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ERGODIC PROPERTIES OF SKEW PRODUCTS WITH
FIBRE MAPS OF LASOTA-YORKE TYPE

Abstract. We consider the skew product transformation T'(z,y) =
(f(x), Te(z)y), where f is an endomorphism of a Lebesgue space (X, .A,p),
e: X — S and {Ts}scs is a family of Lasota—Yorke type maps of the unit
interval into itself. We obtain conditions under which the ergodic properties
of f imply the same properties for 7. Consequently, we get the asymptotical
stability of random perturbations of a single Lasota—Yorke type map. We
apply this to some probabilistic model of the motion of cogged bits in the
rotary drilling of hard rock with high rotational speed.

1. Preliminaries and main results. Let f be a negative nonsingular
transformation of a Lebesgue space (X, A, p) into itself. Let I be the unit
interval.

DEFINITION. The transformation 7 : I — I is of the Lasota—Yorke type
if there exist 0 = apg < a1 < ... < ay = 1 and a constant A\, A > 1, such
that for any j =0,1,...,N —1:

(i) 7|(aj,aj+1) is of class C' and the limits T/(CL;F), 7'(aj,,) exist (or
are infinite),
(ii) there exists a positive integer n such that inf |(77)"| > A,

(iii) |1/7'| is a function of bounded variation.

We denote by R, the set {ag,a1,...,an} and by Z, the partition of I
into closed intervals I1 = [ag, a1],...,In = [an—1,an].
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Let {Ts}scs be a family of Lasota—Yorke type maps of I into itself.
Consider a function e : X — S such that the mapping (z,y) — Te(y)y is
measurable. We define the skew product transformation by

T(SE, y) = (f(x)vTe(m)y) :
The transformation T is negative nonsingular with respect to the product
measure p X m (m the Lebesgue measure).
Let Pr denote the Frobenius—Perron operator for T, i.e.
d

PG —
G dp xm

f Gd(p xm) for G € Li(pxm).
T7'()
Then (using the Fubini theorem)
(1.1) Pr = PfPE(.) ,
where Py and P,(;) denote the Frobenius-Perron operators for f and T, (),
respectively. Moreover, fixing the function e we write P,, T, instead of
P,z and Tg(,), respectively. For a function F, F': X X I — C, let V, F
denote the total variation of F(x,-), for every z € X. For G € Ly(p x m)
we introduce the following notation:

VG= inf{f \Z/de:Fis any version ofG},

BV ={G € Li(pxm): VG < oo} and
D={GeLi(pxm):G=>0, |G| =1}.
Our first aim is to estimate the variation of iterations of the Frobenius—

Perron operator. By Lemma 2 of [6] we have V P;G < VG for G € BV
and consequently by using (1.1) we get

(1.2) VPG <VP,F,

where F' is any version of G.

For further considerations we introduce a property (A) of the family
{Ts}ses. Let S™ = {(s1,...,8,) : s; € S, i =1,...,n}. For a € 5",
a=(81,...,5n), we define T, =T, o...0T . Then

(A)  There exists a positive integer n such that

(A1) there is a constant A > 1 such that |T,| > A for all a € S™,

(Ag) there is a constant W > 0 such that V|1/T)| < W for all
ae S

(A3) there is a constant § > 0 such that for any a € S, there is
a finite partition K, of I into intervals such that for J € K,
T,|J is 1-1 and T, (J) is an interval, and min je g, diam(J) > 6.
Here [ is the minimal integer such that

3 {
V+FW<1
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If the family {Ts}scs has property (A) then an analysis similar to that
in the proof of Theorem 1 of [2] shows that

(1.3) V Ppiciggyo...o PoF <a(k)VF+c [ |F|dm,

where ¢ and a(k) are independent of F" and limy_, o a(k) = 0. Therefore by
(1.2) and (1.3) we get

V PrG < a(k) VG + |G .
The following result may be proved in the same way as Theorem 6 of [6].

