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ON MONOTONE DEPENDENCE FUNCTIONS
OF THE QUANTILE TYPE

Abstract. We introduce the concept of monotone dependence function
of bivariate distributions without moment conditions. Our concept gives,
among other things, a characterization of independent and positively (neg-
atively) quadrant dependent random variables.

1. Introduction. The concept of monotone dependence function for
two random variables having continuous distributions has been introduced
in [4]. An extension of that concept to a larger class of continuous and
discrete distributions has been given in [3]. The properties of that quantity
and up-dated references on function-valued parameters of dependence are
summarized in the book [5]. The existence of expectation is an essential
assumption in those papers. We propose a concept of monotone dependence
function for two random variables without any assumptions on moments of
the variables (cf. [6], [9], [10]). These new measures of dependence will be
called the quantile monotone dependence functions. First we need to recall
the definition of the monotone dependence function pxy (p), p € (0,1), of
a random variable X on a random variable Y (cf. [3] and [4]).

For (X,Y) with continuous marginals the monotone dependence func-
tions ,u&?Y (p), k = 1,2, are defined by the following equivalent formulae:
for any p € (0,1),

EX|Y >y, —EX
(1) . E(X|X>$p)—EX
EX -EX|X <zi1_p)

if B(X|Y >y,)—EX >0,

otherwise;
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EX -EX|Y <wyp)
(2) _ EX -E(X | X <xp)
EX|Y>y,) —EX>0
where y,, denotes the pth quantile of Y.

For (X,Y) with any nondegenerate distribution functions Fx, Fy the
following monotone dependence functions are used:

(1.3) M%,)Y(p)
(EXT[Y >yl + (1 —p—PY >y )E(X |V =y,) — (1 -p)EX
EXIX > 2y +(1—p— PX >2,)a, — (1 —p)EX
if agg?y(p) 20,
EXIY >yl +(1—p—-PY >y )E(X |Y =y,) - (1 -p)EX
(1-pEX —EXIX <z1_p] — (1 —p—P[X <z1_p))z1-)

,)Y(p) < 0;

if EX —E(X|Y <y,) >0,

otherwise,

if 0&
(14) 1Sy )

(pEX — EXIY <y,|—(p— PlY <y )E(X |Y =y,)
pEX — EXI[X <z, — (p— P[X < zp))xp

pEX — EXIY <yp] — (p— PlY <y])E(X | Y =y,)
EXIX >z1_p|+ (p— P[X > z1_p|)x1-p — pEX
if O‘g?,)Y (p) <0,

where I[-] denotes the indicator function and

oy (p) == EXI)Y >y,
+(1—=p—-PY >y )E(X|Y =y,) — (1 -pEX,
oSy (p) = pEX — EXI[Y < y,] — (p— P[Y < y,)E(X | Y =y,).

2. Notations. For any p € (0,1), y, stands for a pth quantile of Y,
i.e. yp is any real number satisfying P[Y < y,] < p < P[Y < y,]. The
gth quantiles Q,(X | Y > y,), QX | Y < y,) and Qu(X | Y = y,)
of the distribution functions P X < z | Y > y,], P[X <2 | Y < y,]
1) (2

and P[X < z | Y = y,], respectively, are denoted by Ty Talp

and %q| Py
respectively. Put

Gy (g.p) = PY > Yol + (1= p = PIY > yp))Zgp, — (1 — p)ag,

1,1
g{,X)(%p) = PIX > 2|71 1-g)(1-P[X>a,)
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+ (1 —p—P[X > zp])xp — (1 = p)ag,

§<1,’;2¢) (¢,p) == (1 —p)rg— PIX < xlfp]qu[Xﬁmfp}

—(1—p—P[X <a1_p))z1-p,
Ty (@,p) = prg — PIY <)zl — (p— PIY < y,))Tygips
(2,1)

alp
X, X (g,p) == prq — PIX < mp]qu[X<wp] —(p—-PIX < xp])xpy

g?ﬁ()(%p) = P[X > $1*P]x1—(1—q)P[X>ac1,p]

+(p— P[X > xl—p])xl—p — Pxq.

—(2)

Write
F{V(z):= P[X <2,Y > y,]/(1 - p)
+(1—p—PY >y)PIX <z |Y =y,|/(1-p),
F{P(z) = PIX <a,Y <yl/p+ (p— PIY <yp])PIX <z |Y =y,]/p,
F¥ () == {(P[X < 2] —p)/(1 = p)H(z,,00) (@),
{9 (@) == {PIX < al/PH(—c0.2,) (%) + T2 00) ()

Note that Flgl)(az) is the mixture of the distribution functions P[X < z |
Y >y, and P[X < 2z | Y = y,] with the coefficients o) := P[Y > y,]
x (1 —=p)~tand 1 — oM, while Fé2)(x) is the mixture of the distribution
functions P[X <z | Y < y,| and P[X < z | Y = y,] with the coefficients
a® = P[Y < y,]/p and 1 — a?.

1) ~(2) ~3)
alp’ “alp* Lqlp

of the distribution functions Flgl)(x), Féz) (x), F1§3) (z) and F,S‘” (x), respec-
tively.

For p,q € (0,1) we write T and fgll; for the gth quantiles

3. Definitions. The formulae (1.1)—(1.4) for the monotone dependence
functions of X on Y inspire introducing a nonparametric measure of depen-
dence.

