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Abstract. In the paper, the generalization of the Du Bois-Reymond lemma for functions of
two variables to the case of partial derivatives of any order is proved. Some application of this
theorem to the coercive Dirichlet problem is given.

1. Introduction. To begin with, let us denote: I = [0,1] C R, P? =[0,1] x [0,1] C
R2?,

ACE2(I,R™) = {h: I — R™ | bV is absolutely continuous on I
and KD (0) = W (1)=0fori=0,...,k—1, h® e L*(I,R")}

for k> 1 and
(k,0),2/ 2 2 “Hip .
ACy (P RY) =< h: PP - R" ——— s absolutely continuous on P?
oz Oyl

i tih

and —— =0fori=0,....k—1, 7=0,...,0—1,
0z 0y’ | 5 p2

(9k+lh

——— € L*(P*,R"

fork>1,1>1.

The following theorem plays a very important role in the classical variational calculus
and in the theory of ordinary differential equations.
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THEOREM 1.1. If v € L*(I,R") and
/v(t)h’(t) dt =0

I
for any h € AC’é’Q(I, R™), then there exists a constant co € R™ such that

v(t) = co
fortel a.e.

In paper [4], the following generalization of the above theorem to the case of derivatives
of order k > 2 is given:

THEOREM 1.2. If v € L*(I,R"™) and

/ o(®h®) (£) dt = 0

I
for any h € AC’{?’2 (I,R™), then there exists constants cy,...,cx—1 € R™ such that

u(t) = o1 tFT 4 et + e
fortel a.e.

In paper [5], the following generalization of theorem 1.1 to the case of functions of
two variables is proved:

THEOREM 1.3. If v € L?(P%,R") and

9h
//P2 v(s7t)m(s,t) dsdt =0

for any h € AC'(()LI)’Q(PQ,]R”)7 then there exists functions by(-),co(-) € L*(I,R") and a
constant agg € R"™, such that

v(s,t) = bo(t) + co(s) + ago
for (s,t) € P? a.e.

In our paper we shall prove a generalization of theorem 1.3 to the case of partial
derivatives of higher orders.

2. Main result. The main result of the paper is

THEOREM 2.1. If v € L?(P2,R") and

8k+lh
(1) //132 U(S;t)m(s,t)dsdtzo

for any h € Aék’l)’2(P2,R"), then there exist functions b;(-) € L>(I,R™), i =0,...,k—1,
cj(+) € L*(I,R"),j=0,...,l—1 and constants a;; € R",i=0,...,k—1,j=0,...,1—1,
such that

k—11-1 k—1 -1
(s, t) = D ais't + Y bit)s' + Y c;(s)t
i=0 j=0 i=0 j=0

for (s,t) € P? a.e.



DU BOIS-REYMOND LEMMA 223

Proof. Let us observe that

ACFV? (PR = {h . P2 > R"

1 T2 Ty Y1 Y2 Y1
h(z1,y1) :/ / / / / / I(s,t)dtdy;—1...dyadsdzg_q ...dxo
o Jo o Jo Jo 0

fOI' ($17y1) € P27
1 T2 Th—i Y1 Yi—j
// / / / l=0fory, €1,
Lh—i Y2 Yi—j
/ / / / / l=0forxz €1,

i=0,...,k—1, 7=0,. l—l}

1 px2 Th—i Y1 Yi—j
... ... =
Lhd L

for any y; € I if and only if

// / l(s,t)dsdag—_;...dre =0

for t € I a.e. Analogously,

T1 Tk—i 1 py2 Yi—j
0 0 0 Jo 0

for any z; € I if and only if

1 ry2 Yi—j
/ / / l(S,t)dtdyl_j...dyQZO
0 0 0

for s € I a.e. So, we may write

there exists a function | € L?(P? R") such that

It is easy to see that

AC2 (P2 R") = {h : P2 > R"

x1 Tk Y1 Y1
h(xl,yl):/ / / / [ for (x1,91) € P2,
0 0
// / I(s,t)ds...dvg =0for t € I ae.,
Y2 Yi—j
/ / / I(s,t)dt...dys =0 for s € I a.e.,
o Jo 0

i=0,... k-1, j—O,...,l—l}.