THEOREM 1. If the family {Ts}ses has property (A) and if for every
G € Li(p x m) the limit
n—1

.1 k L
nll)r{.lo - kz_o PrG =QrG  exmists in Ly,

then V. QrG < ¢||G||1, where the constant ¢ is independent of G.

The assumption about the existence of lim,_, % ZZ;& PEG implies
the existence of a T-invariant absolutely continuous measure (a.c.i.m.) and
therefore the existence of an f-a.c.i.m. It turns out that the converse impli-
cation is true, i.e. if p is an f-invariant measure and the family {7 }scs has
property (A) then the limit lim, o + ZZ’;& PEG exists. The description
of a T-a.c.i.m. and the ergodic properties of T' can be found in Morita [9].
Below we present the Morita theorem with weakened assumptions. Namely,
we omit the condition: inf,cgmin ez, diam(J) >0 when sup, |T}| < oc.

MoRITA THEOREM. Suppose f preserves the measure p and the family
{Ts}ses has property (A).

(1) The limit lim,, o % ZZ;& Pr_fiG exists in Ly for every G € Lq.
(2) If the dynamical system (f,p) is ergodic, then there exists a finite
number of a.c.i.m. pq,..., W, such that

(i) for each i =1,...,r, the dynamical system (T, u;) is ergodic,
(ii) of p is an a.c.i.m. for (T,p x m), then p is a linear combination
of the ;.

(3) If (f,p) is totally ergodic and u; is one of the above mentioned prob-
ability measures, then there is an integer N; and a collection of disjoint sets
Li,O, Li,lv ey Li,Ni—l such that

(i) T(Li;) = Lij+1 (0<j <Ny —1), T(Lin,—1) = Lip,
(ii) for each j =0,1,...,N; — 1, the dynamical system (TN, u; ;) is
totally ergodic where p; j = N;ipi|L; ;.

(4) Under the assumptions of (3), if moreover the dynamical system (f,p)
is exact, so is (TN, p; ;).
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Section 3 contains a simplified version of the proof of the above theo-
rem ([9]). From the Morita Theorem we conclude that if T is totally ergodic
with respect to an a.c.i.m. and if f is exact, then T is also exact. Therefore,
it seems useful to find some criteria for the ergodic properties of T'.

Suppose the family {7, },cx has property (A). Let Dg = {(z,y) :
G(z,y) > 0}, where PrG = G and G € DN BV. Then T(D¢g) = Dg
up to (p x m)-null sets. Fixing the density G we write u = pug and D = Dg.
Here pug is a T-a.c.im. such that dug/d(m x p) = G. Theorem 1 and
arguments similar to those in [6] imply:

LEMMA 1. Let A be a T-invariant set such that u(A) > 0. Then there
exists a set B € A, p(B) > 0, such that |J,czx x I, C AN D for some
nonempty open intervals I,.

LEMMA 2. If T is not weakly mizing, then there exists a T X T-invariant
set A with 0 < (u x p)(A) <1 such that

U @v)xILxI,cAnDxD
(z,v)EB

for some set B € A x A with (p x p)(B) > 0, and for some nonempty
intervals I, I,.

Next, we introduce a new property (B) of the family {7, },cx:

(B)  For a.e. = and for every nonempty open interval J there exists k(.J)
such that

(B1) k(J) =1 when J =1,
(Bz) Tf}c(J)fl(x) Oo... OTI(J) =1.

Remarks. 1) In the case |T,| > A > 2 for a.e. z it suffices to take
under consideration only maximal intervals of continuity and monotonicity
for T,.

2) If 7 is a Lasota—Yorke type map with invariant measure equivalent to
m then the condition: for every nonempty interval J there exists k(J) such
that 7#(/)(J) = I, is equivalent to the total ergodicity of 7 ([4]).

