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ON NEARLY SELFOPTIMIZING STRATEGIES
FOR MULTIARMED BANDIT PROBLEMS
WITH CONTROLLED ARMS

Abstract. Two kinds of strategies for a multiarmed Markov bandit prob-
lem with controlled arms are considered: a strategy with forcing and a
strategy with randomization. The choice of arm and control function in
both cases is based on the current value of the average cost per unit time
functional. Some simulation results are also presented.

1. Introduction. This paper presents allocation rules for the multi-
armed bandit problem with N > 1 arms, the dynamics of which is character-
ized by controlled Markov chains X7 = (X/), i =1,2,...; j=1,...,N (on
a state space E'), whose transition probability operators are parametrized
by an unknown parameter %7 € @, where O is a given compact set.

We assume that at each time ¢ always one of the N arms is played.
The arm that we play is also controlled. In general a control strategy is
a sequence (vg,v1,...) of U-valued (U is a given compact set of control
parameters) random variables that are adapted to the o-field generated by
the observations of the arms.

When at time ¢ the jth (j = 1,...,N) arm is played and the control v,
is used the cost c¢(z],v;) is incurred, with x] denoting the position of the jth
arm at time £. The problem is to find a strategy that minimizes the average
cost per unit time. In what follows we shall restrict the class of admissible
controls to the so-called Markov controls, i.e. controls of the form vy = u(x}),
where u : E — U is a measurable function (we write u € B(E,U)), assuming
that at time ¢ the jth arm is played. By the general theory of controlled
Markov processes with average cost per unit time (see [8]) it is known that
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optimal controls are usually Markov, in particular, when we assume an
ergodic condition (1.1) that we formulate below. Given a control v; = u(z})
at time ¢, the transition operator that describes the evolution of the jth arm
until time ¢ 41 is of the form Pe ? (z], A), where %7 is the unknown value
of the parameter corresponding to the arm j.

To indicate the dependence of P '90’] (27, A), on the Markov control func-
tion u we shall simply write P?"” (xt,A)

We assume that for j = 1,..., N and u € B(E, U) the operator P! (z, A)

is uniformly ergodic, that is, there exists 0 < v < 1 and a unique invariant

9 . .
measure 7,, satisfying

(1.1) sup sup sup sup |(P])"(z, A) — 75 (A)] <"
0€6 ueB(E,U) t€E A€ B(E)

Our purpose is to minimize

N t-1
(1.2) J :=limsupt™ IZ c(x],v;)8;(1),

t—o0

I\
o

Jj=11
where ¢: E x U — RT is a bounded measurable function and
~ _ J 1 when the jth arm is played at time 1,
S;(i) = { :
0 otherwise.

At each time t we choose one of the NV arms to be played and then the
control is applied to this arm. Since the transition operators of the arms
depend on the unknown parameter #° we cannot determine immediately
the arm and control that guarantee the minimal value of the cost functional
(1.2). Although the dynamics of the arms depends on the unknown param-
eters §%7, 5 = 1,..., N, in this paper we do not estimate them directly.
Instead we compare the average per unit time costs for different arms and
controls. To make this approach feasible, we have to adopt from [9] the
assumption that for € > 0 there exists a finite set ¥ = {uy,...,uy)} of
e-optimal control functions, i.e. a family ¥ such that for all § € © there
exists u € 9 satisfying

t—1
(1.3) JO(u) : —hiri)supt 1ZE c(xi,u(z;)) < AO) +
> =0

with

AO)= inf  J%w).
)= ik, T W

Notice that by (1.1), we clearly have

T () = [ c(@, u(x)) 7l (dz).

E
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Sufficient conditions under which there exists a finite set of e-optimal
controls can be found in [9].

The multiarmed bandit processes with controlled arms are called some-
times superprocesses and were studied so far with discounted cost criterion
only (see [5], [7] and the references therein). In this paper the superprocesses
are considered with long run average cost (1.2). The approach based on the
existence of e-optimal functions introduced above seems to be new. The
multiarmed bandit problems with noncontrolled arms and long run average
cost were thoroughly investigated in the series of papers [1]-[4].

The present paper consists of 5 sections. In Section 2 a nearly optimal
strategy with constant decision horizon is considered. The next Section 3
is devoted to the construction of an optimal strategy with increasing deci-
sion horizon. In Section 4 a nearly optimal strategy with randomization is
studied. Finally, in Section 5 some simulation results are presented.

For the construction of our strategy, it is important to find, for a given
€ > 0, a decision time horizon k > 0 which satisfies the inequality

k—1
(14) sup sup sup|w B S e(al ulal)}

€O ueB(E,U) z€E P

- fc(m,u(a:))wﬁ(da:) <e.
E

We have
LEMMA 1.1. Assume that (1.1) holds. Then the inequality (1.4) is satis-
fied for
2flef 1

1.5 > .
(1.5) " 11—~ ¢

Proof. From (1.1) we have

sup sup  sup | E¥{e(zi, uwi))} — [ e(o,u(x) wh(dw)| < 2ely’
€O ueB(E,U) z€E =

Then

K—1 ]
sup sup sup H_l{ ZEﬁc(l‘f], } f c(z,u(z (da:)‘
0€0 ueB(E,U) z€E P =

IN

sup sup sup {Ii IZ‘EG (xfj))—f c(a:,u(a:))wﬁ(da:)‘}

9€O ueB(E,U) z€E

; 2 2 1
sup sup sup {ﬂ—leHC‘hz} ||C| Z HCH .

