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Abstract. Lanczos method for solving a system of linear equations is well known. It is
derived from a generalization of the method of moments and one of its main interests is that it
provides the exact answer in at most n steps where n is the dimension of the system. Lanczos
method can be implemented via several recursive algorithms known as Orthodir, Orthomin,
Orthores, Biconjugate gradient,... In this paper, we show that all these procedures can be
explained within the framework of formal orthogonal polynomials. This theory also provides a
natural basis for curing breakdown and near-breakdown in these algorithms. The case of the
conjugate gradient squared method can be treated similarly.

1. Lanczos method. Let us consider in C™ the system of linear equations
Axr =b.

The Lanczos method [14] for solving this system consists in constructing the
sequence of vectors (zy) as follows:

e choose two arbitrary nonzero vectors zg and y,
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e set rg = b — Axg,
e determine xj such that

xp — zo € Ej = span(rg, Arg, ..., AF 1)
r, = b— Az, L Fj, =span(y, A*y,..., A" y)
where A* is the conjugate transpose of A.

These two conditions determine x;, if it exists. Indeed, xj — zo can be written
in the form

Ty —xo = —ayrg — ... — o AF g

and the orthogonality conditions give

(A*iy,rk):() fori=0,...,k—1,

which is a system of k linear equations in the £ unknowns «j, . .., aj. This system
is singular if ro, Arg, ..., A* trg or y, A*y, ... ,A*kily are linearly dependent.
If we set

PL(6) =1+ &+ ...+ apt”

then we have
rr = Pr(A)rg .

Moreover, if we set

ci = (y, A'rg), i=0,1,...
and if we define the linear functional ¢ on the space of polynomials by

c(&)=c¢, i=0,1,...
then the preceding orthogonality conditions can be written as
c(&P)=0 fori=0,....,k—1.

These relations show that Py is a polynomial of degree at most k& belonging to
the family of formal orthogonal polynomials with respect to ¢ [1]. This polynomial
is defined apart from a multiplying factor which is chosen, in our case, such that
P;(0) = 1. Due to this normalization, Py exists and is unique if and only if the
Hankel determinant

cq Co ... Ck

H(l) Co C3 “. Cl+1
kj =

Ck Ck+1 ... C2k—1

is different from zero.

The polynomials Py, can be recursively computed in different ways which lead
to the various Lanczos type algorithms known as Orthores, Orthodir, Orthomin,
Biores, Biodir, biconjugate gradient, and so on. A unified presentation and deriva-
tion of all these methods can be based on the theory of formal orthogonal poly-
nomials [8].
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The main property of the Lanczos method is its finite convergence, namely
that 3k < n such that 7, =0 and z;, = 2 = A~ 1b.

The theory of the Lanczos method has its basis in generalizations of the
method of moments and of Galerkin’s method, as will now be explained.

2. Theory of the Lanczos method. Let E be a vector space and E* its
algebraic dual. Let Ejy = span(ug, ..., u—1) where ug,...,ur—1 € E are assumed
to be linearly independent. Let Lg, L1,..., Lr_1 be k linearly independent linear
functionals in E*.

Let f € E and let Ry € E} be defined by
(LiyRi) =(L;, f) fori=0,....,k—1.
Let Hj be the linear mapping on F defined by
Hif = Ry .

Then Hy Ry = Ry, and thus H? = Hj,, which shows that H, is a projection on Ej,.

The method of moments, introduced by Vorobyev [16], is based on orthogonal
projections in a Hilbert space. We shall now give its generalization as presented
in [3].

