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INITTAL-BOUNDARY VALUE PROBLEMS
FOR IMPULSIVE PARABOLIC
FUNCTIONAL DIFFERENTIAL EQUATIONS

Abstract. Theorems on differential inequalities generated by an initial-
boundary value problem for impulsive parabolic functional differential equa-
tions are considered. Comparison results implying uniqueness criteria are
proved.

1. Introduction. The theory of impulsive ordinary differential equa-
tions made its start in [10] and it was an object of many investigations in
the last three decades ([3], [4]). This theory is richer than the corresponding
theory without impulses due to some new features and phenomena such as:
“beating”, “merging”, “dying” of solutions, loss of autonomy, etc.

In the recent years the theory of impulsive partial differential equations
began to emerge ([1], [5], [7], [8]). It gives greater possibilities for mathe-
matical simulation of evolutional processes in theoretical physics, chemistry,
population dynamics, biotechnology, etc., which are characterized by the
fact that the system parameters are subject to short term perturbations
in time. The authors believe that this new theory will undergo a rapid
development in the coming years.

In the present paper impulsive parabolic functional differential inequal-
ities are considered. It is shown that the impulsive ordinary functional
differential inequalities find application in the proofs of theorems concern-
ing the estimates of solutions and in the uniqueness theory for impulsive
parabolic functional differential equations.
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We note that parabolic differential and functional differential inequalities
with impulses are investigated in [2], [5], [6], [8].

2. Preliminaries. Let E = [0,a)x(=b,b),a > 0,b= (b1,...,b,) € RY,
Ry = [0,00) and B = [—79,0] x [—7, 7], where 79 € Ry, 7 = (71,...,7Tn)
€ RY. We define c =b+ 7, Ey = [—70,0] X [—¢,c], OE = [0,a) x ([—c,c] \
(=b,b)), E* = EUEyUdyE. For 19 > 0 we put B(™) = [—79,0) x [-T,7].

Suppose that 0 < z1 < ... < zp < a are given numbers. We define

Jo =[-70,0], J=1[0,a), Jimp={21,..., 28},
Eimp = {(z,y) € E:x € Jimp},
0o Eimp = {(z,y) € E:x € Jimp},
E: {(z,y) € E*:x € Jimp}-

mp —
Let Cimp[E*, R] be the class of all functions z : E* — R such that:

(i) the restriction of z to E* \ E} is continuous,

(ii) for each (x,y) € Eimp, the limits

1 lim  z(t,s) = z(z™,y),

) (t,8)—=(z,y) (t:5) = y)
t<zx

2 lim  z(t,s) = z(z™,

) o 20 = 2

exist and z(z,y) = z(zT,y) for (z,y) € Eimp.

In the same way we define the set Cimp[0oE, R]. If z € Cimp[E*, R] and
(,y) € Eimp then we write Az(z,y) = z(z,y) — 2(z7, y).

Suppose that 2z : E* — R and (z,9) = (z,y1,-..,Yn) € E, the closure
of E. We define a function z(, ,) : B — R as follows:

Z(z,y)(ta S) = Z($+t,y+5), (t, S) € B.

Suppose that 7o > 0. For the above z and (z,y) we also define z(,- ) :
B SR by

2yt 8) =2 +ty+s), (ts)e B

Assume that we have a sequence {t1,...,t,} such that —7p <t; < ... <
t, <0. Let I; = (t;,tig1) X [-7,7],i=1,...,r — 1 and

I = @ if —T0 :tl,
0 (—To,tl) X [—T,T] if —70 < 11,

s o itt, =0,
" (&, 0) X [—7, 7] if t, < 0.
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Let tg = —m9 if t1 > —7 and t,41 = 0 if t, < 0. We denote by
Ci.o|B,R] the class of all functions w : B — R such that there exists a

imp

sequence {t1,...,t.} (r and t,...,t, depend on w) satisfying:

(i) the functions wp,, i = 0,1,...,r, are continuous,
(ii) for each ¢, i =1,...,r + 1 with (¢;,s) € B, t; > —7p, the limit
lim  w(t,y) =w(t;,s
(tzy)é(tizs) ( ) ( )
t<t;
exists,
(iii) for each i, 7 =0,1,...,r with (¢;,s) € B, t; <0, the limit
lim  w(t,y :wt;r,s
(ty)—(ts,s) (t,9) ( )
t>t;
exists,
(iv) for each (t;,s) € B,i=0,1,...,r — 1, and for i = r if ¢, < 0, we
have w(t;, s) = w(t], s).

