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Abstract. Concise but self-contained reviews are given on theories of majorization and
symmetrically normed ideals, including the proofs of the Lidskii-Wielandt and the Gelfand—
Naimark theorems. Based on these reviews, we discuss logarithmic majorizations and norm
inequalities of Golden—Thompson type and its complementary type for exponential operators on
a Hilbert space. Furthermore, we obtain norm convergences for the exponential product formula
as well as for that involving operator means.

1. Introduction. Since the notion of majorization was introduced by Hardy, Little-
wood, and Pdlya, it has been discussed by many mathematicians in various circumstances
with various applications. First let us recall the notion of (weak) majorization in the sim-

plest case of real vectors. For real vectors a = (a1, ...,ay) and b = (by,...,b,), the weak
majorization a <, b means that Zle ap) < Zle bi;) holds for 1 < k < n, where
(ap), .-, ap) is the decreasing rearrangement of a. The majorization a < b means that

a <wband Y i a; = >, b;. When a and b are nonnegative, the multiplicative or
logarithmic (weak) majorization can be also defined by taking product ] in place of sum
>~ in the above, which we referred to in [6] as the log-majorization.

Several (weak) majorizations are known for the eigenvalues and the singular values of
matrices and compact operators, as was fully clarified in Marshall and Olkin’s monograph
[62] and also in [4, 61]. These majorizations give rise to powerful devices in deriving
various norm inequalities (in particular, perturbation norm inequalities) as well as trace
or determinant inequalities for matrices or operators (see e.g. [15]). Among other things,
the Lidskii—-Wielandt majorization theorem is especially famous and important. A crucial
reason why the (weak) majorization is useful in operator norm inequalities is the following
fact: For bounded Hilbert space operators A and B, the weak majorization u(A) <.,
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w(B) holds if and only if ||A|| < ||B]| for any symmetric (or unitarily invariant) norm
|| - ]l, where u(A) = (u1(A), u2(A),...) are the (generalized) singular values of A with
multiplicities. General theory of symmetric norms and symmetrically normed ideals was
extensively developed in Gohberg and Krein’s monumental monograph [32] (also [77,
79]). The majorization technique sometimes plays an important role in the study of
symmetrically normed ideals. For instance, the Holder type inequality for symmetric
norms is a simple consequence of Horn’s majorization of multiplicative type.

The celebrated Golden—Thompson trace inequality, independently proved by Golden
[33], Symanzik [83], and Thompson [84], is tr e 5 < trefleX for self-adjoint operators
(particularly for Hermitian matrices) H and K. So far, there have been many extended
or related inequalities around the Golden—Thompson inequality. For example, when H
and K are Hermitian matrices, this inequality was extended in [58, 85] to the weak
majorization u(e?TE) <, u(ef!/2eKef/2) or equivalently ||e+5|| < ||efl/2eKeH/?|| for
any unitarily invariant norm, and in [81] to tref*5 < tr(efl/meX/m)" for all n € N.
Also, the Araki-Lieb—Thirring inequality [12] (also [88]) is regarded as a strengthened
Golden—Thompson inequality and is reformulated in terms of log-majorization (see [6,
40]). On the other hand, a complementary counterpart of the Golden—Thompson trace
inequality was discovered in [44] in the course of study on lower and upper bounds for
the relative entropy, and was strengthened in [6] to the form of log-majorization by
using the technique of antisymmetric tensor powers. Restricted to the matrix case, the
above log-majorizations of Golden—Thompson type and its complementary type yield the
following norm inequalities: If H and K are Hermitian matrices and 0 < a < 1, then

||(67"H/(17a) #a erK/a)l/r” < ”eHJrK” < ||(erH/26rK€rH/2)1/r||, r> 0,

for any unitarily invariant norm||-||, where #, denotes the a-power mean, i.e. the operator
mean corresponding to the operator monotone functionz®. Moreover, the above left-hand
(resp. right-hand) side increases (resp. decreases) to ||e 5| as r | 0.

The Golden—Thompson trace inequality was originally motivated by quantum statisti-
cal mechanics. When a Hamitonian K is given as a self-adjoint operator (assumed here to
be lower-bounded) on a Hilbert space, the partition function tr e 7%
logtr e #% where f3 is an inverse temperature constant are basically important from the

and the free energy

quantum statistical mechanical viewpoint. When K receives a lower-bounded perturba-
tion by H, physicists sometimes approximate tr e = #(H+K) by tr(e_BH/"e_BK/")” via the
Trotter product formula. Although the convergence tr(e‘ﬂH/"e_ﬂK/")" — tre AHHK)
might have been strongly believed by physicists, there was no rigorous proof up to [40].
Indeed, it was more strongly proved in [40] that if H and K are lower-bounded self-adjoint
operators such that e is of trace class and H + K is essentially self-adjoint, then the
following trace norm convergence holds:

lim ||(67TH/267TK67TH/2)1/T . ef(HJrK) ||1 —0.
rJ0
(Another || - [[1-convergence under a rather strong assumption was given in [65]. Other

recent developments on the Trotter—Kato product formula in the operator norm and trace
norm are found in [37, 46, 47, 75].)



