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The aim of this paper is to give the proofs of those results that in [4] were only
announced, and, at the same time, to propose some possible developments, indicating
some of the most significant open problems.

We first fix some notation. Throughout the sequel, (T, F, ) is a o-finite non-atomic
measure space, (E, || - ||) is a real Banach space, whose Borel family is denoted by B(E),
and p is a real number in [1, +o0].

For simplicity, we denote by X the usual space LP(T, E) of (equivalence classes of)
strongly measurable functions u : T — E such that [ . [lu(t)|[Pdu < +o00, equipped with
the norm [Julx = ([, lu(t)||Pdp)t/P. X* will denote the topological dual of X.

Moreover, we denote by A(T x E) the set of all functions f : T'x E — R such that,
for each u € X, the function t — f(t,u(t)) belongs to LY(T). If f € A(T x E), we put

/ftu
for all u € X.

We denote by £(T" x E) the set of all F @ B(E)-measurable functions f: T x E — R
which are upper semicontinuous in z (z € E).

We denote by G(T' x E) the set of all functions f : T x E — R for which there are
a € LNT), v; €]0,1[ and 3; € LP/P=%)(T) (i = 1,...,k) such that

—a(t) < f(t,2) < a(t) +§j@ )|

for almost every t € T and for every = € E.
We denote by V(X) the family of all sets V' C X such that

V= {ue X[ ()= D, (u)}
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where ¥ € X*, g € A(T x E) and ®, is Lipschitzian on X, with Lipschitz constant
strictly smaller than || U||x-.
Finally, we denote by Z(T x E) the set of all functions f € A(T x E) such that
~o0 < inf @p(u) = inf ®s(u)
for every V € V(X).
The main result of [4] was the following

THEOREM 1 ([4], Theorem 1). Let E be separable and v be complete. Then, one has
ETxE)NG(T x E) CI(T x E).
We now prove
THEOREM 2 ([4], Theorem 3). Let v € 10,1[, v € LY(T, E) and § € LPY/®=(T).
Then, for every V € V(X), one has

mf/T||v(t)ﬂ(t)u(t)||”du/51(0) [v(®) |7 dpe.

ueV
Proof. For each (t,z) € T x E, put
F(t,2) = () — Be)z].
It is readily seen that the function f belongs to E(T x E) N G(T x E), and that the

functional ® is Holder continuous in X, with exponent v. So, by Remark 3 of [4] and
Theorem 1, f belongs to Z(T x E). Therefore, it remains to show that

ey = [ oto)Pd
X B=1(0)
To this end, fix £ > 0 and choose § > 0, L € F, with (L) < +00, so that

JACCIRTEE
s
for every S € F satistying u(S N L) < §. Next, pick n € N in such a way that
u(L\ (671(0)UB)) <4,
where
1
p={rer|ipoiz thnuel ol <.
Finally, define v : T'— E by putting

o(t) .
ult) = m ift € B,

0 ifteT\B.
Clearly, v € X and
B (u) < / @)l + e,
B~1(0)

as desired. O
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Remark 1. Theorem 2 tells us, in particular, that, when v€]0,1[and u(T) < 400,
each member of the family V(X) is dense in LY(T, E), equipped with the usual metric.
From this, in turn, we re-obtain at once the well-known fact that the topological dual of
LY(T, E) reduces to zero. Indeed, let ¥ be a continuous linear functional on LY(T, E).
Then, the restriction of ¥ to X belongs to X*, and so the set V = {u € X | ¥(u) = 0}
belongs to V(X). Consequently, owing to what above, V' is dense in LY (T, E), and hence,
by continuity, ¥ vanishes identically there.

We now prove

THEOREM 3 ([4], Theorem 4). Let E be separable and let f : T x E — R be a function
which is measurable with respect to t and continuous with respect to © (t € T, x € E).
Moreover, assume that there exists some o € L*(T) such that

[f(t,2)] < at)
for almost every t € T and for every x € F.
Then, for every V € V(X), one has

(1) }igl{ftbf,suptpf[géf(V).
X

So, in particular, for each r € Jinfx ®,supy @[, the convexr hull of the set @;1(7") 18
dense in X.

Proof. Observe that both f and —f belong to £(T x E) N G(T x E). Then, by
Remark 2 of [4] and Theorem 1, for every V C V(X), we have infx ®; = infy & and
supx ®; = supy ®¢. By Theorem 2 of [3], the set V' is a retract of X, and hence it is
connected. From this, clearly (1) follows. The second part of our conclusion follows, of
course, from a standard separation theorem for convex sets. |

Before passing to another consequence of Theorem 2, we need the following two propo-
sitions:

PROPOSITION 1. Let E be separable, let (Y, | - ||y) be another Banach space and
let o : T x E — Y be a function which is strongly measurable with respect to t and
uniformly continuous with respect to x (t € T, x € E). Moreover, assume that, for some
r € [1,+00], there exists some o € L'(T) such that

le(t, z)lly < alt)
for almost every t € T and for every x € E. Then, the Nemitski operator N, : X —
L™(T,Y), defined by N,(u)(t) = ¢(t,u(t)) (u € X, t € T), is uniformly continuous in X.
Proof. Given ¢ > 0, consider the function we : T'— R defined by
we(t) =sup{o > 0| |¢(t,z) —¢(t,y)||y <& for each x,y € E satisfying ||z — y|| < d}.