there exists a function I € L?(P? R") such that

Now, we shall show that, for any functions b;(-)€ L*(P?,R"), i =0,...,k—1,¢j(-)€
L*(P%2,R"), j=0,...,l—1, and constants a;; € R", i =0,...,k—1,j = O =1, we
have

k—11-1

(2) //PQ(ZZawst)fk;;hAs t)dsdt =0,

1=0 5=0
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3) /1. (lfbxt)si);:;zl(s,t) dsdt = 0.
1=0

(4) //]32 (;cy >aak,:al ————(s,t)dsdt = 0,

for any h € AC(()k’l)’z(Pz, R™). Of course, it is sufficient to prove that, for any ¢ =0, ...,
k—1,b;(-) € L*(I,R"),

1 1 ak-i,-l
(5) /0 /0 bi(t 6 Tay l(s,t)dsdt:O,

and, for any j =0,...,1 — 1, cj(~)€L2(I R”)

(6) / / o kal(s,t)dsdtzo.

Indeed, we have

akJrl
/ / 8 Tay l(s,t)dsdt
:/0 bi(t)/l ai(”)(s,t)dsdt
/Olb(t)< %(s,ﬂ ::;/Olisilmw,t)ds) dt
_/Olbi(t)<§y<(m>(1,t)—i/olsi1m(s,t)ds) dt
= —i/olbi(t)/olsi1M(S,t)dsdt—
=(=D%GE—1) ... - 1/01 bi(t) ; W(&tmsdt
— (—1)il /01 bi(t) <m(1,t) - m(o,ﬂ) dt
— (1)l /01 bi(t) <§y (W) (1,1) — a% <W> (0,t)> dt

= (—1)"! /01 bi(£)(0 — 0) dt = 0.

In a analogous way one can obtain (6).

So, from (1)—(4) it follows that, for any functions b;(-) € L?(I,R"),i=0,...,k — 1,
cj(+) € L*(I,R™),j =0,...,1—1, and constants a;; € R",i =0,...,k—1,j=0,...,1—1,
the function

k—11-1 k-1 -1
(7) (s, t) = v(s,t) — Z Zaijsitj - Z bi(t)s" — ch(s)tj
i=0 j=0 i=0 §=0

=0 j=



DU BOIS-REYMOND LEMMA 225

integrable on P? with power 2 satisfies the condition of type (1), i.e.

~ O**th
/LQ U(S,t)m(s,t) dsdt =0

for any h € ACék’l)’Q(PQ,R”).

Consequently, to end the proof, it is sufficient to show that there exist functions
bi(-) € L3(I,R™), i =0,...,k —1, c]( )€ L*(I,R™), j = 0,...,1 — 1, and constants
a;; €R", ¢=0,...,k—-1,7=0,. — 1, such that the functlon given by the formula

o [

for (x1,y1) € P?, where v is a function of form (7), is an element of AC(k D, (P2, R").
The form of the function hg and the integrability of v imply that it suffices to show

the existence of functions b;(-) € L2(I,R”), i=0,....k—1, ¢;(-) € L*(I,R"), j =

0,...,1—1, and constants a;; € R", i=0,...,k—1,j=0,...,1l — 1, such that

(8) // / (s, ) ds dag_s . das = 0

fortelae.,i=0,...,k—1, and

Y2 Yi—j
(9) // / dtdy; ... dys = 0

forselae,j=0,...,0—1.
System (8)—(9) may be written down in the form
k—11-1

[V RS 9 SO A

=0 j=0

—;bi(t)/ol/oxz.../Oz’“‘;si_étj/ol/o%M/Om_;cj(s):O

fort eI a.e ..,k—1,and
k—11-1

R ST

1=0 5=0

— Y2 Y -1 vs Yi_s
Z;S/o/o /0 bi(t)jzocj(s)/ol/o /0 t =

forselae,j=0,...01—1.
It is easy to see that it is enough to find functions b;(-) = (b}(-),...,b%(+)) €
L*(LR"),i=0,....k—1,¢;(+) = ( HE NI E ))GLQ(I,R"),j:O,...,Zfl, and