LOG-MAJORIZATIONS AND NORM INEQUALITIES 121

The present paper enjoys both aspects of a review paper and of a research paper. It
is organized in five sections which are divided into several subsections. Our main aim
is to present log-majorizations and norm inequalities for infinite-dimensional exponential
operators. For this sake, in Sections 1 and 2 we concisely review the majorization theory
and theory of symmetrically normed ideals. Although several distinguished monographs,
as cited above, are available, we intend to make the exposition completely self-contained,
so that Sections 1 and 2 may independently serve as a concise text on these subjects. The
main part of Section 1 is the proofs of the Lidskii-Wielandt and the Gelfand—Naimark
theorems for (generalized) singular values of matrices (operators). Our proofs are rather
new and based on the real interpolation method (or the K-functional method). In Section
2 we stress the majorization technique in the theory of symmetrically normed ideals.

Section 3 is taken from [40] and is not new, but we sometimes give more detailed
accounts for the convenience of the reader. We investigate log-majorizations and norm
inequalities of Golden—Thompson type for exponential operators. For instance, it is shown
that if H and K are lower-bounded self-adjoint operators, then

He—(H-i-K)” < H(S_TH/2€_TK€_TH/2)1/TH, r> 0,

for any symmetric norm || - ||, where H+K is the form sum of H and K. Preliminaries
on antisymmetric tensor powers and the Trotter-Kato exponential product formula are
included, which are quite beneficial in proving our results. Also in Subsection 3.5 we
discuss the trace norm convergence of exponential product formula together with some
technical preliminaries in the framework of von Neumann algebras.

Section 4 is considered as a complementary counterpart of Section 3. Extending the
matrix case [6, 44] (also [71]), we investigate log-majorizations and norm inequalities
involving operator means (in particular, the a-power mean), which are opposite to those
in Section 3 and considered as complementary Golden—Thompson type. If H is bounded
self-adjoint and K is lower-bounded self-adjoint, then the following is proved for any
symmetric norm || - || and 0 < & < 1:

H(e—TH/(l—oz) #a e—rK/a)l/rH < He—(H-l-K)H, r>0.

The most important ingredient in the extension from the matrix case to the infinite-
dimensional case is an exponential product formula for operator means established in
Subsection 4.3. Finally in Section 5 we obtain further log-majorization results, for ex-
ample, the log-majorization equivalent to the Furuta inequality [28], generalized log-
majorizations of Horn’s type and of Golden-Thompson type, etc. Some determinant
inequalities are also included. Most results of Section 4 and many of Section 5 are new.

Although we confine ourselves to the setting of Hilbert space operators (in other words,
the setup of B(H)) in this paper, it should be mentioned that many subjects treated here
extend to the von Neumann algebra setup. In fact, based on the noncommutative inte-
gration theory ([20, 66, 78]), we can discuss the majorization theory in semifinite von
Neumann algebras (see e.g. [21, 38, 39, 41, 42, 43, 48, 49, 64]) by using the notion of
generalized s-numbers introduced in [25, 26] for measurable operators. Noncommutative
Banach function spaces (i.e. generalized symmetrically normed ideals) associated with
semifinite von Neumann algebras have been discussed in [21, 22, 53, 89, 90] for instance.
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In particular, theory of noncommutative LP-spaces over arbitrary von Neumann algebras
was developed (e.g. the Haagerup LP-spaces [35]). Kosaki [55] extended the Araki-Lieb—
Thirring inequality (i.e. a log-majorization result in Subsection 3.2) to the von Neumann
algebra case. Furthermore, many authors have worked on the Golden—Thompson inequal-
ity in von Neumann algebras in several ways ([8, 25, 45, 70, 76]). However, at present, the
von Neumann algebra versions for the norm convergence in Subsection 3.5 and for the
study of complementary Golden—Thompson type in Section 4 are not yet investigated.
When we want to extend the study of Section 4 to the von Neumann algebra setup, the
antisymmetric tensor technique is no longer available, so that we would have to exploit
a new method.

The contents of the paper are as follows:

1. Majorization and log-majorization
1.1. Majorization for vectors
1.2. Generalized singular values
1.3. Majorization for matrices: Lidskii-Wielandt and Gelfand—-Naimark theorems
1.4. Majorization for operators

2. Symmetric norms and symmetrically normed ideals
2.1. Symmetric gauge functions and symmetric norms
2.2. Symmetrically normed ideals
2.3. Further properties of symmetric norms
2.4. Ando’s extension of Birman—Koplienko—Solomyak majorization result

3. Inequalities of Golden—Thompson type
3.1. Antisymmetric tensor powers
3.2. Araki’s log-majorization result
3.3. Trotter—Kato exponential product formula
3.4. Log-majorization and norm inequalities of Golden-Thompson type
3.5. Trace norm convergence of exponential product formula

4. Inequalities of complementary Golden—Thompson type

4.1. Preliminaries on operator means

4.2. Log-majorization for power operator means

4.3. Exponential product formula for operator means

4.4. Norm inequalities of complementary Golden—-Thompson type

4.5. Norm convergence of exponential product formula for operator means
5. Miscellaneous results

5.1. Interplay between log-majorization and Furuta inequality

5.2. Other log-majorizations

5.3. Determinant inequalities

1. Majorization and log-majorization. The purpose of this section is to give a
concise but self-contained review on the majorization theory for (generalized) singular
values of matrices and operators. Complete expositions on the subject are found in [4,
62]. Also see [5] for recent developments.