DEFINITION 1. Let g € (0,1). The quantile monotone dependence func-

tions ﬂ%}y(% ), k= 1,2, of X on Y with any nondegenerate distribution

functions are defined by the following formulae: for p € (0, 1),

70 _ g
_ a7 if 5:\(1) —x,>0
~(1) T+(1-q)p — Tq adp ™4
(3.1) Mx,y(%p) = (1)
T —x
qlp q

otherwise;
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_=~®

Tqg— T
4 Talp if 2, — 27 >0,
(2 Ty — X
(32 B@p =" ",
Ta = Tylp .
otherwise.

Lg+(1-q)(1-p) ~ Lq
By convention we set 0/0 = 0. One can see that the numerators in the
above fractions are zero whenever the corresponding denominators are zero.
For continuous distribution functions Definition 1 can be written as fol-
lows.

DEFINITION 2. Let ¢ € (0,1). The quantile monotone dependence
functions ugﬁ?y(q, ), k=1,2, of X on Y with continuous strictly increasing

distribution functions are defined by the following formulae: for p € (0,1),

( Q) _
_ tap—Ta if o) zq >0
(3.3) ) (qup) =  Fortmop = Fa AT
. :uX7Y q,P) = (1) _
Lyp — Ta .
_— otherwise;
Lqg — Tq(1-p)
( _ .2
M if g, — :1:(2) >0
aa)  uan={ " o
. H q,p) =
L
otherwise.
Lg+(1—q)(1—-p) — Tq

Note that for ¢ = 1/2 these functions are expressed in terms of medians
as follows: for p € (0,1),

uiy (1/2,p)
med(X | Y > y,) — med(X)
T(14p)/2 — med(X)
med(X | Y > y,) —med(X)
med(X) — Z1_(14p)/2
Ky (1/2,)
med(X) —med(X | Y <y,)
med(X) — z,/2
med(X) —med(X | Y <y,)
T1—p/2 — med(X)

if med(X |Y > y,) —med(X) >0,

otherwise;

if med(X) —med(X |Y <y,) >0,

otherwise.

The formulae (3.1) and (3.2) give the quantile monotone dependence
functions in terms of quantile characteristics of mixtures of distribution
functions. Looking at (1.3) and (1.4) we can give general formulae which
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use the quantiles of Fx, P[X <z |Y > y,], PIX <z |Y =y, or Fx,
PX <z|Y <ypl, P[X <z|Y =y, respectively.

DEeFINITION 3. Let ¢ € (0,1). The quantile monotone dependence

functions M)(( g/(q, ), k=1,2, of X on Y with any bivariate nondegenerate

distribution functions such that ng ’;()(q p) > 0, j,k = 1,2, are defined by
the following formulae: for p € (0, 1),

—(1 —(1
_a) a§§<,v GX(ap) T (0.p) 20,
( q,p )/ ( q,p ) faX,Y(qap) 0;

—=(2) —(2
—(2) aty(a.p /ﬂ(2 Yap) ifagy(a,p) >0,
aX Y( qa,p )/5 (g, p) if aX,Y(Qap) 0.

We set ﬁ)((k)y(q,p) =0, £k = 1,2, whenever ag()y(q p) = g?7§)(q,p) =0,

k=1,2.
It is not difficult to see that for X and Y with continuous strictly increas-

ing distribution functions we have Mg()y(q p) = ,ug()y(q p) = ,u)(()y(q D),

(¢,p) € (0,1) x (0,1), k=1,2.

~(k) (k) ()

4. Properties of [ Bxys bxys and Ly

of u(;)y(q, -) and /AX’Y(q, ) we need the followmg lemmas.

. To establish the properties

LEMMA 1. For all x € R and p € (0,1),
(i) B () < BV () < F{Y (a),
(i) F{%,(2) < B (2) < BV (a).
Proof. For < xz, the left hand inequality of (i) is trivial as then
F153) (x) = 0. If > z, then
PX <z]-PX <2,Y <y —(p— PlY <y])P[X <z |Y =y,
> PIX <] - PlY <y — (p—PlY <yp)) = PIX <a] —p,
which implies that Fp(?’) (z) < FISI) (z). Now we note that trivially F,gl)(:zz) <
Fl(i)p(a:) for x > x1_, as F1(4_)p(3:) =1, and that for z < z1_,,
PX<z]-PX<z,Y<y)|—(p—PlY <yp))PIX <z |Y =y,
< P[X <z

This implies the right hand inequality of (i).
A similar argument establishes (ii).

