(-).

Let () = I} (-) — 17 (-) be the Jordan decomposition of I, (-) and let
() =15 () +1; (). We assume that for every z € X,

u(z) = fdl;(@) < 00.

Observe that if [,,(-) is differentiable and [ |91,(6)/960| df < oo, then u(z) =
[101,,(0)/06| d6.
If F" and G are any cdf’s then

o(F,G) = ;gg\F(ﬁ) - G(0)]
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denotes the Kolmogorov distance between F' and G. For cdf’s F' and G of
prior distributions on @ and for a given x € X, let F, and G, be cdf’s of
the corresponding posterior distributions.

2. The main result. The following theorem gives us an estimate for
the Kolmogorov distance between posterior distributions F, and G, in terms
of the Kolmogorov distance between the appropriate prior cdf’s F' and G.
Given a cdf H, let m,(H) = [1,(0) dH(0).

THEOREM. Let F be a given prior distribution and let x € X be a fized
point in the sample space. For every likelihood function 1, (-),

o(F,G)
max{ma (B, ma(@)} @) +ul@)

There exists a likelihood function for which the inequality is sharp.

(1) o(Fy,Gy) <

Proof. Since

o L®AF@R) [ L) dG(1)
- me (F) me(G) ’

adding and subtracting f(fL l;(t) dF(t)/my(G), we obtain

S}

Fu(0) — Gu(0) = ([ LwarFe -G

Integrating by parts gives

Fo(6) - Gu(6) = —

Hence
1
Fy(6) = Gal0) < s o LG (s(x) + (@)
Similarly,
1
Ga(0) — Fu(0) < i (F) o(F,G)(s(x) + u(z))

which gives (1).
For the second statement, see Example 3 below. m

3. How sharp is inequality (1)? The following three examples an-
swer that question. In each of them ¢ is a fixed positive number, [,(-) is
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a fixed likelihood function, and F' is a fixed prior distribution. The prior
distribution G is chosen in such a way that o(F,G) = e.

Let RHS and LHS denote the right and left hand sides of (1), respec-
tively.

EXAMPLE 1. Suppose that [, (-) is the likelihood function of the normal
distribution N (6, 0?) and that F is normal N(0,72). Define

0 if 6 < F~1(e),
F0)—e ifFl(e)<0<0,

Go) = Fl)+¢ if0<6<FY(1—¢),
1 if9 < F-1(1-e).
Then F(0) — G(0) = € on the support of G and
RHS < i —
N
Vo2 + 12 Pl 22y
x
1 1 1 o2
peie

Both RHS and LHS, as well as their difference of course, tend to zero as
e — 0. For large 02 and small 72 the right hand side is approximately 3¢
and the left hand side equals ¢, and hence RHS/LHS ~ 3. m

EXAMPLE 2. Let [(0) = (2)6%(1 — 6)"* and let F(f) = 6%, o > 0.
Constructing G as in Example 1 we obtain RHS/LHS ~ 2 for small €. m

EXAMPLE 3. To see that the inequality is sharp take 1(9_1/2,9+41/2)(),
6 € © = (0,1) as a family of densities on the sample space X = R!. Then
I2(0) = L(z—1/2,041/2)(0) and for x = 1/2 one obtains u(x) = 0 and, for
every cdf F on ©, m,(F) = 1. Now F, = F and G, = G, s(x) = 1 and
hence LHS = RHS. =

4. Bayes robustness. For a given prior distribution F' consider the
class of prior distributions G. = {G : o(G, F) < €} (see, for example, the
class Iy in Berger (1985)) and the class of the corresponding posterior dis-
tributions.

As consequences of inequality (1) we can estimate the oscillation of poste-
rior distributions under (small) violations of the assumed prior distribution
and we can conclude that the posterior distribution is infinitesimally ro-
bust (in the sense of, e.g., Meczarski and Zieliniski (1991) and of the papers
quoted therein) under misspecification of the prior distribution.
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COROLLARY 1 (oscillation of the posterior distribution). For any given
prior distribution F and any sample point x € X,

g
2 su F, G,) < -
@) gup olFa Cu) < o (F), minoeg s (©))

(s(2) + u(z))

where s(x) and u(xz) depend on the likelihood function l,.(-) only, and m,(F)
depends on the likelihood function and the prior distribution F. m

COROLLARY 2 (infinitesimal robustness). For a fized x € X, for every
prior distribution F and for each € > 0 there exists § > 0 such that for every
distribution G on O,

0(G,F)< 6= 0(Gy, Fy) <e.m

COROLLARY 3 (uniform infinitesimal robustness). If there exist positive
a, My, and My such that

mg(F) >, s(x) <M, and u(z)< M

for all x € X, then for each € > 0 there exists § > 0 such that for all x € X
and for all distributions G on O,

0(G,F)< 6= 0(Gy, Fy) <e.m

Berger and Berliner (1986), Sivaganesan (1988), Sivaganesan and Berger
(1989), Gelfand and Dey (1991), to quote but a few, considered the class
I. = {(1—-¢)F+eQ : Q € Q} of distributions, with a given prior distribution
F and some specified Q, and discussed the oscillations of some functionals on
the appropriate class of posterior distributions. Since I'. C G. we conclude
that if the prior distributions belong to a given e-contamination class I then
the posterior distributions do not differ substantially in the Kolmogorov
metric. A similar conclusion holds if the prior distributions do not differ
too much in the total variation metric. On the other hand, if the prior
distributions do not differ much in the Kolmogorov metric the appropriate
posterior distributions do not differ substantially in the Lévy or Prohorov
metric (see, e.g., Zolotarev (1986) or Rachev (1991)). Taking all this into
account one can say that under rather general conditions the Bayes inference
is infinitesimally robust to small misspecifications of the prior distribution.
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