1.1. Majorization for vectors. Let us start with the majorization for real vectors,
which was introduced by Hardy, Littlewood, and Pélya. For two vectors a = (ay,...,an)
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and b= (b1,...,b,) in R™, the weak majorization a <., b means that
k k
(1.1) dag <D by, 1<k<n,
i=1 i=1
where (am, ..., a[p)) is the decreasing rearrangement of a, i.e. ap) > ... > ap, are the

components of a in decreasing order. The majorization a < b means that a <, b and
equality holds for ¥ = n in (1.1). The following characterizations of majorization and
weak majorization are fundamental.

PROPOSITION 1.1. The following conditions for a,b € R™ are equivalent:

(i) a < b;

(ii) >0y Ja; —r| < Xoi |bi — 7| for all r € R;

(iil) Yoi, flai) <320, f(bi) for any convex function f on an interval containing all
Qq, bl’

(iv) a is a convex combination of coordinate permutations of b;

(v) a = Db for some doubly stochastic n x n matriz D, i.e. D = [d;;] with d;; > 0,
S idij=1for1<i<n,and >.!  dij=1for1<j<n.

Proof. (i)=(iv). We show that there exist a finite number of matrices Dy,..., Dy
of the form AT+ (1 —A\)IT where 0 < A < 1 and IT is a permutation matrix interchanging
two coordinates only such that @ = Dy ...D1b. Then (iv) follows because Dy ...D;
becomes a convex combination of permutation matrices. We may assume that a; > ... >
an and by > ... > b,. Suppose a # b and choose the largest j such that a; < b;.
Then there exists k& with & > j such that ay > bx. Choose the smallest such k. Let
1—X = min{b; —a;,ar —by}/(b; —by) and II; be the permutation matrix interchanging
the jth and kth coordinates. Then 0 < A\; < 1 because b; > a; > aj > by. Define
Dy = MI + (1 —X\)I; and b)) = D1b. Now it is easy to check that a < b(!) < b and
bgl) > ... > bg). Moreover the jth or kth coordinates of a and b(!) are equal. When
a # b1 we can apply the above argument to a and b(1). Repeating finite times we reach
the conclusion.

(iv)=(v) is trivial from the fact that any convex combination of permutation matrices
is doubly stochastic.

(v)=(ii). For every r € R we get

n

Z|ai*7"| :Z‘Zdij(b;‘*ﬂ

i=1 j=1

n n
<Y dylby—rl = |b;—7l.
ij=1 j=1
n

(ii)=-(i). Taking large  and small 7 in the inequality of (ii) we have 1" ; ;=) | b;.
Noting that |z| + x = 2z for z € R where x4y = max{xz,0}, we get

n

(1.2) Z(ai —r)y < Z(bi -7)4+, rER

i=1

Now prove that (1.2) implies a <y, b. When by > v > b1y, Zi-c:l ap) < Zil by;) follows
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because
n k k
S ai—1)p =D (ag =)y =D ay — kr,
i=1 i=1 i=1
n k
S bi—r)p =) by — kr
i=1 i=1
(iv)=-(iii). Suppose that a; = ZkN:1 Aebry iy, 1 <0 < m, where \g >0, ZkN:1 A =1,
and 7 are permutations on {1,...,n}. Then the convexity of f implies that
n N n
Zfaz SZZ)‘kf T z) Zf(bl)
=1 =1 k=1 =1

(iii)=-(v) is trivial because f(x) = |z — r| is convex. m
Note that (v)=-(iv) is seen directly from the well-known theorem of Birkhoff [17] saying
that every doubly stochastic matrix is a convex combination of permutation matrices.

PROPOSITION 1.2. The following conditions (1)—(iv) for a,b € R™ are equivalent:

(i) @ <y b;
(ii) there exists ¢ € R™ such that a < ¢ < b, where a < ¢ means that a; < ¢,
I1<i<m
(iil) >0 (a; —r)p <30 1(b — 1)y forallr € R;
(iv) D0 flag) < 30, f(b;) for any increasing convex function f on an interval
containing all a;, b;.

Moreover, if a,b > 0, then the above conditions are equivalent to the following:

(v) a = Sb for some doubly substochastic n x n matriz S, i.e. S = [s;;] with s;; > 0,
Z?:ysij <1for1<i<n,and )  sij <1forl<j<n.