LEMMA 2. For all q,p € (0,1),
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a =~03) _
(i) Lalp = Ta+Q—a)p = Tp+(1-p)a>

.o /\4
(ii) xélzz = Tpq.
Proof. The estimate FISB) () <q< FIS?’) (x+0), ie
(PIX <z]=p)/(1-p) <q< (PIX <a]-p)/(1-p),

is equivalent to
PX <z] <q(1-p)+p<PX <zl
this gives (i). Similarly, Fp(4) (x) <gq
PIX <z]/p<q
is equivalent to
PIX <z] <qp < P[X <z,
which implies (ii).
The following theorem gives the properties of ﬂ()?’)y(q,p), k=1,2.
THEOREM 1. (1) For all q,p € (0,1),
“1<aYy@p <l k=12
(2) For any fized q € (0,1),
ﬁgi,)y(q,p) =1Vpe(0,1)
iff 7 =g (=z%) vp e (0,1)
alp ¢t+(1-a)p qlp) VP '

iff PIX <3 ]=q+01-qpvpe(0,1):PIX =2 )]=0,

ﬁgi,)y(q,p) =-1Vpe(0,1)
iff 70 =g =z Yvpe(0,1)
qlp a(1-p) ql(1—p) ’

iff PIX <)]=q(1—p)¥pe(0,1): PIX=2)]=0,

and also

iy (a,p) =1 ¥p e (0,1)

. P 2 AN 4
iff x;“Z =Zq (= x51|1)7> Vp € (0,1)

iff P[X <z?

N =qppe(0,1): PIX =2 =0;

— Yqlp
Ay (a,p) = —1 ¥p € (0,1)

. ~(2 (3
s xé@: = Tgr(1-ga-p) (= xﬁ,,gl_p)) Vp € (0,1)

iff PIX<Z

(
qlp qlp

N=qg+1-q)1—p) ¥pe(0,1): PX =7 =0,
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(3) For any fixed q € (0,1) and k=1,2,

ﬁgﬁ)y(q,p) =0Vpe(0,1) iff Eg’l“; —x,Vpe (0,1) iff
]

P X<z |Y2>2y|<q<PX <z |Y 2>y

PX <z |Y >y <qg< PX <2 |Y >y
PIX <z | Y <yl <q<PX <zq|Y <]
PX <24 |Y <y|<qg<PX <z |Y <y

Vy € R (for k=1),
Vy € R (for k =2).

(4) Random wvariables X and Y are independent iff ﬁgpy(,) = 0 iff

72 . y=o
,UX,Y( ;1) =0.
(5) Suppose Fx = Fx/ and Fy = Fy:. Then for any fixed q € (0,1),

Ay (a.p) <Yy (0,p) ¥p € (0,1) iff 2() <) wpe (0,1),

where 55/(;) is the q-th quantile of

q|
PX' <z,Y >y, 1—p—PlY' >y,
_|_
1—p 1—p

FIO (z) = PX'<a|Y' =y,

and we have

Flﬁ(l)(x) <q< Fél)(w +0) whenever z = ‘%\f(;;vff;ﬁ;)'

Moreover,

~
where T (

qli) is the q-th quantile of

PX'<z,Y <yl +p—P[Y’ < yp]

F'@(z) =
p () ’ ’

PX'<z|Y' =y,

and we have
FIEQ)(QT) <q< F;(2) (x +0) whenever x = Er(jz)ﬂ i"\;(li).
(6) Suppose Fx = Fx+ and Fy = Fy:. Then

~(1 ~(1 . ~(2 ~(2
Ay () S AG () i B () < By ()
iff Fxy(-,:) < Fxy(,).

(7) A random variable X is positively (negatively) quadrant dependent

on a random variable Y zﬁﬁg)y(,) >0 (<0) iff ﬂ()?)y(, ) >0 (<0).
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(8) For all q,p € (0,1) and k =1,2,
~(k)

/‘LX,Y(Qap)a a>07 fTa
ﬁ(k) (q p) . _ﬁg?,)Y(l - Q7p)7 a < 0) fTa
R _ﬁ_()?;/k) (Q7 1- p)v a > 07 fla

~(3—k
/‘Lg(,Y)(l_CL]-_p)a CL<O, fla

where f is a strictly increasing or decreasing function.

Proof. To prove (1) it is enough to see that

~(1) ~(2)
Tg(1—p) < Zylp < Zgp(1-qp and gy < Zylp < Tgt(1—q)(1—p)-
By Lemma 2 the above inequalities are equivalent to
74 < 21 < 53(3)’ 74 < 72 < 73 .
ql(1-p) qlp qlp qlp qlp ql(1—p)
respectively. But these inequalities are consequences of Lemma 1.
The statements of (2) follow from Definition 1 of ﬁg?)y (¢,p), k = 1,2,
and Lemma 2.
The first equivalence in (3) is obvious by Definition 1. Assume now that

/mﬁ; = z,. Using the definition inequality for 53;}; we have
(1 ~(1
PIX <) YV >yl +1—p-PY >y))PX <z |V =y] <q1-p)

~(1 ~(1
<PIX <30 Y >yt (1—p- PV >y )PIX <2 |V =y,

Replacing now iﬁ; by x4 we get

PIX <z, Y >yp]+ (1 —p—PlY >y, )P[X <4 | Y =yp] < q(1 —p)
SPX <z, Y >yl + (1 —p—PY >y )P[X <z | YV = yp].
Hence, for p such that P[Y > y,] =1 — p we have
PIX < g ¥ 2 ] < qP[Y > 3] < PIX <2, ¥ 2 ),
while for p such that P[Y > y,]| =1 — p we get
PX <zq, Y > yp] <qPlY >yp] < PX <zg, Y >yl
Taking into account that the above inequalities depend only on the values
yp we see that for p € (0,1),
(4.1) PIX <z |Y 2 yp] Sq< PIX <2y | Y > yp),
PIX <xq | Y >y, <qg< PIX <2y | Y > ypl,
which give the stated inequalities for any given ¢ € (0,1) and all y € R,
PIX <24 |Y 2yl <q< PIX <24 | Y 2y,

