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Abstract. In this article, estimates of the hyperbolic and Carathéodory distances in domains
G cc C", n > 1, are obtained. They are equally valid for the Kobayashi distance.

1. Introduction. In Section 2, general definitions and notions are given, upper and
lower estimates of the hyperbolic distance Cg_(z,w), z, w € E, in the disc E, C C with
radius r are obtained, which show that these estimates depend mainly on mutual ratios
of the distances d(z, 0F,), d(w, OF,) of z, w from the boundary 0F, of E, and their
distance apart |z — w|.

These results are used in Section 3 to obtain estimates in the Euclidean ball B, C C™,
n > 1, using the idea that: if z, w € B, then the plane section D of B, by the 1-
dimensional analytic complex plane through z, w is a metric plane in the terminology of
Carathéodory [2] or a geodesic in the terminology of Vesentini [7]. Sufficient and necessary
conditions for the boundedness of Cp_(z, w) are obtained. An example shows that the
necessary and sufficient condition for E, C C is only sufficient but not necessary in
B.cC' n>1.

In Section 4, it is shown that it is possible to use chains of balls to get estimates of
C¢(z, w) in a domain G CC C", under certain conditions; which are easily applied if G is
convex. The estimates is then transfered from convex domains to strongly pseudoconvex
domains by means of local biholomorphic maps [1, page 132]. A sufficient condition (but
not necessary) for the boundedness of C(z, w), z, w € G is obtained. An example is
given.

Finally, in section 5, the continuous extension of biholomorphic maps between strongly
pseudoconvex domains with C? boundaries is proved [cf. 8].
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2. Basic notions

DEFINITIONS:

1- Let G CcC C" be a domain G is called smooth if for every z, € G (the boundary of
@) there exist a neighbourhood U of z, and a real valued function f € C?(U) such
that

GNU=A{z€U: f(z) <0} and df#0in GNU.

2- In definition (1), the 1-dimensional real inward normal to G at z,, will be denoted
by N,,.

3- If 2 = (21, -+, 2,) € C", then |z| = \/]z12 + - + |2n |2

4- If in definition (1), 2’ € G, then d(z’, 0G) denotes the distance of z’ from 0G. Obvious
there is a point z;, € 9G such that 2’ € N.,, 2, will be called the projection of 2’ on
0G.

5- Let G C C™ be a domain, U C C", then 0G N U will be denoted by By

6- If z, w € C", then the 1-dimensional complex analytic plane through z, w will be
denoted by P(z, w).

7- Let B, C C™ be the ball |z| <7, z € C". Let G CC C™ be a smooth domain and
Zo € 0G, then B, when placed tangential to 0G at z,, with N, lying on a diameter
will be denoted by B,(»Z"). If B,(-Z°) C G for all z, € 0G, then B, is called an admissible
ball to G. If G CC C™ is smooth, then there exist always admissible balls B;..

If 2z, has a neighbourhood U such that Bﬁw) C G for all w € By, then B, is called an
admissible ball to G at z,.

8- Let G cC C™, z, w € G; the Carathéodory and Kobayashi Distances in G will be

denoted by Cg(z, w) and Kg(z, w) respectively.

PROPOSITION 2.1. Let D, Dy C C"™ be domains, D' CC D, Dy CC Dy and ¢ a
biholomorphic map of D onto Dy, $(D') = Dy, 29 € D', j =1, 2 and ¢p(z)) = wl) €
Dy, j=1, 2 0 =20 =23 0y = |wD —w®|. If the line segments

L= 20:® [y —wOu® L, c D', Ly D,
then, there exist 0 < o < 8 < 400 such that a < (¢1/43) < .
Proof. Let v =23 — 20 = (vy,---,0,), v=06(L1), ¢ = (¢1,- -, ¢n), £, = length
of the curve v, (d¢;, v) = il 09, v,. Since ¢ is regular in D and v # 0, |d¢;j|p #
=

Oz,

0,5 =1,---,n and (d¢;, v), j = 1,---,n, do not vanish simultaneously. Let M =
Il’lDa;X{|d¢j|, j=1, 2,---,n}. Now, |(d¢;,v)| < |d¢;| . |v] < M/, thus

‘(d¢j,’l))|2 dt S \/ﬁM@l = klgl
1

n

<

Similarly, there exist ko > 0 such that ¢; < kols, thus, 1/k; < £1/ly < ko.

PROPOSITION 2.2. In Proposition 2.1, let H C D', Hy C D} be smooth hypersurfaces
such that Hy = ¢(H). Furthermore, let z € D', w = ¢(z), ny = d(z, H), n2 = d(w, Hy),
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then 1/k1 < (ni/n2) < ko provided that the projection of z on H is € H and projection
of w on Hy is € Hy.