Proof. (i)=(ii). By induction on n. We may assume that a; > ... > a, and b; >

.>by. Leta= minlSkSn(Zle bz‘*Zle a;) and define @ = (a1 +«, ag, . .., a,). Then

a < a <y band Zledi = Zlebi for some 1 < k <n. When k =n, a <a <b. When

k <n,weget (ar,...,ar) < (b1,...,br) and (@x+1,--.,0n) <w (bk+1,...,b,). Hence the
induction assumption implies that (Gr41,...,8n) < (Cht1y---s¢n) < (bkt1,...,by) for
some (Cxi1,...,¢n) € R"™F. Then a < (@1,...,ak, Cki1,---,Cn) < b is immediate from

ap > b, > bk+1 > Cht1-
(ii)=(iv). Let a < ¢ < b. If f is increasing and convex on an interval [«, §] containing
a;, b;, then ¢; € [a, B] and

Zﬂai) < Zf(c» < Zf(b»

by Proposition 1.1.

(iv)=-(iii) is trivial and (iii)=(i) was already shown in the proof (ii)=-(i) of Proposi-
tion 1.1.

Now assume a,b > 0 and prove (ii) < (v). If a < ¢ < b, then we have, by Proposition
1.1, ¢ = Db for some doubly stochastic matrix D and a; = «;c¢; for some 0 < a; < 1.
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So a = Diag(ay,...,a,)Db and Diag(ay,...,a,)D is a doubly substochastic matrix.
Conversely if a = Sb for a doubly substochastic matrix S, then a doubly stochastic
matrix D exists so that S < D entrywise and hence a < Db <b. m

Let a,b € R" and a,b > 0. We define the weak log-majorization a <, (10g) b Wwhen

k k
(1.3) Ham S]:[b[i], 1<k <n,
i=1 i=1
and the log-majorization a < (g) b When a <y,(0g) b and equality holds for & = n in (1.3).
It is obvious that if a and b are strictly positive, then a <(1og) b (resp. @ <y (10g) b) if and
only if loga < logb (resp. loga <, logb), where loga = (logay,...,logay).

The notions of weak majorization and weak log-majorization are similarly defined for
positive bounded infinite sequences. But, to avoid discussing the decreasing rearrange-
ment of an infinite sequence (this is considered as a special case of generalized singular
values of a bounded operator introduced later in this section), we here confine ourselves
to infinite sequences a = (a1, as,...) and b = (b1, ba,...) such that a1 > a2 > ... > 0 and
by > b > ... > 0. For such a,b we define a <, b and a <, (10g) b When Zle a; < Zle b;
and Hle a; < Hle b;, respectively, for all k € N.

PROPOSITION 1.3. Let a,b € R"™ with a,b > 0 and suppose a <y10g) b- If f is a
continuous increasing function on [0,00) such that f(e*) is convez, then f(a) < f(b).
In particular, a < 10g) b implies a <y b. Moreover, the same assertions hold also for
infinite sequences a,b with ay > ag > ... >0 and by > by > ... > 0, whenever f(0) >0
is additionally assumed.

Proof. First assume that a,b € R" are strictly positive and a <,10g) b, so that
log a <, logb. Since goh is convex when g and h are convex with g increasing, the function
(f(e") — 1)+ is increasing and convex for any r € R. Hence we get, by Proposition 1.2,

Z(f(ai) —7r)4 < Z(f(bi) =)+

i=1 i=1
which implies f(a) <. f(b) by Proposition 1.2 again. When a,b > 0 and a < (1og) b, We
can choose a(™ (™) > 0 such that a(™ < w(log) b q(m) —5 ¢ and b™ — b. Since
f(at™) <, f("™) and f is continuous, we obtain f(a) <. f(b).

The case of infinite sequences is immediate from the above case. In fact, a <y 10g) b
implies that (a1, ...,an) <w(og) (b1,--.,bn) for every n€N. Hence (f(a1),. .., f(an)) <w
(f(b1),..., f(bn)), n €N, so that f(a) <y f(b). =

1.2. Generalized singular values. In the sequel of this section, we discuss the ma-
jorization theory for singular values of matrices and operators. Our goal is to prove the
Lidskii-Wielandt and the Gelfand-Naimark theorems for generalized singular values of
bounded operators. Indeed, these theorems were proved by using the real interpolation
method in the setting of von Neumann algebras in [41, 64] (also [21]). In Subsection
1.3 we first prove the theorems for matrices by using this new method. After that, in
Subsection 1.4 we extend them from matrices to operators in a rather simple way.
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For any n X n matrix A let u(A) = (u1(A4),...,u.(A)) be the vector of singular
values of A in decreasing order, i.e. u1(A4) > ... > u,(A) are the eigenvalues of |A| =
(A*A)Y/? with multiplicities. When A is Hermitian, the vector of eigenvalues of A in
decreasing order is denoted by A(A) = (A (A4), ..., A\n(A)). The notion of singular values
is generalized to infinite-dimensional operators. Let H be a Hilbert space (always assumed
to be separable) and B(H) the algebra of all bounded operators on H. For any A € B(H)
we define the generalized singular values pui(A) > pa(A) > ... of A by

pn(A) = inf{\ > 0:rank(l — Ej4(\) <n}, neN,

where |A| = Szo AdE) 4|(A) is the spectral decomposition of |A| so that I — Ej /() is the
spectral projection of |A| corresponding to the interval (A, c0). The above definition of
un(A) is a special case of the generalized s-numbers of measurable operators in the setting
of von Neumann algebras introduced in [25, 26] (also [69]). If A is a compact operator (in
particular, a matrix), then pu,(A) are the usual singular values of A in decreasing order
with multiplicities.