constants a;; = (a}j,. ,afy) € R, 0,... k 1, j =0,...,0 — 1, that satisfy the
following systems:
1 rx T
bo(t) Jo Jo o fo Fuls,t)
(10) Sk,s © } = : fort €I ae.,

b1 () I v(s,t)
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q - 1

ag; - fo 012 e fowk c;(s)

(11;) Sk,s © : = : for j=0,...,1—1,
1

Ak—15 L - fo cj(s)

cols) 1 [ fy Jo2 . [ (s, 1)
(12) Sito = : for s eI a.e.,

a-1(s)| | fol v(s, t)
- - 1 ,
aio —f S bt

(13:) Sito = : fori=0,...,k—1,

ail—1 L — fol b (t)
where

1 rx Tk 1 rz T —
F o R S Y kol e R
Sk:,s =
1 1 g
fo s0 fo sk=1
and, analogously,
1 ry Yt 40 1 ry Y 4l—1
P o e Y I e A
Sl,t =
1 1,
Jo t° Jott

In an elementary way one can show that det Si s # 0. So, for any ¢ € I such that the
function v(t, -) is integrable on I, there exists a unique solution (by(t),...,bgk—1(¢)) of
system (10). From the Cramer formulae it follows that b;(-) € L*(I,R"),i =0,...,k—1.

In an analogous way we obtain functions (co(t),...,¢—1(¢t)) that are integrable on
I with power 2 and satisfy system (12) for any s € I, such that the function v(-,s) is

integrable on I.

So, to end the proof we must demonstrate that the solutions of systems (119)—(11;-1)

and (13¢)—(135_1) are identical.

Let us introduce some notations.

di d
S,as : | — the matrix Sj s with the column 7 replaced by the vector

dy d1

e e
Slj’t — the matrix S; ;+ with the column j replaced by the vector

Sk,s)w,i — the minor (w, i) of S,
Sit)z; — the minor (z,j) of Si 4,

ij, 1=0,...,k—1, =0,...,1 — 1) — the solution of system (11¢)—(11;_1),
ij, 1=0,...,k—1, =0,...,1 — 1) — the solution of system (13¢)—(13x_1).
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Let us fix numbers i € {0, ..., k—1},7€0,..., -1} ae{l,..., n}. We have

1 T2 Tk o
' —Jo Jo7 Syt (s)
Skis :
1
_fo 7

_(( ki w+Z\Sk5m|// / )ISks

k
/Sz.t)) /1ks
-1

((1) (1) (S0
0
1 Th—w 1 Yl—=z
)t , 0 (s
; ) \(SZ,t>z,J|/O.../O // (s,1)
k—11-1

(( |Sk s||Slt| ZZ w+l+z+j Sk S)w z||(Slt)ZJ|

w=0 z2=0

/0 /0/0 /wa(st)

In an analogous way we obtain

1 2 10
B [ R A )
Slj,t
1
—Jo b7

-1

o
a;; =

/ISks|

= O

w

. (f()' fokafO" St))
St
fo ...fou"” fo v%(s,t)
k—1

= ((=1)/(ISrsl1S1eD) D= (=) 1(St.s )il

w=0

= _
aij —

/1514l

-1

- ((1)2(1)2“(51,02,]

(s [ [

z=0

I fo.. o(s,t)

Sis /1Sksl || /150l
fol-' yl— fO

-
= (=1)/(IS0el[Sk,sD) D (=17 [(S10)- 5] Z 1) (ks )uw,il
0

/ Lo
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-1 k=1
= ((=1)/(Seel1Sk,s1) D D (=D 1) 511 (Shs )i
z=0 w=0
1 Y-z 1 Tp—
So, aj; = ﬁ% and the proof is completed. |