0€O ueB(E,U) z€E P i— -7

IN
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Therefore for x satisfying (1.5) the inequality (1.4) holds. m
In order to illustrate the problem we consider the following
EXAMPLE 1. Assume (z7) satisfies the equation

33{+1 :f(l“favu@])‘i'g(l“z)wu x% =z,

where f is a bounded continuous vector function, g is a square matrix which

has a bounded inverse and w; is a sequence of i.i.d. Gaussian vectors with
expected value 0 and covariance matrix I. Then

PY (21, A) = P{f(x],u(z]),0%) + g(a])w; € A}
= N(f(«},u(x),07), g(z)g" (x})).

In particular, in the one-dimensional case the transition probability function
has the form

PY (2, A) = — [ et rteluteh o) 20 ) gy,
\/2mg?(x]) A

It can be shown (see [9]) that the transition operators P? defined above
satisfy (1.1), and 7 can be calculated explicitly. Moreover, for every € > 0
there exists a finite set of e-optimal control functions (Lemma 2 of [9]).

Acknowledgments. The author would like to thank Prof. L. Stettner
for helpful comments and encouragement. The paper is a part of the au-
thor’s Ph.D. thesis written under the supervision of Prof. L. Stettner at the
Technical University of Warsaw.

2. Construction of an c-optimal strategy with forcing and con-
stant time decision horizon. In this section we shall consider a strategy
under which at certain times, called forcing times, successively each arm is
played and each control of the class ¥(e) with fixed € > 0 is applied.

Denote by F' the set of all forcing times to be defined. It is characterized
by a sequence a;, i =0, 1,..., such that a; 1 + a; > Nr(e)k, with ag = 0.

At time a; we choose the first arm and apply the control function wuy
for x consecutive moments of time. Then, at time a; + x we play again
the first arm but apply the control function uy for the next x moments of
time. We continue to play the first arm applying successively the controls
(u3,...,up() for consecutive x moments of time. At time a; + 7(¢)x, we
start to play a second arm and test successively for x moments of time
each of the control functions of the class ¥(¢). Then we test in a similar
way all the remaining arms. At time a; + Nr(¢)x — 1 we finish the forc-
ing.
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Therefore

F={0,1,...,Nr(e)k — L,a1,a1 + 1,...,a1 + Nr(e)k — 1,...
cona,a;+ 1,00 a;,+Nr(e)s —1,... (1=1,2,...)}

We choose a; in such a way that for F' we have

t—1
limsupt ! 1) = 0.

Let

Ff = the set of forcing moments when we play the jth arm and

the control function uy,

F; = the set of forcing moments when we play the jth arm.

It is clear that F; N F; =0 for i # j, F = Y, F; and F; = J;5) FF.
Let A = r(g)k. We construct our nearly optimal strategy in the following
way.

A. Strategy in the forcing intervals. For the jth arm, we use the control
function w;11 in the time interval [(j —1)A+ik, (j —1)A+(i+ 1)k —1] (j =
1,...,N, i=1,...,r(e)).

The forcing is finished at time NA — 1. At time a; we start again the
forcing and in the intervals [a1,a1 +Kk—1],...,[a1 + ik, a1 + (i + 1)k — 1] we
play the first arm and use the control functions uy, ..., u;+1, respectively.

At time a7 + A we start to play the second arm and the procedure is
continued until time a; + NA — 1. We proceed in the same way for other
times a;.

B. Strategy outside of the forcing intervals. Let T);(t) be the number of
times arm j was used up to stage ¢, and T’ f (t) be the number of times arm
7 and the control function w; were used up to stage t. Clearly

t=Ti(t) +... +Tn(t), Tj(t)=THt)+...+ T, (1)

Let
(2.1) Iy (t) = (TF ()~ Z_:C(wf,uk(fff?))sf(i)
i=0

be the average cost at time ¢ for the jth arm when the control function wg
is used; here
Sk(i) _ { 1 if the jth arm is played and uy is applied,
J 0 otherwise.
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Let
t—17(e)

(2.2) J;(t) = ( 7YY (o ))Sk (i)
1=0 k=1

be the average cost for the jth arm.

Outside the forcing set F' we use the following decision rule.

Let ¢t be a multiple of x.

Bl. Wefind j, j=1,...,N,and k, k=1,...,7(¢), such that

Jf(t) - z:IlnlnN 1:11,1.1.1.2(5) Ti(0)

B2. If Jj(t) = Ji(t) and j # i or k # | then we choose the jth arm and
the control function wg when j < 4; if j = ¢ we choose the jth arm and the
control function uy provided k& < [. For the next x moments of time we play
the jth arm and use the control function wy.

The next decision is made at time ¢t + x. If t + k € F we apply step A;
if t + k € F we repeat step B of our strategy. m

Notice that under the above notation the average cost at time t is of the
form

t—1 r(e)

N
(2.3) Jt) =t e 1))Sk(i).

j=1k=1

I\
o

7

We define
J :=limsupt~'J(t).
t—o00

In what follows we shall need the following sequence of lemmas.