Let Cf [B),R] = {wp + w € O, [B,R]} in the case 70 > 0.

imp imp

Elements of the sets C;, [B,R] and C;, [B(™),R] will be denoted by the

imp imp -
same symbols. It is easy to see that if z € Cip,p[E*,R] and (x,y) € E, then
Z(z,y) € Cinp[B,R] and z(,- ) € C; [B(-),R] in the case 1o > 0.

imp mp
For w € C} [B,R] we define |w|p = sup{|w(t,s)| : (¢t,s) € B}. We
denote by [ - [ g-) the supremum norm in the space C}; [B(),R].
Let Mn| be the class of all matrices v = [vi;]1<i, j<n, Where 7;; € R and
Yig = Vji-

Suppose that
2= (E\ Eimp) xR x Cy J[B,R] x R" x M[n],

imp

Qimp = (Eirnp @] 80Eimp) xR x C* [B(*)’R]

imp
and f: 2 =R, g: Qp — Rand ¢ : By UdE — R, where @55 €
Cimp[0oE, R], are given functions.
A function z € Ciyp[E*, R] will be called a function of class C’i(él’? [E*,R]
if z has continuous derivatives D, z(x,y), Dyz(x,y) and Dy, z(x,y) for (z,y)
€ E\ Ein,p, where

Dyz = (Dylz’ s vDynZ)’ Dyyz = [Dyiyjz]lﬁi,]én'

A function f : 2 — R is said to be parabolic with respect to z €
C(1’2)[E*,R] in £\ Eiy,p if for (z,y) € E\ Einp and for any v,s € M|n]

imp

such that

n

Z (’Yij — Sij))\i)\j <0, A= ()\1, .. ,)\n) < Rn,

i,7=1
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we have
f(:E? Y, Z(ﬂj‘, y)7 Z(x,y)vDyz(xv y)a ’7) < f(l', Y, Z(:Ev y)a Z(x,y)» DyZ(IL‘, y)’ 5)‘
We consider the initial-boundary value problem:
(3) sz(xa y) = f(xa Y, Z($, y)a z(x,y)a Dyz(xa y)v Dyyz(xa y))7
(a;,y) S \ Eimp7
(4) Z(%,y) :@(‘rvy)7 («T,y) e-E()UaO-Ey
(5) AZ(LL‘,y) :g(l‘7y7z(x_ay)vz(x*,y))’ (xvy) € EimpuaOEimp‘
For f: 2 =R, g: 2inp —Rand z € C.(I’Q)[E*,R] we write

imp
F{Z](Ivy) = Dwz(:v,y) - f(l‘ay7Z('Tvy)aZ(m,y)aDyZ(xay)7Dyyz(x7y))a
(IL’,y) € E\Eimp7

and

G[Z](.%’,y) = Az(x?y) - g(m,y,z(x*,y),z(r—,y)), (xay) € Eimp-

3. Main results

3.1. Impulsive parabolic functional differential inequalities. We intro-
duce

AssuMPTION H1. Suppose that:

1. the function f : 2 — R of the variables (z,y,p,w,q,s) is non-
decreasing with respect to the functional argument w,

2. the function g : 2, — R of (z,y,p,w) is non-decreasing with
respect to w and for each (z,y) € Einp and w € Cf [B(),R] the function

o(p) =p+g(z,y,p,w), p € R, is non-decreasing on R.
THEOREM 1. Suppose that:

1. Assumption H1 holds,
2. u,v € C.(I’Q)[E*,R] satisfy the initial-boundary inequality

(6) p u(@,y) <v(z,y), (r,y) € BEoUdE,
3. the functional differential inequality
(7) Flul(z,y) < Flo](z,y),  (2,y) € B\ Einp,
and the inequality for impulses
(8) Glul(z,y) < Gl(z,y), (2,y) € Eimp,

are satisfied,
4. f is parabolic with respect to u in E \ Einyp.