Let pioo(A) = limy, 00 ptn(A). Then it is easy to see that pieo(A) = || A||e, the essential
norm of A; namely g (A) is equal to the largest a € R such that E|4(a+¢e) — Ej4(a—¢)
is of infinite rank for every ¢ > 0. Note that p.(A) = 0 if and only if A is compact. Fur-
thermore, if p,(A) > poo(A), then u,(A) is an eigenvalue of |A| with finite multiplicity.

The basic properties of ., (A) are summarized as follows. See [26] for the proof in the
von Neumann algebra setting.

PROPOSITION 1.4. Let A, B, X,Y € B(H) and n,m € N.
(1) Mini-max expression:
(1.4) pn(A) = inf{||A(I — P)||s : P is a projection, rank P = n — 1},

where ||+||o denotes the operator norm and a projection means always an orthogonal one.
Furthermore, if A > 0 then

(1.5)  pp(A)=inf{ sup (A& &) : M is a subspace of H, dim M =n —1}.
geM-, JIglI=1

(2) Approzimation number expression:

(1.6) pn(A) =inf{||A — X|oo : X € B(H), rank X < n}.
(3) pa(A) = || Alloo
(4) pin(@A) = [aljin(A) for a € C.
(5) tn(A) = pn(A7).
(6) If 0 < A < B then pn(A) < u,(B).
(7) pn(XAY) < [[ X |[oo|Y [loottn (A).
(8) tntm-1(A+ B) < pin(A) + pm(B).
(9) finsm1(AB) < in(A)jim (B).
(10) [in(A) = pn(B)] < |A = Bl
) =

w(f(A) = f(pn(A)) if A > 0 and f is a continuous increasing function on

[0, 00) with f(0) >0
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Proof. (1) Let o, be the right-hand side of (1.4). First note that this does not change
when rank P = n — 1 in (1.4) is replaced by rank P < n. So, if rank(I — Ej4(\)) < n,
then

an < [AE 4 /(Mlloo = [[[AIEj4j (Moo < A.
Hence a, < p,(A). Conversely, for any € > 0 choose a projection P with rank P = n — 1
such that [|A( — P)|c < an+¢. Suppose rank(I — E|4|(ay, +¢€)) > n. Then there exists
§ € H with [[£]| = 1 such that (I — Ej4)(an +€))§ = £ but P{ = 0. This implies that

an +& <[[|AE] = [[A(U = P)¢|| < an + ¢,

a contradiction. Hence rank(I — Ej4j(an +¢)) < n and pn(A) < ap + ¢, implying
Mn(A) < ap.

When A > 0, since E41/2(\) = Ea(\?), we get pn(A) = pn(AY?)2. So (1.5) follows
from (1.4), because the right-hand side of (1.5) is written as

inf{||AY/2(I — P)||%, : P is a projection, rank P =n — 1}.

(2) Let B, be the right-hand side of (1.6). If rank(I — E|4|()\)) < n, then rank(A(I —

Ej4/(N)) <nand B, < ||AE|4|(A)]loc < A. Hence 3, < i, (A). Conversely, if rank X <n,

then the support projection P of | X| has rank < n. Since X (I — P) =0, we get by (1.4)
pin(A) < [JA(I = P)loc = (A = X)(I = P)loc < [[A = X[lox,

implying 11 (A) < By,

(3) is (1.4) for n = 1. (4) and (5) follow from (1.4) and (1.6), respectively. (6) is
a consequence of (1.5). It is immediate from (1.4) that p,(XA) < || X |loopn(A). Also
pn(AY) = pp (Y*A*) < ||Y ]| coptn (A) by (5). Hence (7) holds.

Next we show (8)—(10). By (1.6), for every € > 0, there exist X,Y € B(H) with
rank X < n, rankY < m such that [|[A — X||cc < pn(A) +e and ||B —Y||oo < pm(B) +e¢.
Since rank(X +Y) <n+m — 1, we have

i1 (A+ B) < [(A+ B) = (X +Y) oo < in(4) + i (B) + 22,
implying (8). For Z = XB + (A — X)Y we get
rank Z <rank X +rankY <n+m — 1,
IAB = Zl|oo = [[(A = X)(B = Y)loo < (n(A) + &) (1m(B) + ).
These imply (9). Letting m = 1 and replacing B by B — A in (8) we get
pin(B) < pn(A) +[|B — Allo,

which shows (10).