Remark. From the above proof it follows that

agy = ((=1)/(|k,s[S1.e]))
k—11-1 Yis
Z w+z+z+j| Slcs wZ ,jl/ / / / S t
w=0 z=0
fori=0,...,k—1,7=0,...;1 -1, a=1,.

fo o "'fo v(s,t)ds
b (t) = (1/]Sk.s :

) | Sks
1
Jov

fort€[0,1] a.e., i =0,...,k—1,a=1,...,n, and
fol O e (s, t) ds
i (s) = (1/150l) | S :
fol v*(s,t)ds
forse[0,1] ae.,j=0,....0—1,a=1,...,n.

3. Further generalizations. In monograph [3], the following generalization of The-
orem 1.1 is proved:

THEOREM 3.1. If v € L*(I,R™) and w € L*(I,R™) are such that

/Iv(t)h'(t) dt = —/Iw(t)h(t) dt

for any h € AC&’2 (I,R™), then there exists a constant co € R™ such that

¢
U(t):/ w(s)ds + co
0
fortel ae.

In our paper we prove the analogue of the above theorem for functions of two variables
(the generalization of theorem 1.3).

THEOREM 3.2. If v € L?(P?,R") and w € L*(P?,R™) are such that

//P2 U(S’t);;(%(s’t)d‘gdt://lgz w(s, (s, t) ds dt

for any h € AC’él’l)’2(P2,R”), then there exist functions bo(-),co(+) € L*(I,R™) and a
constant agg € R™, such that

v(s,t) = /os/o w(z,y) dx dy + bo(t) + co(s) + aoo for (s,t) € P? a.e.
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W (s, t) = /OS /Ot w(z,y)dy dx

for (s,t) € P2. Integrating by parts and using the assumptions, we obtain

e oo [[L([ [ (B
S, ([ y>dy>dm>: ()
LU Lo (oo
O L (e
(] (Pl
[(([womr [
- [emennn [[ oo

9%h
t t t)dsdt =0
//132 s, (s, ))88y(8 )ds

for any h € AC’él’l)’2(P2,R").
Consequently, Theorem 1.3 yields the existence of functions bg(-),co(-) € L?(I,R")
and a constant agg € R”, such that

U(Sat) - W(Sat) = bO(t) + CO(S) + aoo
for (s,t) € P? a.e., that is,

v(s,t) :/os/o w(z,y) dxdy + by (t) + co(s) + ago

for (s,t) € P? a.e. The proof is completed. i

Proof. Let us put

t)h(s, t) dt) ds

(s,t)dsdt.

So,

From Theorem 1.2 we can easily obtain

THEOREM 3.3. If v € L*(I,R") and w € L'(I,R™) are such that

/v(t)hk(t) dt = (—l)k/w(t)h(t) dt

I
for any h € ACk’2 (I,R™), then there exist constants co, . ..,cx—1 € R™ such that

t1 te—1
/ / / detk 1...dt; —I—Ck,ltk_l +---+ct+co

fortel a.e.
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t1 te—1
/ / / detk; 1- dt

for t € I. Integrating by parts (k times) and using the assumptions, we obtain

/1 W (OhE (1) dt / W) (RF1Y (1) dt
:/</ /t1 /tk 1 T)drtg_1 . dtgdt1>(h’“_1)’(t) dt
/(/ /t2 /tk 1 TYdrdty_; . dt2>hk1(t) dt

- (—1)’“/Iw(t)h(t) it = /Iv(t)h"'(t) dt.