It consists in constructing a linear mapping A on Ej such that

uy = Aguo ,
uy = Apuy = Ajug,
up—1 = Apup—o = A{ ug
Hiup = Apup—1 = Aﬁuo
with Hy as defined above. These relations completely determine the mapping Ay.
Since Hyuy € Ei, we can write
Hypup = —Boug — ... — Br—1Ug—1,
that is,
Bouo + -+ Be—1ur—1 + Hiug, = (Bo + Br A + ...+ Broo1 AF 1+ A)ug = 0.
But we have
(Liyurp, — Hyug) =0 fori=0,...,k—1,
that is,
Bo(Li,up) + ...+ Br—1(Li,up—1) + (Lijyup) =0 fori=0,...,k—1.
Thus, if we set
Pe(€)=Bo+ ...+ Bt et
then it can be proved that
Pu(Ap)ug = 0.
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Let us assume that Ay is invertible in F} and solve the equation
Akvk = Up

where vy, € Ej,.
Let P, and Vi_1 be two arbitrary polynomials of degree k and k — 1 respect-
ively, related by

1= Pp(§) = Vi1 (§).-
Thus Py, must satisfy P,(0) = 1 and we have
wg — Pr(Ag)ug = ApVi—1(Ag)ug .
If we take
Pi(€) = Pr(&)/Pe(0)
then
Pi(0) =1 and Py(Ar)uo=0.
It follows that
ApVi—1(Ax)uo = uo,
which shows that
v = Vie—1(Ag)ug -
Let us now make the particular choice E = C™ and
w = Alrg, i=0,....k,

where A is an n X n regular matrix.
Let Ag be the matrix obtained by the method of moments and let x; be the
vector defined by

Ap(zp —x0) =190 .
The linear functional L; is uniquely represented by a vector y; and

(Li,uz) = (i, uy)
where (-,-) denotes the usual scalar product in C". Hy, is the oblique projection
on Ej, along Fi- where F), = span(yo, . .., Yk—1)-

The polynomial Py defined above is the same as that of the preceding section
and

T — Xy = Vk_l(Ak)Tg .
But, since Vj_; has degree k — 1 and A’rg = Alrg for i =0,...,k — 1, we have
T — Ty = Vk_l(A)TO .
That is,
Al’k —b— (AQTO - b) == AVk_l(A)T‘O
or

T =T — Akal(A)To = Pk(A)’I“().
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Moreover, from the preceding results, we have
(yi,7x) =0 fori=0,....k—1,

which is exactly the Lanczos method if y; = A*'y for i = 0,...,k — 1. For more
details, see [2].

Let us now look at the various possibilities for computing recursively the
orthogonal polynomials P.

3. Orthogonal polynomials. We shall first consider the case where Vk, H ,il)
#0.

Let us define the linear functional ¢() by
C(l)(fi) = C(fi—H) =ci+1, ¢=0,1,...

Let {P,gl)} be the family of monic orthogonal polynomials with respect to the
linear functional ¢(!). P,gl) exists under the condition that H ,il) = 0. As previously

seen, this condition also ensures the existence of Py. {Py} and {P,El)} are said to
be adjacent families of formal orthogonal polynomials.

Since the polynomials of both families are uniquely determined, it is easy to
see that

(1) Pey1(€) = Pu(€) — MR (€)

with Py(¢) = PyP(¢) = 1.

We now show how to obtain an expression for Ax. Let {U;} be an arbitrary
family of polynomials such that Vi, U; has exact degree i. Multiplying both sides
of (1) by Uy and applying the functional ¢, we obtain

A = c(UiPy)/e(€UR PMYY .

Moreover, it is well known that a family of orthogonal polynomials satisfies a
three-term recurrence relationship. Thus we have

2) PO = (€ — an) P, (€) — P, (6)

with P{" (&) =1 and P (¢) = 0.
As proved in [4], using again the auxiliary family {U;} we have, by a similar
argument,

by = C(§2Uk—2P;£1_)1)/C(§Uk—2P,§1_)2) ,
ay, = [c(€2Ux 1 PM)) = bre(€Uk_1 P Je(€Uk 1 PLY)

For example, if we choose Uy, = P,gl), we recover the usual formula

ar = o(€2P)) je(ePY)).
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The family { Py} also satisfies a three-term recurrence relationship which can
be written as

(3) Pri1(8§) = —Di[(§ = Br) Pi(§) — CxPr—1 ()]
with Py(§) =1 and P_1(§) = 0. Since P;(0) = 1, we must have
Dy =1/(Br +Cy).
Using again the auxiliary family {U;}, as above, we have
c(Uk—1Pr+1) = 0 = —Dy[e(§Uk-1Px) — Crc(Ug—1Pr—1)]
and thus
Crx = c(§Ux-1Py)/c(U—1P;-1) -
Similarly,
(UpPrsr) = 0 = —Dy[e(€UEy) — Bre(Us Py) — Cre(Uys Pyo_1)]

and thus we obtain

By = [e(EURPy) — Crc(Us Po_1)]/c(UrPy) .