Then
(9) u(z,y) < v(z,y) on B
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Proof. If (9) is false then the set Z = {x € [0,a) : there exists y €
(=b,b) such that u(z,y) > v(z,y)} is non-empty. Defining T = inf Z it
follows from (6) that £ > 0 and there exists y € (—b, b) such that
U($7y) <U($,y), (3773/) EE*H([_T[))%) XR”):

u(z,y) =v(x,y).

There are two cases to be distinguished:

(10)

Case 1: (z,y) € E\ Eimp. Then
Dy(u—v)(z,y) >0, Dy(u—0)@,y)=0
and
z": Dy, (u—v) (@, y)NiN; <0,
ij=1
for A = (A1,...,Ay) € R™, which leads to a contradiction with (7).

Case 2: (Z,Y) € Eimp. Then there exists 4, 1 <14 < k, such that z = z;.
From (10) we have

(11) uw(@,y) <v(x,y).
It follows from (8) and (11) that
U(.&?,]j) - ,U(%) g) < ,U’(a;_’ N) —|—g(574, gau(i_’g)vu(i_,@))
- U(E_')g) - 9(57 gvv(%_amvv(i*,g)) < 07

which contradicts (10).
Hence Z is empty and the statement (9) follows. m

Remark 1. In Theorem 1 we can assume instead of (7), (8) that
Flul(z,y) < Fv](z,y) for (z,y) € T\ Eimp,
Glu)(z,y) < Gv](z,y) for (z,y) € T N Einp,
where
T ={(z,y) € E:ult,s) <uv(t,s)for(t,s) € E, t €[0,2), u(z,y) =v(z,y)}
Now we consider weak impulsive parabolic functional differential inequal-
ities.
AssUMPTION H2. Suppose that:

1. o : ([0,a] \ Jimp) x Ry — Ry is continuous and o(z,0) = 0 for
z € [0,a]\ Jimp,
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2. 00 : Jimp x Ry — Ry is continuous, oo(z,0) = 0 for z € Jiyp and the
right-hand maximal solution of the problem
o (z) =o(z,a(x), z€J\ Jimp,
a(0) =0

isa(x) =0,z € J,
3. f: 2 — R satisfies the inequality

f(m7y7p7w7Q7S) - f(fﬁ,y,ﬁ@y%s)
> —o(z, max{p - p, @ —wlp}) on £,
where p <p and w < w,
4. for (z,y,p,w) € Eimp X R x Ci*mp[B(_),]R] we have
g(%ya}?:w) - g(xayvpv E) Z —Uo(x,max{ﬁ - D, H@ - wHB(—)})7
where p <P, w < w.
THEOREM 2. Suppose that:

1. Assumptions H1 and H2 hold,
2. u,v € C-(I’Q)[E*,R] and

(12) ! u(z,y) <wv(x,y) on EyUdFE,
3. the functional differential inequality
(13) Flu(z,y) < Flv](z,y), (2,y) € E'\ Eimp,
and the inequality for impulses
(14) Glul(z,y) < Gl(z,y), (2,y) € Eimp,

are satisfied,
4. fis parabolic with respect to u in E \ Eipp.
Then u(x,y) < v(x,y) on E*.
Proof. Suppose that ag € (z,a). We prove that
(15) u(z,y) <v(z,y)
for (z,y) € ([-70,a0) x R™) N E*.
Consider the problem
o (z) =o(z,a(x)) +eo, € J\ Jimp,
(16) a(0) = ey,
Aa(z) =oo(z,a(x™)) + €2, T € Jimp.

There exists € > 0 such that for 0 < ¢; < €, i =0, 1, 2, there exists a solution
w(+;¢e), e = (e0,€1,€2), of (16) and this solution is defined on [0, ag).
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Let

5(.@ y) — {U(l’,y) =+ €o, (x,y) € Eo,
’ v(z,y) +w(zse), (x,y) € ([0,a0) X R")N(EUHE).

