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SPECTRAL DENSITY ESTIMATION FOR STATIONARY
STABLE RANDOM FIELDS

Abstract. We consider a stationary symmetric stable bidimensional pro-
cess with discrete time, having the spectral representation (1.1). We consider
a general case where the spectral measure is assumed to be the sum of an
absolutely continuous measure, a discrete measure of finite order and a finite
number of absolutely continuous measures on several lines. We estimate the
density of the absolutely continuous measure and the density on the lines.

1. Introduction. A complex random variable X = X; + iXs is sym-
metric a-stable (S.a.S) if its characteristic function is of the form

exp{ — f ‘tliﬁl + t21’2|a dFX1,X2 (.%'1,$2)},
So
where t = t; +ity and I'x, x, is a symmetric measure on the unit sphere S,
of R2.

A stochastic process {X;,t € T} is (S.a.S) if all linear combinations,
a1 X, + ...+ a, X, , are (S.a.S). When X = X; +iXs and Y = Y] +iY5
are jointly (S.a.S) and 1 < o < 2, the covariation of X with Y is defined in
3] by

(X, Yo = [ (@1 +im2)(yr +iy2) ™ dTx, x, 135 (01, 72,1, 42),
Sy
where by convention, for b > 0 and Z a complex number, Z{) = |Z|°=12*,
Z* being the complex conjugate of Z. The quantity || X|, = [X, X],ll/a is
a norm [11] on the linear space of (S.a.S) random variables. If (& )ier is a
complex (S.c.S) process with independent increments, then the measure p
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defined by pu(]s,t]) = [|& — &s||S is a Lebesgue—Stieltjes measure [3], called
the spectral measure of £&. When p is absolutely continuous, its density is
called the spectral density of &.
For stationary complex symmetric a-stable (S.a.S) processes having the
spectral representation
oo
X(t)= [ e dg(n),
—0o0
where £ is a (S.a.S) process with independent isotropic increments, the
spectral density function ¢ is estimated in [11].
Let us consider a bidimensional (random field), complex (S.a.S) process
in discrete time, having the spectral representation

(11) X(”? m) = f f ei(/\1n+)\2m) dé-()‘la >\2)7
where ¢ is a (S.a.S) process with independent isotropic increments; that

means £ is an additive complex function defined on the Borel subsets of
[—7, )% such that:

e for any integer k and any Borel sets By, ..., Bk, ({(B1),...,£(Bg)) is
(S.a.8);
e for any integer k and any disjoint Borel sets Bi,..., By, &(B1),...
..,&(By) are complex (S.c.S) independent random variables;
o for all Borel sets B, the distribution of the random variable e??¢(B) is
independent of 6.

For more details about the spectral representation see [8] and [1].
We define the spectral measure by

[€(B),&(B)la = f di(M1,A2)  for any Borel subset B of [, 7%,
B

where [X, Y], denotes the covariation of X with Y [3] when X and Y are
jointly (S.a.S).

To our knowledge the case we deal with is more general than those
considered in [11], [6]: we suppose that the spectral measure of the process
is the sum of an absolutely continuous measure, a discrete measure of finite
order and a finite number of absolutely continuous measures on several lines:

q
(1.2) dp(h; Az) = (s A2)dMdAs + Y @i, wny)

Jj=1

q/
+ Z ¢Z (u1)5U2:aiu1 +bi>
=1
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where ¢ and ¢; for i = 1,...,¢ are nonnegative continuous functions, a; €
R, a;,b; € R and wyj,wy; € [-m, 7, j=1,...,¢,i=1,...,¢".

Using Jackson polynomial kernels and the double kernel method, we
estimate the function ¢(A1, A2) for every (A1, A2) in |—m, 7[>, Under appro-
priate conditions on the function ¢, we obtain rates of convergence. Let
us also indicate that our methods allow us to estimate the positive num-
bers aj (j = 1,...,q) and the functions ¢; (i = 1,...,¢'). For brevity, we
consider here only the estimation of ¢; for details, see [13].

2. The periodogram and its statistical properties. Given NM

observations of the process X : (X(n,m)) o<n<n-1 , where N and M satisfy:
0<m<M-1

e N—-1=2k(n—1) withn € N, k € NU{1/2}; if £ = 1/2 then
n=2n; —1,ny €N.

o M —1=2k(m—1) withm € N, k € NU{1/2}; if & = 1/2 then
m=2my—1, m €N.

We consider the function

k(n—1)
HM()) = Z hi(m'/n) cos(Am’),

m/=—k(n—1)

where hy, is defined in [7] such that

(N) 1 sin”—;‘ 2k ) 1 ; sin%‘ 2k
HM() = — 2 with gen =5 [ 2.) dA

Qk,n \ Sin 5 T sin 2

2 2

The Jackson polynomial kernel is |Hy(\)|* = [AyHMN (N)|*, where Ay =

B;%a with Bo y = |7 |[H®™(X)|* dX. We define Hyy()) in the same way.
The following lemma, proved in [6], will be frequently used in the sequel.
LEMMA 2.1 [6]. Let

™ 2k

/ _
a,N —
-7

where v € 10,2]. Then

i nA

S1n 2
s A

S1n 3

d\ and Iy = [ |ul'|Hx(N)|*dA,

—T
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and
7r’7+2ka 1 . 1 v 4 1
. if —<a<-——,
Je < 2%k (y — 2k + 1) n2ke—l 2k 2k
Nyee = 2k t2ke 1

L v+1
= il ca<
a(y + (2ha—y—1) w0 T ap <©

The proof of the following lemma is the same as in the one-dimensional
case in [3].

LEMMA 2.2. If € is a (S.«.S) process with independent and isotropic
increments, then

s T

Eexp (iRe[f ff(ubuz)df(UMUZ)D

-7 —T

:exp(—C’a f |f(U1,U2)|adM(U17U2)>

for every f € Lo(u), where Co = (2ma) ™" [7_|cos6]* db.

