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A CLASS OF INTEGRABLE
POLYNOMIAL VECTOR FIELDS

Abstract. We study the integrability of two-dimensional autonomous
systems in the plane of the form & = —y + X;(z,y), y = x + Ys(z,y), where
Xs(z,y) and Y, (z,y) are homogeneous polynomials of degree s with s > 2.
First, we give a method for finding polynomial particular solutions and next
we characterize a class of integrable systems which have a null divergence
factor given by a quadratic polynomial in the variable (2% + 32)%/2~! with
coefficients being functions of tan=!(y/x).

1. Introduction. We consider two-dimensional autonomous systems
of differential equations of the form

(11) xzierXS(x?y)? y:x+YS(x,y),

where
S S
Xo(z,y) =D apay™™",  Yi(w,y) = bpaty""
k=0 k=0

are homogeneous polynomials of degree s, with s > 2, and with a; and b,
k=0, 1,...,s, being arbitrary real coefficients. Recently, these systems
have been studied by several authors (see for instance [1], [3], [5], [6] and
[8]), especially in order to obtain information about the number of small
amplitude limit cycles and to determine the cyclicity of the origin (see for
instance [4] and [7]). In this paper we study their integrability.

Our aim is to find solutions W (z,y) = 0 of system (1.1), where W(z, y)
is a null divergence factor (this notion will be defined below). In Theorem 1
we give an explicit method for obtaining such a factor, which is used in
Theorem 2 to construct a particular class of integrable fields.
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We can write system (1.1) (see [2]) in polar coordinates x = r cos ¢ and
y =rsiny as
(1.2) P=Pio)r®,  ¢=1+Qs(e)r" ",
where Ps(¢) and Qs(¢) are trigonometric polynomials of the form
Py(p) = Roy1cos((s + 1)+ psi1) + Rs—1cos((s — )¢ + ¢s-1)

I Ry cos(p + 1) if sis even,
o Ry if s is odd,

Qs(p) = — Rspasin((s + D + psi1) + Ry sin((s — )¢ + ;1)

Rysin(p + ;) if s is even,
+”'+{R0 if s odd,

where R;, R;, ¢; and p, are real constants.
If we make the change of variable R = r*~!, then system (1.2) becomes

(1.3) R=(s—1)P(p)R?, ¢=1+Qs(p)R.

In the study and determination of the first integrals for quadratic systems
and homogeneous cubic systems (see [2]), we used a technique consisting in
the research of polynomial particular solutions of system (1.3) of the form

(1.4) V(R, @) =1+ Vi(p)R+ Va(p)R* + ...+ V,(¢)R" =0,

where Vi(¢), K = 1,...,p, are homogeneous trigonometric polynomials of
degree k(s — 1) in the variables cos ¢ and sin . The main results are the
following.

A function W (z, y) will be called a null divergence factor for system (1.1)
if W(x,y) = 0 is a particular solution for this system and the divergence of
the vector field

(—y+ Xs(z,y) x4+ Y(x,y)
C‘( Wy W) >

defined on R? \ {(z,y) : W(z,y) = 0} is zero.

We notice that if the divergence of a vector field is zero then system (1.1)
defined for this vector field is integrable. In particular, if system (1.1) has
a null divergence factor then this system is integrable and the origin is a
center.

By using the functions z;, i = 1,...,p, defined implicitly by

P P
(1.5) i = g xzj, Vo= g TjTg, ..., Vp=2T1T2...Tp,
j=1 jk=1
i<k

the function (1.4) can be written as V(R, ¢) = [\, (1 + z:(¢)R).
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THEOREM 1. If

P (6%
V()" = ([0 +2i(0)R))
i=1
is a null divergence factor for system (1.1) with o a real number, then the
functions x;(p), i = 1,...,p, satisfy the following system of differential
equations:

T;
dz; —
(1.6) Ti_ S L i=1,....p,
o
s—1 —~ 2 — T
Jj=1

where z = Qs(p).

For p = 2 it is possible to find the general solution for system (1.6) and
therefore to determine a null divergence factor for system (1.1). In this case,
we have

THEOREM 2. For s € N with s > 2, and arbitrary ki, ko, p9 € R, the
system of the form (1.2) with

Py(p) = 2(—k1 cos® *(p + @o) sin® (¢ + o)
(1.7) + ko sin®~2(¢ + o) cos® (¢ + ©o)),

Qs() = (k1 cos® (@ + ¢g) — kasin® (¢ + o)) cos 2(¢ + o),
1s integrable.