Proof. Let us put

So,
/(U(t) S WE)RR (@) dt =0
I
for any h € ACY?(I,R™).
Consequently, Theorem 1.2 yields the existence of constants cg,...,cx_1 € R™ such

that
v(t) = W(t) = cert* 1+ . et + ¢
for t € I a.e., that is,

/ / / detk 1. dtl—l-ck_ltk_l—i—...—l—qt—l—co

fort eI a.e. |

In an analogous way we can obtain the following generalization of Theorem 2.1:

THEOREM 3.4. If v € L?(P?,R") and w € L*(P?,R™) are such that

// ( t)ﬂ( t)d dt—(—l)’““// (s,t)h(s,t)dsdt
P2U s, Doy s, sdt = PQw s, s, S

for any h € ACék’l)’2(P2,R”), then there exist functions b;(-) € L*(I,R"), i = 0,...,
k—1, c]( ) € L*(I,R"), j = 0,...,1 — 1, and constants a;; € R", i = 0,...,k — 1,
7=0,. — 1, such that

ty ti—1
St / / / / / / 'w(O',T)d’Tdtl,1...dtldc'dsk,l...d81
0

k—11-1 -1
+ aijs't! —l—Zb s* +ch(s)tj
=0 j=0 7=0
for (s,t) € P? a.e.

Proof. Let us put

s S1 Sk—1 t t1 ti—1
W(s,t):/ / / / / / w(o,7)do dsg—1...dsydrdt;—1...dt;
o Jo 0 o Jo 0
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for (s,t) € P2. Integrating by parts (k + [ times) and using the assumptions, we get

k41
/ W(s,t)%(snﬁ) dsdt

P2
= / (/ / / / / / (o,7)drdt;—1 . dtldadsk_l...dsl)
p2
ak: 1+lh

So ty ti—1
// (/ / / / / / (o,7)drdt;—1...dt1dodsg_1 ... dss
P2

ak 141y,
kbl ok +lp
=...=(-1 - w(s,t)h(s,t)dsdt = e v(s, t)m(s, t) dsdt.
So,
Ko Land
//P2 v(s,t) st))a kal(s’t)detZO

for any h € AC’ék’l)’Q(PQ, R™).

Consequently, Theorem 2.1 yields the existence of functions b;(-) € L?(I,R"), i =
0,....,k—1,¢;(-) € L*(I,R"), =0,...,1l — 1, and constants a;; € R", i =0,...,k—1,
7 =0,...,1—1, such that

s S1 Sk—1 t t1 ti—1
U(s,t):/ / / / / / w(o,7)drdtj—q...dt1 dodsg_1 ... dsy
o Jo 0 o Jo 0

k—11-1 -1
153 MRS SIATRES wAY
=0 j=0 7=0
for (s,t) € P? a.e. i

4. Applications to the coercive Dirichlet problem. Let us define in the class

ACHED2(p2 R = {h : P? — R™ | there exists a function I € L*(P? R™) such that

x1 x2 Tk Y1 Y2 Y
h(xl,yl):/ / / / / / U(s,t)dtdy;...dys dsdzy ... dxo
o Jo o Jo Jo 0

for (.Z‘l,yl) S P2}

the following mapping

|- AC®D2(P2 R™) 3}y (//
P2

L 2

1/2
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It is easily seen that, for any ¢ =0, . —1,5=0,...,0—1and (x1,y1) € P?,
az+yh / / /y1 /yz i 9kt
8:1:’3 ] 1,y1 3xkayl
T1 Th—i akJrlh 8k+lh
a1 S A A Y N Y
Oxk oyl p2 | 0zFOy!
9k tin 2
(//P 1O dsdt) — Al

From the above it follows that the mapping || - || restricted to the space AC’ék’l)’Q(PQ, R™)
is the norm in this space.

Furthermore, AC’ék’l)Q(Pz7 R™) with this norm is a Banach space.