Now we denote by A the set of points where there are no atoms:

A= {(/\1,)\2) S ]—7T,7T[21 A1 7é W1y, Ao 7é Waj and

)\2 — bl — ai)\l

5 ¢Zfor1§i§q’and1§j§q}.
Y

In the sequel we choose large k such that ko > 1 and we consider the
following periodogram:

k(n—1) k(m—1) n m'
=AnAy R hpl — Jhe| —
dn, v (A1, A2) NAM e[ ,_zk(: i ,_;( i k<n> k<m>

Xefi(>qn/+>\2m/)X(n/ + ]{j(?’L — 1), m, + k(m - 1)):| .

Following the study realized in the one-dimensional case by Masry and Cam-
banis in [11], one can show easily that, for (A1, A2) € A,

(2.1) ]\}gnoo E{explirdn ar(A1, A2)]} = exp[—Ca|r|“P(A1, A2)].

We modify this periodogram taking the power p, with 0 < p < «/2, and
multiplying by a normalization constant:

TN,M()\I, X2) = Cp oldn, pr (A1, A2) [P,
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The normalization constant C), , is given by
_ Dy
P — T A
vaaC£/a
where

T 1—cosu ®1—elul® «
Dp: deU and Fp,a: fwdu, 0<p<*

We show that

(2.2) Eln (A, A2) = [0n a0 (Ar, A)]P/,
(2.3) Var[Ty ar (A, A2)] = Vap[tn,a0 (A1, A2)]2P/ 9,
where V,, , = C? C2_p o — 1 and
YN (A1, A2) = In (A, A2) + I (A, Az) + Kv (A, A2)
with
In (A, A2) = f f |Hn (A — u1)[*[Hpr (A2 — u2) | ¢(ur, uz) duy dug,

q
I, A2) = > af [ Hy (A — wiy)|* | Ha (A — wa;)|%,

Jj=1

Q

Knw(A1, A2) = Z |Hn (M1 = v1)|[*[Ha (A2 — ajvr — b;)|“¢i(v1) dos.
i=1 —7
As in [11] one can show that for (A1, A2) € A, the function ¥ ar(A1, A2)
converges to ¢(A1, Ag). Therefore In ar(A1, A2) is an asymptotically unbiased

estimator of [¢(A1, A2)]P/® but it is not consistent because the variance is
proportional to [¢(A, A)]?P/<.

3. The smoothed periodogram. In this section, using two spectral
windows, we smooth the periodogram Iy ps and we obtain consistent esti-
mators of [¢(A1, A2)]P/® at the points (A1, Ap) where there are no atoms. Let
W be a nonnegative, even, continuous function vanishing for |A\| > 1, with

f_ll W(X)dX\ = 1. The spectral windows Wy, Wy, are defined by
WN()\) = MNW(MN)\) and WM()\) = LMW(LM)\)
where My and L), satisfy

My
lim My = lim — =
m My =0, Jim =0
. . Ly
lim Ly = oo, lim — =0.

M — o0 M—oco M
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We consider the following estimator:

U Ky

In (A, A2) = f f W (A1 —u)War (A2 — U2)fN,M(U17U2) duy dus.

—7T —T

As in [6], for giving the best rate of convergence of this estimator we intro-
duce on ¢ two hypotheses (h;) and (hs) called regularity hypotheses:

(h1) &A1 —u1, Ao —u2) = ¢(A1, Aa) + Ri(A1, A2, ui, u2)
with |R1()\1,)\27’U,1,'LL2)| < ClH(ul,uQ)HV, where 0 < v < 1,

(h2) @M1 —u1, A2 —ug) = @(A1, A2) + gi(h, A2)ug + gj@q, A2)ug

+ Ro(A1, Ao, ug,uz)
with [Ro (A1, A, ur, uz)| < Caol[(u1,u2)||Y, where 1 <y <2,
C1 and Cs being nonnegative constants.
THEOREM 3.1. Let A, Ao € A. Then:

(1) fn,amr (A1, A2) is an asymptotically unbiased estimator of the quantity
[d(A1, Ag)]P/ e
(ii) Choosing k so large that v + 1 < 2ka, we have

E[fn (A1, A2)] = [6(A1, o)/
O(l + ! > if ¢ satisfies (h1),
M

_ My (L)
o 1 1 . .
O<J\4N + L]\/I) 'Lf¢ satzsﬁes (h,g)

Proof. Using (2.2), we have

MN()\1+7T) LM(A2+7T)
Elfy (M) = [ [ wWww)
MN(Alfﬂ') LM()\QfTK')

X [N, m (A1 —u/Mn, Ao — U/LM)]p/a du dv.

Since W is vanishing for |A\| > 1 and p/a < 1, for N and M large enough
we obtain

Efwar(Ars A2)] = [6(Ar, A2)P/ ]

< [ [ wWwwe)

-1 -1

X |¢N,M()\1 — 'LL/MN,)\Q — U/LM) — QS()\l,)\g)‘p/a du dv.
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Using the facts that Hy and Hjs are 2m-periodic, |[Hy|* and |Hjps|* are two
kernels, and ¢ is uniformly continuous on [—, ]2, we find that

(31) ngnoo IN,M(Al—U/MN,)\Q—’U/LM)—¢()\1,)\2) = 0.