(11) Assume f(0) = 0 and let f-(t) = f(t)+et for e > 0. Then p,(f-(A)) = fe(pn(A))
is easily checked from E_(4y(A) = Ea(fZ'(X)). Since by (10)

[n (fe(A)) = pn(F(A))] < (I fe(A) = f(A)lloc = 0

as € ] 0, we have pn(f(A)) = limzyo fo(pn(A)) = f(un(A)). When o = f(0) > 0, let
g(t) = f(t) — . Then the assertion follows as

tn(f(A)) = pn(9(A) + al) = pn(g(A)) + a = g(pn(A)) + a = f(un(A)). =
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1.3. Majorization for matrices: Lidskii—Wielandt and Gelfand-Naimark theorems.
The following majorization results are the celebrated Lidskii-Wielandt theorem for sin-
gular values of matrices as well as for eigenvalues of Hermitian matrices.

THEOREM 1.5. For any n X n matrices A and B,
[n(A) = w(B)| <w n(A - B),
that 1is,

k k
Z |:uij (A) — Mi; (B)| < ZMj(A — B)

for every 1 < i1 <ig < ... <1 <n.
THEOREM 1.6. For any Hermitian n X n matrices A and B,
AA) = X(B) < M(A - B),

or equivalently
(ANi(A) + An—it1(B)) < M(A+ B).

The following results due to Ky Fan are consequences of the above theorems. The
direct proofs of these weakened majorizations are much easier than those of Theorems
1.5 and 1.6.

COROLLARY 1.7. (1) For any matrices A and B,

(A + B) <w p(A) + pu(B).
(2) For any Hermitian matrices A and B,

AMA+ B) < AM(A) + X(B).

The proof of Theorem 1.5 is based on the real interpolation method. We need several
lemmas. In the following, tr X denotes the usual trace of an n x n matrix X and || X||;
the trace norm of X, i.e. || X[y = tr|X| =37, p;(X).

LEMMA 1.8. If A and B are Hermitian, then
> (A4) = N(B) < A - Bl
j=1
Proof. Take the Jordan decomposition A — B = (A — B)y — (A — B)_ and let
C=A+(A—-B)_ =B+ (A—-B);. Then we have

|A— Bl =tr(A—B)y +tr(A— B)_
=2trC —trA—trB

- Z{ng(C) = Xi(A) = N(B)}.

Since A < C and B < C, it follows from Proposition 1.4(6) that \;(A) < A;(C) and
Aj(B) < A;(C). Hence
A (A) = X (B)] < 2X;(C) = A;(A) = Ai(B),

which gives the conclusion. m
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The following simple observation is due to Wielandt (see [61]).

LEMMA 1.9. For any n X n matriz X let X = [)0( )g*], a 2n X 2n Hermatian matriz.
Then
% :LLJ(X>5 1§]§n7
(X)) =
A (X) {_MQn—j—i-l(X)a n+1<j<2n
Proof. We get
o [1XT 0
A 1 11X X*
Xi=-(X|+X)=<
=z =3 |5
A 1, 4 - 11X —-X*
X =—(X|-X)=< .
50513 =5 [ KL 2

Since A(|X]) = M| X™*]) = p(X), we have
Aoj-1 (X)) = Ay (1X) = (X)), 1<j<n.

But since

it follows that
AN(Xp) = N(X0) = X;(X]), 1<j<n

These give the assertion. m

LEMMA 1.10. For any A and B,
D 1w (A) = i(B)| < [|A = Bl
j=1

Proof. Let A= [2 ’%*] and B = [g %*]. Then

|A— B| 0

I T

| =214- 511

By Lemmas 1.8 and 1.9 we have
2n n
1A= Blli =Y IN(A) = X(B) =2 |u;(A) — n(B)]. =
j=1 j=1

The right-hand side of (1.7) below is known as the K-functional in the real interpo-
lation theory.

LEMMA 1.11. For any A and 1 <k <n,

k
(L.7) 7 15(A) = min{[[ X[y + K|Vl s A= X + V).
j=1
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Proof. For any decomposition A = X +Y, since p1;(A) < p1;(X) + ||Y]|so by Propo-
sition 1.4(10), we get
k
DA <D (X)) FEY e < X1+ E[Y [|oc.

For the converse, take the polar decomposition A = V| A| and the spectral decompositon
|A] = Z; 1 14 (A)P; with mutually orthogonal projections P; of rank 1. Define

X = VZ{MJ — (AP, Y = V{Mk i i }

j=k+
ThenX+Y:Aand

Xl = Zuj — kur(A), Yoo = pr(A),
so that
k
X[+ ElY oo =) 1i(A)

Proof of Theorem 1.5. Fix k and choose, by Lemma 1.11, X and Y such that

A—B=X+Y and
k

D (A= B) =X+ kYoo
j=1
Let a; = p;(X + B) — pj(B) and b; = p;(A) — p;j(X + B) for 1 < j < n. Since

a; +b; = p;(A) — p;(B), considering the diagonal matrices we have by Lemma 1.11,
k k
>l By = > nj(Diag(p1(A) — pa(B), ..., in(A) — pin(B)))
= =
< ||Diag(a1,..., )||1+I<;||D1ag(b1,,bn)||oo

—Z|aj|+k max. |b|

But Lemma 1.10 gives

n

> lajl = (X + B) = pi(B)| < | X1,

j=1 j=1
while by Proposition 1.4(10)

max o] = max Ju;(4) = (X + B)| < 1A= (X + B)low = [V

Therefore
k
S u(A) = uB)|y < X+ kY [loo = D> pi(A = B),

as desired. m
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Proof of Theorem 1.6. Let A and B be Hermitian. Since
> {N(A) = N(B)} = tr(A-B) =) \(A-B),
j=1 j=1
it suffices to show that A(A) — A(B) < A(A — B). Choose a,b € R such that A+ al >
B + bl > 0. Then Theorem 1.5 gives
MA+al) = ANB+0bl) <y AM(A— B+ (a—b)I).

