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POISSON SAMPLING FOR SPECTRAL ESTIMATION
IN PERIODICALLY CORRELATED PROCESSES

Abstract. We study estimation problems for periodically correlated, non
gaussian processes. We estimate the correlation functions and the spectral
densities from continuous-time samples. From a random time sample, we
construct three types of estimators for the spectral densities and we prove
their consistency.

1. Introduction. The processes we encounter in applications are often
assumed to be stationary in the wide sense. Many problems pertaining
to these processes have been studied. However, in practice, the stationary
hypothesis is not always valid. In that case, we say that the processes are
nonstationary. In this paper, we consider processes satisfying for all s, t,

EX(t+T))=E(X({1)
and
EX(s+T)X(t+T)) =E(X(s)X(t))
where T is a fixed nonnegative number, for example the noise of a periodic
oscillator.

Such processes are called periodically correlated up to order two. They
are encountered in meteorology, in communications and also in radio-physics.
H. L. Hurd [4] has found estimators for the characteristics of periodically
correlated processes from continuous-time samples. He showed these estima-
tors are consistent if the process is gaussian. We will show the consistency of
these estimators under certain conditions on the fourth cumulant function
(the process is not assumed to be gaussian). However, numerical compu-
tation of the estimators leads to a discretization of the process. Thus, it
is better to estimate the characteristics from discrete samples (periodic or
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random). We will see that these results are valid for almost periodically
correlated harmonizable gaussian processes.

2. Generalities

DEFINITION. A second order real process X (t) is called periodically cor-
related up to order 2 with period T if

VieR, E{X{)}=m({)=m({+1T)
and
Vs,t e R, E{X(s)X(t)}=R(s,t)=R(s+T,t+T).
If X (t) is periodically correlated, then
B(t,u) = R(t +u,t),

the autocovariance function of the process, is periodic in ¢ with period T'.
For fixed u, we can suppose that B(-,u) € L'[0,T] and so we assume the
Fourier series representation

o0

Bty = Y Biy(w)exp (@m)

k=—o00

where the coefficient functions are given by
17 21
By(u) = T 6[ B(t,u)exp ( — iTkt> dt (keZ).
If we assume that By (-) € L'(R), then
1 7 ,
gk (w) = %_f By (u) exp(—iwu) du

exists for k € Z. The functions gi(w) (k € Z) are called the spectral density
functions of X (t). For By(-) and g(-), we have the following properties:

Bi(—u) = exp < - @m) Bi(u),

gr(Ww) = gk <2T7rk - w) ;

gk(w) = g—k(—w).

DEFINITION. A real process X (t) having finite moments of order p is
called periodically correlated up to order p with period T if for ¢1,...,t, € R
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and for py,...,p, € N satisfying >, p; <p,
E{X(t1 +T)" ... X(tp, +T)"} = B{X(t1)"" ... X (t,)"}.
We notice that if X (¢) is PC up to order p then X (¢) is PC up to order
q < p. Throughout the paper, the term PC processes will be used for all

periodically correlated processes up to order 2.
Assuming X (¢) is PC up to order 4, the functions

v(t,ur,ug,usz) = E(X (&)X (t + up) X (t + u) X (t + ug))
and
(2.2)  K(t,ui,ug,u3) = v(t,us,us,us) — B(t,u1)B(t + ug, us — us)
— B(t,u2)B(t + ug, u1 — ug)
— B(t,u3)B(t + uy,us — uy)
are periodic in ¢ with period T'. The last function is called the fourth cu-

mulant function. We see that if X (¢) is gaussian, then K is identically
Z€ero.

3. Estimation from continuous-time samples. We assume through-
out that

(1) X(t) is PC up to order 4,

(2) X (t) has uniformly bounded fourth moment, E{X (t)*} < M,

(3) m(t) = 0.

From a sample of X (¢), 0 <t < A, let us estimate:

(] Bk(u) by
1A 2
1 f X(t)X(t+u)eXp<—iTkt) dt if u >0,
Bk(Aau) = 1 OA 9
— f X(t)X(t+u)exp —ikt)dt ifu<0
A7 T ’
® gr(w) by
17 -
Gr(A,w) = o [ h(Bav)Bi(A,v) exp(—iv) dv
—A
1 7 uU— A
= — Au)d
BAf (BA >gk( yu) du
where
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with T4(\) = fOA X (t) exp(—iAt) dt; B, is a nonnegative function of A for
which limg_,oo Ba = 0; h is an even, integrable function for which |h(t)|
< M’ for t, h(0) =1, and H(w) = [~ h(t) exp(—iwt) dt.

PROPOSITION 3.1. If X (t) is PC up to order 4 with [~ fOT B(t,u)? dt du
< oo and

co T
VueR, f f]K(t,u,v,v+u)]dtdv<oo,
—oco 0

then
YueR, lim E{|Bi(A,u) — Br(u)]?} =0.
Proof. The proof will be given for fixed u > 0. Let

A—u
Ji(A) = % [ (X(t+u)X(t) - B(t,u)) exp ( - Z2T”kt> dt
0

= Bi(A,u) — E{By(A,u)} .
It suffices to show that lima_..o E{|Jk(A)[*} = 0 since
E{By(Au) — By(u) P}/ < B{T(A)I2 + |E(By(A, u)) — By(uw)].
Using (2.2), we have

A—u A—u
1
E{|Jk(A)|2}§ﬁf [ 1B(s —t,t+u)B(s — t,t)| dsdt
0 0

A—u A—u
1
+o5 ) J IBlts—t+w)B(s,t—s+u)|dsdt
0 0
1 A—u A—u
+ﬁf f ‘K($7u7t_3;t_8+u>‘d8dt.
0 0
The first and second terms go to zero as A goes to infinity ([4], Prop. 6).
Let us consider the third expression:
1 A—uA—u
A2 f f |K(s,u,t —s,t—s+u)|dsdt
0 0

1 oo 2A
gﬁ f f|K(S,u,t,t+u)|d8dt

—oo 0

(0 [4])  o f s ona=of})

—0o0

where [z] is the integer part of z.



Poisson sampling 231

PROPOSITION 3.2. Let X (t) be PC up to order 4, with K € L*([0, T]xR?)
and

[eo]

T 5 \1/2
f(OfB(t,u) dt) du < 0.

— 00

Then, for all wi,ws > 0 and for all j,k € Z,
Algnoo ABA‘COV{/g\j (A7w1)7/g\k(A7w2)}‘

2 o0
§20f dz_{o dul_{oswul)s(u)du@o
where S(u lfo dt =377 [Br(u )‘ :
Proof. We have
ABy4 cov{gJ(A wi), gk (A, wa)}
AB A A
;‘ f f h(Bavy)h(Bava)

—A —-A

X cov{gj (A, v1), Ek (A, v2)} exp(—iwiv1 + iwova) dvy dvg
=L+ 1L+13

1 A—’UlA—’Uz
Ilzﬁf [ B(t+va,s+v —t—v2)B(t,s 1)
0 0
2T,
xexp(—zT(]S—kt)> dsdt ,

1 A—’U1A—’U2
Izzﬁf f B(t,s —t+wv2)B(t +v2,5 —t — v2)
0 0

2
X exp ( - i%(js - k:t)) dsdt,
A— ’UlA V2

2T,
I3 = A2 f f K(t,va,s —t,s—t+v1)exp<—ZT(]S—kt)>dsdt,

and
lim (|1] + |12]) i j? 2)[dz jodul joS(u+u1)S(u) du
A—oo = 22 B R

([4], Th. 3 and Prop. 7).
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On the other hand,

A A
[ [ In(Bavi)h(Bavy)]
Ay
24 24
><<6[ bf]K(t,vg,s—t,s—t—&-vﬂ]dsdt)dvldvg

2 2

2M?B 4 241\ T
Sm(” [T])Of [ 1K (8, u, un, us)| dt duy dus dug
RS

— O(Ba).