LEMMA 2.1. Let ¢;, @ = 0,1,..., be a bounded sequence of numbers.
Assume that the nonnegative integers N are partitioned into N disjoint in-
finite subsets ¢(j), j=1,...,N. If, for a given € > 0, there exist numbers
9 j=1,...,N, t =0,1,2, such that

i—1 1
(2.4) lilinsup ‘ ( Z)@(j)(i)) Z CiXa(j) (i) — g;| <e
e i=0 i=0

for every j € {1,...,N} then
t—1 N t—1
(2.5) limsup‘t_l c; — git™! X&(j (’4)‘ <e
RAPT 2 2 e

Proof. Clearly
N

(2.6) t=1 261' = Z (i){gp(j) ) (ZCzXqS(]) > ZX¢(])

j=1 =0
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By (2.4) for every g > 0 there exists to such that fort > tyand j =1,...,N
we have

(2.7) ‘(tz_iX@(j)(i)) (tz_icixé(j)(i)) - 9;‘ < e+ ep.
i=0 1=0

Then for ¢ > tg, from (2.6) and (2.7) we obtain

t—1 N t—1
lim sup ¢ Z ci — Zgﬁt_l Z X ()|

t—o0
11
< hinsupZKqus(J) D) X e () - gl zx@@ )
- i=0
N t-1
< (e +&o)limsupt™* ZZ)@;(]) ) < e+ ep.
t—o0 -
7j=11i=0

Since ¢y can be chosen arbitrarily small, we obtain (2.5). m

Remark 2.1. From (2.5), under (2.4) in particular we have

t—1
(2.8) limsup¢™* Z ci — hm sup Z g5t Z Xq;(j)(i)‘ <e
i=0

t—o0

LEMMA 2.2. Let ¢;, @ = 0,1,..., be a bounded sequence of numbers.
Then
t—1 t—1 (i+1)r—1
limsupt—! ch = hmsup (tk)™ Z Z
t=o0 =0 t= 1=0 k=ik

Proof. The right hand side of the above equation satisfies

t—1 (i+1)k—1 tk—1
lim sup(tx)~ E E ¢p = limsupt? E ;.
t=o0 1=0 k=ik t=o0 1=0
Hence

t—1 t—1 (i+1)k—1
limsupt—! E ¢; > limsup(tk)™ E E
t—o0 t—o0

=0 1=0 k=ik

We can select ¢, — oo such that

tr—1

limsupt™ 1261 = hrn tk1 Z Ci.

t—o00 k—o0
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Let ny be such that ¢ € [ngk, (ng + 1)k[. Then we have

ngr—1 tp—1 tr—1
n 2 6T (Zfa > )
nek ngkK
1=0 T=NpkK
tr—1 tr—1 tr—1
= ( g ci — E ci>—> lim g Cj.
nkm tk k—oo 4
1=ngk 1=0

The above convergence follows from the facts that

(a) tg/(nkK) — 1 as t, — oo and
(b) the second term of the sum has at most k terms and it does not affect
the whole sum for sufficiently large t, because ¢;’s are bounded. Therefore

nprk—1 t—1 tk—1

1
Iim — ¢; = limsu ¢; = limsu C
Jim Z : pZz ! pZ z,

which completes the proof. m

LEMMA 2.3. Let (x;) be a controlled Markov chain with controls v;. Then

th—1 t—1 (i+1)k—1
Zy = Z l‘@,’UZ ZE{ Z mlavl ‘ gu@}
=0 =ik

is a martingale with respect to the o-field §; = o{xo,..., T} and (1/t)Z;
— 0 ast — oo P-a.e.

Proof. In order to prove that (1/t)Z; — 0 we use the law of large
numbers for martingales ([6], Vol. II, VII, Th. 2). We show first that Z,
is a martingale and that the assumptions of the law of large numbers for
martingales are satisfied. Let Z; = Z:;é X; with

(i+1)r—1 (i+1)k—1
Xi= Y clwm,u) - E{ > clw,w) ‘ &'n}-
=ik l=ir
We have
(i+1)k—1 (i+1)k—1
E{X; | i}t = E{ > clwv) - E{ > cla,w) ‘ Sm} ‘ Sm}
I=ik l=ir
(i+1)r—1
= E{ > elaw) ‘&n}

=ik

(i+1)k—1

_E{{ Z (@i, vr) ‘ Sin} ‘3“@} =0

=ik
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Therefore Z; is a martingale. Since

(i+1)k—1 (i+1)k—1

Xl=] 3 cmw)-B{ Y ) | Sl
(ilj)z: -1 (l:Sﬁ_ 1
<| Y cwmow)|+ Bl S el m) | S| < slell+ sl
=ik =ik
= 2#]e,

we have sup; | X;| < 2kl|c| and Y o, E?{X;}/i* < co. Consequently, the
assumptions of the law for large numbers of martingales are satisfied and
(1/t)Zy — 0 ast — oo P-ae. m

From Lemma 2.3 we immediately have

COROLLARY 2.1. For k€ {1,...,r(e)} and j € {1,..., N} we have

tk—1

lim sup(T (tr)) ™" {3 clad, wn(@])Sk)
1=0
i—1 (i+1)k—1
-> 5] +Z (ol up(@))SK(iR) | §in} } =0 Prac.w
=0 =ik

By the choice of the decision horizon x (see (1.4)) we get

PROPOSITION 2.1. There exists C C 2 such that P(C) = 0 and for
weNR\C, ke{l,...,r(e)} and j €{1,...,N} we have

(2.9) lim sup \Jf(t)(w) — g (up)| <e.