Proof. Let z, € H and w, € H; be such that n; = |2, — 2|, na = |w, — w|. Let
#(20) =wl € Hy, ¢~ w,) =2, € H, {1 = |z—2.|, la = |w—w,|. From Proposition 2.1,
we have

1 Y4
— < e ™ nd k> 2 B
k1 2 Nno na N2

PROPOSITION 2.3. Let E,. C C be the disc |z| <r, and z, w € E,, then

Cp ( ) =lo [ - 72 R? N r R
A%, W)= .

b & (2r—r)@2r—r2)  mira /(20 —r1)(2r — 1) V1172
where R = |z —w|, 1 =d(z, OFE,), rs = d(w, 0E,).

COROLLARY 2.1.  Obviously,

1 < r’ <1
4 7 @2r—r)@2r—r)
Thus
1R? 1 R i "
| T C < 1 I+ —
Og{ +4m2+2m] < Onlw) = Og{ +m2+m}’

which are inequalities independent on r, they depend only on ratios (R/r;), j =1, 2

COROLLARY 2.2. Let {z,}52, {w,}32CE,. The necessary and sufficient conditions
for {Cg, (z,, w,)} to be bounded, is that there exists

R2
0 < M < 4oo such that = < M forall v,

where R, = |z, —w,|, r, = d(z,, OE,), r, =d(w,, OE,).

The condition (R2/r,r!) < M is equivalent to (R, /r,) < M; < +oc and (R, /7)) <
My < 400, for all v.

3. The Euclidean ball

THEOREM 3.1. Let B, C C*, n > 1, be the ball |z| <r, z € C". If z, w € B,, then
Cp, (2, w) = Cp(z, w), where D is the disc P(z, w) N B, (see definition 6).

Proof. Let z = (21, -+, 2,) € C™ Obvious if 2’ = (21,0,---,0), 2" = (27,0,---,0),
|21] <7, |2{| < r and D’ be the disc |z1| <r, z; =0, j =2,---,n. Then

Cp, (2, ") = Cpi(zh, )

Now, there exists [3] an automorphism of B,., which maps D conformally on D’, which
proves the theorem.

From Proposition 2.3, Corollaries 2.1 and 2.2 we get:
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COROLLARY 3.1.

e pg R2 P R
Cor(z w) =1 g<\/1+ Co—p)2o—p2) pime | )@ —pa) W)

where p = radius of D, py = d(z, OD), p2 = d(w, D) and 1 < m < 1. Thus

1R 1 R ) ( R2 R )
lo 1+ - + = < Cg,.(z,w) < lo 1+ +
g( dpip2  2/p1p2 5 (7 0) & pip2  \/p1p2

COROLLARY 3.2. Let {z,}52,, {w,}52, C By; the necessary and sufficient condition
for {Cp,(z,, w,)} to be bounded is that there exists

2
0< M < +oo such that U <M

; =

PvPy
where R, = |z, — w,|, p, = d(2,, 0D,), p,, = d(w,, 0D,), or equivalently (R,/p,) <
M' < 400, p, < pl,, where D, = P(z,, w,)N B,.

(Notice that p, + R, > pi,, pj, + R, > p.).

COROLLARY 3.3. From Corollary 3.1, it follows that

p R? p R )
Cp. (2, v)=1o 1+ . + .
5.7 v) g(\/ (2r —r)@2r—r2) 2 \/(2r —r)(2r — 1)  V/TIT2
where r1 = d(z, B,), 7o = d(w, 0B,.). It is obvious that

o2
0 < 1.
< (2r—r)(2r—ry) —

Thus,

Cp,( )<1<1+R2+R)
z, w) < lo .
B s rire - \/T1T2

COROLLARY 3.4. In Corollary 3.2, let r, = d(z,, 0B;), 7, = d(w,, 0B;).
From Corollary 3.3 we get:

For {Cp, (z,, w,)} to be bounded it is sufficient that there exists 0 < M < +oo such
that(R2 /r,r) < M (or equivalently (R, /r,) < M' < +o0, r, <rl)

COROLLARY 3.5. In Corollary 3.4, the condition TRi‘,’ < M is sufficient but not
necessary as is illustrated by the following example:

EXAMPLE. Let B C C2 be the unit ball 21Z; + 2272 < 1 and z(*) = (%, b,), w) =
(%e%, b,), b2 =1~ %, v> 2.
If D, = P(z(")7 w(”)) N B, then the radius of D, = % Therefore

1
3 Ryzf
1%

R =

1 /
Pv = —, pl/ =
v
Thus, % =1 for all v, hence {Cp (2™, w®)} is bounded.
In fact, from Corollary 3.1:

, forall v.