Again, for the particular choice U = Py, we recover the usual formulae.
Assume that H ]go) # 0 and set

Qu() = (1" H PV (©)/HD .
Since P, and P,gl) both have degree k exactly, the coefficients of £€* in P, and Q
are the same and @) is proportional to P,gl) . Moreover,

c(€Qr) =0 fori=0,...,k—1.

By using the same uniqueness argument as above we can write

(4) Qr(§) = Pr(§) + arQr-1(¢),
(5) Pr11(8) = Pi(§) — BréQx(§)
with

ag = —c(§Uk-1P;)/c(§Uk-1Q-1) and B = c(UpPy)/c(EUxQy) -

4. Lanczos type algorithms. We shall now examine the various possibilities
for computing recursively the vectors ry, defined by ry = Py(A)rg. They give rise
to the different methods which are known and some new ones can also be obtained
as we shall see below.

4.1. Lanczos/Orthodir. Let us set
2= P (A)rg .
From (1) we immediately obtain

Tkl =Tk — ApAzg .
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Using ry, = b — Axy, this gives
Tkl = Tk + A2k -
From (2) we have
2 = Azp_1 — apZp—1 — bpzr—2 .
This method is called Lanczos/Orthodir.
Let us now see how to compute the coefficients Ag, ar and by appearing in

these formulae or, in other words, how to choose the auxiliary polynomials {U;}.
The simplest choice consists in taking

U(§) =&
We have
e = c(€°Py) [e(€ T PY) .
But
(6 Py) = (A" y, P(A)rg) and  c(¢"H1PY) = (4 y, PV (A)rg)

and we finally obtain

k

Ao = (A y,m) /(A g, zn)

Similarly, we have
k—1

b = (A" g,z /(A" g, z4)
and
ap = (A" y, Azy1) = bp(A™ g, Azi—a)] /(A y, 211) -
Now let us make the choice
U(€) = PV (€).
We have
e = e(PY P Je(ePMY.
Thus if we set
% = P (A4%)y = PV (A)
Zy =P (A%)y = P, (A)"y
we obtain
e = (Zk, i)/ (Zk, Azi) -
We also have
2 p(1)? .
_ AR (A1, Aza)
e(epy) G Az

Qg

and then

, @R PY) (A, An)

" O 7 (Gr2 Azes)
c(EP,5) Zk—2, AZk—2
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But c(§2P,§1_)2P,51_)1) = c(fP,El_)f) by the orthogonality of P,El_)l to any polyno-
mial of degree strictly less than & — 1, and thus

by = (Zr—1,Azi—1)/(Zx—2, Azi—2) .
Thus, we obtain

Zp = A" Zjp—1 — QrZk—1 — brZr—2 .
If we set

T = Pr(A) g
then we have
Thil =Tk — M A2y

If we gather all these formulae together, we obtain the algorithm known under
the name of BIODIR [12].

Remark. This algorithm is defined (that is, x4y exists) only if P,El) has exact
degree k, or, in other words, if Vk, H ,il) 2 0. If this condition is not satisfied, it

is possible to jump over the non-existing polynomials P,gl) and to use only those
which exist. Thus we obtain a generalization of BIODIR without breakdown. This
algorithm, called the MRZ (Method of Recursive Zoom), was given in [6]. Related
algorithms can also be found in [12]. They will be briefly described in Section 5.

4.2. Lanczos/Orthores. Let us now assume that Py has exact degree k. Thus
the three-term recurrence relationship (3) holds and we immediately obtain
Tk4+1 = —Dk(ATk — Bka — Ck""k—l) .
Since r, = b — Axy, we have
Try1 = Dp(ry + Bray + Crwg—1)
These formulae define the method known under the name of Lanczos/Orthores
(see [17]).