M—o0

On the other hand,
JN,M()\I — U/MN,)\Q — ’U/LM)

q /
S
— / /

j=1 Ba,NBa,M

1
. 1 2ka . 1 2ka”
|sin [3(A\1 — u/My —wy;)]|7 |sin [§(A2 — v/Lar — way)]|
Since A1 # w1 and Ay # wo; for j € {1,..., ¢}, using Lemma 2.1 we obtain
1
(3.2) INm (A1 —u/Mpy, A2 —v/Ly) :O<n2ka_1mgka_1>'

Considering all possible cases, and partitioning the integrals, we show easily
(see [13]) that

(3.3) KN7M()\1—U/MN,)\2—’U/LM)

—0 1 1 1
- m2ka—1 + n2ka—1 + n2ka—1m2ka—1 |-

Using the inequality

lz" —y"| < %(xr_l +y " Dz -y, z,yeR™ re0,1]U[2,o00],
and the equalities (3.2), (3.3) we can show that
[owar (M = u/My, A = o/ La)/* 70+ B, M)/

is bounded by a constant, for N and M large enough. We get

ELfvm (A, A2)] = [$(A, Ao)P/*| < const [ [ W (u)W (v)

1 -1
X|UN (A —u/My, Ao —v/Lar) — ¢(A1, A2)| dudv.
1) If ¢ satisfies the hypothesis (h1) then we have
|UN (M —u/My, Ao —v/La) — ¢(A1, A2)|

Al—u/MN-‘rﬂ' )\Q—U/LM-i-ﬂ'

<o f [ N

Al—u/MN—TI' )\Q—U/LM—ﬂ
X (|u/Mpy +t| + [v/Las +'|)7 dt dt’
+ JIn (M —u/My, Ao —v/Ly) + Knoar(M — u/My, Ao —v/Lag).
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Using twice the inequality

(3.4) 4y < {’HT\THZ/V if0<r<1,

2 (|| + ly[) i r =1,

we show that

1
p—— IE[fn,00 (A1, A2)][6(A1, A2)]P/ %
C1

< M7v_f1 W ()|l du

1 Al—u/MN—Q—TF
+C [ W) [ [Hx(®)|t dtdu

-1 Al—u/MN—ﬂ'

1 AQ*U/LM+7T
+0 [We) [ [Hu@)] dt dv
-1 )\Q—U/LM—ﬂ'

+ [ [ WWw()

-1 -1
X [Inamr (M —u/Mpy, Ao —v/La)
+ Kn (A — u/My, Ao — v/Ly)] dudo.

On the other hand, since Hy is an even function, we have

A—u/Mny+7
[ [HN@) " dt
AM—u/My—7
T [ A1 ]+|u/ My |+
< [ [Hx(@) |t dt + (27) / [ Hn ()[*[t] dt.

Using Lemma 2.1, for N large enough we have
[Arl+|u/My [+

(3.5) | |Hn (8)|“[t]" dt = O(Tn (1)),
where
1
T if Ay #0,
Tn(M) =4 """
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We gather the results (3.2), (3.3) and (3.5) to obtain
[Blfx (s, A2)] = [0 2)]7 |

1 1
=O(Ty(A\) +Tar(Ao) + — + ——
<N( 1) + T ( 2)+MX[+LX/[
11
T T

1 1 1
+ n2ka—1 + m2ka—1 + n2ka—1p2ka—1 :
Since 0 < v <1 and v+ 1 < 2ka, it is clear that
1 1
[BLfv0 (A1, A2)] = [o(A1, M) P/ = O(W + L”>'
N M
2) If ¢ satisfies the hypothesis (ha), using the facts that Hy, Hys are
2m-periodic kernels, and (3.5), (3.4) we get
1

const

B[fn.0 (A, A2)] — [$(A1, A2)]P/ @]

[ 1w/ My |W (u) du

< ‘g(ﬁ (>‘1a >‘2)

X

-1
+ gj(M,)\z) Tar(Az)
1
+ ’gi()\h)a) Tn(A1) + ‘gj()\h)\g) _‘]; lv/La|[W(v) dv

1
o G2 ]l |u\7W(u)du+271%2 [ oW (v) dv
M _

/\17U/MN+TI'
+27C, [ [Hy()]f]" dt
Alfu/MNfﬂ'

Ao—v/Ly+m
+27Cy [ [Hu ()] dt’

)\zfv/LMle'

1 1
+ [ [ Www ()

11
X [In (M —u/Mn, Aa — v/ L)
+ Ky (M —u/My, A2 — v/ L) dudv.
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We use again the results (3.2), (3.3) and (3.5) to obtain

IB[fn,0 (A1, A2)] = [$(Ar1, A2) [P/

1 1 1 1
=0 —4+ — 4+ — 4+ — +Tn(A Tar (A
<MN+LM+LX/I+MX[+ N (A1) + Tar(A2)

1 1 1 1 1
+ ny T mY - n2ka—1 + m2ka—1 + n2ka—1p2ka—1 |
Since 1 <y <2, we have 1/k < (y+1)/(2k) < a. Thus, we obtain

1 1

IE[fn,00 (A1, A2)] — [@(A1, A)JP/ | = O(MN + LZ\/[)

Now we show the following lemma which will be used in the sequel.
LEMMA 3.2. Let (A1, A2,1) and (A1,2, A2,2) belong to A. Write
QN M (A1,15A1.2, A2,15 A2.2)

:f f |Hy (M1 — v1)Hu (A2 — v2)

x Hy (M2 —v1)Har(Aao — v2)|%/2 dpu(vy, v2).
Then
QN,M()\I,17)\1,27)\2,17)\2,2)

<0 1 1 1
— n2ka—1 + m2ka—1 + n2ka71m2ko¢fl

sup(¢) (7 ke 1
+ < 2 (2> W R, A2, A1) R, Azj2, Ao 1),
where the function R is defined by

T 2x

_|_
(sin )7 inf [sin 5E52)" (sin 1)

R(x,y,z2) =

)

with two real numbers §, &' satisfying
0<i< inf[w — )\1’2;71' + )\171; |)\2’1 — )\171|/2],
0< 5, < inf[ﬂ' — )\2,2;7[‘ + )\271; |)\272 — )\271|/2].