1342
Cu(z¥), W) = log(\/ﬁ%)
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While r, =7, < %7 thus,
R? V2
> = — 400
T, 9

2
v

< M < +o0 is not necessary for Cg(2*), w®) to

7=
v

as v — oo. Thus, the condition TRT
be bounded.

PROPOSITION 3.1. Let z, w € By, z, w € N, , 2o € OBy, |2 — 20| =71, |W— 20| =12
and r1 <19 <r. Then
1
Cp, (2, w) = —51
where |¥(z, w)| <k < 400

1
ogry + §log ro+ U(z, w)

Proof. This is because IV, is a geodesic in B,

THEOREM 3.2. Let G C C"™ be a strongly pseudoconvexr domain and z, € 0G. If
z, WE N, , 1 = 2= 2|, T2 = |W— 2], 1 <712 <7, where B, is an admissible ball to
G, then

1 1
Ca(z, w) = ) logry + 3 logre + U(z, w)
where |¥(z,w)| < k < +oo0.

Proof. From Proposition 3.1:

1 1
Ca(z, w) < Cp, (2, w) = —§1ogr1 + 3 logrs + U(z, w)

(3.1) [P (z, w)| <k <400,
In [4], it is proved that if A € G is fixed and £ € G, then

Cald, § =~ logr' +6()

where
[p(&)] < K < 400 and ' =d( 0G)
Thus,
OG(Z7 w) > OG(A7 Z) _CG(Av U))
(3.2) = f% logry + %log ro + (0(2) — Pp(w)).

From (3.1) and (3.2), the result follows.

4. Domains in C"

THEOREM 4.1. Let G C C" be a smooth domain and B,., v > 0 be an admissible ball
to G. Let {z,}, {w,} C G such that:
(i) If L, is the line joining z, to w,, then L, C G.
(ii) If € € L,, then d(¢, 0G) <.
(iii) Let A\, = d(L,, 0G), and ¢, = length of L,,. If ({,/\,) < k < 400 for all v.
Then {Cq(zy, wy)} will be bounded (< 2 (k+1) log \/6'5 )).

Proof. Let m = [k] + 1, [k] = integral part of k.

&\/
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We divide L, into 2m equal parts, each of length < A,/2 by the points z, =
Ty Ty "y Tom = Wy.
Thus,
Ry =|zjy—x0 <A /2, j=0,---.2m—1,
Av

:d(]"]a aG) 2 )\1/ 5 T;-/Zd(a;j_,_l, aB]) 2 77

<

(Since (r} + R; > r}), where B; = B Thus

G

N —

and thus from Corollary 3.3 we get

V6 + 2
Calwj,zjr1) < Cp,(25,2j41) < log—F——,
which proves the theorem.

THEOREM 4.2. Let G C C™ be a smooth convex domain {z,}52, {w,}52; C G,
ry, = d(z,, 0G), 1, = d(w,, 0G), lim,_ 2z, = 2z, = lim, o Wy, R, = |z, —w,|, if
2
ry, <7, R, <kr,, 0<k<+o0o (or equivalently R < M < +00) then,

7=
TvT,

{Ca(z, wy)}

is bounded by k'.
The condition r, < r], is not a restriction since Cg(z,, w,) is symmetric in z, and
w,,.

Proof. Let L, and r, be as in Theorem 4.1. Since G is convex, r, = d(L,, 9G).
Obvious there exists v, such that d(§, 0G) < r for £E€L,, v > v,. Thus all the conditions
of Theorem 4.1 are satisfied.

COROLLARY 4.1.  Theorem 4.2 remains valid if B, is an admissible ball to G at z,
and k' depends on k and r.

THEOREM 4.3. Let G CC C" be a smooth strongly pseudoconvezx, z, € 0G, {z,}52 4,

{w,}22, C G be two sequences converging to z, if r, = d(z,, 0G), ri, = d(w,, 9G),
2

R, = |z —wy|. If 22 < M < +o00 (or equivalently v, < v/, (R, /r,) < My < +00) then

{Ca(zy, wy)}

is bounded by k1 < +oo.