t—o0

Proof. To simplify notations set JJ(t)(w) =: JJ(t) and WZi =: ﬂi.
Notice first that by Lemma 2.2,

lim sup Jf(t) = lim sup Jf (tk).

t—o0 t—o0

By Corollary 2.1 and the definition of x (see (1.4)) for w € 2\ C, where
P(C) =0, we have

lim sup
t—o0

TE(tr) = [ c(w, u(x)) m(dz)
E



458 E. Drabik

t—1 (i+1)k—1
< I k k j ‘
< llillsoljp‘t]] (tﬁ T tl'i ZE{ lZ;{ xlyuk( 311@}

t—1 (i+1)k—1
+ lim sup ‘(Tf(m))—l Z E{ Z c(ml , uk(xl ‘ &n}
=00 i=0 I=ir
tk—1
Tk tk)) Z Sk f c(x, u(z ))Wk(da:)‘
E
t—1 (i+1)rk—1
< liin sup ‘(Tf(tn))_l Z Sf(m)E{ Z (@], up (2] ‘ &n}
e i=0 =ik

Since J (up) = I c(m,u(a:))wi(da:) we obtain (2.9) and the proof of
Proposition 2.1 is complete. m

Remark 2.2. It immediately follows from (2.9) that limsup,_, JJ’.C <
907
J" " (ug) + € P-ae. =
Combining Lemma 2.1 and Proposition 2.1 we obtain

COROLLARY 2.2. Forw € 2\ C, with C' as in Proposition 2.1, and every
Ee{l,...,r(e)} and j € {1,...,N} we have
r(e) o
50 = Y0 () (@) (T )] < e

k=1

(2.10)

t—oo

and consequently

(2.11)

lim sup J; (t) — hmsupz g0 (uk)(ﬂy(t))_l(T]k(t))‘ <e.

t—o0 t—o0

Proof. Observe that by Proposition 2.1 the assumptions of Lemma 2.1
are satisfied, that is,

t—1
lim sup |( IZC xiy0;)S JGOJ(uk)‘ <e.
=0

t—o0

Therefore from (2.5) we have

t—1 r(e) t—1
lim sup |( 120 (i, v5) Sk ZJHOJ (ug)(T;(t))~ 125;“(1) <e
fmoo i=0 i=0
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Since El 0 SF(i) = Tf(t) we obtain (2.10). The inequality (2.11) follows
immediately from (2.10). m
Furthermore, we have

COROLLARY 2.3. For w € 2\ C, with C' as in Proposition 2.1, and every
ke{l,...,r(e)} and j € {1,..., N} we have

N r(e)
2.12 I J(t T ()t (TR (1 ‘
(2.12) im sup )= T (w) (t))

j=1k=1
and consequently

N r(e)

2.13 limsup J(¢) — limsu Je ] t_l Tk ‘ <e.
@19 [/ -3 )] <

=1k=1

Proof. By (2.10) and Lemma 2.1 we obtain

N r(e)
timsup | 7)) =3~ > I () (T (0) (T () (T ()| < e
o0 j=1k=1

Hence we have (2.12) and, as a consequence, (2.13). m
We can now formulate the main result of this section.

THEOREM 2.1. There exists C C §2 such that P(C) = 0 and forw € £2\C,
ke{l,...,r(e)} and j € {1,..., N} we have

) . < . . 0:7
(2.14) h?iigp J(t) < j—q}.l.I.l,Nk:IIT.l.l.I,%"(s) J” 7 (ug) + 2¢

< I%un A(0%7) + 3¢.
j

-----

Proof. By Corollary 2.3 we have to estimate

N r(e)
limsup¢™* JGOJ (ug)( Tk (1)).
L ape

For this purpose we define

(215) Z={(G.k) e {l,....N} x {1,...,r(e)}:

J7 (up) —  mi IO (w)] < 2¢).
|J7 (ug) in o 11}11{;(5) (u;)] < 2e}

We shall need the following lemma.

LEMMA 24. If (4,k) & Z, then with probability 1 there is no sequence
tn, tn, — 00, t, € F, such that at time t, we select the jth arm and the
control function uy.
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Proof. Assume (j,k) € Z and at time t,, t, — oo, t, € F being a
multiple of &, we select the jth arm, j € {1,..., N}, and the control func-
tion ug. Then JF(t,) < Jj(t,) for all 1 € {1,...,N} and i € {1,...,r(e)}.
Letting n — oo and by Proposition 2.1 with probability 1 we obtain

—e+ I (uy) < T () + £

forall l € {1,...,N} and i € {1,...,r(e)}. Therefore (j,k) € Z, and we
have a contradiction. m

We are now in a position to complete the proof of Theorem 2.1. Namely,
from Lemma 2.4 it follows that for each pair (j,k) € Z the jth arm and the
control function uy are played, with probability 1, at the forcing times only.
On the other hand, we know that the forcing times are Cesaro rare. Denote
by xz(j, k) the characteristic function of the set Z. Then we have

N r(e) _
limsupt—?! Z Z g (Uk)(TJk(t))
t—o0 j=1k=1
N r(e) o
= limsupt~* Z Z Jo (ur)xz (3, k)(T]k(t))
=00 j=1k=1
0,1 N T(E)
< (_min - min IO (ug) + 2¢) lim sup SN Xz k)T ()
eV =4, r(e T j=1k=1

0,1 . .
<  min min  J? (u;) 426 < min A(0%7) + 3¢,
I1=1,...,N i=1,...,r(¢) I=1,...,N

which completes the proof. m

3. Strategy with forcing and increasing decision horizon. We
now present a strategy with forcing and increasing decision horizon which
enables us to obtain a better accuracy of approximation.