Indeed, let (hy,)nen be a Cauchy sequence in AC(()k’l)72(P2,R"). Then, of course, the

oh+1 . . . .
sequence (gxk a’;ﬁ)n ey 18 2@ Cauchy sequence in L?(P2 R"™). So, there exists a function

lo € L?(P?,R™) that is the limit of the sequence (%)%N in L2(P2?,R"). Now, if we
put

ho(ml,yl):/Oxl/Om.../xk/Oyl/ow.../oyllo(s,t)

for all (z1,y1) € P2, then we easily assert that ||k, —ho|| — 0and hg € AC’ék’l)’2(P2, R™)

because

Di+ihg 0i+ihg oi+in oi+in

< - -

dziay V| = | gaiay V) T gy gy (0| + 2y )
REE 8 tin, |07 (hg — hy)
= ‘8xi8yﬂ'( Y1) — W(layl) = ‘W(layl)

< lho = bl — 0

and, analogously,
O hy
‘axzay](xl’l) < ||h0 - hnH — 0.

Let us observe that in the space AC’(k’l)’Q(PQ, R™) one can define the scalar product

8k+l ak—Hh
h) t)dsdt.
(glh) // 8x’“8y axkayl (5,%)ds
Of course, || - || is the norm determined by the above scalar product. So, AC’ék’l)’2(P2, R™)
is a Hilbert space and, consequently, it is reflexive.

Now, we shall prove the analogue of [3, I.3. Lemma 2].

LEMMA 4.1. If hg € ACS"D2(P2, R”) nd (hy)nen is a sequence in ACS™D? (P2, R™)
such that h,, — hgy weakly in AC(M (P2, R™), then h,, = ho uniformly on P2.

n—oo n—oo

Proof. Since the sequence (||h,||)nen is bounded (cf. [2, 1I11.24. Theorem 4]), there-
fore, in view of inequality (14), it is equibounded.
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Furthermore,

| Eh,, (P = [57?] X [5,9])] = [hna(Z,7) — hn(fi) = hn(Z,7) + hn(T,7)|

T ?th T 5 32hn
N ‘/ 7 8x8y(x1’y1)dx1dy1 —/, L m(ﬂﬁhyl) dxy dy;
T ? ak;-i,-lh 2
- dxid
/* (//pz 3xk8yl ) L1y

) [ f

= Wi 1dx dy
<//P2 Dk oy s 1dy1

= ||hn||ﬂ2(P) < C,MQ(P).

for any n € N, where ¢ > 0 is a constant that bounds the sequence (||, ])nen-

So, the sequence (hy, )nen is equiabsolutely continuous on P2, Using the Ascoli-Arzela
theorem for absolutely continuous functions of two variables (cf. [1]), we assert that the
sequence (hy)nen possesses a subsequence (hy, )xen uniformly convergent to some func-
tion hg absolutely continuous on P2. From this it follows that hy,, . ho in C(P?,R™).

— 00
On the other side (because A(}'(gk’l)’2 (P?,R") C C(P? R") and (14) holds), h,, L ho in
— 00
C(P%,R™). So, hg = hg, i.e. the subsequence (h,, )xen converges uniformly to hg on P2.
Let us observe that the sequence (A, )nen also converges uniformly to hg on P2.

Indeed, let us assume that this is not true. One can choose some subsequence (hy, )ien
such that

max{|hn, (z,y) — ho(z,y)|, (z,y) € P*} >«

for any [ € N, where ¢ > 0 is some fixed constant. Since h,, 14 ho in AC’(()k’l)’2(P2,R”),
—00

therefore, repeating the reasoning from the first part of this proof, we assert that the
subsequence (hy, )ien possesses a subsequence uniformly convergent to hg on P2, The
contradiction obtained completes the proof. a

Now, let us consider in the space A(I'(gk’l)’2 (P?,R") the following functional:

2= 1. )

where F : P2 x R® — R is continuous and such that the partial derivatives 5, 1=

okt 2

W(x, y)| + F(x,y,z(x, y))> dz dy,

1,...,n, exist and are continuous on P? x R™.
It is easy to see that f is Gateaux—differentiable at each point z € AC(gk’l)’2 (P2, R"™),

and
ak-&-l CC y) ak+lh(x y)
//PQ < orkoyl  0xkoy +VF(%y,Z(x,y))h(x,y)>dwdy

for any hEAC(kl)Q(Pz R™), where VF = (azl crs gi)'

Furthermore, we have
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LEMMA 4.2. If there exist constants a < 1, b > 0, ¢ > 0 such that
|2]?