4.2
(4.2) PX <z, |Y >y <qg<PX<zs|Y >y
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If (4.2) holds true then (4.1) is satisfied. Therefore, by the definition of
Fél)(x) we trivially get the equality fcﬁ; = x4 for p such that P[Y = y,| = 0.
Suppose now P[Y = y,] > 0. Then using (4.1) and (4.2) we have

PlY >y, +p—1
PlY =y,|(1-p)

1—p—P[Y >y,

PlY =y,|(1-p)
PlY >y, +p—1
~ PY =y](1-p)
=q

PlY >y, +p—1
~ PY =y](1-p)
1—p— PY > y,]
PlY = y](1—p)
:F;gl)(xq"‘o),

FM(zy) = PIX < z,,Y >y

P[X <4, YV >y,

1—p—PlY >y
PY =yl —p) 1 =0

qP[Y > yp] +

PIX <z, Y > y,]

+ P[ngmyzyp]

which completes the proof of (3) for ﬂg;“)y (q,p).

The case of ﬁg??y(q, p) can be proved in a similar way.

The equality ﬁg)y(, ) =0 in (4) for X and Y being independent ran-
dom variables follows directly from the definitions of Fél) () and ﬁgi)y (¢,p).
Conversely if ﬁgpy(, -) = 0 then by (3), for all ¢ € (0,1) and y € R,

PIX <z, |Y 2y <q< PX <z,|Y >y,
and, by the definition of z,
PX <zq, Y >2y]|<qPlY > y]| < PX <y, Y > y].
Hence, we get
PIX <24, Y 2 4] < P[Y > 4] < PIX < 2,]P[Y > 4],
and
PIX <xgP[Y 2y < qPlY 2 y| < P[X < g, Y 2 y].
Therefore, for all ¢ € (0,1) such that P[X = z,] =0 and all y € R,
PIX <z,, Y >y|=P[X <z,P[Y >y
Thus we see that for all x € R such that P[X = z] =0 and all y € R,
PIX <z, Y <y = P[X < 2]P[Y <y,

which implies that X and Y are independent random variables.

Similar considerations lead to the same statement for ﬁg?)y (¢,p) and end

the proof of (4).
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The first equivalence in (5) follows from Definition 1, and the inequalities

~ fﬁ’(l) x
X — X — &g
qlp q < qlp ,
La+(1—q)p —Lq  Lg+(1—q)p — Lq
~(1 ~(1
—_— < —
Lqg — Tq(1—p) Lg+(1—q)p — Lq

0<

Lq

and
~(1) ~(1)
Lalp ~ *a < Lalp
Tg = Tg(1-p)  Tq — Tq(1-p)

Assuming now that 71 < 7
qlp qlp

Lq
< 0.

we see that
1) (1) 1) (o/(1) 1) (~(1)
FIZ( )(qup) S FIQ( )(xq\p) Sqs FIE )(xQ\p + 0)
and
1) /(1) 1) /=(
FZ”( )(qup) Sgs= Fé )(xq

1) 1) (2/(1)
o+ 0) < FEV @) +0).

A similar argument can be used for the statements on ﬁg?)y (¢,p) in (5).
Now assuming that the first inequality in (6) holds true we see by (5)
that
~/(1)

~(1
71 <7
qlp qlp

Hence, using again (5) we get
(1 (1
PIX' <) V' >y < PIX <3() ¥V >y,
for all ¢ € (0,1) and all p € (0,1) such that P[Y = y,] = 0.
Therefore, for every = such that P[X = z] = 0 and every y such that
PlY = y] = 0 we have
PX'<z, Y >y <PX <z, Y >y,
which implies that Fx y (z,y) < Fx/y/(x,y) for all (z,y) € R?.
Now assume that the last inequality holds true. Then for all (z,y) € R?,
PX <z, Y >y >PX' <z, V' >y,
P X<z, Y>y>PX <z Y >y
Hence for p € (0, 1) such that P[Y = y,] > 0 we have
F,(l)(l‘) _ l—p— P[Y > yp]
! (1 =p)P[Y = yp]
PlY =ypl =14+ p+ P[Y >y
(1 =p)P[Y = yp
1—p—P[Y >y,)]
~ (I=p)PlY =y,

Vp,q € (0,1).

PIX' <z, Y' >y,

+

PIX'<uxz, Y >y,

PX <z, Y >y,
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PY =y, —1+p+ P[Y >y,

" (1—p)PY =)

PX <z, Y >y,
_ p@
= FIS ) ().

Moreover, whenever P[Y = y,] = 0, then

PX' <z, Y >y, <P[X<x, Y>yp]:
1—p - 1—p P

1
FM(z) =

Therefore, F,;(l)(x) < F,gl)(x) for all x € R and p € (0,1), which by (5)

completes the proof of (6) for ﬁg)y (¢,p). The statements for ﬁg?)y (q,p) are

proved similarly.