Proof. First using the expression of du in (1.1) and the inequality
x®/2ye/2 < (2 + y*), we obtain

QN (M, A2, 21,22) < B+ SJIn (A1, A1) 3 In (A2, Aa2)
+ KN (A1, A1) + 3 KN (M2, A2 2),
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where
B = f f ’HNO\LI - U1)HM(/\2,1 - U2)

X HN()\LQ — Ul)HM()\QQ — ’UQ)‘OC/QQb(’Ul,UQ) d’Ul dUz.

Since ¢ is bounded on [—7, 7]2, we have

B < SUP(¢)( f |Hy (A1 —v1)Hy (A2 — v1)]%/? dv1>

X ( f |HM()\2,2 —UQ)HM(AQJ —’U2)|a/2 dvz).

We split the first integral into five integrals: over a neighbourhood of Ay i,
a neighbourhood of A; 5 and the remainders:

f |HN()\1,1 - Ul)HN()\l,2 - U1)|a/2 dvy

—T

A1,1—6 A1,1+6 A1,2—9 A1,2+90

([ v [ [+

-7 A1,1—6 A1,1+0 A1,2—0
%\ |sin [%()\171 — w)} sin [%()\172 — fw)] ke
+ f ) oA 1—w ’ oA 2—w dw.
)\1’2+5 Sin 5 SN —5—

The first, third and last integrals are respectively bounded by

1 )\171 —6+7T 1 )\172 —)\1,1 - 20
B;,N (sing)%a 7 B&,N (sin g)%a

and
1 7T—)\172 -0
’ 6)2](304 :

B(/x,N (sin 5

Using the inequality sin(nz) < nsinx, we obtain

A4S, . .
1 L0 gin [%(/\1,1 — w)] sin [%()\172 — w)] ha J
B’ f s Aa—w s Ap—w w
a,N A6 SIHT SIDT
1 20nke

N fo,N . inf [(sin 7"\1'27;‘1’1|+6)ka, (Sin 7|’\1*22>‘1’1‘)ka} .

Similarly, the remaining integral is bounded by the same quantity. Thus
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using Lemma 2.1, we have

s

f |HN()\1,1 - Ul)HN()\l,2 - U1)|a/2 dvy

B 1 T 2ka 1
21\ 2 n2ka—1

[ 27 4énke
(

+ .
sin §)* inf [ (sin 22252250) " gin (A )]

2
Just as before, we have

f |Har(Ma1 — v2) Har(Mao — v2)|*/2 dvg

1 2ka 1
< <W> ————R(8', Aa2, A21).

T\ 2 m2ka—1
Equalities (3.2) and (3.3) give the result of this lemma.
THEOREM 3.3. Let (A1, \2) € A be such that ¢(A1, A2) # 0. Then:

(1) Var[fn a (A1, A2)] converges to zero.

(i) If ¢ satisfies (h1) or (hs), and My = n® and Ly = m¢, where ¢
and ¢’ are two real numbers satisfying
. (2K*a?+1  ka+2 , 1
- ( 6a2k? ’3(ka+1)> “esg

then

1 1
Var[fN,M()‘l) )‘2)] =0 <n2(120) + m2(1720’) > .

Proof. When ¢(\1, A2) = 0 we do not need to smooth TN,M, since its
variance tends to zero. We have

Var(fn (A1, A2)]

3

B f f fTF W (A1 = u) W (A2 — u2) W (A1 — ) War (A2 — ug)

3

x Cov [Ty (u1,us), I ar (v, uh)] dus dus duly dud.
Putting
vy = My(M\ —w1), @2 = Ly(la —u2),
)= Myx(\ — ), xh =Ly —ub).
and using the fact that W is vanishing for |A| > 1, for N and M large enough
we have
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Var(fn a (A1, A2)]
1
-1 -
X COV[IN7M(A1 — ml/MN7)\2 — {L’Q/LM),
Tyt — @ /My, Ay — 2/ Lag)] day dey dor), dash.

,_.\}_‘
H%,_.

f W (1 )W (o)W ()W ()

We define
£1 = {(xl,ac'l) c [—1,1]2 : ’1‘1 —l'/l‘ > O'N}7
Lo ={(22,25) € [-1,1 : |[zo — 2h| > oy},
L3 = {(z1,2),x2,25) € [-1,1]* ¢ |21 — 2| < o or |za — x| < oy},

where oy, 0, are two nonnegative real sequences converging to 0. We split
the last integral into the integral over L3 and the integral over £ and Ls:

VaI‘[fNM)\l,)\Q ffff +ffff—J1+J2
L4 Lo
Using (2.3) and the uniform (in z1,x2) convergence of ¥n (A — 21 /My,
Ao — x2/Lp) to ¢(A1, A2), we obtain

J1 < const [ f f W (o)W (x%) dzo dat

|2 —zh| <ol
+ ff W (x1)W (x}) dzy dx|.
|z1—2)|<on

Thus, J; < const[sup(W)]?[on + o;]. Hence J; tends to zero.
It remains to show that J5 tends to zero. First we define for simplicity

AMi=M—z1/My, A2=X\ —a)/My,
A2l = Ay — w2/ L, A22 = Ay — fU/z/LMa
and
C(A1,A2)
= Cov[In (A — @1 /Mn, Xy — 22/ Lar), Inar (M — 2 /My, Ao — @/ Lag)].-
We use the equality

_ — cos(zu) A1 T 1 — etru
‘:U|P D f ‘u|1+p = Dp Re f W du,
for all real x and p €10, 2[. We have
~ S 1 _ eiudN,M()\l,)\g)
(36) IN,M()\17 )\2) = ——Re du.
ot L
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From (2.1) we obtain

(3.7) Elnar(A, o) = du.