If we choose B4 so that lima_ .., AB4 = 00, we obtain the consistency of
the estimator g (A4, w).

4. Estimation from periodic sampling. Let X(¢) be a PC process
with period T and with autocovariance function

u) = %Bk(u) exp (z?jkt) .

Let h > 0; consider the process Y,, = X (nh) with n € Z. By analogy with
the stationary case, we can look if it is possible to estimate the characteristics
of X(t) with a sample from Y,,. Let B"(m,n) = E(Y,, 1Y), which is the
autocovariance function of Y,,. Assume first that 7'//h = N is a nonnegative
integer; then for all integers m and n, B"(m + N,n) = B"(m,n), therefore
Y,, is PC in discrete time. In this case, we can write

2
Z Bl'(n) exp <z]\7;ml>

with

On the other hand,
> 2T
B"(m,n) = B(mh,nh) = E By (nh) exp <2T/<:mh>

k=—o00

:f: Bjn+i(nh)exp <z’?§(ﬂv + l)m>

k=—o00

_ ( i BjNH(nh)) exp (z?\?lm) :

=0 j=-—o0

so B(n) = >272 Bjni(nh).
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We will show that periodic sampling involves aliasing, that is, we can find
two different autocovariance functions By (¢, u), Ba(t, u) such that Bf*(m,n)
= B%(m,n) for all m and n. In this case, we say that Bi(t,u) and Ba(t,u)
are aliases. To show that, for fixed u, assume B(t,u) € L?[0,7T] and let for
ke,

By (1) = cos <2T”pu> Bi(u)

where p is a nonzero integer. For fixed p, B, and B are two different
functions of u, so, in L?[0, 7], the function

2
By(t,u) = Z By 1(u) exp (z;kzt)
kEZ

is different from B(t,u).

By (t,u) is the autocovariance function of a PC process with period 7.
In fact ([3], Theorem 1), it suffices to show that for integers ky, ..., k,, real
numbers uq, ..., u,, and complex numbers x1,...,x,,

n
A= Z TpTqBp kg (Up — ug) > 0

p,q=1

with

21
By) = By (5

1 27 27
= 5qexp (i pu ) +exp ( —is-pu ) 1 Bji(u)

where Bjj,(u) = Bj,—; exp(i%F ju). Now

- 2
24 = Z x;Tj exp {z;(ul - uj)}Bkikj (u; — uj)

t,j=1

"~ 27
+ Z T exp{ — zﬁ(uZ - uj)}Bkikj (u; — uy)

ij=1

~ 27 21
= inexp z?ui xj exp zfuj Bk, (g — uy)

1,5=1

= 2 2
+ Z Z; exp ( — i;;ui>xj exp ( — i;LTuj>Bkikj (u; —uy) >0,

ij=1

since B(t,u) is the autocovariance function of a PC process with period T
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On the other hand,

Z By in+yi(nh) = Z Bjn4i(nh) cos ( pnh) Z Bjnti(nh)
j=—00 j=—00 j=—00
and therefore BJ!(m,n) = B"(m,n).
When T'/h is not an integer, let 7(u) denote any real even function in

L' N L2, having a continuous second derivative and vanishing at the points
t, = nh for which r'(0) = r”(0) = 0. For example, we can take r so that on

]tnv tn+1 [7

1
) = [(u o+ h)2)% — h2/4] |
Define ay(u) by
ap(u) = ap(—u) =r(u) foru >0,

ag(u) = %r(u) and ag(—u) = exp ( - Z?ku) ay(u)

fork>1and u>0,
a_p(u) =ag(u) fork>1and ueR.
The functions ag(u) have continuous second derivatives since r'(0) =

7"’(0) = 0, vanishing at the points ¢,, = nh. We also have a, € L' N L2.
For j, k € Z, let

052 (u) = 0k (u) exp (zfifyuj

[e.e]

f a;i(w) exp(—iwu) du .

— 00

1
Ajr(w) = o
We have

27
spl=0) = (@, apesas(exp (i 50) = aplw),

—_— 27
Ajp(w) = Agj(w),  Ap_jq—j <w - Tj) = Apg(w) and A, € L'NL?.
For w € [0,27/T, there exists Agik), i=1,2, so phat [Aﬁ)(w)]j,k, i =
1,2, are nonnegative hermitian matrices, supi:172{|A§.Zk) (W)} < Ajr(w) and
Aji(w) = A (w) — AY (w). Thus for w € [25, 22(j + 1)[, let for i = 1,2,

i 2w
AR (w) = Aé)],”(w—TO pqEL,
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2T

B( D (u f A(Z) u) exp(iwu) dw = B(()ZL ;(u)exp <1T3u>

Therefore putting B,(:)(u) = Bég(u), we have
i i 27
B;k) (u) = B,(Cl](u) exp <szu> :
We can easily verify that ]B,(f) (u)| < 1/k? for k # 0, therefore

; i 27
B9 (t,u) = ZBé)(u) exp (z;ju)

kEZ
is well defined. We have

B () — BS) (tn) = [ (A5 (w) — AR () expliwt,) dw

= ajk(tn) = O,

therefore B,gl)(tn) = B,(f)(tn) and for all m,n € Z, BM(t,t,) = BA(t,t,),
BW (t,,. t,) = BP(t,,,t,). We can easily show that for i = 1,2, B® (¢, u)
is the autocovariance function of a PC process with period T'. We conclude
therefore that B (t,u) and B(® (¢, u) are aliases. More generally, the family
Bo(t,u) = aB®(t,u) + (1 — a)B@(t,u), with 0 < a < 1, is a family of
alias functions.

5. Estimation from random samples

(a) General case. Let X (t) be a PC process with period T for which the
autocovariance function

27
u) = Bi(u) ex (—ikt)

) é (u) exp T
and B(t,u) € L'([0,T] x R). We assume that the spectral density functions
gr belong to L' N L2, Let (t,)n>0 be a nondecreasing sequence of random
variables such that ¢ty = 0 and ¢,, = o, +t,—1, where (o, )n>1 is a sequence of
identically distributed, independent random variables, with Fa,, < co and
common probability density f(u), independent of X (t). We assume that
f € L?(R) and that f(u) = 0 for v < 0, which implies that ¢, > t,_1. Let
fx(u) be the probability density function of the sum of k£ random variables

a;. Then if ¢(w) is the characteristic function of «,

f fr(u) exp(iwu) du
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is the characteristic function of the sum of the ;. Using Parseval’s theorem,
we get

[ f@?du=" [ |¢(w) dw<f fr¢ )|? dw

oo

< ff(u)gdu<oo,

therefore f, € L? and ¢* € L. Finally, we assume that for v > 0,

ka(u):K<oo.

k>1

Let us now consider the process Y,, = X (t,,), n > 0; for n > 0, let

1 2w
(51) C,?(n) = ﬁ Z E |:Yl+n}/l €xp ( - ZTktl> 1{tz<T}:| :

1>1

For n > 1, we have

21
E {YH,LYZ exp< — sztz) 1{tl<T}:|

21
=F [E{X(tHn)X(tl) exp < — sz:tl> Ly <1y

»)

21
=F |:B tl,tl+n — tl exXp < — Zktl) 1{t,<T}:|

co T
f th w) exp(—zkt)fl( ) o (w) dt du,

since t;+, — t; with density f, and t; with density f; are independent. On
the other hand,

dt du

Bty exp (= 2kt ) 70) a0

>1 -
oo T

<K [ [|B(tu)|dtdu <o,
—oo 0

so, for n > 1, we have

1 21
C,?(n) = ﬁ Z FE |:}/l+nY2 exp < — ZTktl> 1{tl<T}:|

1>1

o0

— f {; OfTB(t,u) exp(—z'QT”kt> dt}fn(u) du

— 00
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o0

= [ Buwfalwdu= [ Bu(u)falu)du.