So the assertion follows from A(A+4al) = A(A) +a and analogous equalities for A\(B+bI)
and \(A—B+(a—0b)I). m

Another important majorization for singular values of matrices is the Gelfand—Nai-
mark theorem as follows.

THEOREM 1.12. For any n X n matrices A and B,

(1.8) (i (A)ptn—i+1(B)) <(10g) H(AB),

or equivalently
(1.9) H pi; (AB) < H{Mj(A)Mij (B)}

forall 1 <iy <is <...<i<n.
An immediate corollary of this theorem is the majorization result due to Horn.
COROLLARY 1.13. For any matrices A and B,
1(AB) <o) (A)p(B),
where p(A)u(B) = (pi(A)pi(B)).

The following proof of Theorem 1.12 is a modification of [64] where (1.9) was proved
in the von Neumann algebra setting.

LEMMA 1.14. Assume that A is invertible. Then for any 1 < k < n, there exist X and
Y such that X > I, A=YX, and

k
[T 1i(4) = det X - |[VI5,
j=1

where det X denotes the determinant of X .

Proof. Let A = V|A| be the polar decomposition and |A] = 377, y1;(A)P; the
spectral decomposition. Define

k n k n
(A
XZZMJEA;PjﬂL > B YZV{Mk(A)ZPjJr > uj(A)Pj}-
j=1 Mk j=k+1 j=1 j=k+1
Then we have X > I and Y X = A. Moreover,
k k
15 (4) k

det X - ||Y|%, = (AR = T s (A). =
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Proof of Theorem 1.12. To prove (1.8) and (1.9), we may assume by Proposition
1.14(10) that A and B are invertible. Note that

[T{i(A)pn i1 (B)} = |det A- det B| = [ [ ni(AB).
Hence (1.8) is equivalent to (1.9) if we replace A and B by AB and B!, respectively, in
(1.8). Now let 1 <43 <...< it <nand X,Y be as in Lemma 1.14. Since
pi(AB) = pi(YXB) < |[Ylloopi(XB), 1 <i<m,
we get
k k
H Hi; (AB) < HYHI;o ’ H Hi; (X B).
j=1 j=1
On the other hand, since by Proposition 1.4,
pi(XB) = pi(B*X*B)"? > pi;(B*B)"/? = uy(B),  1<i<nmn,

we get
k
; XB det | X B
1% H“ ) dUXBL_ ey x,
e ;LZJ paley det | B|
Therefore
k k
H (AB) < det X - HYHk H/% H{MJ s (B)}
1 ot

showing (1.9). m

Remark 1.15. The above proof is a multiplicative or logarithmic counterpart of the
real interpolation method in the proof of Theorem 1.5. As shown in [64], for 1 <k <n
we have

(1.10) log [ | 11;(4) = min{]| log | X | + klog [ V]l : A = YX}

whenever pi(A) > 0. In fact, if A =Y X then

E

k k
log T 115(4) < log{[|¥ [|ops; (X Z (log |X1) + klog [[Y[|oo

< [[log [ X |1 + klog ||Y||oo-
This together with the proof of Lemma 1.14 shows (1.10).

1.4. Majorization for operators. In this subsection let us extend Theorems 1.5 and
1.12 to generalized singular values u(A) = (u1(A), p2(A4),...) of infinite-dimensional op-
erators. The next lemma is useful for this sake.

LEMMA 1.16. Let A € B(H), n € N, and € > 0. Then there exists a projection P of
finite rank such that

pi(PAP) 2 (pi(A) =€)y, 1<i<n.
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Furthermore, there exists an orthonormal set {&1,...,&,} such that
1Al&G — pi(A)&ll <e, 1<i<n.