1 70 1 — exp{—Chqlu|*¥n (A1, X2)}
FpaCE® [l

— 00

By using (3.6) and (3.7) we show easily that

C(A\1, X)) = F, 20,2/ f f ( {H cos(urdn,pr (A1,k, A2 k))}

—0o0 —00

du1 dUQ
|u1u2|1+p ’

— exp{—C'a Z [ur| YN, ar (Mg, )\Q,k)})
k=1

From the equality 2 cosz cosy = cos(z + y) + cos(z — y), we have

2

E[ H urdn, (A1 g, )\z,k)}

k=1

2
= %exp{—Ca f ‘ ZukHN()\l,k —v1)Hpr (Ao — v2) du(vl,vg)}
k=1

2
+ %exp[_ca / ’ > (=R uHy (A g — v1)
k=1

><I{]\4()\2,]C —1}2) du('l)1,v2)i|.

Substituting this expression in C(A\1,\2) and changing the variable us to
—us in the second term, we obtain

du du
2 2p/a 1 2
C(Ala)‘Z) paCa {O [O |u1u2’1+p
where
s T 2 a
=C, f f ‘ ZukHN(/\l,k —v1)Hpy (Ao — v2)| dp(vi, ve),
- -7 k=1

2 T
K'=CyY  |uxl” f f |HN (M k= v1) Har (A2 x — v2)|* dp(vr, v2)
k=1 —T =T
2
=Ca > uk]*¥n s (M1 p, Aop)-

k=1
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Since K, K’ > 0, we have
e X —e K| < |K — K'|e/K-K-K"
Using the inequality
Iz +y|* = |2]* = y|*| < 2lay|*?, z,yeRand1<a <2,
we obtain
K —K'| < QCa’u1U2|a/2QN,M()\1,17 A12,A2,1, A2.2).
Therefore,
C(A1, \2)

co oo |K-K'|-K'

Sprc%C;zp/QQCaQN’M(AM’)\1’2’/\2’1’/\2’2) f f’ duy dus.

u1u2‘1+p—o¢/2

Now we have

38) |K—-K'|-K'
2

< —Cq Z |ur [N (A1 ks A2k) — @N,nr(A1,1, A2, Agt, Az o))
k=1

Let §(N), ¢'(M) be two real numbers depending respectively on N and M
such that

0< 5(N) < inf[‘)\l,l — ALQ‘/Q;W — /\1,2;7T + )\171],
0< (5/(M) < inf“AQ’l - )\272’/2;71' - )\272;71' + )\271].

Moreover, we suppose that

O(N)M, 6" (M)L
(3.9) lim SMMy 0, lim M =0.
N—oo ON M—o0 oM
Using Lemma 3.2 and the inequality
(3.10) sin(z/2) > z/m, 0<axz<m,
we obtain
[ 1HN (A1 = v)Hy (A2 = v)|*/? dv
- l z 2ka 7T2ko¢+1 2(5(N)(27T)ka
—ax\2 n2ka716(N)2ka nkafl(O-N/MN)ka ’

We choose 0(N) = n=P, (M) =m = with 8> 0 and 4’ > 0. In order to
have
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N—o0

lim [ |Hy (A1 — 0)Hy (A2 —v)[*/? dv =0,

it is sufficient that

) n?kaﬁ ] 1
1) i 0 i =
and
2kaf’ 1
(3.12)  lim = — =0, lim = 0.

Moo m2ka—1 M—oo mﬁ’—i—ka—l(o-;\/[/LM)ak

Suppose for a moment that conditions (3.9), (3.11) and (3.12) are fulfilled;
thus Qn,ar(A1,15 A1,2; A2,1; Ag,2) converges to zero. We write

ANk = ON (AL ks Aogk) — QN (A1,1s A2s Aos Az2).
Then

%o oo |K-K'|-K'
f f —— duj dus
— 1
|U1U2‘1+p a/2
-0 —0o0

2 o)
o duy,
§4H f exp(—Cly|ug| AN,M,k)W.
k=1 0

1/a

Putting v = ui(An,am,x)" <, one has

(3.13) C(\1, )

AL15 A2 2,15 A T e Calvl” ?
SconstQN’M( 1,15 A1,2; A2,1 2,2)< f | dv)
— 00

(AN 11,1 AN ]2 Jo[i+p—ar2

Since ¥, m(A1,k, A2,k) converges to ¢(A1, A2), it follows that Ax arx con-
verges to ¢(A1, A2). Thus Jy tends to zero.

Now we study the rate of convergence of J. From (3.13) we have J; =
O(Sn,m(A1,A2)), where

1 1 1 1

S o) = [ [ [ [ W)W (@)W (@)W (ah)

-1 -1 -1 -1

X QN,M(AI,M A1,23 A2.15 >\2,2) dzq dl’/l dzo dl”g-

Using (1.1), (3.2) and (3.3) we get

(1) 1 1 1
Snam(Ar; Ag) < SN,M()‘lv A2) + O(n2ka1 + m2ka—1 + n2ka—1,,2ka—1 |’
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where

SJ(\},)M()‘M A2)

= f f¢(01,1}2)

101
(_jl‘ _{ W (z1)W () [Hy (Mg — v1)Hy (A2 — v1)[*? day dx’l)
11
X (_j; _‘/1‘ W(iL‘Q)W x