Let us now see how to compute the coefficients Dy, By and C) appearing
in these formulae. There are several possibilities according to the choice of the
auxiliary polynomials {U;}.

Let us start again by taking

Ur(¢) = €*.
We have
Oy, = c(€" ) /(€1 P)
and hence
k k—1
Cr = (A" y,re) /(A" y,rh-1).

Similarly, we have

By, = [c(§"T' Pp) — Cre(€F Proy)] /(" Pr)
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that is,
By = [(A""y, Arg) = Cu(A™ "y, Ar 1)]/(A™ y, i)
Since Pj has exact degree k, we can also make the choice
Uk(§) = Pi(§) -
In that case
Cr = c(§Pr1Py)/c(P ).
But, multiplying both sides of (3) by Pxt1 and applying ¢, we obtain

c(P¢y1) = —Dyc(§PyPrya)

and thus
1 c(P?
Ck: - _ ( 2k:) )
Di—1 C(qu)
If we set
then
Ck _ 1 (?k, Tk)

" Dyy (Fr—1.7m1)
We also have, since ¢(Py—1P;) =0,
By = c(EF;) /(7))
that is,
By = (Tk, Ari) [ (Tk, Tk )-
Finally, (3) gives us
’IA“Jk_H = —Ek(A*?k — Ek?k — ék":/k—l) .

These formulae define the algorithm known under the name of BIORES.

Remark. The two algorithms described in this subsection need the supple-
mentary assumption that Py has exact degree k. Thus, for all k, H ,EO) and H 21)

both have to be different from zero. The supplementary assumption H ,50) #0is
needed by the procedure used in the recursive computation but it is, in fact, an
unnecessary assumption in the theory of the Lanczos method and it is a supple-
mentary reason for a breakdown. A remedy will be indicated in Section 5.

4.3. Lanczos/Orthomin. Instead of using the polynomials P,El) as in the me-
thod Lanczos/Orthores, we shall make use of the polynomials @) defined in Sec-
tion 3. Thus Py is again assumed to have exact degree k. We set

pr = Qr(A)ro.
From (4) and (5) we have

Pr =Tk +oppr—1 and rpy =1 — BLADE .
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By using the definition of ry, it follows that

Tht1 = Tk + BrDk -

These formulae define the method known under the name of Lanczos/
Orthomin (see [11]).

Let us now see how to compute the coefficients oy and (B appearing in these
formulae. We begin by the choice

U(€) = ¢€*.
We have
ap = —c(§"P) [c(€" Qru-1),  Br = (" Pr) /(€T Qr)
and it follows that
ak = —(A"yr) /(A" y ), B = (A g, /(A7

Let us now choose

k

+1
y7pk) .

Ur(§) = Pr(8) -

In that case
B = c(PF)/c(EP:Qx) -

But, since the coefficients of ¥ in P, and in Q}, are the same, we have
Pi(§) = Qi(§) +p(8)

where p is a polynomial of degree k — 1 at most. Thus
c(EPLQy) = c(6QF) + c(€pQr) -

But, as Q. is proportional to P,gl), we have, by the orthogonality property of P,gl),
c(&pQyr) = 0 and thus

B = c(PF)/c(€QR) -

Setting
T = Pp(A)"y
we obtain
B = (?k,rk)/(ﬁk,Apk)-
We have

ag = —c(§Py—1Px)/c(§Pr-1Qk-1) -
But Bx—1 = c(P?_,)/c(£Pr—1Qk—1) and thus
ap = —fr1c(EPu1Py) /e(PE_y).
On the other hand, writing (5) for the index k, multiplying it by Py and
applying c gives
c(PE) = —Br-1c(EPuQr-1) .