To prove (7) we recall that by definition (cf. [1], [7]), a random variable
X is positively (negatively) quadrant dependent on a random variable Y if

(4.3) Fxy(w,y) > (vesp. <) Fx(z)Fy(y)  forall (z,y) € R

Suppose that X is positively quadrant dependent on Y and that X’ and
Y’ are independent random variables such that Fx = Fx/ and Fy = Fy-.
Then by (4.3),

Fxy(z,y) > Fx(x)Fy(y)
= Fx:(2)Fy/(y) = Fxry/(z,y)  for all (x,) € R%

Hence using (6) and (4) we deduce that ﬁgpy(, -) > 0; conversely, the latter
inequality together with (4) and (6) gives (4.3), which completes the proof
of (7).

In proving (8) we only consider the case with & = 1, a < 0 and f
increasing. Write

FV(z;a,b, f) = PlaX +b <z, f(Y)>Qu(f(Y))]/(1-p)

+ (@ =p—=Plf(Y) > Qp(f(Y))])

X PlaX +b <z | f(Y)=Qp(f(Y))]/(1-p),
where Q,(f(Y)) denotes the pth quantile of f(Y), and let :fgh)) (a,b, f) stand
for the gth quantile of Fzgl)(x; a,b, f).

Note that the gth quantile Q4(aX +b) of aX + b is given by
Qq(aX +b) =azx1_4+ b,
and

~(1) _ =) _ =) _ =)
qup(a’ b.f) = qup(a’ b.g) = ax(l—Q)lp(l’ 0,9) +b= AT (1 —g)lp tb,
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with g(z) := z, x € R. Hence

~(1) A((]L))(aa b, f)— Qq(aX +0)

'uaX‘i‘b f(Y)(q p) Qqu(l q)p(CLX + b) - Qq(aX + b)

~() .

_ L1—q)lp g —ﬁ(l) (

= = —Hxy
T1-q — T(1—q)(1-p)

It is obvious that the properties of ,u( ) v (5s), k= 1,2, can be deduced
from Theorem 1. However, some of them can be expressed in simpler forms.
For instance, in the case of continuous and strictly increasing marginal and
conditional distribution functions, (3) and (5) read as follows:

(3) 3q € (0,1) Vp € (0,1) u{y(g,p) =0
iff 3¢ (0,1) Vp e (0,1) u$y(a.p) =0

: 1 _
iff 3g€(0,1)Vpe(0,1) z,, =z,

iff 3g € (0,1) Vp e (0,1) 2l) =z,
iff JreRVyeR Fxy(z,y)=Fx(z)- Fy(y).

(5') Suppose Fx = Fx, and Fy = Fy,. Then for any fixed ¢ € (0, 1),

ugc)y(q p) < _(x2 v (a,p) ¥p € (0,1)

1 1
iff m;|;<x/(|)Vp€(0 1)
iff PIX'<al) |V >y] <PIX <all) |V >y,]¥pe (1)

iff P[X' <2V ]Y’>yp]<P[X<x(1)|Y>yp] vp € (0,1),

Lalp alp
where z_ (1) =QqX" Y >y,), and

u§<)y(q p) < u@ v/ (¢,p) ¥p € (0,1)

iff 22 >/ vype (0,1)

qlp = “qlp
. 2 2
iff PIX' <o) |V <] > PIX <al) |V <y,] Vpe(0,1)

iff PIX <2l |V <y > PIX <2l |V <y,] ¥pe(01),

where :):;(é) = QX" Y <yp).

Now we are going to give some properties for 7z )((k)y (¢,p), k = 1,2. In what

follows we take ¢ € (0, 1) such that the used quantities are well defined.
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THEOREM 2. (1) For any fized q € (0,1),

/uc;(&(q p)—OVpe(O,l):P[Y=yp]=0

iff a:q‘p—xq Vpe (0,1): PlY =y,] =0
iff PIX<zq|Y >y <q<PX<z,|Y >yl VyeR (fork=1),
PX <z, |Y<y|<q¢<P[X<z,|Y <y] Yy eR (for k =2).

(2) If random variables X and Y are independent then
—(1 =
Ay () =0 and Ty (,-) =0,
(3) Suppose Fx = Fx: and Fy = Fy:. Then for any fized q € (0,1),

— (1 —(1
u;(g)y(q,p) < u§a),w(q,p) Vpe (0,1): PlY =y,] =0

. 1 1
iff xl) <all) ¥pe (0,1): PV =y,] =0,

where l‘q‘p = QX" Y >y,), and we have

PX'<z|Y' >y <q<PX<z|Y >y,
Vp € (0,1): P[Y =y,] =0,
1 (1)

whenever x =z, x 7.
alp’ “alp

Moreover,

—(2 —(2
u;((,)y(q,p) < u;(a),yr(q,p) Vpe (0,1): PlY =y,] =0

iff x(2) > (ﬁ’ Vpe (0,1): P[Y =y,] =0,

where x = QX" Y <yp), and we have

P[X<m]Y>yp}§q§P[X’§m]Y’<yp] Vp € (0,1): P[Y =y, =0,
(2) /(2)

alp’ Talp -
(4) Suppose Fxy(z,y) < Fx/y/(x,y) for (x,y) € R? with Fx = Fx
and Fy = Fy.. Then
Axy(@p) SAXy(@.p)  Vape(0,1): PIY =y, =0,

ﬁ;((,)y(q,p) < ﬁ;(a),yx(q,p) Vg,p € (0,1): P[Y =y,] =0.

whenever x =

(5) If a random variable X is positively (negatively) quadrant dependent
on a random variable Y then for all q,p € (0,1) with P]Y = y,] =0,