X |HM(>\271 — 'UQ)HM(/\272 — U2)|a/2 dZL'Q dl‘é) dUl d’Ug.
We have

ST (A, Ae) <

Ji%::

fﬂ- ’01,1)2 ( fﬂ WN(U1)|HN(A1 — Ul —'1)1)|a/2 du1)2

2
X ( f WM(U,Q)‘HM()\Q—U,Q—’Ug)‘a/2dUQ> d'l)ldUQ.

Changing the variable, we obtain

2 2w
SV A2) < [ [ 6 — wi, Ao — w2)[Gv (wi)P[Gas (w2)]? duwy dus,
—2m =27
where
wi1+mT
Gy (wy) = f W (wy — t1)|Hn (t1)|*/? dty,
wo 4T
Gu(ws) = [ War(ws — ta)| Has(t2)|*/? dts.
Now,
o < My sup(W) 7 |sin 2t |* 5
N(wl)— (Bgé’ )1/2 f Sln%
M ™ nt |ka
< 6 I\isup(W) f sin 2 @t
(Boz,N)l/2 Sln§

T/n T ko

6 M sup(W)nke 6 My sup(W) 7r

< 17 dty + — 175 [ () dt.
(BQ,N) 0 (Ba,N) t1
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Thus from Lemma 2.1 we get

MN LM

Thus we have

1 1 1 M2 L2
J2=O< + + + N-M>.

n2k:a—1 m2k:a—1 n2ka—1m2ka—1 n m

Since ka > 1, it follows that
My L
=0 (;V " Ag)
n m

Using the evaluation obtained for J;, we have
My Lj
Var[fn m (A1, A2)] = O(O’N + ol + Tév + n;\Q/[)

Now we show that conditions (3.9), (3.11) and (3.12) hold. Under the
hypotheses of the theorem we have My = n® and Ly, = m* , where ¢ and ¢
are smaller than 1/2. We choose oy = n~% and oy, = m~% with d = 2 —4c
and d' =2 —4¢. Then

Var[fx o (A, Ao)] = o(id + mld>

We have taken 6(N) =n~? and §'(M) = m~" by choosing
3ka — 3cka 3ka — 3 ka
= d / =
= Ttk ™ 7= 1%k
and using the hypotheses of the theorem on ¢ and ¢/, we show that the

expressions of (3.9), (3.11) and (3.12) tend to zero with same rate. Thus we
obtain

1 1
Var[fN,M()‘l) )‘2)] =0 <n2(12c) + m2(172c’) > .
THEOREM 3.4. Let A\, Ao € A be such that (A1, A2) # 0. Then:

(i) Elfn,m (A1, A2) = [B(A1, A2)]P/[? = o(1).
(ii) Under the conditions of Theorem 3.3(ii), for k satisfying v+1 < 2k«
we have

E|fna (A1, Ao) = [6(A, M)/
1 1 1 173 ,
_ O<n2<12c> =T {MYV i LYVJ > ¥ ¢ satisfies (),

1 1 1 173 . ,
@ n2(1—2¢) + (=2 + + — if ¢ satisfies (hz).
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Proof. It is easy to show that
E|fnar(Ars Ao) = [6(A1, X))
= (B[fn,m (A1, A2)] = [0(A1, M)/ ) = Var[fx ar (A, Ao)]-
Theorems 3.1 and 3.3 give the result.

THEOREM 3.5. Let A\i,\a € A. Then [fN,M()\l,)\g)]a/p converges in
probability to ¢p(A1, Aa).

Proof. Asin the work of Masry and Cambanis [11], we use the inequal-
ity
[y = o < Dy -l + "), ayeRT g>2,
to obtain
v (A, A2)]*P = (A1, o)
S%VN,M(M: A2) =@, A2) P ([ ar (A, A)] P = [d(Ar, Ag)] 2P/ ),

Then we show easily that [fn, M(/\l,/\g)]a/ P converges in probability to
¢()‘1a>‘2)'

4. The double kernel method. It remains to estimate ¢ at points
(A1, A2) which belong to | — 7, 7[?> but do not belong to A. To do that, we
use the double kernel method, introduced by Priestley in [12], for processes
of second order. We consider a nonnegative, even and continuous function
W vanishing for |A| > 1, with [*, W(v)dv = 1 and W(0) # 0. We define
the spectral windows:

wP o) = MPwomy), w@Po) = MPwoam?),
won =LOwoLY), w0 = PwuLd),

where M](\,l)7 M](Vz), Lg\? and Lg\? satisfy

; (i) _ : (@) _
A}l_r)r(l)OMN = o0, IEI})OLM—OOv
lim MY /N = lim LY/M =0 i=1,2
N1_>00 N/ O’ ]V[l_)o0 M/ 07 t ) 4y

and
Jim MP M=o, lim L2/l =o.

We suppose that (]\4](\,1))2’“0‘/712’“0‘_1 and (LS\}[))%O‘/m%O‘_l converge to 0.
For example, M](\,l) =nb, M](VQ) =n®with 0 < ¢ <b<1-1/(2ka). These
spectral windows must be such that there exist nonnegative real numbers c
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and ¢ different from 0 and 1, satisfying the relations
w2 ) —caw Py =0, -1/M{<6<1/M,
W) - W) =0, —1/L5) <o <1/L8;.

Consequently, ¢ = M](\[Q)/M](\,l) and ¢ = Lg\i,)/LS\?. Let

us T

()\1, )\2 f f W( ) ul)W](V})(/\g — UQ)TN,M(Ul, UQ) dU1 dUQ,
(2 )\ )\ . . WJ(\/') )\1 —Ul)—CW](Vl)(Al—ul)
1, 2 ;f :[ 1—c
Wg) ()\2 — UQ) — C/W](\})(Az — UQ)
X 1—o INM(Ul,UQ)dUldUQ.

We consider the following estimator:

z(\fl,)J\4(>\1,>\2) when (A, \2) € A,
fN,M(Al,)\Q): @)
N M (A1, A2) elsewhere.

THEOREM 4.1. Let A\, A\g € |—m,w[. Then fn ar(Ai, A2) is an asymptot-
ically unbiased estimator of [p(A1, Xa)]P/<.