We prove that

(17) u(z,y) <v(z,y) on ([0,a0) x R")N(EUOE).
We have

Flul(z,y) — Flv](z,y)

= Flu](z,y) — Dyv(z,y) — w'(z3¢)

f(@,y,0(2,9), V(ay), Dyv(@, y), Dyyv(z,y))

ul(z,y) — Dyv(a,y) — w'(23¢)

+ f(2,9,0(2,9), V(a,y) Dyv(z, ), Dyyv(z,y)) + 0 (2, w(2;€))
y) = Flol(z,y) —e0 <0, (2,y) € (E\ Eimp) N ([0,a0) x R™).

€ Eimp we have

Glul(z,y) — G[v)(z,y)

= Glul(z,y) — Av(z,y) + 9(z,y,0(z7,Y), Uiz )

< Gluf(z,y) — Av(z,y) — Aw(z;e) + g(z,y, v(z7,Y), Via- y))
+ oo(z,w(z™ ;)

= Glul(z,y) — Gv](z,y) — &2 <O0.

Since u(z,y) < v(x,y) on (EgUIyE)N ([0, ag) x R™), from Theorem 1 we
have assertion (17). Since lim._,qw(x;e) = 0 uniformly with respect to 2 on
[0,a0), we obtain (15). The constant ag € (zy,a) is arbitrary and therefore
the proof is complete. m

AssuMPTION H3. Suppose that:

7 : ([0,a]\ Jimp) xR_ — Ry, R_ = (—00, 0], is continuous, o(z,0) = 0
for x € [0,a] \ Jimp and for p < we have

fx,y,p,w,q,8) — f(x,y,D,w,q,8) <o(x,p—p) on 2,

2. 00 : Jimp X R — Ry is continuous, go(x,0) = 0 for € Jiy,p and for
p <P we have

g(%%ﬁﬂ”) - 9(3372/7?7 w) S 50(%,]) _ﬁ) on Eimp x R X C:;np[B(_)7R]7
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3. the left-hand minimal solution of the problem
o(z) =0(z,a(x)), z€J\ Jimp,
Aa(z) =oo(z,a(z7)), =€ Jimp,

lim «o(z) =0

isa(zx) =0,z € J.
THEOREM 3. Suppose that:
1. Assumptions H1 and H3 hold,
2. u,v € Ci(;’s) [E*,R] satisfy the initial-boundary inequality (6), and the
functional differential inequality (13) holds on E \ Einyp,
3. estimate (14) is satisfied,
4. fis parabolic with respect to v in E \ Eipp.
Then
(18) u(z,y) <v(xz,y) onE*.

Proof. First we prove (18) for (z,y) € ([0,a — ) x R™) N E, where
a—xp >e>0. Let 0 < pp < min{v(z,y) —u(z,y) : (x,y) € EgUIyE}. For
0 > 0 denote by w(+;9) the right-hand minimal solution of the problem

d'(z) = —o(z,—a(z)) =0, x€J\ Jimp,
(19) a(0) = po,

Aa(z) = —oo(z, —a(z7)) =9, € Jimp-
If po > 0 is fixed then to every € > 0 corresponds §y > 0 such that for 0 <
0 < dp the solution w(+; d) of (19) exists and is positive on [0,a—¢). Suppose
that 0 > 0 is a constant such that w(-; ) satisfies the above conditions. Let

(o, y) = {u(az,y) + po, (x,y) € Eo, }
u(z,y) + w(z;0), (x,y) € (EUGE)N([0,a—¢) x R™).
We will prove that
(20) u(z,y) <v(z,y) on EN([0,a—¢e) xR").
It follows from H1 and H3 that
Fli](z,y) — Flv](z,y) < Dyu(z,y) + w'(2;0)
— [,y u(,y), wey), Dyu(z, y), Dyyu(z,y))
+ 0 (2, —w(x;0)) — Flv](z,y)
= Flu)(z,y) — Fv](z,y) =6 <0
for (z,y) € (E\ Eimp) N ([0,a — ) x R™).