0

Since
1 .
f gk (w) exp(iwu) dw and  fp,(u f d(w)" exp(—iwu) dw,
we have, for n > 1,

= fgk(w)gi)(w) dw

On the other hand,

2w
Cr(0 KT Z E[ 2 exp ( — sztl> l{tl<T}}
1>1
R 2T
=Y [ B(t,0)exp ( - szt> filt) dt
I>1 0

= Bx(0) = f gk (w) dw
Finally, for n > 0 and k& € Z, we have
(5.2) Cr(n) = [ gr(w)p(w)" dw

PropoOSITION 5.1. Random sampling is alias-free if the characteristic
function ¢(w) takes no value more than once on the real axis.

Proof. For k € Z, g, € L' N L?, and it suffices to apply Theorem 1
of [8] and (5.2).
PROPOSITION 5.2. If the characteristic function ¢(s) (where s € C,

S(s) < 0) takes the same value at two different points of the open upper
half-plane, then aliasing occurs with random sampling.

Proof. We will show that for k& > 0, there exist A, € L' N L? not
identically zero so that Aj(w) = Ay(%Fk —w) and [*°_ Ap(w)p(w)™ dw = 0
for n > 0. As Fourier transformation is a unitary transformation of L2
onto itself, if ax(u) = [7°_ Ap(w)exp(iwu) dw for k > 0 and A is the class

of Fourier transforms of L1 functions, we have to show that there exists a
function aj € AN L? not identically zero so that

(a) ar(—u) = exp ( - QT”ku) ar(w),
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(b) ar(u)frn(u)du=0 (n>1),

(c) ax(0) = [ Ap(w)dw=0.

The existence of a; may be proved as in the proof of Theorem 2 of [8], p. 239.

Assume that Ay is defined for & > 0. For k£ < 0, let Ayx(—w) = A_;(w) and
for k,j € Z, Ajp(w) = Ap—j(w — 2%]) We have

M) = Ay | k=) = (w0 73]

27
= Aj—k (w — Tk‘> = Akj(w) .

We find Ajj(w) which have the same properties as the properties used to
construct alias autocovariance functions.

(b) Poisson sampling case. We assume throughout the paper that «,, are
r.v. with common exponential density probability, f(u) = exp(—08u)lg+ (u);
thus

_ (Bw)" " _ B
fu(u) = 56XP(—5U)W1R+ (w), ow)= 3 —iw
and ), < fn(u) = B < oo. It is easily seen from Proposition 5.1 that Poisson
sampling is alias-free. The functions {f,(u) : n > 1} form a complete sys-
tem in L]0, o[, therefore we have a complete orthogonal sequence {gq, (u) :
n > 1} in L?[0, 00[ such that g, (u) = b1 f1(u) + ...+ by fn(u) where

9\ 1/2
by = (B) (—ay-ichh

Forn > 1, let
(5.3) () = [ Br(w)gn(u)du = b, 1CR(1) + ... + bpnCf (n);
0

then in L2[0, oo,

(5.4 By(u) = Y A (maa(w) (k€ Z).
Using (2.4), we have in L? (R):
63 o)=L {m@ +u(Fr-w)} Gez)

n>1
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where
1 oo

— | exp(—iwu)g,(u) du.
T o

o

Further, we will use (5.4) and (5.5) to find estimators of g (w) and By (u).
First, we study kernel estimators of gi(w).

Let H(w) be an even, absolutely integrable function, with ffooo H(w) dw
= 1. Let My be a sequence of nonnegative numbers so that limy_oo My
= oo. Consider Wy (w) = MyH(Myw), = [7_ H(w) exp(iwt) dt and
wn(t) = h(t/Mpy). Assuming that we get a sample X(tl) . X(tn), we
estimate gx(w) by the following estimators:

N—-1N-n

9121)(]\77“’) 27rlﬁN Z Z WN (ti4n — t1) X (t140) X (1) exp < - zktl>

n=1 [=1

X {exp ( (w — 2Tk> (ti4n — tl)) + exp(—iw(ti4n — tl))}
and

MNN n
(2)
g9, (N,w) = 271'5]\7 Z Z X(ti4n)X (1) exp ( - Zk:tl>

n=1 [=1

« {exp ( (w - 2TI<:> (trem — m) + exp(—iw(tin — tl))} .

Asymptotic properties of g(l)(N,w). We have

17 27
()(N w) 47TﬁN f WN Z Z X tl+n tl eXp<—ZTthl)

X { exp ( (w +u— k:> (tign — tl)>

+ exp(—i(w + w) (ti4n — tl))} du

&) N—1N-—
+47rlﬁN_£ Wir(u) ) Z tl+n)X(tz)eXp<—zktl>

n=1 [=1

Lo (im0 Z0) 0 0)

T exp(—iw — ) (frn — m)} du

=L+1.
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Setting A = w4+ u (resp. A =w —u) in I (resp. I2) and using the evenness
of Wy, we notice that I; = I, therefore

N—1N—n
1

23BN f Wi (w = Z Z X (ti4n) X (t1) exp ( — lkt;)

n=1 [=1

x {eXp (z ()\ . T”k) (r4n — tl)) + exp(—iA(tn — tl))}d/\.

We notice that if w # 0 then

N
n| _ $w)™ —1 $(w) 25
50 | ewr|= o ST <2) <
THEOREM 5.1. If X(t) is a PC process with

f (Z 1B, (u + |Bk(u)|> du < oo,

—oo N jF#k

g (N, w) =

then

E{gV(N,w)} = [ Walw— Ngr(A) dr+o(1).

— o0

Proof. We have E{g{" (N,w)} = [*_ Wy (w — A)I(X) d\ where

109 = (55 Lo (1(3- 20— 0)

n=1 [=1

rad 27 2
= 3riW Z 6[ Of 2 Bj(u)exp (szt> exp ( - szt>

n=1 [=1
X { exp (2 ()\ - 2171Tk> u) + exp(—i)\u)}fn(u)fl(t) dudt .
Since
%/ |B;(w)
Il J +\Bk(u)|> du < o0
e N 17— K

(using Fubini’s theorem), we have
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et b 55 F o (2206 0) o)
0

=1
=LA+ (),

where
Lo\ = QﬂlﬂN j;l(zv —n) JoBk(u){ exp (z ()\ - 2T7Tk) u>
+ exp(—iu) } Fo(0) du
and

= 5w ]:21 I(W {exp((A_Qka)“)

+exp<—uu)}]vi¢(2;( )) )fn( ) du

=1
Using (5.6) and Lemma 1 of [6], we have

II5(\ ’—251\1]::670(2” . |>fn(u)du=o<jlv>

J#k
where the O(1/N) term is uniform in A. Put

- J oo (1(1- 208)0) e o

L 0=k ool )

+exp(—i)\u)} du = gi(X\)

and therefore
N-1

B =55 3 (1 )b

n=

)~ 305 2 )~ gy 3 k)

Since |ek(A)| < 2 [ |Bi(u)| fn(u) du, the series Y-, >1 ek ()\) converges uni-
formly (Lemma 1 of [6]);s0 3, 5 e ek (\) and + Zg 11 nek (\) (Kronecker’s

n

>

= gx(
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lemma) converge uniformly to 0. Finally,

E{g"(N,w)} = [ Wi(w—Nge(N) +o(1) + O(1/N)] dA

TWN(w —AN)gr(A)dX+o(1).