Proof. We only study the case where (A1, \2) € A, the other cases are
considered in Theorem 3.1. We show easily that for NV and M large enough,

[ () )

-7 —T

% <WZ(\/?) ()\2 - Ug) - C/ng/}) ()\2 - 'LLQ)

11— >dU1dUQ:1

Our choice of I/V](V1 ) and WI(V2 ) implies that, for large N and M,

(4.1)  E[f{h (A A2)] = [, o)/

2 1

1 1
=Y 90— 1l [ Wo)W(v)

k,p=1 M](\?)/M](\[l) Lg\j)/Lg\}j)
A — 1P /M A D\, /L2 P/
X[[¢N,M( 1+( )vl/ N 2+( )’UQ/ M)]
—[p(A1, A2)]P/?] dvy du,.
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We are going to show that the following quantity converges to zero:
1

: 1 i
E:m 1l [ W)W (vs)

M@ M P L Ly
x [[n (M £ 01 /MG, A2 + 02 /L) P/ — [$(A1, Ao)]P/*] dvy dos.

Since p/a < 1, we obtain
1 1

|E/|§(1_C)1(1_C,) | [ W)W ()

M@ /M® L@ /LW
X Jonnr O 01 /MR, Ag £ 02/ L)) = 600, o) [P/ doy dus.
Thus from (3.4) and the definition of ¢ 3 we have

|E'| < [E] + E5 + E3],

S
(1-c)(1—=¢)
1 1
El= [ W)W (v)
M@ /m® L /LWL
< Iy e £ o1 /MP o £ 00 /L) = d(A1, A2) P/ doy dus,
1 1
Ey= [ [ W)W ()
M® MO L@/ Lw
X ‘JN,M()\I :tvl/M](\?),)\g ivg/Lg\Z))‘p/a d’l)1 d’Ug
1 1
Ey= f [ W(wn)W ()
M@ MO L@ /LW

X ‘KN7M(A1 :I:vl/M](\?),/\g :EUQ/LS\%[))’I)/Q dvl d’l)g.

Since M](\})/MJ(\,Q) > 0 and L%?/LESI) > 0, from (3.1) we see that Iy (A £
vl/M](VQ), Ao + Ug/Lg\?) converges to ¢(A1, A2) uniformly in vy, ve € [—1,1].
Hence E] converges to zero.
For EY we use Holder’s inequality and (3.4) to obtain
1
p/a
By < [sup(W)2 Y (a;. [ HyO £ o/MG) —wny) dm)
=1 @y
1 (2) o P/a
X ( f |HM(A2:i:U2/LM —’ng)| dvg) .
L® /LW
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We distinguish two cases:

Case 1: Ay = wy . Let
1

Byy= [ HyOa£o /MY —wi)| dos.
M@ P
Then
1
1 1
Eé,l S ’

. 2
Bav o pgco (o /(M) 2k

Therefore for large N we have 0 < 1/Mz(vl) < vl/M](\?) < 1/M](\?) < m and
from (3.10) we get

1 MP )
(43 B, <1 (1— fﬁ)(zw)m(MN y2io,
Ba,N MJ(V)

From Lemma 2.1, we obtain

(M](Vl))%a
Es, :O< n2ka—1 |

Similarly we have Ej ; = O(1/n?**~1). Now,
1
f |HM()\2:|:1)2/L§3[) —1U2j)|a dv2

(2) /7 (1)
Ly, /Ly

1/m2ka—1 if Ao 75 Wa; .

Thus E tends to zero. For Ef, we use again Holder’s inequality and (3.4)
to get

1)\ 2kar a1l
< const { (LS\/[))% /mPRemt i Ay = way,

4

q 1 1 ™
B < [sup(W))* Z(a;)p/a( f f [ f |Hn (A £ ’Ul/M](V2) —t1)
=1 M@ mP L@/ -

(2) o p/e
X HM()\QZIIUQ/LM —a;tq —b2)| dt1:| d’U1 dUQ) .

Case 2: A\g —a;M\ — b, =207 with 8 € Z. Since H; is 2mw-periodic, it
follows that

f |HN()\1 :I:vl/MJ(\?) 7t1)HM()\2 :l:’UQ/Lg\Q/I) —aitl — bl)|adt1

—T

= [ [HyO £ 0 /MS — 1) Hyp(aids £v2/LE) — aity)|* dty.

—T
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Now |H x| is a kernel and the function t; — |H s (a; A\ :i:vg/Lgé) —a;ty)]® is
continuous on [—m, 7). Therefore, fixing M and letting N — oo, we obtain

N—o0

lim f ’HN(Al + 'Ul/M](\?) — tl)HM(aiA1 + UQ/LE\? — aitl)\a dtl

2)\ |
= |Har(v2/L3))|,

uniformly in v, € [—1,1].
By the same arguments as for (4.3) we get

1 (2) /7 (1) (D 2ka
2 1—Ly /L 1 (Ly/)
[ 1Har(oa/ L) dvy < =2 n L) = O S5 ).
L@ /LW oM
M M
Thus E% tends to zero.
THEOREM 4.2. Let A1, Ao € |—m, [ with ¢(A1,A2) > 0. Then
VaI'[fN7M()\1, )\2)] = 0(1)

Proof. We study only the case where (A1, A2) € A. In the same manner
as for (4.1), we obtain

Var[fn (A1, A2)]
1

1 2 1
:(1—c)(1_0/)E[kZ ] weywe)

K10 @) D L)

X [TN,M()\I + (_1)kv1/M](v2)7 A + (—1)k/v2/L§\31))