7 (@p) 20(<0) and T (a.p) >0 (< 0).
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(6) For all q,p € (0,1), k=1,2,
=(k)

MX,Y(%p)? a>07 fTa

—=(k
= (k) o _M)((,)}/(l_q’p)v a < Oa fTa
Faxens)(@P) = Iy (a1-p), a>0,f]
“HX)Y sy LT VP)s ) ’

/‘L)((,Y)(]'_Qa]-_p)a CL<0, fl

Proof. The first equivalence in (1) is obvious by Definition 3. Assume
(1) (1)
alp alp

PIX <z} |V >y)<q<PIX <al) |V >y,
1

alp
PX <z |Y>y|<q¢<PX<uz,|Y >y VyeR,

i.e. the assertion “if” for ,ug;)y(q,p).

Now having the last inequality we see that for all p € (0, 1),
PX <zy|Y >y <qg<PX<z,|Y >y,l,

1)
qlp’
The property (2) is obvious.

The first equivalence in (3) follows from Definition 3. Assuming now

that SC((IL)) < x/q(‘;) we see that

now that z ’ = z,. Using the quantile inequality for x ’ we have

Replacing now z_,’ by x, we get

which defines =

(€]

/
qlp

PIX' <zl | Y > y) < PIX' <all) |V >y,

<g<PIX <al) |V >y,
and

PIX' <V |V > y] <q< PIX <al) | V' >y,

<PIX <all) |V >y,
which shows (3) for ﬁ)(é)y(q,p).
Now by the assumption of (4) we have
PIX<z|Y>y>PX' <z|Y' >y V(zy) cR?
which implies

PX<z|Y>y)|>PX <z|Y >y, VzeR, Vpe(0,1),

and in consequence we get x‘(;; < x;(‘;), which by Definition 3 gives (4).

The statement (5) follows from (2) and (4).
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Finally, the equalities of (6) can be obtained in a similar way to those of
Theorem 1.

4. Examples. We consider here distribution functions with marginals
having finite or infinite expectations.

1. For an exponential distribution with distribution function
Flr,y)=1—e % —e ¥ e @tvtav) 5 >0.y>0,
the monotone dependence function px y () has been determined in [3]:

__(=p)n(1-p)
Py ) = iy in(1 =)~ 1)

The quantile monotone dependence function /&)Y (g, -) can be given ex-

plicitly since z, = —In(1 — ¢), x((]‘lz)) =—In(l —¢q)/(1 —In(1 — p)), namely

In(1 —¢)In(1 — p)
(01— p) ~ Dln (1 + 22)
(2
alp
(1=p)"" +p(1—qe” =1=0
and next put that value in (2.2).
2. For a probability law with distribution function
1 1 1

Fl,y)=1—— — -+ —, z>1, y>1,
€ Y Yy

we have z, = 1/(1 — q), zt) = (1— ¢!, and

alp —
1—(1-p)g
rq

1
1y (a,p) =

(2)

while to give py 'y (g, p) we first determine z | as the solution of the equation

(1)

txy(2,p) = (1—¢q)?—1).

To obtain ug?’)y (¢, p) we have to solve the equation

p(1— q):El/(l*p) —gP/0=P) 41 _p=0.
((j; and allows us to find ,ug??y (¢,p).
3. For a Cauchy distribution with distribution function
F(z,y) = (1 - a)F(z)F(y) + omin(F(z), F(y)), 0<a<l,

where

The solution gives x

1
F(x) = = + — arctan <>,
v

1
F(y) = = + — arctan (‘1;), t e R—{0},
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we have
z, = t(tan[(g — 1/2)7]), 0<q<1,
D _ { Tq/(1-a) if ¢ < p(1 - a),
alp T(ap+a(i—p)/(ap+1-p) 1f ¢ > p(1 = );
2@ {%p/<p+a<1—p>> ifg<p+al-p),
alp Z(g—a)/(1-a) ifq>p+ 01(1 — p).
Hence
iy (a.p)
tan [(124 +q — 5)7] —tan [(q — 5)7]
T T if ¢ <p(l—a),
) tan [(L—q)p+q— 5)7] —tan [(¢ — 3)7]
- ap(l—q)
(8 o= el ~wmflo=d)e
tan [((1—q)p+q — 3)7] —tan [(¢ — 3)7]
and
MS?,)y(q,p)
tan [(g — 3)7] —tan [(— 5525 + ¢ — 3)7]

tan [(q — £)7] —tan [(—q(1 —p) +q— &)7] if g <p+a(l—p),
g—

1
2
tan [(g — 3)m] — tan [(— 52 +¢ - )]
tan [(¢— )] —tan [(—q(1 —p) +q— )7
4. For the distribution function defined by
0 ifz<0ory<0,

] ifg>p+a(l—Dp).

1 PN In®u —2plnulnt + In¢
F ={ —— — — du dt
(z,y) o= Of{)f utexp( Ty > u
otherwise,

€]

we see that x
qlp

is the solution of the equation

Inz

Pinw) = —— [ Bl(z— o0)/VI= e o = a1 )

where z, is the pth quantile of the standard normal distribution function
(2)

while z
qlp

is the number satisfying the equation

1 Inx

N f P((2p + Qv)/m)eﬂﬁ/z dv = gp.