Proof. There exist [1. page 132 | neighbourhoods U and U’ of z,, U’ CC U and a
biholomorphic map ¢ : U — W C C™ such that ¢(U’'NG) = D and D is strictly convex.
Let ¢(z,) = 2, ¢(w,) = wl,, d(z,,, dD) = p,, d(w.,, D) = p!,, R, = |z], — w)|, then
from Propositions 2.1, 2.2 there exists 0 < k < 400 such that R/“z, < kM. From Theorem
4.2, {Cp(z,, wi,)} will be bounded. Since Cg(z,, w,) < CD(ZZ'V,,Vw,'/). The result follows.

We notice that k; depends only on M; and z,.

2
v

As proved in Section 3, the condition B <M< —+00, is not necessary.

=
Ty
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THEOREM 4.4.  If in Theorem 4.2, the condition (R2/r,r!) < M is replaced by

R, < Ar, and (R,/rl) — 00 as v — 400, then
1 1
C(;(Z,,, wl/) = 9 logr'y + ) logr, + ¢(ZV7 w/t)a
and
|¢(Zu7 wl/)| <k < +o0
Proof Let A € G be fixed. As in Theorem 3.2
CG(ZIJ? wl/) 2 CG’(A7 wl/) —CG(A, Zl/)

1 1
(41) = 7510gr;+§10grv+kvv

where |k, | < k. Let wj, be the projection of w, on dG and w] € N, such that r; =
12
|w!, —wl!| = R, + 1, > R,. Let R, = |z, — w!/|, then R/, <2R,,. Thus, TR;,, < A4\

Thus, from Theorem 4.3, {Cq(w), z,)} is bounded < M. Therefore,

v

Calzv, wy) < Calzy, w))) + Ca(w,, w,)
1 1
< M- 3 log 7!, + 5 log(r!, + R,) + k!, (from Theorem 3.2)

1
-1

, 1
5 ogr, + = logry,

1 1
(4.2) < M—ilogr:,+§log2Rl,+k::,’, < M, 5

where M, < ky for all v.
From (4.1) and (4.2), we get the result.

THEOREM 4.5. In Theorem 4.4, if Condition R, < Ar, is replaced by (R, /r,) — 400
then, there exists a constant k such that

1 1
Ca(zy,w,) < ~3 logr, — 3 logr!, +1log(R, +7,) + k
for all v.

Proof. Let z;, be the projection of z, on 9G, 2] € N., such that |z, — 2//| = 7, =
™+ R,.
Then 2!/, w, satisfy conditions of Theorem 4.3

1 1
Co(2!, w,) = —3 logr!, + 3 log(r, + Ry) + ky
Also, from Theorem 3.2
1 1
Caol(zy, 2)) = -3 logr, + 3 log(r, + R,) + kI,

where k, and k!, are bounded.
By the triangle axiom

1 1
Ca(zy, w,) < — 3 logr, — 5 log 1!,
+log(r, + Ry,) + k.
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COROLLARY 4.2. Ifr, > 7] then 1 < T,”Ig” < 2, (since v, + R, > r,). Thus in

Theorem 4.5, there exist 0 < k' < 400 such that

1 1 1
Colzy,w,) < —3 logr, — 3 log !, + 3 log(r, + R,)

1
(4.3) +5 log(r, + R,) + k'
which is the formula obtained before in [6].

COROLLARY 4.3. From Theorems 3.2, 4.3, 4.4, 4.5 and Corollary 4.2, we see that
inequality (4.3) is wvalid for any two sequences {z,}, {w,} C G converging to a point
2o € OG where G is a smooth strongly pseudoconvex domain, (k' depends on z,).

THEOREM 4.6 (a necessary condition). Let G C C™ be a smooth strongly pseudoconvex
domain. Let {z,}52, {w,}52, CG, for {Cq(z,, wy)} to be bounded, it is necessary that
0 <ty < ¥ <y < +oo wherer, = d(z,, 0G), 1, = d(w,, 0G).

Proof. Let A € G be a fixed point. Then [4]
1
Ca(4, z,) = ~3 logr, + k(z,),

where |k(z)| < k1 < 400, for all z € G.
Since,
CG(ZV)wl/) Z |CG(A7 Zu) _CG(A7 wl/)|

we get the result.