In cartesian coordinates x = 7 cos(p + o) and y = rsin(¢ + ¢g), we can
write system (1.7) in the form
&= —y— k'Y + koy® T3 (227 - ),
g =x+ kyx® (2 — 2°%) + koay® T,
with s € N and s > 2. We notice that the origin is a center for system (1.8).
In Section 2 we give a method of obtaining particular solutions of sys-

tem (1.1). Theorem 1 is proved in Section 3. Finally, Theorem 2 is proved
in Section 4.

(1.8)

2. Particular solutions

PROPOSITION 1. The function (1.4) is a particular solution of system
(1.3) if the homogeneous trigonometric polynomials Vi(p), k = 1,...,p,

satisfy the following differential system:
(2 1) Vk/—‘rl + VIéQS + k(S - 1)Vsz - Vk;Vl/, k = ]., ey P — 1,
' VIQs + p(s — )V, Py = V, V.

where ' = d/dp.
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Proof. If we force V(R,p) = 0 to be a particular solution of sys-
tem (1.3), then it must satisfy

(2.2)  V(R,¢) = AR, 0)V(R,¢)
= MR, )1+ Vi(p)R+ Va()R* + ... + V() RP).

Differentiating V (R, ¢) with respect to ¢t we get

23) V(Re) = G~ VPR + 501+ Qo))
= (V) + 25(@)R + ..+ pVp() R ((s — )P (@) R)
+(V(@)R+V3(9)R? + ... + Vi (9)RP)(1 + Qs(9)R)
p—1

=Vi(p)R+ Z(Vklﬂ(@)

k=1
+Vi(©0)Qs(0) + k(s = 1)Vi(0) Po(0)) M
+ (Vo (9)Qs(0) + (s = DVp(9) () R,
and if we equate the terms on the right-hand side of (2.2) and (2.3) it results

first in A(R, p) = V{ ()R, and considering this relationship we obtain (2.1).
We notice that V (R, ¢) satisfies V = (V/(¢p)R)V. =

PROPOSITION 2. In order to find a particular solution of system (1.1) of
the form (1.4) it is sufficient to find p different solutions of the differential
equation

d
(6= Qu(p)) g = (= DA

so that the functions Vi(p), k = 1,...,p, obtained from relations (1.6) be
homogeneous trigonometric polynomials of degree k(s — 1).

Proof. By using the functions z; introduced in (1.5) we define

p p
24) V=1 W=> a;, V= > am,
=1 k=1
VED) <k
Jrk#i

%
vy V;)fl =212 ... Tj—1Tj41 - - - Tp,

fori=1,...,p. From (1.5) and (2.4) we get

1P P
Vi = % Zvlg—lxh Vk/ = Zvlg—lxgv
=1 i=1
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where k =1,...,p. Then we can write system (1.5) as
S Vit (ka ) Q.+ s_l(zvk )P ().
i=1
( Viiah) Qs (3—1(21/111;)13_1/( 7)),

where k =1,...,p— 1. On the other hand, from the equalities

P p
szw ZV Zle—V;f)x;:;V£_1mix;, k=1,...,p—1,
p p
szx; = ZV;DJ"; = Z‘/;_ll‘il‘g,
i=1 i=1 i=1

system (2.4) can be written as

s
Il
—

M»@
M@

1

i
.
I
I

ka 1(2Qs + (s — D)oy Ps —ayx}) =0, k=1,...,p—1,
25 !

D Vi a(@Qs + (s = DargPy — mia}) = 0.
=1

S|

1=
If we set X; = 2,Qs + (s — 1, Py — i=1,...,p, system (2.5) becomes

1,7

(2.6) Z Vi X;=0, k=1,...,p.
This is a linear system of p equations in the variables X;,...,X,. The
matrix A of system (2.6) is given by
1 1 . 1
s Vll V12 le
)
Voo V2, oo VY
and a straightforward computation shows that
P
det A = H (x; — ).
ij=1
1<j
If we assume that the variables x1,x2,...,2, are pairwise different, then

det A # 0. Therefore, the only possible solution of the linear system (2.6) is
X;=0fori=1,...,p, that is,
Qs+ (s — Vi Ps —wiz;, =0, i=1,...,p.

)

This completes the proof. m
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We note that system (1.3) and the system of Proposition 2 are equivalent
if we make the change of variable R = —1/x.

3. Null divergence factors. If system (1.1) is written in polar coor-
dinates (see (1.2)), then the function (V(R, ¢))® is a null divergence factor
for system (1.1) if

10 [ P(p)rst! d (1+Qs(p)rs!
ror\(V(R,¢)*)  0p\ (V(R,¢))*
Now assume that the function V(R, ¢) is of the form given in (1.4) with
R = r°7!. Then if we develop the expression (3.1) with respect to the
powers of R, we have
(s+1)Ps + Q. — aV] =0,
(32) Vk/+1 +Vk/Qs+k(S_ 1)Vsz :VkV1,7 k= 1,---7]9_ 17
V,Qs +p(s = Vo P =V, V.
System (3.2) coincides with system (1.5) except that the value of V7 in
system (3.2) is determined as a function of Ps(p), QL(y) and «a.