Moreover, from (4)
c(§PrQr—1) = c(§PiPy—1) + axc(§PyQr—2) -
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Since Py is orthogonal to £Qr_o which is a polynomial of degree k — 1, it follows
that

o(P}) = —PBr_1c(EPuPe—1) .
Thus, we finally obtain
ar = c(P7)/c(Pi_1),
that is,

ap = (Thy k) /(Tr—1,Tk—1) -

If we set
pr = Qr(A)"y

we obtain from (5)

Tr1 =Tk — B A Dk
and from (4)

Pk =Tk + QgPr—1 -
These formulae define the so-called biconjugate gradient method (BCG) due to
Lanczos [14], but popularized by Fletcher [11]. When the matrix A is Hermi-

tian and when y = rg this method reduces to the conjugate gradient method of
Hestenes and Stiefel [13].

4.4. Other methods. All the methods are characterized by the choice of one
or two recurrence relationships for computing the orthogonal polynomials. There
are many other possible choices, thus leading to other (new) methods. Some of
them are described in [8].

5. Breakdown and near-breakdown. Let us now assume that some of the
Hankel determinants H. ,El) are equal to zero. In that case some of the polynomials
Py, and thus the corresponding polynomials P,gl), do not exist. Then, due to a
division by zero, a breakdown will occur in the Lanczos type algorithms described
in Section 4. It is possible to avoid such a breakdown by jumping over the non-
existing polynomials and considering only the existing ones which are usually
called regular. We shall now change a little bit our notations and call P, and
P11 two successive regular orthogonal polynomials with respect to ¢, of respective
degrees ny and ngy1 = ng+my at most. Similarly, P,gl) and P,S_)l will denote two
successive regular monic orthogonal polynomials with respect to ¢!, of respective
degrees ng and ng1.

It was proved by Draux [10] that P,gl) satisfies the conditions
c(l)(giP,gl)) = c({iHP,gl)) =0 fori=0,...,np+my—2,
c(l)(gnk-&-mk—lplgl)) _ c(gnk—&-mkplgl)) £0.
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These conditions determine the length my of the jump. Moreover, the poly-
nomials P,El) satisfy the recurrence relationship

(6) PY(©) = au(© PV (©) = Ca P (€),  k=0,1,...

with Pill) (&) =0, Pél)(f) =1 and g a monic polynomial of degree my.
It can also be proved that, in such a case,

(7) Pi1(€) = Pul€) — €wn(©P(§)
with Py(¢) = 1 and wy a polynomial of degree my — 1 at most.

The coefficients of the polynomials g; and wy and the constants Cjyq are
obtained by imposing the orthogonality conditions on the respective polynomials.

Gathering all these formulae together we have the following algorithm called
the MRZ (Method of Recursive Zoom) [6]:

e Choose xg and y. Set
ro=20=b—Axg, 2z_1=0, ng=0.
e For £k =0,1,... compute my and then if ng + my < n set
Tpy1 = Tk + w(A)zk,  Tre1 =718 — Awg(A)zg .
o If ;41 # 0, then compute

N1 =Nk + Mg,  2k+1 = qe(A)zk — Crg126-1 -

Clearly this algorithm is a generalization of the Lanczos/Orthodir and
BIODIR algorithms. It cannot suffer from breakdown except the incurable hard
one which occurs if c({”P,il)) = 0. The corresponding subroutine is given in [7].

If we make the supplementary assumption that ¢(£™* P) # 0 then it is possible
to generalize some of the other algorithms given in Section 4.

As explained above, breakdown is due to the non-existence of some polyno-
mials P, and the remedy is to jump over these non-existing polynomials. In the
methods Lanczos/Orthores and Lanczos/Orthomin, we made the supplementary
assumption that Py has exact degree k. In fact this assumption is totally unnec-
essary in the theory of the Lanczos method but it was required by the form of the
recurrence relation used, thus being a supplementary (and unnecessary) cause for
breakdown.

Now if ]c(l)(fnk“nk_lP,gl))] is different from zero but small (and possibly
badly computed) the coefficients of the recurrence relations given in Section 4
could be large and badly computed and rounding errors could affect the algorithm.
The same is true if the quantities |c(1)(§iP,£1))| are not zero for i = ny,...,n; +
mp — 2 but small; in that case no breakdown occurs in the method but numerical
instability will be present, a situation called near-breakdown.