Now we prove that

(21) Glul(z,y) < Gl(z,y),  (2,y) € Eimp.
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It follows from H3, (14) and (19) that

G[ﬂ(x,y) - G[U](‘Tvy) < Au(wvy) + Aw(x,é) - g(xayvu(x_ay)vu(m*,y))
+0o(z, —w(z™;0)) — Glv](z,y)
:G[u](:ﬂ,y) *G[U](I‘,y)*(5<0, (l‘,y) 6Eimpa

which completes the proof of (21). Since u(x,y) < v(z,y) for (z,y) €
(Eo UOE) N ([0,a — ) x R™), we have estimate (20) from Theorem 1. It
follows from (20) that u(z,y) < v(z,y) on ([0,a —e) x R")NE. Since € > 0
is arbitrary, inequality (18) holds on E*. m

3.2. Comparison theorems for parabolic functional differential inequal-
ities. In this section we prove estimates of functions satisfying impulsive
parabolic functional differential inequalities by means of solutions of impul-
sive ordinary functional differential equations.

Let Cimp[Jo U J, R] be the class of all functions « : JyUJ — R such that:

(i) the restriction of a to Jo U J \ Jimp is continuous,
(ii) for each x € Jipp the limits
lim a(t) = a(z”), lim a(t) = alz™)
t—x t—x
t<z t>x
exist and a(z) = a(z™) for & € Jimp.

Suppose that we have a sequence {t1,...,t,} such that —79 <1 <ty <
... <t. <0. For t; > —19 we also define t) = —7y and for ¢, < 0 we put
tr+1 = 0. Let J(Z) = (thti-i—l)a 1= 0, 1, ceay T
We denote by C};,[Jo, R] the class of all functions 7 : Jo — R such that
there exists a sequence {tg,t1,...,t,t,+1} depending on 1 such that:
(i) the functions 7, ;i), i =0,1,...,r, are continuous,
(ii) for each i, 1 =2,...,r + 1, and for ¢; > —7p, the limit
lim n(t) = (")
t<t;
exists,
(iii) for each ¢, i =0,1,...,7r — 1, and for ¢, < 0, the limit
lim () =n(t])
t>t;

exists and n(t;) = n(t;).
For 79 > 0 we put J(g_) = [~70,0) and C} [Jé_),R] = {nlJ(_) TS
0

imp

C: o170, R]}. We will denote the elements of C [Jo,R] and C [JO(_),R]

imp imp imp
by the same symbols. We denote by || - || the supremum norm in the space
CiuplJo, R] and in the space C’fmp[Jé_),R]. For z € Cimp[E*,R] we define
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Tz:JoUJ — Ry by
(Tz)(z) = max{|z(z,y)| 1y € [-¢,c]}, x € [—70,0a).
Ifa:JoUJ — R and x € J then we define a(,y : Jo — R by a(,(t) =
a(z +1t), t € Jo. For the above a and x we define o, : Jé_) — R by
) (t) =alx+1t) fort € J( ). Forw € CioplB, R] we define T*w : Jo —
R, by
(T*w)(t) = max{|w(t,s)| : s € [-7,7]}.

LEMMA 1. If z € Cinp[E*,R] then Tz € CimplJo U J,Ry]. If w €
CioIB,R] then T*w € C [Jo, Ry].

imp 1mp[
We omit the proof.

ASSUMPTION H4. Suppose that:

1. the functions o : ([O a) \ Jimp) X Ry x C3

imp [

JO,R+] — R+ and

o Jimp X Ry x Oyl 0o ,R+] — R, are continuous and non-decreasing
with respect to the functional argument,
2. for each (z,n) € J x C [JO_),R+] the function vy(p) = p+ao(x,p,n),

imp
p € R, is non-decreasing on R .

LEMMA 2. Suppose that:

1. Assumption H4 holds and 1) € Cinp[Jo U J,R],
2. 1€ C(Jo,Ry) and w(+n) : [—70,a) — Ry is the mazimal solution of
the problem
o (x) =0z, (x), ), € J\ Jimp,

(z) =n(z), =€,

(22) =
Aa(r) =o(z,a(z” ), z-)),  © € Jimp,

Q

3. the function i satisfies

P(z) <n(x), =€,
A¢( ) ( 1/}( )ﬂp(z*))a T € Jimpa

4. forx € Py ={x >0, x € J\ Jimp : ¥(z) > w(z;7)} we have
D—¢(x) < U(wi(x)aw(w))v

where D_ is the left-hand lower Dini derivative.
Then ¢ (z) < w(x;n) for x € [—19,a).