LEMMA 3. Suppose the family {T,}zex has properties (A) and (B).
(i) If A is a T-invariant set such that p(A) > 0 then there exists a set
B € A such that AND =B x I.
(ii) If T x T is not weakly mizing, then there exists a T x T-invariant

set A such that 0 < (ux p)(A) <1 and AND x D =B x1IxI for some
BeAxA.

Proof. (i) By Lemma 1, AND D {J,cp, X I;. From (B) we conclude
that there exist a positive integer k£ and a set By C B with p(B3) > 0 such
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that Tpr—1(gy0...0T,(I;) = I for every x € By. Hence

AND DTk( UE xII) S fR(By) x 1.
reB;
For B={z e X :{y: (x,y) € AnD} = I} we have p(B) > 0 and
f(B) = B and so the set AN D — B x I is T-invariant. The assumption
(AN D — B x I) >0 leads to a contradiction with the definition of B (by
repeating the above considerations).
(ii) can be proved in a similar manner. m

THEOREM 2. Suppose the family {T,}rex has properties (A) and (B).
If f is ergodic (totally ergodic, weakly mixing, exact), then T is ergodic
(respectively totally ergodic, weakly mizing, exact).

We assume, for the rest of this paper, that if (f,p) is a Bernoulli endo-
morphism then the random variables &,(z) = e(f"(z)), n = 0,1,..., are
mutually independent and A = F (&, &1, .. .).

In the case when (f,p) is a Bernoulli endomorphism and property (A)
holds we can use Theorem 3.1 of [10] to get the following result:

If F is a T-invariant set, then F N D = X x B for some set B € B and
H=pXmj.

THEOREM 3. If the family {T,} has property (A) and f is a Bernoulli
endomorphism, then T is exact provided {B : T, ' (B) = T, '(B) p X p-a.e.}
={0,I} up to my-null sets.

Proof. In order to show this we replace m by m; and the unit interval

I by suppm;. Now, we prove the property of weak mixing of 7" as in the
proof of Theorem 1 of [5]. By the Morita Theorem we conclude the proof. m

2. Applications. We investigate two kinds of random perturbations of
a Lasota—Yorke type transformation.

I. Let 7 be a Lasota—Yorke type transformation which satisfies the fol-
lowing assumptions:

(a) 7|(a;,a;y1) can be extended to a C3-function 7 on [a;, a;y1] for a;
€ RT7
(b) if k(7) is the first integer such that inf |(7#(7))’| > 2, then
k(r)—1
U 7@®)n(Rr, —{0,1})=0.
i=1

THEOREM 4. If 7 satisfies conditions (a) and (b), then there exists a
number §, 0 < § < 1, such that for every Bernoulli dynamical system (f,p)
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and for every measurable function e : X — [1 — §, 1] which is not constant,
the dynamical system T(x,y) = (f(x),e(x)7(y)) is exact.

Proof. We obtain the assertion by applying Theorem 3. Here we prove
inequality (1.3) instead of property (A). By conditions (a), (b) and by the
estimation of variation (as in [8]) we get the existence of a §, 0 < 0 < 1,
such that for every function e : X — [1 — 0, 1] the inequality (1.3) holds.

Now, if a set B belongs to the family

{B 7L (e(lx)B> =7t <e(1y)B) P X p—a.e.}

BN (0,e(z)) = ZEZ;(B N(0,e(y))) for p x p-ae. (z,y).
It is not difficult to see (by Lemma 2) that if m4(B) > 0 then there exists
an interval I; such that I; C B and m(Iy) > ds (lims_ds > 0). If we take
a maximal interval I in B then for small § we obtain B D Iy D (0,e(x)) for

p-a.e. © and hence my(B) =1. m

then

~— [

The exactness means that lim, . [|PFG — Q7G| = 0 for every G €
Ly(p x m). Therefore the operator Pr is asymptotically stable.