The difference between the strategy considered in Section 2 and the
one presented below consists in the consideration of an increasing decision
horizon. The remaining elements of the strategy are similar.

We start with an auxiliary lemma.

LEMMA 3.1. Let ¢;, i = 0,1,..., be a bounded sequence. Assume that
the set N of nonnegative integers is partitioned into disjoint infinite subsets
&(i), i=1,...,N. If for every j € {1,...,N} there e:m'stg;f, t=0,1,...,
such that

t—1 _qt=1
(3.1) lim sup (Z qu(j)(i)) > cixap (i) — g5 =0
o0 =0 =0
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then

t—1
(3.2) limsup¢~* Z ¢ = hm sup Z git~ Z Xa(j) (1)
i=0

t—oo

Proof. We recall formula (2.6):

t—1 N t—1
Y=Y (S @) ch@m ZX%)
=0

j=1 =0

By (3.1) for every ¢ > 0 there exists tg such that for ¢t > tgpand j =1,...,N
we have

t—1 -1
‘ (Z X@(j)(i)) 1 Z cixa(j) (i) — 9;‘ < &o.
1=0 1=0

Then for t > t,

t—1 N t—1
lim sup ‘t_l Z Ci — Zg;t_l Z Xq‘(j)(i)‘
i=0 Jj=1 =0

t—o0
N t—1 L =1
< limsupZ{‘(Zx¢(J) > ZQ)@(]) ZX¢(]) }
t—00 j=1 i=0 =0
N t—1
< &g li?i»igpt_l Z Zqu(j)(i) = £g.
j=114=0

Since gy can be chosen arbitrarily small, we obtain (3.2). m

By analogy to Section 2 we define a set F’ of forcing times
F' ={0,1,...,Nr(e)s,a},a] +1,...,a] + 2Nr(e)k — 1,...
al,a,+1,...,a; +2°Nr(e)k —1,... (i=1,2,...)}.

ey Wy, Uy

We assume that the sequence a is such that

1) T sup, o £ 375 X (i) =0,

2) aj,, > a; +2'Nr(e)r — 1.
The modification of our control strategy consists now in the fact that we
have an increasing decision horizon. First, until o the changes of arms and
control functions take place every s units of time, from o} till a, every 2k
units of time; and inductively from ] till @, every 2'x units.

To construct the sequence a) let

D=t xmli)
=0
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and define a/ such that
S(ay +26Nr(e)) =1/2,..., S(a,+2'kNr(e)) = 1/2".
Then a} = kNr()271(20 —1). m

We divide the time axis into the Nr(e) disjoint subsets @(k,j), k =
1,...,m, j = 1,...,N, such that ®(k,j) = {n(k,j),=2(k,j),...} with

T1(k,j), 72(k,7),... indicating the successive times at which the control func-
tion uy is used and the jth arm is played.
We have

PROPOSITION 3.1. There exists C' such that P(C) = 0 and forw € 2\C,
Ee{l,...,r(e)} and j € {1,..., N} we have

(33)  Jim - 12 2 oy 0 ) = [ el un(@)) w (de)

= (ug).
Proof. Forn=1,2,..., k=1,...,r(¢) and j = 1,..., N define
d(k,j,n) =inf{i =1,2,...: 7;(k,7) > a’}.
By the strong law of large numbers for martingales, for n = 1,2,..., k =
1,2,...,r(¢) and j =1,..., N we have (Lemma 2.3)

t—1 d(k,jn)+(i+1)2"—1

(3.4) ¢t Z { Z C(x{—l(k,j)’uk(x{'l(k,j)))

i=0 I=d(k,j,n)+i2"
d(k,j,n)+(i+1)2"—1

= D DI AN

1=d(k,j,n)+i2"

STd(k1j1n)+i2n }} — 0 P-a.e.

Using the uniform ergodicity (1.1) we obtain
d(k,j,n)+(i+1)2" —1

(3.5) ‘E{ Z c(xz—l(k,j)’uk(xz'l(k,j))) ‘ gTd(k,j,n,)+i27L}

I=d(k,j,n)+i2"
=27 [ elw, uk(@)) wh(d)| < 2fell(1 — 7).

Since c is a bounded function for k = 1,2, ... we have (compare to Lemma 2.2
and its proof)

1
(3.6) limsupt™ Z (k]),uk (k,j)))

t—oo
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t—1 d(k,j,n)+(i+1)2" -1

=limsupt ! Z —{ Z C(l“]}l(k,j)’ uk(ajiz(k,j)))}

oo I=d(k,j,n)+i2n

and also
(3.7) hgioﬂlft_l z; AP )

=1 d(k,j,n)+(i+1)2" -1

= litrgggft‘lz Q—n{ Z C(xil(k,j)aUk(xil(k,j)))}'

i=0 I=d(k,j,n)+i2n

Therefore, in order to prove (3.3) it is sufficient to show that for every
€g > 0 there exists ng such that for n > ny,

d(k,j,n)+(i4+1)2" -1

(3.8) limsupt* Z —{ Z c($f_l (k.j)? uk(a:f_l(k’j)))}

oo I=d(k,j,n)+i2"

< f c(x,uk(a:))ﬂi(dx)—l-&‘g

and
d(k,j,n)+(i+1)2" -1

t—
e e e 1 , ,
69 tmipt' S m{ el )]
=0

I=d(k,j,n)+i2"

> f c(a:,uk(a:))ﬂi(dx)—so.