We omit the proof.
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THEOREM 4. Suppose that:

1. Assumption H4 holds, f € C(£2,R) and for each (z,y,p,w) € (E \
Eimp) x R x Cft[B,R] we have

imp
(23) f(x7y7p7w7070) Signp S O-(‘T7 |p‘7T*w)7
where signp denotes 1 if p >0 and —1 if p <O,
2. ueCl 2)[E* R] and

imp
(24) D u(l‘ y) = f(ac,y,u(m,y),u(z,y),Dyu(x,y),Dyyu(ﬁ,y)),
) €L \ Elmp7
neC(Jo,Ry) and

lu(z, y)l <n(x),  (z,y) € Eo,

(2

or (x,

3.

5)

4. w(+;m) : [~70,a) — Ry is the mazimal solution of the problem (22),
5. the boundary estimate
6)
and

)

(2

u(z, y)| < w(a;n),  (z,y) € BE

the impulsive estimate

27)  |u(z,y)]
< lu(@™,y)| + oz, [u(@™, )], (T*uw)@-)),  (#,y) € Eimp U 9o Eimp,
are satisfied,
6. fis parabolic with respect to u in E \ Einp.
Then

(28) u(z,y)| < w(z;m)  for (z,y) € E™.

Proof. We prove that the function ¢ = T'u satisfies all conditions of
Lemma 2. It follows from (25) and (27) that condition 3 of Lemma 2 holds.
Suppose that « € P;. There exists y € [—c, c| such that ¢(z) = |u(z,y)|. It
follows from (26) that y € (—b,b). There are two possibilities: either

(29a) U(z) = u(z,y)
(29b) Y(z) = —u(z,y).

Suppose that (29b) holds. Then Dyu(z,y) = 0,

> Dyyulz,y)hid; 20, A= (A,... \) R,
i,j=1
and
D_y(x) < —Dyu(z,y)
= —f(z,y,u(x, y)au(aay)? Dyu(z,y), Dyyu(z,y))
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< —f(@, 9, u(®@,9), U,y),0,0)

= f(z,y,u(z,y), u(z ), 0,0) signu(z, y)

< U('%" ]u(x,y)], (Tu)(x))'
Thus ¢ satisfies condition 4 of Lemma 2. The case when (29a) holds is
analogous. Thus all conditions of Lemma 2 are satisfied and (28) follows. m

Let us consider two problems: the problem (3)-(5) and the problem

(30) Drz(mv y) = f(xa Y, Z(JJ, y)a Z(x,y)» Dyz(xa y)? Dyyz(x7 y)),
(«T,y) S \ Eimpa

(31) Z(‘T’y):@(xay)u (:E?y) EEOUaoE,
(32) A’Z("E? y) = 5(337 Y, Z(JJ_, y)a Z(m*,y))v (1:7 y) € Eimp U 8O-Eimpv
where f: 2 — Rand g : mp — Rand ¢ : By UGy — R, where
P19, € Cimp[OoE, R], are given functions.

We prove an estimate of the difference between solutions of (3)—(5) and
(30)—(32).

THEOREM 5. Suppose that:

1. Assumption H4 holds,

2. f,f e C(2,R), 9,9 € C(£2imp, R) satisfy the inequalities

(f(xv Y,p,w,dq, S) - f(xa Y,D, W, q, S)) Slgn(p - p)
(33) <o(z,|p—p|,T"(w—w)) on £,
|g(x7y7p7w) - g(wayvﬁv @)| S G(IE, ’p _ﬁ‘vT*(w - @)) on \Qimpv
_ 3. (1076 : By UOoE — R, 77 € C(JOaR-I—)’ P|Eg> ¢|Eg € C(E0>R)a PO E>
P|6E S Cimp[aoE,R], and
|§0(l’ay)_5(xvy)| éﬁ(l‘)a (x,y) EEOa
4. the mazimal solution w(-;n) of (22) is defined on [—79,a) and
u,u € C&?[E*,R] are solutions of (3)—(5) and (28)—(30), respectively,
5. p(z,y) — @(z,y)| < wla;n) on OE,
6. fis parabolic with respect to u in E \ Einp.
Then |u(z,y) — u(z,y)| < w(z;7) for (z,y) € E*.