— 00
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Hence we have

e

— exp(zq)
Talp ! if m(T) —exp(zq) > 0,
(1) exP(2g+(1-q)p) — €XP(2g) P
pxy(4:p) = L)
ZTalp — eXP(Zq) .
otherwise;

exp(zq) - eXp(Zq(l—p))

( )

exp(zq) —
9~ Talp if exp(zq) — xfﬂi)) >0,
(2) exp(2q) — exp(zqp)
Hx y(q p) ( )
otherwise.
\ exp(zq+(1—q)(1—p)) - exp(zq)
5. If

F(z,y) = (1 - )F(2)F(y) + amin(F(z), F(y)), 0<a<l,

where
0 if z <0,
Fa) = f [ expi=(n u) /2} du otherwise,
\ﬁ
then
L _ {eXP(zq/u ) if ¢ <p(1-a),
4P\ exp(2(g—gp+ap)/(1-ptap)) if @ > p(1—a),
@ { exP(Zgp/((1—a)pta)) if ¢ <p(1—a)+a,
qlp (

exp(2(g—a)/(1— a)) if g >p(l —a)+a,
and we have

( )
Tyl exp(zq) )

i 1) >0

1) exP(2¢+(1-q)p) — €XP(24) if z,), —exp(zg) 2 0,
Kx v(a,p) = e
Tolp — exp(zq)

eXp(ZtI) - exp(zq(lfp)>
(2)

exp(zq) — Tl
exp(zq) — exp(zqp)
exp(zq) — fﬂi,

( exXD (24 (1-q)(1-p)) — €xP(Zq)

otherwise, Vp € (0,1);

if exp(zq) — :UEIT])D >0,
2)
1xy (q,p) =

where z, is defined as in Example 4.

otherwise, Vp € (0,1),

67
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6. If
0 if (z,y) € R2\ RZ,
06 if0<x<1,0<y<l1,
F(z,y) =407 if0<z<1,y>1,
0.7 ifx>1,0<y<1,
1 otherwise,
then

1 otherwise,

{ if 0 <p<0.7,
ifx <0,
(1)

4. 1

max(“ 3) if0<x <1,
otherwise,

0 ifx <0,

1.1
n<6 P+ > ifo<x <1,

F(Q)
77 3p

otherwise,

{ i
1
1 49—-6p
=) _ 1fmax< ) <g<1,
Lap = 3’ 7(1—-p)
0 otherwise,

—

A(2)
Lop =

6 p+1.1
if , <qg<1,
H in <7 3p >'_q
otherwise.

Hence

~(1)

1 4.9 — 6p
if — | < 0.7
Mxyqp 1maX >_q< )

377(1—p)
0 otherwise,

and

~(2)

6 p+1.1
1 ﬁmm<p+ >§q<L
Lxy(q,p) = D

0 otherwise.

One can see that X and Y are positively quadrant dependent.
7. If

Y

T
—~
s
<
N~—
Il
= o~ &8 vRoRo- O

if (z,y) € R*\ R,
fo<z<1,0<y<1,
fo<z<i,y>1,
ifz>1,0<y<l1,
ifl<z<1l,y>1,
ifl<z<3 y>1,
otherwise,

8 &

8
+ N
=
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then
2 if0<qg<i, :
@ T ti=a 0 if0<p<i,
rg=Sq+7 ifz<qg<iy, Yp = 1 l<p<i
20— % if3<qg<l, 2= ’
_ {q if0<p<%,
€T =
alp q—l—% 1f%<p<1,
L _ g+3% if0<p<i,
alp 00 if £ <p <1 (by convention),
(2) 00 if0<p<%(by convention),
€T =
alp g ifj<p<l
Hence,

—m (1 72(11_1)) if0<p<%,
Bxy §7p = 1

—2 (1 B —3j4p if0<p< %,

5. Applications. We only point out one application of our concept.
Note that the property (7) of Theorem 1 furnishes a qualitative and at the
same time quantitative characteristic of dependence for many classes of pos-
itive (negative) quadrant dependent random variables. It is known that the
sequences {M,, = max(Xy,...,X,) : n > 1}, {m, = min(Xq,...,X,) :
n>1} {S, = >0 Xj :n > 1} and {S}; = max(Sy,...,S,) : n > 1} are
sequences of associative and hence positively (negatively) quadrant depen-
dent random variables when {X,, : n > 1} is a sequence of independent
random variables (cf. [1], [2], [8]). We shall see that in particular cases we
can have quantitative characteristics of dependence for the above classes of
random variables.

ExaMPLE 1. Let U and V be independent random variables with con-
tinuous and strictly monotone distribution functions.