The function wg is p-measurable. Indeed, given any A > 0 and chosen any countable
dense set D C F, we readily have

{teT [we(t) > A} = N {teT| lleltz) — et y)ly <&}

(z,y)€DXD,||lz—y|| <X
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Fix a set Ty € F, with u(T'\ Tp) = 0, such that, for each n € N, the restriction of w; /,,
to Ty is measurable. Now, fix e > 0 and n € ]0,¢/2"[. Pick 6; > 0 and L € F, with

u(L) < 400, in such a way that
/ alt)dup <n
s

for every S € F satisfying u(S N L) < ;. Also, choose m,n € N so that m > u(L)/(e —

2"n) and
(0 (w3 (roe] ) nm0)) < 5

Finally, pick § €]0,01/(2nP)[. Now, let u,v € X satisfy |[u — v|[% < d. Put

S = {t eLNTy| |ut) —v(t)] < 1 < %(t)}.

Then, taken into account that (L \ S) < d1, we have

[N () = No ()2 (1) = /Hwtu p(t0(®)ly dp

< /(T\L)U(L\S) a(t)dp + /s et u(t)) = @t v(@))ly du

p(L)

<2'n+——=<e.
m
The proof is complete. a
If h is a Gateaux differentiable real function on E, we denote by R its Gateaux

derivative. We denote by C1(E) the space of all continuously Géateaux differentiable real
functions on FE.

PROPOSITION 2. Let E be reflexive and separable, let p > 1, and let f : T x E — R
be a function which is p-measurable in t (t € T). Moreover, assume that, for some
Y e LT (T) and for almost everyt € T, f(t, -) € CY(E), f.(t,-) is uniformly continuous
in E and

sup || £, (t, )| 5= < (t).
zEE
Then, the functional ®¢ is Gdteauz differentiable in X, @} s uniformly continuous, and
one has f,(-,u(-)) € LP/®P=D(T, E*) and
@ @pta).0) = [ (Lt ule), o)
for all u,v € X. Furthermore, one has
p—1
d,u> ’

®) Il = [ 1£teut
forallu e X.
Proof. Let u,v € X be fixed. Choose any sequence {\,} in R\ {0} converging to
zero. For each n € N, t € T, put
) = 0000 a8~ )
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Clearly, each function h,, is p-measurable, and, for almost every t € T, the sequence
{hn(t)} converges to (f.(t,u(t)),v(t)). On the other hand, thanks to the mean-value
theorem, we have

sup [ (1)) < 9(8) [0 (1)
neN

a.e. in T. Then, by the dominated convergence theorem, we get

tim [ h0)de = /T (ot u(®)), o(t)) dp

n— oo

Of course, this shows (2). The fact that f, (-, u(-)) belongs to LP/P=1(T, E*) follows
from the nature of F (take into account that also E* is reflexive and separable) via Pettis’s
measurability theorem ([2], p. 42). The validity of (3) follows from standard reasonings
(see, for instance, [2], pp. 97-98). Finally, the uniform continuity of the operator <I>/f is

an easy consequence of Proposition 1, applied taking Y = E* and ¢ = f; a
Now, we can prove

THEOREM 4 ([4], Theorem 5). Let E be reflexive and separable, let p > 1, and let
f€ET x E)YNG(T x E). Moreover, assume that, for some 1) € LP/?=(T) and for
almost every t € T, f(t, -) € CY(E), f.(t, -) is uniformly continuous in E and

g < Y(t).

sup | f, (¢, )|
reE
Then, for every V € V(X), there exists a sequence {u,} in V such that
Jim @p(up) = inf f(u)
and
tim [ [L£ (6 un (0| BT gt = 0.
n—oo T

Proof. Let V € V(X). By Remark 2 of [4] and Theorem 1, there exists a sequence
{un} in V such that
lim ®;(u,) = igl(f Q.
According to a consequence of Ekeland’s variational principle ([1], p. 259), we can then
find a sequence {v,} in X such that

lim |lu, —vpllx =0
n—oo
and
lim [|®(v,)||x+ = 0.
n—oo
By Proposition 2, <I>/f is uniformly continuous, and hence we have
lim [[®(uy)] x+ = 0.
n—oo

An appeal to (3) completes the proof. O

To conclude, we now state, under the form of conjectures, the open problems to which
we alluded at the beginning of the paper. We assume that E and p are as in Theorem 1.
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CONJECTURE 1. Let U C X be closed and such that infx ®; = infy ®; for every
fe&(Tx E)YNG(T x E). Then, there exists some V € V(X)) such that V C U.

CONJECTURE 2. There exists some function f: T x E — R such that f € G(T x E)\
I(T x E) and —f € E(T x E).
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