Proof. We prove that the function ¢ = T'(u — u) satisfies all conditions
of Lemma 2. It is easy to see that condition 3 of Lemma 2 holds. Suppose
that © € Py. There exists y € [—c,c] such that ¢ (z) = |u(z,y) — u(z,y)|.
From condition 5 of the theorem it follows that y € (—b,b). There are two
possibilities: either

(34a) ¥(x) = u(z,y) —ulz,y)
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or
(34b) (@) = —(ulz,y) — ulz,y)).
Suppose that (34a) holds. Then D, (u — u)(z,y) = 0,
> Dy, (u= @)@ p)Aid; 0, A= (M. An) €R”,
ij=1
and

D_+(z) < Dyu(z,y) — Dyu(z,y)
= [f(z,y,u(@,y), wa,y), Dyu(z,y), Dyyu(z,y))
— flz,y,u(z,y), U(x,y)> Dyu(337 Y), Dyyﬂ(x, )]
+ [f (@, u(@,), gy, Dyu(,y), Dyyt(z,y))
- N(x,y,ﬁ(x,y),ﬂ(z,y),Dyu(x,y),Dyyﬂ(a:,y))].

The first difference in brackets is non-positive by the parabolicity of f with
respect to u. Since u(z,y) > u(z,y) by (34a), in view of condition 2 we get
D_y(x) < o(z,9(z), (TY) ), =€ Py,

The case when (34b) holds is analogous. Thus all conditions of Lemma 2
are satisfied and the statement of the theorem follows. m

THEOREM 6. Suppose that:
1. Assumption H4 holds,
2. feC(2,R), g € C(2imp,R) and
(f(z,y,p,w,q,8) — f(2,y,p,0,q, s)) sign(p — )
<o(z,|p—p,T"(w —w))
l9(z, y,p,w) — g(z,y,p,w)| < o(z,|p— |, T"(w — w))
3. 0(x,0,0) =0 forx € J\ Jimp and o(x,0,0) =0 for € Jimp, where

on 2,

on Qimpa

0(t) =0 fort e Jy,
4. the mazimal solution of the problem

o (z) = o(z, a(z), QAz)),
a(z) =0, x € Jy,

AOA(I‘) = 5('%" a(xi)a a(w—))a

x e J\Jimp,

xr € Jimp,

isa(zr) =0,z € JyU.J.
Then the problem (3)—(5) admits at most one solution in Ci(il’pQ) [E*,R].
Proof. Put f: f and g = g and apply Theorem 5. =

Remark 2. Suppose that o : ([0,a) \ Jimp) X Ry x Ry — Ry and
0: Jimp X Ry x Ry — Ry are given functions and o : ([0,a) \ Jimp) X Ry X
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Cioldo, Ryl = Ry and 0 : Jimp xRy X C} [Jéf), R4 ] — Ry are defined by

imp imp
o(z,p,n) = o(z,p,sup{n(t) : t € Jo}),
5(x.p.n) = 8. p.sup{n(t) : t € JG}).
Then:
1. Inequality (27) is equivalent to
lu(z, y)| < u(@™, y)|+o(z, [u(z™, Y)], [lu@- o), (2,y) € EimpUdoEimp.
2. Estimates (23) and (33) are equivalent to
f(z,y,p,w,0,0)signp < o(z, |p|, [[wllo),

(f(xa Yy,p,w,dq, S) - f(wayaﬁa wa q, S)) Sign(p _ﬁ) § Q(l’, |p _ﬁ|7 H’LU - EH()),
]g(x,y,p,w) - E(x,y,ﬁ,@)! < E($7 ‘p _ﬁ|7 Hw - EHO)

3. If we assume that 7 € C(Jy,R;) is non-decreasing on Jy then the
problem (22) is equivalent to

o (2) = o(z, ax), afx)), €T\ Jimp,

Aa(z) = o(z,a(z™ ), a(x™)), @ € Jimp.
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