COROLLARY 5.1. If X(t) is a PC process with

1l (Z' —HBk(u)\) du < 0o
—oo N j#k
and [ [uBy(u)| du < oo, then
E{gl(cl)(]\f,w)} = f W (w — A)gr(X) d\ + O(]if) .

— 00

Proof. We have
1 N—1
I = .

and using Lemma 1(ii) of [6] we have

S| < 2 z Ofuak Wit du=0( 5 )

n>N

and
N-1

1 o0 1
s ] < 3 z 18415 =0( 7).

We notice that the O term is mdependent of A, which gives the result.

COROLLARY 5.2. If X(t) is a PC process with

J (2B s i) du< .

—oo “j#k

)

then g( 1s an asymptotically unbiased estimator.

Proof. By (2.1) we see that gi(w) is a continuous and bounded function.
On the other hand,

E{g"(N.w)} = [ Wx(w—Nge(A) dX + o(1)

— 00
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= [ MW H(M o~ 0}k d -+ o)

—00

- j’oH(u)gk <w - A;‘N> du + o(1)

— 00
and we use Lebesgue’s theorem to conclude.

COROLLARY 5.3. In addition to the hypothesis of Theorem 5.1, let q be
a positive integer such that ulBy,(u) € L0, 00 and assume h(t) is q times
differentiable with bounded derivatives. Then

a0
B{g{" (N, w)} = gr(w) + D @\4}50) g (w) + O<Ml;{,> + O(Jb)

=1

where ) is the derivative of f of order 1.
The proof is identical to the proof of Corollary 1.2 of [5], p. 175.

To prove the consistency of the estimator g,(;) (N, ), we make the fol-
lowing assumptions:

(H1) () f <ZM+]Bk(u)]) du < 00, f|uBk(u)]du<oo,
0

—so \jFk
(i) D 1B [ |Bj(w)ldu<oo, Y [B;(0)* < oco.
JEZ 0 JEZ
(Hz2) For j >0, there exists h;(u) such that

(i) hj(u) is a continuous, even, nonnegative, integrable and nonde-
creasing function on [0, ool,

(ii) [Bj(u)| < hj(u),

coe s 1
(iii) ff( Z mhjl(ul)hjz(uz)

0 0 J1+3727#0
+ Z hjl(ul)hjz(u2)> duy duy < 00,
J1+72=0
oo o0 1
0 [ (8 e s )
0 b Ny e L T2

+ Z hj, (ul)th(uQ)> (Ul —|—'LL2) duy dus < 0.
J1+j2=0
(H3) X(t) is a PC process up to order 4 and for j € Z, there exist non-
negative functions qjl-, q?, q? so that
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3 .
| K (u1, uz, uz)| < HQ;‘(Ui)a

J I T (5 BBsin) oy tuniattn ) i dusdus < .
0O 0 O

J#k

We also assume that the sequence My satisfies limy oo My /N = 0.
Let

ke \) = (exp (z ()\ _ 2;%) (tron — m)

2
+ exp(—iA(ti4n — tl))> exp ( — i;km) .

Then
(5.7)  var{g\"(N,w)}

[ ] Walw—=NWn(w =) cov{Ju(N, A); Je(N, 1) } dA dp

-0 —0o0

where

X(tl-‘rn)X(tl)p(lv n, ka )‘) :

We have
E{Jr(N,\)Je(N, 1)}

:W Z Z E(p(ly,n1, k, Np(l2, na, k, 1)

XE{X(tlH-nl )X(tll )X(tl2+n2)X(tlQ) | (tﬂ)}) )
50 cov { k(N N Je(V, 1)} = S50, Ul Ao 1) — E{R(N, M) FE{TR (N, 1)}

where

(5.8a)  Un,1(k, A ,U)

2 ﬁN Z Z llvnlak A) (127n27kau)
T

ni,n2=1101,lI2€ER
XB(th?tlH-nl - tl1)B(tlzvtl2+n2 - tlz)) )
(5.8b)  Una(k,\ u)

2 /8N Z Z ll,’l’l]_,k >\) (l27n27ka/"é)
™

ni,m2=1101,l2€R
XB(th s, =ty )B<tl1+n1 s Uatny = tiy4n, )) )
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(5.8¢)  Uns(k, A, M)

2 ﬂN Z Z llanhk A) (12,?12,]%#)
T

ni,me=1101,lo€ER
XB(tlutlQ-Hm - tll)B(tl2’tll+nl - tlg)) ’
(5.8d)  Una(k,X M)

E ﬂN Z Z p(l1,n1, k, N)p(la, na, k, 1)
s

ni,n2=11;,l,€R
XK (t, ytiy4ny — iy tigtn, — iy, t, — 1))
with R = {(l1,l2) e N?: 1 <11 <N —mny, 1 <ly <N —ny}.
We give here the main results, the proofs are in the appendix.
PROPOSITION 5.3. (a) Under assumptions (H1) and (Hz),
Ui (kA 1) = E{Ju(N, )} E{Jk(N, )} = O(1/N)
and
Uns(k, A, p) = O(1/N).
(b) Under assumption (Hs),
Una(k, A, ) = O(1/N).
The O terms are uniform in A and p.

PROPOSITION 5.4. Under assumptions (H1) and (Ha), if H is a bounded
function with a bounded derivative, then

Unp2(k, A p) = O(My/N)
uniformly in A and p.

THEOREM 5.2. If H is a bounded function with a bounded derivative,
then under assumptions (Hi1), (Hz2) and (Hs), we have for \,u € R and
Jk €7,

var{gy" (N, )} = O(My/N).

Proof. We just have to apply Propositions 5.3 and 5.4 and use (5.7)
and (5.8a)—(5.8d).

Asymptotic properties of g,(f)(N,w)
THEOREM 5.3. If X(t) is a PC process with

1l (Z'B +|Bk(u)|> du < 0,

—oo N j#k
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then

E{gy? (N.w)} = gr(w) +o(1)
where the o(1) term is uniform in w.

Proof. Using previous expressions, we get

Mn
F{g® (N,w)} = %3 > chw) +O<le>'

On the other hand, Y7, ek (w) = 27 Bgy(w), therefore

QwﬁNZne -|—O<N>

Since | Y207 4041 ek (w)| = o(1) uniformly in w as N — oo, therefore

E{gy’ (N.w)} = gi(w) w >

n=My+1

Mn
My 1 My
’NZW ‘SNMN‘ZM )| ="y,

which gives the result.

COROLLARY 5.4. If X(t) is a PC process with

[ (Z'B k(u)\) du < 0o

—oo j#k

and [ u|By(u)| du < oo, then
E{g?(N,w)} = ge(w) + O(1/My).

Proof. In this case the series nef (w) converges uniformly, therefore
- 1 1
> @] <g X ekl = o)
n—MN+1 n:MN+1

and |+ Zn " nek (w)| = O(1/N), which gives the result.