Proof of Theorem 1. From (1.6), Proposition 2 and (2.5), sys-
tem (3.2) takes the form

—1)Psx;
3.3 o = B DR
( ) ’ i — Qs
with the condition
p
(3.4) (s+ 1P +Q, —a> x;=0.

i=1

If we take z = Qs as independent variable instead of ¢, then we have

dgp_dQS d(p7 - ""7p7

and (3.4) goes over to

Y dx;

(s + )P + Q — aQl - =0,

P dz

which gives
1 P d.%’l ’

(3.5) P, = 8+1<az - —1>QS.

i=1

By inserting the expression (3.5) in system (3.3), and considering the change
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of variable z = (5 we can write

de; s—1 =1
dz  s+1 T; — 2

Then, isolating dx;/dz, i = 1,...,p, in the above system we get

P
|V ICRED
=1
dIL‘Z' #i
dz st1 P P

—1 1 (z—xj)+az_:<

oL,

=

Z—l'k)

If we divide the numerator and denominator of this fraction by the prod-
uct [[%_, (2 — z;), we obtain system (1.6).

k=1
k#j

Note that system (1.6) is symmetric with respect to the variables z;,
1=1,...,p

We want to find functions of the form
(3.6) U(xy,...,xp,2) = H(x1,...,2p) + 2G(21,...,2p)
so that, for system (1.6), dU/dz = 0.

PROPOSITION 3. In order to find functions of the form (3.6) for system
(1.6) it is sufficient to find solutions of the partial differential system

OH oG

i — G =0, ,=1,...,p,
8$i+x8xi+a ) P

(3.7)

p
0G s+1
Z:xlail‘l—i_S*lG_O

Proof. If we differentiate (3.6) with respect to z, we have

dU <~ 0H da;  0G dz;

@z "o de Pz TOTY

By replacing the value of dx;/dz,i=1,...,p, given in (1.6) in the previous
expression it becomes

P ' p
Z@H ZT; 1z % Z; <3+1 Z ) O’
ox; z — x; iil@miz—x s—1 Z— x;

or



346 J. Chavarriga

P P P
oOH x; oG x? s+1 €T
: i G
P 8xizxi+;8x-(%+zxi>+<s1+a;zxi>

T —BH—l—mQaG + ax;G

p i ; i p

ox; " Oz, oG s+1
P zZ— T +i:1$8wi+s—1

In order that this last expression be null it is sufficient that conditions
(3.7) hold. Notice that these conditions are not necessary in order that the
previous expression be null. =

4. Quadratic null divergence factors. We now consider the case
p = 2, that is to say,

V(R,9) =1+ Vi(9)R + Va(¢)R”.
In this case, system (3.2) takes the form
(s+1)Ps+ Q. — aV] =0,
Vo +ViQs + (s — DN Py = ViV,
V3Qs +2(s = Vo Py = V2V,

where Vi = x1 + x2, Vo = 2122, and system (1.7) goes over to

Z1
dl‘l o zZ— T
E_ < i) i) >’
a+ « +
@.1) G
dzo 2 — X2

dz < 1 9 )’
a+ « +
z— I zZ — T2

witha=(s+1)/(s—1).
In this case, we want to obtain functions of the form
(4.2) U(zy, 32, 2) = H(z1,32) + 2G(21, 22)
so that, for system (4.1), dU/dz = 0.
By applying Proposition 3, the functions H(z1,x2) and G(z1,x2) have
to satisfy the system

OH 0G
871‘1 + 117187561 + oG = 0,
oH oG
4' I — _— =
(4.3) s + X s +aG =0,
0G 0G

xlaixl‘i‘xgailiz‘i‘aG:O
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If we make the change of variable u = x5/x; and we take the functions G
and H as follows:

G(z1,22) =27 g(u), H(xi,z2) = mi_ah(u),

then the third equation of system (4.3) is satisfied identically, and the system
takes the form
d dh
ag + ul +-——=0,
du  du
(4.4)
(1—-a)h=[(a —a)—aulg+u(l — u)j—g
U

If we differentiate the second equation of (4.4) with respect to u, we have

&g
du du?’
By replacing the value of dh/du obtained from the first equation of system
(4.4) in the previous expression, we find

(l—a)%:—ag+[(a—a-l—l)—(a+2)u]@—|—u(1—u)d

d?g dg

(4.5) u(l—u)w—l—[(1+a—a)—(1+a+a)u]%—aagzO.