It is possible to avoid such a near-breakdown by jumping over these polyno-
mials which could be badly computed and to compute directly the first regular
polynomial following them.
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Thus, let € > 0 be given. We define mj > 1 such that
|c(1)(£iP,§1))\ <e fori=ng,...,np+mE—2,

]c(l)(fiPél))\ >e fori=mnp+my—1.

Let ngy1 = ni + mi. We shall denote by P,Sr)l the regular orthogonal poly-
nomial of degree ny,; with respect to ¢(*). As explained in the sequel if such a
polynomial does not exist (and we are able to detect such a case) the value of
my has to be increased until a regular polynomial has been obtained. We shall
denote by Py1 the corresponding orthogonal polynomial of degree ng,1 at most
with respect to ¢ normalized by the condition Pj41(0) = 1.

Let us first compute Pjy1. We shall write it in the form

(8) Pri1(€) = Pu(€) — €wn (&) PV (€) — un(©)Pu(€)

where wy, is a polynomial of degree at most my — 1 and v a polynomial of degree
at most my —2 if np —myg+1 > 0 and of degree at most ny — 1 if np —myg+1 < 0.
Let us recall that, in the case of a breakdown, vy, is identically zero.

Let us now try to compute recursively P,S_)l. We shall look for P,ii_)l in the
form

9) PL©) = au(€©) PV () + tu(€) Pu€)

where ¢ is a monic polynomial of degree my and t; a polynomial of degree at
most my — 1 if np — my > 0 and of degree at most ny — 1 otherwise.

If ¢(£™ Py) = 0 this system is singular. However, this case will seldom occur
and most of the time |c¢({™ Py)| will not be equal to zero but small. Such a case
can also be avoided.

If the systems giving the coefficients of the above polynomials are singular, it

means that P,Sr)l does not exist and the value of m; has to be increased until a

regular polynomial P,E_lgl has been obtained.

Setting ry, = Pi(A)rg and z;, = P,El) (A)ry, we obtain an algorithm for avoiding
near-breakdown in the Lanczos method; it was called the BSMRZ, [7].

6. The CGS. A variant of the Lanczos method was proposed by Sonn-
eveld [15]. It is the so-called conjugate gradient squared method (CGS for short)
which consists in taking

rE = P,?(A)ro .

This method obviously has the same finite convergence property as the Lanczos
method. From the above formulae it is obviously possible to avoid also breakdown
and near-breakdown in the CGS algorithm by squaring the above formulae. This
is done in [9] for the breakdown and in [5] for the near-breakdown. As an example
let us show how to treat the case of near-breakdown. We first take the relation
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(8) of the BSMRZ and square it. We obtain
P2, = (1—€u)?PE — 2(1 — vp)ewp P P + 2w P

For using this relation, it is necessary to compute recursively the polynomials
2

P]Si_)l and Pk+1P,§212. Thus, let us square the relation (9) of the BSMRZ. We
obtain

PY = 2PD 4 2, PPV 4 £2P2
Finally, multiplying (8) by (9) leads to
Pk+1P1<(;_1|.)1 = (qx — Eqror — §tkwk)PkP;£1) - 5kakpk(;1)2 + ti(1 = Ev) Py
Thus, if we set
re = P2(A)ro,  z =P (A)rg, s, = Po(A)PY (A)rg,
then we obtain the following algorithm called, for obvious reasons, the BSMRZS:
ree1 = (I — Avg(A))re — 2(1 — Avg(A)) Awy, (A)sy, + A*wi(A)z,
Tpp1 = 2 — (Avg(A) — 2D v (A)rg + 2(1 — Avg(A))wi(A)s, — Awi(A)zy,
Zh1 = Go(A) 2k + 2qu(A)te(A) s + ti(A)re
Sp+1 = (qr(A) — Aqr(A)vg(A) — At (A)wg (A)) s — Agr(A)wg (A)zk
+ t(A)(I — Avg(A))ry .
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