To prove the consistency of the estimator g,(f)(N ,w), we make the fol-
lowing assumptions:

(HY) (i) f( > By (1) B (1) )dulduQ—i-f(ZB )du<oo,

0 J17#—J2 |J1 +]2| JEZ

(ii) f( > ’le(q.“)Biz(“Q)’)(ul + uy) duy duy

s |71 + J2|
+ f <Z\Bj(u)]2)udu<oo.
0 jez
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(H5) X(t) is a PC process up to order 4 and for all j € Z, we have
K (1, uz, uz)| < hj(ui, uz, us)

where h; is a nondecreasing function on [0, co[, even in each vari-
able and such that

3 f |j0_“k|0 du<oco, Y hi(0,0,0) < o

JEZ 0 JEZ
Let

Ii(n, N,w) % g_ {exp< (w—2k> (tz+n—tz)> +exp(— W(tl+n—tl))}

% X (tren) X (1) exp ( - z’Tktl> .

Then

E{I'x(n,N,w)} = ~ en(w)ﬁ-ﬁo(l),

therefore

BN = (S5 ) @ + o).

PROPOSITION 5.5. Under assumptions (H}) and (Hb), if M%/N — 0,
then

var{I}(n, N,w)} = O(1/N).

THEOREM 5.4. Under assumptions (H}) and (H}), if M% /N — 0, then
var{g{” (N, w)} = O(M}/N).

Proof. Using the above proposition, we have

Mn
var{g® (N, w)}]/2 < %15 S [ar{Tx(n, N,w)}]?

My 1
zwo(sz) ’

Estimation by means of an orthogonal series with truncation. Earlier, we
showed that there exists a complete orthonormal system {g,(u) : n > 1} on

L]0, 00| such that g, () =", by fi(u) where b, = (2/8)"*(=2) ¢,
We have g (w) =35, e (n)QF (w) where

Qhw) = : {ewp (i1 = 20 )u) + explion) fantu

IN

which gives the result.
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and

= [ Br(u)gn(u)du =" b, C (D)
0 =1

As in F. Messaci’s thesis [7], for all nonnegative integers n and for all inte-

gers k,
1/2
@iwis:(5) -

Assuming that we get a sample {X(¢;) : £k = 1,...,N}, using (5.1), we
estimate C¥(n) by

— 2
Ck n, N Z tl+n tl exp ( — i;ktl> .

It is natural to estimate 'yk( ) using (5.3), b

Fk(n, N) = Z bn,lé,g(z, N).

=1
Then we estimate gx(w) by

g (N ZY )k (7, N)Qr (w)

where My is the integer part of = In(N) + 1 and
exp(na) «
Y (N)=h| —— ), 0,0<b< —,
(N) ( NO ) @=0, Vst q
where h is a function satisfying
(i) [h(u)| < 1 Vu € R,
(i) |1 = A(u)] < |u| Vu € R.

Let AC™|[0, oo[ be the class of functions which are r times differentiable
with absolutely continuous derivatives. To study the asymptotic behavior

of g,i?’)(N ,w), we make the following assumption:
(H!) There exists r > 2 so that for u > 0 and an integer k, we have
(i) Bi(u) € ACT10, 00],
(i) w/2BY (u) € L2[0,00], 1=0,1,...,r.
We follow F. Messaci’s method [7].
LEMMA 5.3. Under assumption (HY), for all integers n > 0 and k,

(i) [ (m)] < AL (r)n"/2,
(i) g (w) = S5, 7 ()QE (w) uniformly on R.
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PROPOSITION 5.6. Under assumptions (H}) and (H5),

) B(C N} = e + 0 ).
(ii) var{C(n, N)} < %.

The proof of this proposition is analogous to the proofs of Proposition 5.5
and Theorem 5.4.

PROPOSITION 5.7. Under assumptions (H}) and (H5),
1

O BN} =) - o) - (- Dos(n = 1)
1 n
+ 0 — b1,
(%) Lo
(i) var{Fi(n, N)} < Ag%.

The proof of this proposition is analogous to the proof of Theorem 2 of
[7], p- 25.

THEOREM 5.5. If X(t) satisfies assumptions (H}), (H5) and (HY), then
g,(f’)(N ,w) is uniformly consistent, with

E{lg® (N, w) — gi(w)|?} = 0<1n1N> -

Proof. From the proof of Theorem 3 of [7], p. 27, we have

Mn n
D Q@)Y [bnl
n=1 =1

with Vi(IV,w) = O(1/In N)"=2. On the other hand, we have

MN n MN n

2 1 al—
D mQEW)D ] [baal < 775141(7“) D oAy et
n=1 =1 n=1 =1

E{1g® (N,w) — gu(@)[?} < Vi(V,w) + ‘0(}1[)

and
1 MN n 2 MN
N Z 7k (n) Qs (w)] Z bri| < %Al(r) Z3n
n=1 =1 n=1

2 3
< Ay (r) =3yt
— 70 1(r) 2N3

2 3 b
< 2 A (r)SN-U-zgnd)
<5 1(r)3
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Therefore
1 MN . n
N D Im)QE W) D [baal < O(NT9)
n=1 =1

with g =1— %ln?) > 0. Thus

1 U . n e

Generalization to almost periodically correlated harmonizable and gaus-
sian processes. If X (t) is almost periodically correlated, then

B(t,u) = B{X(t+u)X(t)} = Y Ba(u)exp(iat)
a€eS(X)
where the set S(X) is at most countable [1]. If B, € L*(R) for some «, we
define the spectral density function g, by
1 oo
Jo(w) = Dy B (u) exp(—iuw) du .
™

— 00

If we assume that X (¢) is harmonizable, gaussian and

(X BwP)du<,

0 AeS(X)
then the above results are valid.

6. Examples of periodically correlated processes. We give here
some examples of PC processes which will be used for simulations in a next
paper.

Let Y () be a stationary process with continuous autocovariance function
ry (u). Let P(t) be a bounded periodic function with period T. Put

X(t,w) = P(O)Y (t,w).

Then
B(t,u) = E{X(t+u)X(#)} = P(t + u)P(t)ry(u).
We have
T
By(u) = %ry(u) f P(t+u)P(t) exp < — zﬂkt> dt
2w _
=ry(u) %exp (zTnu>pnpnk

where
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1) If we choose P(t) so that p, = 0 for |n| > A and Y (¢) is a Markov
gaussian process with EY () = 0 and autocovariance function ry (u) = e~1*|,
then X (¢) is a PC process which satisfies the assumptions of the above
theorems.

2) If we choose P(t) so that ) ., [pn| < 0o and Y'(t) as before, then we
have the same conclusion as in 1).

Other examples can be found in [2].

7. Appendix. We follow and generalize Masry and Lui’s method [6]. Let
Ry = {(ll,lg) ER: 1 <li+m << l2—|—n2},

Ry :={(l1,lz) € R: 1y <l <y +ny <ly+na},
Ry :={(li,la) € R: 1y =1la <ly +my <lg+mna},
Ry:={(l1,le) eR:l1 <la <ly+ny=1la+n2},
Ry :={(li,l) ER: 11 <lp <lp+mny<ly+ni},
Re:={(l1,l2) € R:ly =1y <y +ny =z +na},
Ry :={(li,la) € R:ly <la+ny <l <ly +m},
Ry :={(li,lz) e R:lo <ly <lp+mp <l +m},
Ry :={(lh,lo) e R:la=1l <la+ny <ly +m},
Rig:={(,b) €R:ly<ly <lo4+ny <l +ny},
Rip:={(lh,la) e R:ls <l <li+ny <la+na}.

Then R =J;L, R; and R; N R; = {) for i # j.

Put Uni(k, A\, 1) = S0ty UL (kA p), i = 1,2,3,4, where Uy, (k, \, )
has the same form as Un ;(k, A, ) with ) replaced by » 5 . By symmetry
of pairs of indices (I1,n1) and (l2,n2), we have for i = 1,2, 3,

UN Lk ) = UN Ok A ), r=1,...,5.