_El e @ Y s /L2 2
Eln v (M + (1) 01 /M7, A2 + (=1)" va/Ly/ )] dvy dvg

For simplicity we write

1 2
> Ak K pp),

Var([fn a (A, A2)] = ]
k,k',p,p'=1

where
1 1 1 1

Ak K pp) = [ [ [ [ W)W (wa)W (v} W (uh)
M@ MO L LM O L /LY
x Cov[Inar(Ar + (=1)Fv1 /MP, Ao + (=1)¥ 0a /L),
InarO + (=10, /M, Ay + (—1)P 0/ LS2))] dvy dvy dv), dudy.
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We set
Ly = {(v1,v]) € MG /MY 1) 2 [(=1)Fv1 — (—=1)Pv]] > on},
Loy ={(v2,vh) € [L§) /LG 102+ [(=1)% 02 — (1) v > o},
Lsn = {(v1,v),v9,0}) € MP /M 1% x [LE /L), 1)
(—1)Fvy — (=1)Pv}| < o or [(—=1)F vy — (1P vh| < oy},

where oy and o, are two nonnegative real sequences converging to 0. We

S ke [T

Li,N LanN

Using (3.4), we obtain
Var[Ty.ar (A + (=1%o /MDAy + (=1)F vy /L))
= VaplInar (O + (1) %01 /M Xo + (—1)F v /L5 )22/
 Vapl I O + (—1)For /MG ho + (—1)F vy /L)) 2P/
Vil En e+ (Do /MG, dg 4 (—1)¥ v/ L))/

From (3.1), [In v (M + (—1)’“111/]\/[](\,2), Ao+ (—1)k/vg/L§\24))]2p/°‘ converges to
[p(A1, A2)]?P/® uniformly in vy, vy € [~1,1]. For N and M large enough we
obtain

J W o)W (o)W (0)) W (v3)

 [In e + (=1)Fu /MP X + (=) 0o/ L2/ doy dv, dvy dul
< constloy + o’y
Using inequality (3.4),
[Tnvnr (A1 + (—=1)For /MY, AQ + (=) vy L)) 2P/

Z [Hy (A + (—1)Foy /MG — wyj)|

X [Hyr(ha + (= 1) 0o /LY — o))"/
We distinguish three cases:
Case 1: there exists j € {1,...,¢} such that Ay = wy;. Then
1 1

|HN()\1+(—1)]€U1/M](\?)—W1j)|a < 7 A 2%ka "
Bon sin [3((=1)kvr /M)




Spectral density estimation 131

By using inequality (3.10), for large N we get
1 1 2k
T k @D\12k — g (D\112ka = (Dy|2ka
i [5((— 1o/ MY P~ Jsinft/ @M 1/ME)|

From Lemma 2.1, we obtain

(1)\2ka
M
O+ (ot = = o W),

Case 2: Ay —a;A\1 — b; & 27Z for every i € {1,...,¢'}. From (3.3),
we get

[ 1Hx O+ (-1 /M@ — )

—T

X ‘HM()\Q + (—1)k,U2/LS\Z) — a;v — bz)‘a(ﬁl(U) dv

1 1
= O<n2ka—1 + n2ka—1m2ka—1)'

Case 3: thereexistsi € {1,...,¢'} such that Ay —a;\; —b; = 207 with
B € Z. Because H); is 2m-periodic and ¢; is bounded on [—7, 7], we obtain

J 1y O+ (1P M @ — o)

—T

< [Hyr (Ao + (=1)F 09 /L = a0 — b;)| i (v) dv

< sup(éi) [ [H(h + (—)fur/MP — e

X ‘HM(GZ)\I + (—1)k/U2/LS\3) - aiv)‘a dv.

Now |Hpy|* is a kernel and the function ¢ — |Has(a; A1 + (—1)k,v2/LS\? -
a;t)|* is continuous on [—m,7]. Hence, as N — oo, the last integral tends
to |HM((—1)k’v2/Lg\2/[))\°‘. Thus for M large enough we obtain

/ 1
[Har(=D)F 02/ L))" < g (2m)?** (LY.
o, M
Therefore, [Kn a(A1 + (—1)kv1/M](\,2), A2+ (—1)k/v2/LS\Z))]2p/°‘ converges to

zero. Thus Var[ly (A + (—1)kv1/MJ(V2), A2+ (—1)k/v2/LS\24))] tends to zero
uniformly in vy, ve € [—1,1]. Consequently, J; tends to zero.
On the other hand, for J; we define

A=A+ (_1)kU1/M](V2)7 Az = A1+ (_1)pv/1/MJ(V2)’
Aol = A2 + (_1)151)2/[/5\3)’ Ao = Ao + (—1)p,U§/L§\?~
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As in the previous section we obtain

Jﬁ < f f W(Ul)W(U2)W(U/1)W(UQ)QN,M(/\Ll,/\1,2,/\2,17/\2,2)
LinL2 N

0o 0o €|K K'|-K'
< S I Terarrerera ) s
142

where K, K’ and Qn a(A1.1,A1,2, A2,1, A2,2) are defined in Section 3. Anal-
ogously to the previous calculations, we show that

]\}Enm QN m(A1,1,A12, 21, A22) =0

M — oo

and
oo o0 — K’
€|K K’ | K

lim f f duy du
N—oo |U1U2‘1+p O‘/2 2
oo

M—oco0 —0c0 —
1 —Cq|v|® 2
< 7d .
[(A1, A2)]1— 2”/“( f o[t/ )

Thus J} tends to zero, and consequently Var[fn ar(A1, A2)] converges to
Zero.

The following two theorems are proved with analogous methods.
THEOREM 4.3. Let A\, A\s € |—m, 7] and ¢p(A1,\2) > 0. Then
Jim Bl fvar O, de) = (60w, )P =0

M —o0

THEOREM 4.4. Let A1, Ao € |—m, 71| and suppose that (A1, A2) > 0. Then
[fn.ar (A1, A2)]%/P converges in probability to ¢(A1, \a).
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