Let n be such that 27"2]|¢|(1 — )™ < gp. Then from (3.4) and (3.5) we
obtain (3.8) and (3.9), which completes the proof. m

From Proposition 3.1 and Lemma 3.1 we almost immediately obtain the
following corollary:

COROLLARY 3.1. There exists C such that P(C) =0 and for w € 2\ C,
ke{l,...,r(e)} and j € {1,..., N} we have

t—1 N
(3.10) limsupt™ IZZ (!, v;)8
t—o0 =0 j=1
r(e) N 4 t—1
_hmsupZZ( f c(x,ug(z Wi(da:))t_lzsjk(i),
t=o0 =1 i=0

where S]k(z) is asin (2.1). m

Outside the forcing moments we use the arm and the control function
for which the average cost per unit time over the trajectory is minimal.
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Therefore by Proposition 3.1, for sufficiently large ¢ we choose the jth arm
and the control function uy such that

f c(a:,uk(x))ﬂi(d:z:) = _min f c(a:,ul(a:))ﬂlj(dx).
E

From the construction of F” it follows that the forcing moments are
Cesaro rare, so that from Corollary 3.1 we have

COROLLARY 3.2. There ezists C such that P(C) =0 and for w € 2\ C,
Ee{l,...,r(e)} and j € {1,..., N} we have

r(e) N t—1
limsupt—?! c(g;f,uk(xZ))Sk(z)

= min o omin [ ez, ur (@) i (dx)
[ARRE] E
= min min  J?"’ (ug). m

j=1,....,N k=1,...,r(¢e)
From the above corollary in view of the definition of the class ¥ we obtain

THEOREM 3.1. There exists C' such that P(C) = 0 and for w € 2\ C,
ke{l,...,r(e)} and j € {1,..., N} we have

3.11) li J(#) = mi in  J%’ < min MNO%) +e.
(3.11) lmsup J(t) = min - min J7(ue) < min A(R) +e.

4. Strategy with randomization. In this section we consider a
strategy with randomization. It consists in a randomized choice of arms
and control functions. The probabilities in the randomized choice depend
on successive calculation of average costs.

The strategy is defined as follows.

1. First for k (with k as in (1.4)) moments of time we test every arm
and every control function.
2. Let J(t) denote the matrix Jf(t), kE=1,...,r(), j =1,...,N,
defined in (2.1). Define the function 5 : RN"() — N2 by
n(J@O]) = (m (T @), n2([J (D)) = (e(w), ke (w)) = (4, k),
where j, k are such that

JjO) = min,  min ()

and if Jf(t) = J}(t) then either j <l or j=1and k <i.
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2a. Let t* = Nr(e)k. Define the random variable &+ by the conditional
distribution

P& (w) =n([J(#)]) [ Se-} =1 —¢,
where for t > 0, §(w) € {1,...,N} x {1,...,r(e)} and §; = o(zg,...,2),
and for (j, k) # n([J(t")]),
1

P{&(w) = (j, k) | §o- } = Nr(e) -1

For the next x moments of time we choose the pair: arm 4+ number of a
control function according to the value of the random variable &« (w).

2b. Let t > (Nr(e) + 1)r. Let &(w) = &p/ujn(w), where [ | de-
notes the integer part, and {y(w) = 0 if ¢ < Nr(e)k. Define the o-field
& (w) = 0o(oy...,&—1). For t > Nr(e)k such that ¢t = [t/k]x define & by
the conditional distribution

(4.1) P& (W) =n([J®]) | §: vV &1} =1—¢,
where §; V &, = o(xo, ..., 2,0, ..,&—1) and for (j,k) # n([J(t)]),
(42) PL&(W) = (D) | 5V 8.} =

For the next s units of time the arm and the control function are chosen
according to the value of {(w). m

Let
tk—1 N 4
= > > cla],vi)8;()

i=0 j=1

t—1 N r(e) K—1 '
>3 {xom=neon 0 = Be { D clal unlad))

=0 j=1k=1 =0

+ X, k)#n([J(m)])Ni {Z c(w], up(x]) }}

where X (j x)= n([J(ZK)]) = 1if (j,k) = n(J(®)]) fmd 0 otherwise, and
X0, k)#n(rGx)) = L if (4, k) # n([J(t)]) and 0 otherwise.

LEMMA 4.1. Z; is a square integrable martingale with respect to the o-
field §i V Gy and (1/(tk))Zy — 0 P-a.e. ast — oo.