LEMMA 7.1. If b, is a sequence of complex numbers, then

N*?’Ll N*’ng N
S = Y 0V
l1:1 l2=1 s=—N
where
0 if =(N —mnq1)>s,
N-—-ny—s if —(N —mn1)<s<min(0,n; —ns),
_ J N —max(ni,n2) if min(0,n; —ng) <s
Vism1,m2) = < max(0,n7 — no),
N —ng—s if max(0,n; —ng) < s < N —ng,
0 if N—mno <s.

Proof. See [7], p. 95.
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LEMMA 7.2. Let as, b, cs be sequences of nonnegative numbers such that
Yoo @s < 00, Yoo by <00 and Yooy cs < 00. Then fori=2,3,4,6,

1 N-1 1 o)
Q; = e Z Z a1, 015—1, Clo—11 4no—ny = O<N> ;as

ni,nz=1 (ll,ZQ)ERi

and
Q5 - ﬁ Z Z allle_llcll_l2+nl—n2 = O<N> Zas .
ni,na=1 (ll,lg)Gst s=0

Proof. We give the proof for i = 2; the other cases can be treated in
the same way.

1 N—-1
Q2 - N2 l{nlznz} § allblg—llclg—ll+n2—n1
ni,na=1 (ll,lg)GRQ
N—-1
1
+ N2 E : 1{n1<n2} § allbl2*l1612*51+n2*n1
ni,n2=1 (ll,lg)ERQ
= Q21 + Q2.
We have
1 N-1 N—n3; N—-nas—1l
Q21 = ﬁ § 1{n12n2} E E al1bscs+n2—n1 ,
nl,ngzl 11:1 s:1+n1—n2

by putting s = ls — [; and observing that [ — I3 > n; —ng in Ro. Hence

N-—1 N*TLQ*l N—p—ng N—nl—p—l1

Q21 = % Z Z Z alleercT

p:0 1121 r=1

IA
<l
]
]
]
e
=
3
gb

<5 (S o) (S0 (Se) -o(5) S

We treat Q22 in the same way and we obtain the result.

LEMMA 7.3. Let a,, and b, be sequences of compler numbers such that
Yo olan] < 0o and 3207 1by| < oo and d a complex number such that
|d| < 1. Put

N-1

1 .
b= N2 Z Z alz—hdmi(bill)blz—hﬁ—nz—m for i=12,3,4,6,

ni,n2=111,lo€R;
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N-—1
1
Ps = ﬁ Z Z alz*l1dn2b11*12+n1*"2 :

ni1,m2=110;,l€R5

Then as N — oo, we have

Py = DN(d)<iaT

N——
VN
NgE
()
N
_I_
@)
VN
=
~

where

Proof. See [5], p. 181.
LEMMA 7.4. Let

1 & n n
P = X (1 3 )o0
n=2
Then
(i) |IPN(M)] <1 for all A€ R,
.. B 4
(ii) |Pn(N)] < Nz + N2 for all X#0,
(i) P < 4 B A 20

N TN T N2
Proof. (i) We have

N
1 n
< — ) <.
Pl 3 (1- 5 <1
(i) If A # 0, then

2 2
PN<A>:1{ G 2<2¢<A>¢<A>N-1>},

N{1-9(A) N[I-9¢(N)]

which gives the result.

253
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(iii) We write
$(A)° o(N)
——— =\ + ———.
T-om VT
LEMMA 7.5. Assuming that H is a bounded function with a bounded
derivative, let

o N
Sn(u,a) = f Wy (u—v) Py (v) exp(—iva) dv—%rWN(u) Z <1—]7;L/_>fn(a).

— 00 n=2

Then
Sn(u,a) = O(My/N).

Proof. As H is a bounded function with a bounded derivative, we have
|H(u)| < Ay and |H(u —v) — H(u)| < Ag|u|. For n > 2, f,(u) and ¢(N\)™
belong to L' N L?, therefore [ ¢(A)" exp(—iXa) dA = 27 f,(a) a.s. Thus

f Py () exp(—ida) d ;g <1—> (@) as.,

and
Sw ()l = | [ (Wav(u=v) = Wi (w) Py (v) dv
x® v
< _{O |H(Myu —v) — H(Myu)| ’PN<MN) dv
<L +L+13
where
My,
I <A, f ’U|dU:O<N2>7
o] <My /N

‘U| MN 4M]2V i MN
My /N<|v|<1

1 4 1
I3 < 24,3 f <U + N2> dv = 0<N> .
0] >1

LEMMA 7.6. Let h and [ belong to L'[0,00[ and suppose uh(u) and ul(u)
belong to L*[0,00[. Then

oo

(i) Z(C” n) 1/2 <ﬂ<jo joh dudv)1/2,
0 0

n=1
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(ii) Zn(cnd 172 < (f f 2u+ B) (% + B)h(u)l(v )dudv>1/2
n=1 0 0

where ¢, = [ h w)du and dy, = [ U(u)fn(u) du.
Proof of Proposition 5.3. We have
UN,l(kv)‘nu’) - E{Jk(Nv )‘)}E{Jk‘(Nv :u)} = WJ/V,I(]{?)"M) + W]/\//,l(k’ Avu)

where
Wiea(k, A, ) = 200 (k, A, 1) = E{T(N, VY E{TR(N, 1]}
5
Wi (kA ) =23 U (A ) + UNL (kA ).
r=2
Assumption (H;) and Theorem 5.1 ensure that

N-1

E{J(N, N} = o ;N Z(N—n)e,’z(A) +O<;>.

As |ek( < 2% |Bi(u)|fo(u)du = 2dF with Zn>1dﬁ < oo and
D>t ndn < 00, we have

- 1 N—1 . 1
- W Z (N—nl)(N—ng)enlefgz +O<N)

ni,ne=1

where the O(1/N) is uniform in X and p. For (I1,12) € Ry, ti,, tiy4n, — tiy,
ti, — tiy4ny s tis4+n, — L1, are independent, therefore

UG Ok, A, m(zwm?

Z S [ ] [ BB+ t)

ni,na2= 1([1,[2)€R1 0

x {exp (z ()\ - 2T7Tk) Ul) + eXP(—i/\U1>}
X { exp < - i(ﬂ - 217:74?>U2 + eXP(iﬂuz)}

X exp {i?jk(tz + ul)}
X fiy (t1) fry (1) f1,—13 —ny (t2) s (u2) dty dita duy dus
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-5 5] Heelb-

n1,ma=1(I1,l2)€ERy j1+72=0 0

+ eXp(—i)\ul)} X { exp < — z<,u - 27TI<:> > + exp(ilﬂm)}

la—li—ny
X d)( (']2 + k)> le (ul)BjQ(u2)fn1(u1>fn2(U2) dul d’LL2

+ Z Z f f Bj, Uz)eXP< 2T(jz+k‘)u1>

ni,n2=1j1+5j27#0 0

x{mpG<A—;%>m>+am@%Mﬂ}
x { exp < - i(,u -~ ?k)w) + exp(ww)}

27 . A\ o l2=li—m
X Z (b(T(‘h +]2)) ¢(T(j2+k))
(I1,l2)ERy

X fnl (ul)frm (u )dul dusa
= (Y1 + Yo + Y3)(218N)?.