(i) Write X =U, Y = max(U, V), and put Fx = F. Then
1 if g = (F(yp) —p)/(1 —p),

(1) _J _ o)) —

1y (4,0) = { La0tp(1-F(yp))/(Flyp)—p) ~ Ta

Lg+(1—q)p — Lq

otherwise;

Tg — TqF »
ug?,)y(q,p) = 2¢ ") (¢,p) € (0,1) x (0,1),

Lg — Lgp
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and if Fyy = Fy we have

o i if > b/(1+ VD)
’uX7Y(q’p> = w Otherwise;
Tag+(1—q)p — Lq
Ty — X
uy (a,p) = 2 (q,p) € (0,1) x (0,1).
Lg — Tgp

In the special case with F'(z) = 1/2+(1/7) arctan(z/t), z € R, t € R\{0}
(a Cauchy distribution function), we see that z, =t - tan[(¢ — 1/2)~], and
1 if ¢ > /p/(1+ D),
iy (a.p) = singy/prcos(1/2 = (1= p)(1 — )=
sin[(1 — ¢)pm] cos|q(1 + \/p) — 1/2]7
sinqg(1 — /p)mcos(qgp — 1/2)m
ol VpImeotar ~ U2 (g ) e (0,1) x (0.1).
sing(1 — p)mcos(q/p — 1/2)7
(ii) Define X = U,Y = min(U, V), and set Fx = F. Then

otherwise;

1Py (a.p) =

Lgt+(1—q)F -
iy (q,p) = Um0 W) T8 ) € (0,1) x (0, 1);
Lg+(1—q)p — Lq
1 if ¢ < F(yp)/p,
(2) Y R - B
MX’y(q,p)— q q—(1—p)(F(yp)/P)(1—q)/(A1—F(yp)/P)
Lg = Tgp

otherwise,

and when Fy = Fy we have

(1)

Lg+(1— 1+y/I=p) —
pey (g.p) = ~HEOPIAEVIED T8 (g ) e (0,1) % (0,1);
La+(1—q)p — Tq
| if g < 1/(1+ VT=p),
pD0(g,p) = { Tq — Tq_(1—q)yTp
X, YD 1 1 P otherwise.
Lg = Tgp

In the special case with Fi(x) =1 —1/x, x > 1 (a Pareto distribution),
we see that z, = 1/(1 — ¢), and

iy (@,p) = (1 =p)*2/(p(L+V1-p)s  (@p) € (0,1) x (0,1);
12 (g p):{l if g <1/(1+TI—p),
XY (1= gp)VI—p/(q(l+T=p)) ifg>1/(1+VI—p).

Letting p = 3/4 we have

i (0,3/4) =1/9, g€ (0,1);

. (1 if ¢ <2/3,
pxy (¢,3/4) = { (4—3q)/(12q) if ¢>2/3.
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(iii) Assume that (cf. [7])

e* ifu <0, 0 if v <0,
{1 if u >0, FV(”)—{1ev if v >0,
and put X =U,Y =U + V. Then

FU(U) =

In(4p(1 - p)/q)
" S+ (1= /g ¢ <P/1=p)pe(0:1/2),
MX,Y(QJ)) =<1 n(1/g) for ¢ > p(1 —p), p € (0,1/2),
n q '
| 2In(1 + (1 — 9)p/q) for g € (0,1), p € [1/2,1);
In(1++/1T—q)/(2p) for g € (0.1), p € (0.1/2).
Sy (4,p) = tn(1/p)
o T~ dgp(1— )/ (2p)
In(1/p) for g € (0,1), p € [1/2,1).

(iv) Assume that U and V' are independent random variables uniformly
distributed on (0,1), and put X =U, Y = U + V. Then

1
u&,)y(q,p)

1 for g > (v2p —p)/(1 = p), p € (0,1/2),
(V1= v2p)* +2¢(1 = p) = (1 = V2p) = )/ (1 = 9)p)

for ¢ < (v2p—p)/(1 =p), p € [1/2,1),
1-+/2(=p)/(1+/q)/p forqe(0,1), pe[l/2,1);
4, )
1 V(1 VI=D)/(—p) forge (0.1), pe (0.1/2),
V= VR p)2+2(1 = glp— (1= V2T =) - (1= )]

= x(q(1—p))~*
fOTQZ (1_ \/2(1_p))/p7p€ [1/271)7
1 for ¢ < (1—+/2(1—p))/p, p€[1/2,1).

Moreover, we note that in this case

1 2
1y (p.q) = ufxfy(l -p,1—q).

Remark. Note that the correlation coefficient pxy = 1/ V2 equals
one of the values of the monotone dependence function. Observe that a
“complete dependence” (;&?y(q,p) = ug??y(l —¢,1-p) =1=+20xy)
occurs only when ¢ > (v/2p —p)/(1 —p) if p € (0,1/2).

EXAMPLE 2. Let X = (Xy,...,X,) be a random sample from a popu-
lation having continuous and strictly increasing distribution functions. Put
Xy = min(Xy, ..., Xy,), X)) = max(Xy,..., X,). The following quanti-
ties show us that X(;) and X(,) are quadrant positively dependent ran-

\
—_— o~
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dom variables. For instance, in the case when X := min(X;, X2) and
Y := max(X1, X3) the degree of that dependence is characterized by

Lq(1+/p)/2 — Tq/(14+/T=q)

L lq+(1—aq)p)/(1+/(—p)(1—q)) ~ Ta/(1+VT=0)
if ¢ < /p/(1+/p),

(1)

q,p) = _
iy (4:P) T r(1—a)p)/(1+/(—p)(i—a)  Ta/(A+v1=q)
Lg/(14+vT=q) — Tap/(1+v/T—qp) )
~ if ¢ > /p/(1+ /p);
Lq/(1+/I=q) — % 141
@y (g, p) = “HEVIED  TaVPIEVIZGD (g ) € (0,1) x (0, 1)

Tq)(14vT=0) — Tap/(14T=ap)
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