F(z,y,2) > —a— —blz| — ¢ for (z,y,2) € P2 x R",

then the functional f is coercive and weakly l.s.c. on ACék’l)’2(P2,R").

Proof. For any z € AC'(k’l)’Q(PQ,R”), we have

o= 1. G |

> 1, (gt - et ) iy
=5l =5 [ k= [[ el

> gl =5 [ 1= [ el

1
SN2l = IIZIIQ*bIIZII*C

8k+l
90t oyl (z,y)

+Fw%4%mQM@

]‘ 2
=z

This means that f(z) — 400 when ||z|| — +o0, i.e. f is coercive.

—b||z]| —e.

To prove that f is weakly Ls.c., assume that the sequence (2, )men converges weakly
to zp in ACék’l)’2 (P?,R™). From this and from the inequality

0<//p2

k+l akJrlZ

2
8xk8y z,y —W(%y) dx dy

P Lan 2 o+, FLanPn
- //132 Oxkoy! //pa Oxkoy! (@,y) Oxkoy! (z.9)
6k+l
//pz 8x’“6y oY )‘

it follows that
ak+l

li?ii?cf//,n ooy =Y

=
Lemma 4.1 implies the equality

lim // F(m,y,zm(x,y))dmdy:/ F(z,y, zo(z,y)) dz dy.
P2 P2

6k+l
8xk6y Y)

m=—occ
Consequently,
lim inf f(zn) > f(z0).
The proof is completed. |

From the above lemma and [3, I.2. Proposition 2] it follows that there exists a point
zo € AC’ék’l)’Q(PQ,]R”) such that

f(z0) = min{f(2) | z € AC{FD2(P% R™)}.
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In view of the Gateaux—differentiability of f, this means that
8f(20) = 07

ie.

ak+l ak+lh
1) ] G gogaten == [ vF@ )by

for any h € AC(gk’l “(P%,R™). From theorem 3.4 it follows that there exist functions
bi(-) € L*(I, R")7 i = 0 Jk—1,¢(-) e L*(I,R"), j =0,...,1 — 1, and constants
a;; €ER", i=0,...,k— j—O ,1 — 1, such that

) Semew= [ [ /// N A L)

k—11-1

—l—ZZa”xy —|—Zb x—l—Zc]

=0 j=0

for (x,y) € P? a.e., thus for (z,y) € Int P? a.e.

From (15) it follows that gkzal has a weak derivative of order (k,[) equal to
(-1 F(2,y, 20(z,y)). So, from the fact that the weak derivative of order (k1)
of the function zg is equal to (;:{; > (the classical derivative), i.e.
8k+l20

DD 2y (z,y) = W(% Y)

for (z,y) € Int P? a.e., we have
D(2k’21)ZO(x7y) + (_1)k+lVF(x y,zo(x,y)) =0

for (z,7) € Int P? a.e. Denoting D20 2 by 32‘%8742“ we can write

82k+2l20 (x y)
axzkaym ’

for (z,y) € Int P? a.e.
We have thus proved

+ (_1)k+ZVF(x7yaZ0(x’y)) =0

THEOREM 4.3. If a function F : P? x R — R is continuous, possesses continuous
partial derivatives g—i, i =1,...,n, and there exist constants a < 1, b > 0, ¢ > 0 such
that

|2[?
F(SC,y,Z) > 70‘7 - b‘Z| —C

for (z,y,z) € P?> x R™, then the system

32k+212

(17) Rl

+ (_1)k+IVF('T’ayaZ) =0

a.e. in Int P? possesses a solution z (in a weak sense) in the space AC’ék’l)’Q(PQ, R™) such
that g w5t has the form (16).
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Remark. From the definition of the space AC’ék’l)’z(PQ, R™) it follows that the so-
lution z of system (17) satisfies the boundary conditions
itz
02 0YI | p2
fori=0,....k—1,j=0,...,01—1.

0
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