We have

N—-1
V3] <

o0
f ’Bh ul j2 u2)’
n1,m2=1 ji+527#0 0

x> ¢(;(j1+j2))

(l1 l2)€R1

WBN Z Z f f’Bﬂl (u1)Bjy (uz2)]

ni,m2=1j1+j2#0 0
N— nlN ng— ll
( (J1 +]2))

x> 2
Putting s = lo — [; and observing that Iy — I > nq in Ry, we get

Iy
Fra (1) frp (u2) duy dug

[\

1
fnl (Ul)fn2 (U2) duq dus .

=1 S=n1q

N-1

le ]2 U2
I¥al < N27r Z Z f f| )

n1,m2=1j1+52#0 0 |]1 +]2|
X fr <u1)fn2 (u2) duy duy = O(1/N).
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Next,
N-—1 oo 0o
1 BT
s (1) XX ] Bs)
(m8)"N 2 ni1,me=1j#k 0 0
X [y (U1) fn, (u2) duy dug = O(1/N),
therefore

1
WJ/V,l(k7 A)M) = Z e’llle ()\)6,{32 (H)

{ 21— . N—ng)}+0<;f>.

On the other hand, by Lemma 7.1,
N— ng

221_2 Y (N =ns =) (N, —my-130)

S=ng

= (N — N9 — ’I’Ll)(N —No —nq + 1)1{N—n1—n2—120} .

Ry
N N 1_n1+n2—1
B N N
n n
- <1 - ]\?) (1 - ]5) }1{N n1—na—1>0}
+ <1 - N) (1 - >{1 —LNni—ny—1>0}}
= A(n1,n2) + B(n1,n2).
We have
3 ny +1
|A(n1,n2)| < N(Bnl + no + 1> and |B(ny,ng)| < 1]\7 ,
therefore

N-1 oo 0o
Wik d )l < o 2N > f f|Bk uy) By (uz)|

ni, TL2:1

0
X fnl(u ) fn (uz){4n1 +3ng + 3+ ny + 1} duy dus

f f k(u1) By (uz)|

X {(62u1+ B)B + (Bua + 3)3 + 2} duy dug = O(1/N)
using assumption (Hs).
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Let us now evaluate Wy, (k, A, p). For r=2,...,6, t;, and t;, yn, —t1,,
and t;,4n, —ti,, t;, and ¢;, —t;, are independent pairs of r.v.’s; therefore
U (kN )| <
e SR SIS »

15
2T . .
¢<T (J1 +32)>
ni,na=1 (l1 lz)ERr (]1»]2)622

XE[hjl (tl1+ﬂ1 - tll)hjé (tl2+n2 - tlz)] .

Let v = t;,4n, — ti, and § = t,4pn, — t1,, and choose v < v and ¢’ < 4, 7/
and ¢’ being independent for r = 2,3,4,5,6:

ti, — iy, r=24,
fYZ {tll+n1_tl17 T:3,6,
(t12 - tll) + (tll+nl - t12+ﬂ2)7 r =75,

i,

and
tigtns = U4y, T =3,
52 {tl2+n2 _tlgu 7,:274:757
0, r = 0.
Since hj(u) is decreasing on [0, co[, we have
E{hj, (Mhj, ()} < E{hj, (v)hj, (")} < E{hy, (+') } E{ Ry, (6")} -
Notice that the probability density of (¢;, —t1,) + (ti,+ny — tis+ns) 1S fro—nis

so for r =2,...,6,

|Uﬁ,”1<k A u>| < G%’l

Iy
27, ,
v Y Y Y as(T(yl +32>h) 97 (01, Loy, ma)
W’B n1,m2=1 (I1,l2) ER; (j1,52)€EZ2
where
aj, (l2 — l)aj, (n2), r=2,
aj, (n)aj,(ne —ni+1lo—1), r=3,
9" (1o, 1 n2) = < aj, (I — lh)aj, (n2), r =4,
aj, (nl - n2)aj2 (n2)’ r =75,
ajy (nl)v r= 67
with a;(n fo (u) du. Rs being characterized by lo — I3 > 0 and

lh—1 < n1 — ng, puttlng s =l — Iy, we have

N— mny ny—ng— 1

Gﬁé,l: Z S Y a(m - ne)ag,(ne)

ni,n2=1j1+72#0 l1=1 s=1

¢<2T”<j1 +j2>>ll

X Lini—ny—2>0}
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ni—ng—1
Y r Y wew
ﬂ-ﬁN ni,n2=1j14+7j2=0 s=1
—n2)aj,(n2)1n, —n,—2>0}
N—1 N—-1—ng
Ajy n2)

Z YOS %\.71 + Jjo|

nz 1 p=2 ji+j2#0

—1 N— ng— 1
a] a]2 (n2)

ZZZ 1

n2 1 p=2 ji1+72=0

Ul Uz
]1 2 ) d’l,L]_ du2

S271'3]\7 Z f f |71 + Jjol

J1+32#0 0

fo

]1+]2 00

X gy (n1

u1 + 2ﬂ 1 (ul)h]‘2 (’ILQ) du1 dUQ

l O(N> |
In the same way G(Nr7)1 =
O(1/N) uniformly in A and px.
O(1/N) and Un 4(k, A\, p) =

To show that Un s(k,\, p) =
use the method employed to evaluate Wy, (k, A, p)

Proof of Proposition 5.4. As for Wy, (k, A, ), we have

(1/N) for r = 2,3,4,6, therefore W , (k, A, n) =
O(1/N), we

UG h(k, A, 1) = O(1/N)
uniformly in A and pu.
For r =2,3,4,6, writing

ty, = (tlz - tl1) +t,, Uy 44 - tlz) + (tlZ - tll)

—t, = (tl1+n1

and
Uytn, — Ui, = (tlz-i-nz - tl1+n1) + (tl1+n1 - tlz) )

we have
(r) 2m
UN,2(k7)‘nu) = Q(Aa#)+0 )" —p+ ?k

2m
+ 2 -2+=
( A Tk,u)

2 2
21 — AN+ —=k,— —k
+ ( -I—T , u-l—T >
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where

20 =

(BN

N—-1
Z Z Z E(le (tlg — tll)Bj2 (tl2+n2 - tll+n1)

n1,n2=1(ly,ly)ER, (j1,j2)EZ2

X exp (iQT”jg(tlﬁm - tzz))
(
(
(, o
(

2w, .
X exp ( ?(]1 +]2)tll>> :

Since for r = 2, 3,4, 6, t;,4n, —ti, +n, and t;, 4n, —1i,, t;, —t;, are independent,

QN p) = %5]\, Z > 2 ¢ < 1”2))[1

n1,n2=1 (I1,l2)ER, (j1,j2)EL2
o o ni—(la—11)
X Zj, <lg — ll, A+ T]2>¢<)\ —u+ T]2>
2T
X 2j, <n2 —ni+lp—l,—p+ Tk>

where z;(n, \) = fooo Bj(u) fn(u) exp(idu) du for n > 1 and 2;(0, A) = B;(0).
Hence

R ED D D S (R

ny,n2=1 (I1,l2)ER, j1+j2=0

or \™"~ (l2—11) 2T
X¢<A_M_T]1> zj2<n2—n1+lz—lla_ﬂ+Tk)

+ QA 1)
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where
QA p)
Z S YT anbilla— by (e —ma 4y — 1)
QWBN ni,me=1j1+52#0 (I1,l2)ER,
with a; = |gi>(27T (71 + 72))'s b;( fo w)|fi(u)du, 1 > 1, and b;(0) =

|B;(0)|. Lemma 7.2 1mphes that

oo oo o0

QI Gy 20 220 abi()

J1+Jz7é0l 1 p=1s=1

‘B1 2 u2)’ o 1
N f f J!.hﬂjz\ dulduz_()(N)

J1+J27’50 0

where the O(l/N) term is uniform in A and .