The relation (4.5) is a hypergeometric second order linear differential
equation. We will study it for the particular case a —a = 1/2. This relation
is satisfied by certain integrable systems (1.1) in the quadratic case s = 2.

Since @ — a = 1/2, the equation (4.5) can be written as

u(1 —u)f;g + <; — <2a+ ;>u>fli —a<a— ;>g:O.
The general solution of this equation is given by
glu) = w 2O (1 + V)27 4 Cy(1 — )2,
where C; and Cy are arbitrary constants. For this g(u) we have
h(u) = C (14 Vu)? A= — Cy(1 — Vu)?(=9),

By going back through the change of variables it is easy to see that
G(a1,2) = (w129) "2 (Cr(Var + a2) 7Y 4 Co(y/mr — V/2)* ™),
H(x1,22) = CL (Va1 + v/@2)"! 7 = Co(yar — )27,

Therefore
Ui(z1,@2,2) = (Var + @)™ (1 + 2/ aras),
Uz(a1,22,2) = (Va1 — v/a2) 2~ (1 - 2/ /@172)
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are two independent functions of the form (4.2) for system (4.1), which we
can write in the form

Ur(1, %2, 2) = (21 + a2 + 2¢/T172) (1 + 2/ /T122),
Us(21,22,2) = (z1 + 22 — 2/T102) (1 — 2/\/2122).
As Vi =214+ 29, Vo =129, 2= Qs and a = (s + 1) /(s — 1) we can write
Ur(Vi, Vo, 2) = (Vi +2V/1V2) 67014+ Qu/v/ Vo),
Us(V1,Va, 2) = (Vi = 2¢/V2) /07D (1 = Qu/V/1R),
that is,
(Vi +2VV2) 20D (14 Qy/V/Ve) = Ko,
(Vi = 2¢/Va) 26701 - Qu/V/ V) = Ko,

where K7 and K5 are arbitrary constants.

(4.5)

Proof of Theorem 2. We can write system (4.5) as

Vit 2¢/Va = Ki(1+Q,//Va)*7D/2,
Vi —2/Vs = Ka(1 - Q,/V/1R) V2.

By multiplying the two equations, we have

(4.7) VZ—4Vy = K1 Ko(1— Q2)Va) s~ 1/2,

(4.6)

As Vi and V5 are homogeneous trigonometric polynomials of degrees s — 1
and 2(s — 1) respectively, the left-hand side of (4.7) is a trigonometric poly-
nomial of degree 2(s — 1). So the right-hand side of (4.7) must have the
same degree. In particular, V5 is a divisor of Q2. On the other hand, if we
square the first equation of (4.6), and we develop the right-hand side of that
equation according to the Newton binomial, and group the terms with or
without the factors v/Va, we see that /V5 is a homogeneous trigonometric
polynomial of degree s — 1, and a divisor of Q,. Hence Xy = Q,/v/ V2 is a
homogeneous trigonometric polynomial of degree (s 4+ 1) — (s — 1) = 2, and
we can write system (4.6) as

Vi4 2y Ve = K1 (14 Xq)571/2)

Vi — 2/ Vo = Ko(1 — X))/,

By subtracting both equations of system (4.8), we have
4/ Vo = K1 (14 X)7D/2 - Ky(1 - Xp)-1/2,

(4.8)

and then
1 — —
Qs = X2\/Vp = X1+ X)o7 D2 ZKy(1 — Xp) 5172,
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If s is even, the trigonometric polynomials 1 + X5 and 1 — X5 must be
the squares of first degree homogeneous trigonometric polynomials in order
to satisfy system (4.8). In the case where s is odd, this condition is not
necessary, but we can also impose it. We can easily prove that

Xa(p) = cos2(¢ + ¢o) = cos 2w,
where g is arbitrary; it follows that
(4.9) 1+ Xy =2cos’w, 1—X,=2sin’w,
and
Qs(p) = (k1 cos® ' w — ko sin® ! w) cos 2w,

where k1 = %K12(371)/27 ko = il?ﬂ(s*l)/? By inserting the values ob-
tained in (4.9) into system (4.8) we have

Vi+ 2\/72 =4k cos®* tw, Vi — 2\/V = 4ky sin® ! w.
Therefore we obtain
Vi = 2(kycos® tw 4 ko sin®~! w), Vo= (kicos* tw—ky sin®~! w)z.
Finally, Ps is obtained from the first equation of (3.2):

1 1 s+3
Pszi ey V, = — — / V/
s—i—l( @ +avi) s+1< Qs+2(s—1) 1>
= 2(—Fk; cos* 2wsin® w + ky sin® 2 w cos® w).

This completes the proof of the theorem. m
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