Let 7 = 7\, A > 2, where 7, is the Lasota—Yorke type transformation
which appears in the mathematical model (see [7]) describing the motion of
cogged bits in the rotary drilling of hard rock with high rotational speed.
The transformation 7, satisfies conditions (a) and (b), except possibly a
finite number of values of \. Theorem 4 is a generalization of the result of
K. Horbacz [3], which concerns the asymptotic stability of Pr for T'(z,y) =
(f (@), e(x)Ta(y))-

II. Let 7 be a totally ergodic Lasota—Yorke type transformation such
that inf |7/| = A > 1, u, = m, where p is an a.c.i.m. We will denote by R
the set R; and by Z the set Z,. Let {7,,}m>1 be a family of Markovian
transformations associated with 7 (defined in [2]). Let R" = J;_, 7I(R),
n=01,...,and Z" = \/j_,777(Z). The transformation 7, has the fol-
lowing properties:

(2.1) 7T,(R") C R" where 7,,(b) =7(b) for be R" — R and Z, = Z",

(2.2) inf |7/ | > inf |7,
(2.3) V(1| S V7| forJ e 2",
(2.4) () D 7(J)  for J € 2.

The family {7,}s>; has property (A). To see this, we take n = 1. Condi-
tions (A;) and (As) follow from (2.2) and (2.3). We take Z! for K, in (A3),
where [ is defined in (As).
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Let k be the least integer such that d = A¥/2 > 1. Moreover, set

ko = ([~ In((A\/2)*b)/Ind] + 1)k and ng = max{k(J):J € Z*},
where k(J) is such that 7%(/)(.J) = I, b = inf ;o z» m(J) and [z] denotes the
integer part of x. Let the dynamical system (f,p) be ergodic and let e, :
X — {n,n+1,...} for n > max{ng,}. We define T),(z,y) = (f(), e, (2)¥)-

THEOREM 5. If (f,p) is ergodic and there exists a sequence n < nj <
ny < ...< Npytk, Such that

PR (e (g ko)) N - N ey (1)) > 0,
then {7, (x)} has properties (A) and (B).

Proof. Since {7, (5} has property (A) for n > [, it remains to prove
property (B). Let J be a fixed nonempty interval. For some integer r with
r < —Inm(J)/Ind and for any positive integers i,,...,i; there exists J; €
Z¥ such that 7;,, o...o07;(J1) D Ji. Therefore, for any j > 0 there exists
an interval Jo C J5 € Z% such that 7, 4;0...07;(J) D Jo and m(Js) >
(A/2)kb. By the assumption, for a.e. = there exists r > (—Inm(J)/Ind)k
such that

n1 = en(f1(@)) < no = (@) < oo < Mg = en(fTTOTRT (@),

Hence
Ten(frnotho=1(z)) © -+ O Ten(z)(J) D) Trpgikg © -+ © Tnpy (J3) ,
for some 1o < ko and J3 € ZF.
By definition of ng, 7%°(J3) = I. Let Jy € Z™ and Jy C Js. Then
Tny, (J1) D 7(Js). This is a consequence of (2.4) and of the inequality
Znrz > 7", for np, > n > ng. The set 7, (J4) is a union of intervals from

Z"2 (by (2.1)) and, consequently, a union of intervals from Z"r2+1  because
Nyy+1 > Np,. Therefore,

Tirg 1Ty (J4) D T(Ta,, (Ja)) D 72(Ja) .
Finally, 7., ,,, © ... 0 7o, (J1) D 7"(Js), which implies 7, ., ©
coTy, (J3) =1 m
COROLLARY 1. If (f,p) is a Bernoulli endomorphism then the endomor-
phism T,, is exact for n > max{ng,(}.
Let T, be as in Corollary 1. Then the a.c.i.m. has the form p x m,,. Let
gn = dmy, /dm.

THEOREM 6. If 7, — 7 uniformly on I — | J;=, R, then lim, .o gn = g
i L1, where g is an invariant density of 7.