Proof. Notice first that
t—1 N (i+1)k—1

43 SN B[ > calws ‘smvcﬁm}

1=0 j=1 =ik
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t—1 N 7(e) Kk—1 ' ‘
> {Xo,k):n(w(m)])(l - E)Emm{ > claf un(a))) ‘ i V Q5m}}
i=0 j=1k=1 1=0

|
—

K

g . .
t X(J}’f#n(w(iﬂ)})mem{ c(ay, uk (7)) ‘ i V Q5m}}-

1=0
In fact,
t—1 N (i+1)r—1
E{ Z xl,vl ‘Sm\/@m}
i=0 j=1 I=ir

t—1 N (i+1)r—1

= S E{elz], w)Si(1) | Fin V i}

1=0 j=1 I=ik

t—1 N (i+1)k—1

= iz Z E{E{c(a:l J01)S5(18) | Tin V Birgr } | Tin V Bi }

1=0 j=1 I=ik
(i+1)k—1

Z E{S; (i"@)E{C(l‘gavl) | Sir V Bint1} | Sin V Bix}

=0 j=1 I=ik

I
M
.MZ

since S; (i) is a measurable function with respect to the o-field i\ V &y,.
Moreover, for ik <1 < (i + 1)k,

E{c(m{,vl) | Sin V Bini1} = By, {c(ac{_m, uk(ac{_m))}
provided &, (w) = (4, k), and

i—1 N r(e) (i+1)r—1 '

Z E{SJk(ZK‘)Ei“ﬁ{ Z C(x.l]—ili’uk(xl 1K } ‘ S“i \% 6“‘@}

i=0 j=1 k=1 l=ir
t—1 N r(e) (i+1)r—1 ' ‘

- Z E{Xﬁi":(j’k)Em“{ Z C(.’E{_m,uk(ajg_in))} ‘ Sir V 6%’%}
i=0 j=1 k=1 l=ir
t—1 N r(e) L

= Z Exzn{ Z c(xg—i;{?uk(xl zn))}P{fwﬁ = (]7 k) | Sin \ 6’“{}
1=0 5=1 k=1 =ik
t—1 N r(e) Kk—1 _ 4

= >33 {XGm=nwn @ = ) Eu { D elad unle]) |
i=0 j=1 k=1 1=0

E . .
T XGRAID) gy =7 B { > clad u(?)) } }
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Therefore (4.3) holds.
Similarly to the proof of Lemma 2.3, we can now show that Z; is a square

integrable martingale and (1/(tk))Z; — 0 P-a.e. ast — c0. m
From Lemma 4.1 we obtain

COROLLARY 4.1. The total average cost

t—1 N r(e)
J = limsup(tr) " Y YN elal un(e]))SF (i)
e i=0 j=1 k=1
s equal to
t—1 N r(e)
J = limsupt™ 122 K~ {X(jvk)zn([J(in)})(l —¢)
e i=0 j=1 k=1
rk—1
X Ezm{ ZC xlﬂik l‘l } + X (5,k)£n([J(ix)])
1=0
€ k—1 ' ‘
<ol D etad )]} Pac

Moreover, by (1.4) we have

COROLLARY 4.2. For J?"’ (ur) = [ c(z,up(z)) 7wl (dx) we have

t—1 N 7(e)
OJ
lim sup |J (¢ t_IZZZJG (k)X (G, k) =n([J()]) ‘ <e2|le]|+1) P-a.e.

t—o0 1=0 j=1 k=1

Proof. Let
t—1 N 7(¢) K—1 4 '
Ly=t") >, “_1{><u,k>=n<w<t>1>Em{ZC(%‘?M(@“{))}},
=0 j=1 k=1 =0
t—1 N 7(e) k—1 ‘ '
L) =Y 3>k G B { Y elal un(al) } -
1=0 j=1 k=1 =0
We have
t—1 N r(e)
hfensuP‘(l_g)Il(tHN GO > I @xGm = ‘
e 1=0 j=1 k=1
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t—1 N r(e)
< limsup| L) = 730 30> I (wxm=nason |
t—o0 i=0 j=1 k=1
+ etimsup |1, (8) + 7]\[7«(; — limsup| ()
t—1 N r(e)
< h{nsup L(t —t‘lzZZJ (k)X (k) n([J(t)])‘ + 2¢|lc]|-
e i=0 j=1 k=1

Moreover, by uniform ergodicity and the definition of &,

t—1 N 7(e)

OJ
hmsup‘[l —t_lzz J? (ug X(g E)=n([J(t)]) ‘
i=0 j=1k=1
t—1 N r(e) k-l , ‘
< lim sup t_lZZZH_I{X(j,k):n([J(t)})Ewm{ Zc(a:{,uk(mg))}}
=00 i=0 j=1 k=1 =0
t—1 N r(e)
—t! ZZX(g,k) n([J(®)]) f (nyuk(ﬂ?))ﬂf(dﬂ?)‘
1=0 j=1 k=1
t—1 N r(e) k-l , ‘
< limsup (t‘l S xGmmawns {Be {3 el uniad)) b}
o i=0 j=1k=1 =0

— [ el (@) v} (d)| < ¢
E

and the proof is complete. m

To show the near optimality of the randomized strategy defined above
we prove the following auxiliary lemmas:

LEMMA 4.2. For every k € {1,...,r(e)} and j € {1,..., N}, under the

randomized strategy we have
hirisogpt 1Tk( t) > W P-a.e.