To evaluate U( ) o(k, A, 1), we write 1,40, — iy 4, = — (401 — tig4ns)
and &y, 49, — b, = (tll+n1 - tlz+n2) +(tl2+n2 - tlz) + (tlz - tll) and we use
the formula Bj(—u) = exp(—i%% ju)B;(u); then the same method as above
gives us

2
UNA (kA ) = 2/ pn) + (A, —p ;k>
2 o 2
f 2 e o, 2
HZ( AJFT’“’“)*”( A ok, u+T/<;)
where

(A p) = mN Z YooY (zz—ll,A—?jl)

n1,m2=1 (I1,ls)ER, j1+j2=0

2 . 2m
X¢<)\_M_T]1> zj2<n1—n2+l1—l2,—u+Tk>
1
+0(5)-
Put Dx(\) = Dy (¢(N)). Then Lemma 7.3 gives us

5
UN,Q(k7 )‘7 M) = QZ U](\;,)2(k7 A?:“’) + UJ(V6,)2

r=1

2m 2m

2 2 1
+S<—/\+Tk:,—u+Tk) +O<N)
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where

st~ g 5 (v ) (2 ()
+2B;(0)Z; (u - 2;1{) +2Z; ()\ — 2;j)Bj(o)
+ B;(0)B;(0) + 2Z; </\— 2% ')Zj(— A+ 2T7Tk>>

and Z;(A) = Y071 2(n, A) = [ Bj(u) exp(idu) du. We have

5

[ [ Wa(u= Wy (u—p)SO @) dhdp = T;.

—00 —00 =1

S d(N) + Py ()), we have Ty = Thq + Tho

For example, writing Dy ()\) =
where

A oo oo
Tl <57 [ [ IWntu = NWa(u— )| drdp

—0o0 —O0

fo f|B] ()| ds dt = o<;{>

JEZ 0 0

by (iii) of assumption (Hs), and

f fZWNu— YW (u — )PN()\ u—2T”'>

(f fB t) exp <¢<A—2T7rj>s>
xexp(—i<u—2Tk‘>t> dsdt) dX\dp

v(u—A)> Bj(s)B-
X exp (z <)\ -

J e
21
T
( f W <u -2+ Q%j + v) Py (v) exp(ivt) dv> .

j>8> exp<—1</\— 2%]’ — k> >d)\dsdt
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Lemma 7.5 gives us

Ty, = [ [ w0 B8,
0 0

X exp <)\—j>s>exp< <)\—2;'—k>)
T 27 al n

X (NWN <u — A Tj) ; (1 - N)fn(—t)) d\ds dt
My

+o(N>

and therefore T7; = 0+ O(My/N).
We treat the other T; in the same way and we obtain the result.

2
(

Proof of Proposition 5.5. We have

4
var{I(n, N,w)} = ZUn,N,i(kaw) - \E{Fk(n,N,w)Hz
i=1
where

1
Un,N,l(k%w) = N2 Z E(B(t,, tiy+n — ti,) Bty tiy4n — 1)

(l1,l2)eR’
X p(llana k;’ (.U)p(lg, n, ka (.U)) 9
1
Un,N,Q(k7w) = ﬁ Z E(B(tlutb - tl1)B(tl1+n7 tlQJrn - tl1+n)
(ll,lg)eR/

X p(llvna k)w)p(l27n7 k,W)) )
1

Unns(k,w) = 5 > BBty tyin — t) Bt ty 40 — t,)
(l1,l2)ER’
X p(l17na k7w)p(l27 n, k,CU)) )
1
Un,Na(k,w) = e > B(K(ty tyen =ty tien — ity — t,)
(l1,l2)ER’

x p(li,n, k,w)p(la, n, k,w))
with ' = {(l1,l2) e N: 1 <ly,ly < N —n}. Put
Riz{(llalz)GR/ i <li+n<ly<ly+n},
Ry ={(li,ll) e R':l1 <lp <li+n<ly+n},
Ry={(li,lz) € R':la <lp+n <l <li+n},
Ry={(lh,k) e R :lb<lh <lpa+n<li+n},

263
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Rg:{(llal2) GR/Ih =l <l1—|—n:l2+n},

Then R = Ui:1 R, and R} N R; = () for i # j, therefore U, n1(k,w) =
SO, UT(:])VJ(k,w) where UT(:])VJ(k,w) has the same form as U, n1(k,w)
with ), replaced by > 5 . Moreover, by symmetry of /; and Iz, we have
Ur(jz)v,l(kaw) = Ur(fz)\m(kaw) and Ur(f])\/',l(k7w) = Ur(;,lj)v,1(kvw)-

As in the proof of Proposition 5.3, we have 2U,$])V71(k,w) -
|E{I(n, N,w)}? = O(1/N), with the O(1/N) term uniform in w and k.
Let

2
jwa| = 2/UC (K, w)]

8
SN2 Yo Y ElB(tun — t)Bi(tarn — )]}

(ll,lg)ERlz jl,jQEZ

51
2r
X ¢<T(Jl +J2)>
8 (cj, (n)e;
)
(I1.12)€RYy ~ j1+j2#0 rrae jeL
where ¢;(n) = [ |B;j(u)|? fn(u) du; on the other hand,
n—1
Z 1= Z(N -—n- S)I{an>n71}
(l1,l2)ER, s=1
N—n—1
+ Z _n_31{N n<n—1}
s=1
<|(n=1EN =3n)|+ (N =n)(N —=n—1l{N_n<n-1}
< 20nN,

therefore wy = O(1/N) uniformly in w and k, by Lemma 7.6. In the same
way Uff])\,vl(k:,w) = O(1/N).
Now,

(k,w)|
< % Z Z E{|BJ1 (tlz - tll)BjQ (tl2+n - tl1+n)|}

(l1,l2)ER’ j1,j2€ZL
2m .
¢ (T (1 + 32))

|Un,N,2 k

Iy
X
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4 (¢j, (Jla — la])ej, (|l — 11 ])) /2
N2 Z Z |71 + 72|

(l1,l2)ER, ~j1+72#40
+ ch(ﬂz - ll|))

JEZ

¥ & oo 3 R Sa)
v (T e D) -o(5)

=0 j1+ja0

IN

IN

IN

Next,
(|la —1 (e — 1y — 1/2
Un,Nyg(k,w < Z Z C]l | 2 — U1 —|—TL|)C_]:(| |2 1 n|))
(ll l2)ER’ j1+j27#0 J1+ 72
Z Z(Cj(|l2 — Iy +n))e;(|ly — 1 —n|))?
(l1,l2)ER! JEL
& (cj, (|5 +n|)ej, (|s —n|)) /2
< Z Z J1 J2
- ( |71 + j2|
J1+3727#0
+ Z(Cj(|3 +n|)e;(|s — n|))1/2>
JEZ
8 — (c;,(8)cs, ()12 1
S -~ Z ( Z J1 ]2 + ch _ )
N c=0 *j1+527#0 ‘]1 +]2| ez N
Finally,

8
‘Un,N,‘L(k"w” < N2 Z ZE{hj(|tll+n =ty |) |tl2 — 1ty |7 |t12+n =ty |)t}

(l1,l2)ER’ JEZ

x|p(j — k)|

% Z (Z Sj(|‘;2__kll) + si(|l2 — 11\))

(l1,l2)ER ~j#k

IN

where
sj(n) = /OO h;j(0,u,0)f,(u)du and s;(0) = h;(0,0,0).
0

As for U, n2(k,w), we have U, n 4(k,w) = O(1/N) uniformly in w and k.
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