Proof. By Theorem 1, the set {g,} is relatively compact in L;. It suf-
fices to show that any limit point of {g,} is an invariant density of 7. With-
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out loss of generality we can assume that lim, .., g, = ¢g*. By Lemma 4

of 2], im0 || P, h — Prhl|j1 = 0, for every x. Here P,,, = P, Hence

Ten(z)*
S I1Pa,h = Pl dp — 0,
because ||P,,,h — P;h|j1 < 2||h]|1, and next we have
1Prg" — 9"l = P Prg™ — g™
< ||PsPrg* — PrPy, g% [lr
+ 1PrPa,g” = PrPu,gnll + llgn — 97|
< [ IPrg" = Pu,g* 1 dp +2llg" — g1 -

The piecewise linear Markov approximations of 7 satisfy the assumptions
of Theorem 6.

In case I, i.e. To(z,y) = (f(z),e(z)7(y)), where e : X — [1 —¢,1] and
0 < & < ¢, we can show in the same manner that the set {g:}.<s, where
g = dmg/dm and p. = p X m. is a T-a.c.i.m., is relatively compact in L,
and any limit point of {g.}.<s is an invariant density of 7.

3. Proof of the Morita Theorem. (1) Let G € BV ND. Then
PP Glloc = | Pf Prn-1(g) 0.0 PuGlloc < ||[Ppn-1(gy 0 ... 0 PrGllx -
By inequality (1.3),
|Ppn-s@y 0.0 PGl < [ |Gldm+V Ppigy 0.0 PG
<a(n) VG +(c+1) [ 1Gldm < M||G||

for some constant M > 0. Therefore, the sequence % Zz;é Pr_}‘iG is relatively

weakly compact in L. By the Kakutani—Yosida Theorem [1], % Z;é PG
converges strongly in L.

(2)—(4). We obtain these by proving (1) and (2) of Lemma 4.1 of [9] and
next by applying without change the reasoning from [9], p. 661. The proof
of Lemma 4.1 of [9] turns out to be simple by using the equality (1.1) and
the inequality (1.3). m

References

[1] N.Dunford and J. Schwartz, Linear Operators I, Interscience, New York, 1958.

[2] P. Géra and A. Boyarsky, Compactness of invariant densities for families of
expanding, piecewise monotonic transformations, Canad. J. Math. 61 (1989), 855~
869.

[3] K. Horbacz, Statistical properties of the Ejgielies model of a cogged bit, Zastos.
Mat. 21 (1991), 15-26.



[10]

Ergodic properties of skew products 163

Z.S. Kowalski, Bernoulli properties of piecewise monotonic transformations, Bull.
Acad. Polon. Sci. Sér. Sci. Math. 27 (1979), 59-61.

—, Stationary perturbations based on Bernoulli processes, Studia Math. 97 (1990),
53-57.

—, Ergodic properties of skew products with Lasota—Yorke type maps in the base,
ibid. 106 (1993), 45-57.

A. Lasota and P. Rusek, An application of ergodic theory to the determination
of the efficiency of cogged drilling bits, Archiwum Gornictwa 3 (1974), 281-295 (in
Polish).

A. Lasota and J. A. Yorke, On the existence of invariant measure for piecewise
monotonic transformations, Trans. Amer. Math. Soc. 186 (1973), 481-488.

T. Morita, Asymptotic behavior of one-dimensional random dynamical systems, J.
Math. Soc. Japan 37 (1985), 651-663.

—, Deterministic version lemmas in ergodic theory of random dynamical systems,
Hiroshima Math. J. 18 (1988), 15-29.

ZBIGNIEW S. KOWALSKI

INSTITUTE OF MATHEMATICS
TECHNICAL UNIVERSITY OF WROCLAW
WYBRZEZE WYSPIANSKIEGO 27

50-370 WROCLAW, POLAND

Received on 12.10.1992