ExaAMPLE. We give an example to show that in any smooth strongly pseudoconvex
domain G C C", there exist sequences {z,}, {w,} C G converging to a point z, € 9G,

lim, o0 If—: = lim, o }f,” = 400 and in spite of this {Cg(z,, w,)} is bounded; i.e., the

(20, wy)}.
We use the idea of the example given in Section 3. Let B = B,, C C" be an admissible
ball to G, ¢, € G and {(,}>2, C IG converging to (0
Let z,, w, € B, z, = {7, b,, 0,---,0}, w, = {Le'5, b, 0, 0 v=2 3,02 =
2 _ 4r®

v2

r

As in section 3, Cp(zy,w,) = log( F+2) for all v.
Let 2, be the projection of 2, onto dB. Let B.; be the ball B placed tangential to G
at ¢, with the point 2], coincident With ¢, such that the diameter of B through z/,, z, lie

on N¢,. Let z,, w, coincide with 2!/, w!, € G. Obvious 2, — ¢, and w,, — ¢,. Now

v

¢, — 20| = d(z,, OB) =d(z), 0G) =r,,

|Z I/| -
and

RV - |ZV _wu| - |Z{// _wV|'

As proved in the example in section 3, % — +00.
It is obvious that

V1342

CG(«ZH ’LU/> g CB(ZZM wV) :1Og< 3 )

v v
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Let v}, = d(w!,, 0G). Since Cg(z!/, w!) is bounded, then from Theorem 4.5, we get

0<€1§:—,”§£2<+oo

Since (R, /r,) — oo, then
(R [ 1,) = +00

5. Continuous (topological) extensions of biholomorphic maps of strongly
pseudoconvex domains

DEFINITION 5.1.

Let G CC C™ be a smooth domain:
(i) Let 2z, w € G, r1 =d(z, 9G), r2 = d(w, OG). We define

1 1
Ue(z, w) = —§1ogr1 — Elogrg ,

and
Ta(z, w) =Ygz, w)— Cq(z, w)
(i) Let S = {2,}22, C G. S is called a boundary sequence if S has no limiting point in
G. Furthermore, if lim, o, 2, = 2z, € G, S is called a simple boundary sequence.
Now, let G be strongly pseudoconvex, {z,}22 ;, {w, }52; CG and lim, _, o, 2z, =lim, _, o, w,,
=z, € G, then from Corollary 4.3, we get

(5.1) lim Tg (2, w,) =400

V=00
In [5], it is proved that if z, — z, € G and w, — w, € G, z, # w,, there exists v, > 0,
such that ) .

Ca(zy, w,) = 3 logr, — 3 logr!, + 0(z,, w,),
where r, = d(z,, 0G), i, = d(w,, 0G) and |0(z,, w,)| <k < +oo for all v > v,. Thus,
(5.2). | Ta(z, w,) | < K forallv
From (5.1) and (5.2), we see that if:

(i) {z,} C G is simple boundary sequence — z, € 9G,
(ii) {w,} C G is a boundary sequence then,

lim Tg(z,, wy) = 400,

if and only if {w,} C G is a simple boundary sequence — z,.
Now, let ¢ be a biholomorphic map of G onto another smooth strongly pseudoconvex
domain Gi, ¢(z) = x € G1, r = d(z, 0G), p = d(z, 0G1), A € G be a fixed point and
¢(A) = A’. In [4], it is proved that

1
Ca(A, z):—§logr+kz(2), |k(2)] < k1, forallz € G

1
Cq, (A, x):—ilogp—kk’(x), |k ()] < ki, forallz € Gy

Since
C(;(A, Z) = CG1 (A/, x),
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there exist 0 < £1 < £3 < 400 such that ¢; < (r/p) < {y for all z € G, x € Gy.
Thus, if w € G, ¢(w) =y

Ve, (7, y) = Va(z, w)| < k3 forall z, we G,

Thus,
‘ [\I,GI (LL', y) - CGI (1‘, y)} - [\I’G(Zv w) - CG(Zﬂ w)] | < ks
(53) |TG1(CC7 y) _TG(Zv U/)| < ks

Now, let {z,} C G be any simple boundary sequence — z, € 9G, such that {z, =
#(2,)}22; C G be also a simple boundary sequence — z, € 0G;
Furthermore, let {w, }32, C G be any simple boundary sequence — z, € dG. Thus,
from (5.1)
lim Tg(z,, w,) = 400,

V—00
From (5.3) if y, = ¢(w,), then
lim TGI (:El,, yu) = +o00
V—00
Since {x, } C Gy is a simple boundary sequence — z,, then {y, } will be a simple boundary
sequence — Z,.
Doing the same thing with ¢!, we see that if {y,}5; C G is any boundary sequence
o0

converging to z,, then {w, = ¢ 1(y,)}52; will be also a simple boundary sequence
converging to z,. Thus if we define ¢(z,) = w,, we get the following theorem.

THEOREM 5.1. Any biholomorphic map of a strongly pseudoconvexr domain G C C"
with a C? boundary onto a strongly pseudoconvex domain G C C™ with a C? boundary,
has a topological extension to be boundary.
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