Proof. By the definition of the strategy we play the pair (j,k) at
each moment of time ¢ > Nr(¢)k with probability greater than or equal to
e/(Nr(e) —1). Let

t—1
be = (XGm=nse)) — PLEnx(w) = (1, k) | Fin V Gii}).
i=0

Clearly b; is a square integrable martingale and therefore (1/t)b; — 0 P-a.e.,
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i.e.
t—1
B 671y (xGay=a(nn — PLen(@) = (k) [ Fix V Gin}) =0 P-ace.
1=0
Consequently,
t—1
limn fnf ¢~ 2_; X (3. k)=n([J(ix)])

t—1
= litrg(i)gft_l D P{&in(w) = (G k) | Fin V Bin}

i=0
>¢e/(Nr(e) —1) P-ae.
and the conclusion of Lemma 4.2 holds. =

LEMMA 4.3. For k € {1,...,r(¢)} and j € {1,...,N}, there exists C
such that P(C) =0 and for w € 2\ C we have

(4.4) limsup [J5(8) — T (ug)| < e

t—o0

Proof. The proof parallels that of Proposition 2.1. Observe first that

tk—1 ‘ t—1 (i+1)r—1
Zy = Z c(mg,vi)S]k(i) — ZE{ Z c(zl,v)S ‘ Sir V Gﬁm}
i=0 i=0 I=ik

is a square integrable martingale with respect to the o-field §;, V®;,.. Hence
(1/(tk))Z; > 0 as t — oo P-a.e. Therefore from Lemma 4.2, (Tf(tm))_th
— 0 P-a.e., ie.

tk—1
k 1 J k(;
h?isogp(T (tk))™ ‘ ; c(xj, v;) S5 (i)
t—1 (i+1)k—1
- ZE{ Z c( ,u1)S ‘ Fin V Gﬁm} —0 P-ae.
i=0 I=ix
Since
t—1 (i+1)r—1
liinsup‘(Tf(tﬁ))_le{ Z (l‘l,vl ‘ Six \/Q5m}
—oe i=0 =ik

—rSk(tr) [ c(x,uk(m))wi(dx)‘ <e
E

and JO” (ur) = [ e(z,up(z)) Wi(dl‘) we obtain (4.4). m
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LEMMA 4.4. Let Z be the set of pairs defined in (2.15). There exists C
such that P(C) = 0 and for w € 2\ C if &, (w) = (j, k) = n([J(tn)]) for
some (j, k) € {1,...,N} x{1,...,r(e)} and t,, — oo then (j, k) € Z.

Proof. Let &, (w) = (j,k) = n([J(tn)]) for t,, — oo and w € 2\ C
with C' as in Lemma 4.3. Then JF(t,) < Jj(t,) for I € {1,...,N} and
ie{l,...,r(e)}. Letting n — oo by Lemma 4.3 we obtain

—e+ Jeo’j(uk) < Jeo’l(ui) +e forle{l,...,N}andie{l,...,r(e)}.
Therefore

0,5 . . 0,1
mer ) < i T )+

forle{l,...,N}andie {1,...,r(e)}.
Hence (j,k) € Z. m
Finally, we have the following theorem.

THEOREM 4.1. There exists C' such that P(C) =0 and for w € 2\ C,
(4.5) limsup |J(t) — I{HHN min J?"’ (ug)| < e(2|e|| + 3).

t—o00 J=1..., k=1,...,r(¢)

Proof. By Corollary 4.2 we have

t—1 N r(e)
hinsup J(t —t_lzzzj Uk X(],k) n([J(1)]) <e(2[le] +1).
> i=0 j=1 k=1

By Lemma 4.4 it remains to estimate

t—1 N 7(e)

hmsupt ! ZZZJ uk X(g,k) n([J(t)})XZ(.%k)

i=0 j=1k=1

For this purpose we repeat the arguments of the proof of Theorem 2.1, and
finally obtain (4.5). m

5. Numerical examples. Below we present some simulation results
for the controlled multiarmed bandit problem with the evolution of arms
described by the equation

$f+1 :f(ﬂ«"gjuz',@ ) +g(z )wzv :c%:x,
where f(z,u,0) = min{(u(z) -z — 6)*> + 6 4+ 1,const} for 6§ € [-1,1], a

compact set of unknown parameters, and w; € N(0, 1) is a white noise. For
simplicity assume that g(z]) = ¢ and the cost function is

c(x,u(r)) = min{x? constl}, const := 100, constl := 100.
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It can easily be shown that for a given 6 the optimal control function uy is
1 if0/x>1,
ug(x) =< O/z if -1 <6/x <1,
1 iff/z< -1
Therefore we consider the class of admissible control functions
Ie) ={ug : 0 = —1,-0.75,—-0.5,—-0.25,0,0.25,0.5,0.75, 1 }.

Below we show the graphs obtained by simulations of the above example.

The first graph presents simulation results for the model with forcing and
constant time decision horizon, and for the strategy with randomization, for
the values of x, N and 6 as indicated.
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B e e e em e e e e e eneeenas
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mtrategy with randemization time in thouzancs
Graph 1

The optimal average cost for the first arm is J; ~ 3.11, for the second
arm it is Jy ~ 3.86 and for the third arm it is J3 = 1.1. The optimal cost for
the bandit problem is therefore Js =~ 1.1 and it indicates that arm 3 should
be played.

As is clear from the graph, the strategy with randomization and the
strategy with forcing (for large t) come close to the optimal cost J3 ~ 1.1.
It should also be noticed that randomization provides faster convergence
than forcing.
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Similar convergence properties are also obtained for other data. The
second graph presents simulation results for the model with forcing and
constant decision horizon and for the strategy with randomization, with
k = 50, N = 5. The values of the true parameters 6 are as indicated.
Notice that the optimal value for the multiarmed bandit problem is equal
to 1.1 and corresponds to the 5th arm.

In the third case we also have the optimal cost value for the multiarmed
bandit problem equal to about 1.1 and corresponding to the third arm with
the values of k, IV and 6 as indicated.

The numerical results show that both strategies converge to the optimal
cost.
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