Proof. When p,(A) > 0 = pmy1(A) for some 1 < m < n, we may consider
(u1(A),. .., pm(A)) instead of (u1(A), ..., un(A)). So it suffices to assume that u,(A4) >
e > 0. Let @ = poo(A) (= limpoo n(A)). Suppose that pu,(A) = « and pi—1(A4) >
a = pr(A) = ... = pp(A) for some 1 < k < n. Then all y;(A4), 1 < i < k (if any),
are eigenvalues of |A| and Ej4|(a) — E|4|(« — €) is of infinite rank. So we can choose an
orthonormal set {&1,...,&, } such that |A|&; = pi(A)E for 1 <i < kand §;, k <i <n,are
in the range of Ej4|(a) — Ejaj(a—¢). Let Py and P be the projections onto the subspaces
spanned by {&1,...,&,} and {&1,...,&,, A&, ..., AL, }, respectively. For 1 < i < n we
get

pi(PAP) > p;((PAP)Py) = i (ARy) = pi(Po| AP Po)'? > o — &
For 1 < i < k, since u;(Po|A|>?Po)'/? = pi(A), we get pi(PAP) = u;(A). Hence the
required condition is fulfilled. When p,(A) > «, all p;(A4), 1 < i < n, are eigenvalues
of |A| and the proof is done as above. Also the second assertion follows from the above
proof. m

THEOREM 1.17. If A, B € B(H), then

k k
(1.11) Z |pi; (A) — piy (B)| < ZM;(A -

forall1l <iy <ig <...<ig. In particular,
(1.12) p(A+ B) <y p(A) +p(B), A, BeB(H).

Proof. Let 1 < i1 < ... < ir = n. For any ¢ > 0 there exists, by Lemma 1.16,
projections P,@Q of finite rank such that u;(PAP) > (ui(4) — ¢)+ and p;(QBQ) >
(ui(B) —e)y for 1 < i < n. Let E = PV Q, a projection of finite rank. Then for
1<i<n,

1i(A) = pi(EAE) > pi(PAP) = (ni(A) — €)+
and pu;(B) > p;(EBE) > (u;(B) — €)4+. Applying Theorem 1.5 to EAE, EBE € B(EH)
(considered as matrices), we have
k k k

> |wi,(EAE) = i, (EBE)| E: ~B)E) <Y p;(A-

j=1 j=1 j=1
Letting € | 0 we obtain (1.11), which implies (1.12) by letting i; = j and replacing A by
A+ B. =m

THEOREM 1.18. If A, B € B(H), then
k

k
(1.13) [T w,4B) < H A)pi; (B)}

Jj=1
foralll <iy <ig<...<ig. In partzcular,

(1'14) :U’(AB) <w(log) N(A):U’(B)a A, Be B(H)
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Proof Let 1 < i3 < ... < i = nand ¢ > 0. By Lemma 1.16 there exists a
projection P of finite rank such that u,(PABP) > (ui(AB) —¢)4 for 1 < i < n. Let
E be the projection onto the subspace spanned by PH U BP#H, which is of finite rank.
Then PABP = (PAE)(EBP). Applying (1.9) to PAE, EBP € B(EH), we have

k
> (PABP) < [ [y (PAE)s, (EBP)} < Tt A, (1)
j=1 j=1

which shows (1.13) ase [ 0. m

E

2. Symmetric norms and symmetrically normed ideals. This section is a self-
contained review on symmetric norms and symmetrically normed ideals. Our exposition
is somewhat restricted to the material which will be necessary in the subsequent sections.
See [32, 79] (also [77]) for full theory on the subject.

2.1. Symmetric gauge functions and symmetric norms. Let sg, denote the linear space
of all infinite sequences of real numbers having only finitely many nonzero terms. A norm
@ on sgy is called to be symmetric if @ satisfies

(2.1) D(ay,az,...) = P(e1ax(1), €20r(2), - - -)
for any permutation m on N and ¢; = +1. This condition is equivalently written as
&(ay,as,...)=P(aj,as,...)
where (a},a3,...) is the decreasing rearrangement of (Jay|, |az,...). A symmetric norm
on Sgy is called a symmetric gauge function.
LEMMA 2.1. Let @ be a symmetric gauge function.
(1) If (a;), (b;) € san and |a;| < |b;| for i € N, then
d(ay,az,...) < P(by,ba,...).
(2) Under the normalization ¢(1,0,0,...) =1,

sup|az| < &(ay,az,...) < Z lail,  (ai) € San,

that is, the loo-norm (resp. €1-norm) is the least (resp. greatest) symmetric gauge func-
tion.
Proof. (1) In view of (2.1) we may show that for 0 < a <1,
P(aay,az,as,...) < Play,as,as,...).
This is seen as follows:
d(aay,as,as,...)

:@(1—£aa1+ 1;a(_a1) 1—}2—aa2+ 1;04@2’ 1+« N 1—aa3’ )

< H_Taé(al,ag,ag, )+ 1%@( ai,as,as,...) = P(ay,as,as,...).
(2) Since by (2.1) and (1),

la;| = #(a;,0,0,...) < P(ay,...,a,...),
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the first inequality holds. The second follows from

n

B(ay,...,an,0,0,..) <Y (a;,0,0,..) = |ai|.
=1

i=1
LEMMA 2.2. If (a1,...,ap), (b1,...,bn) € R™ and (Jail,...,|an]) <w (|01],--, |ba]),
then
B(ar,...,an,0,0,...) < B(by,...,0n,0,0,...).

Proof. By Proposition 1.2 there exists (cy,...,c,) € R™ such that

(laxl, -5 lan]) < (c1y--oyen) < (|01l |bnl)-
Proposition 1.1 says that (cy,...,cy,) is a convex combination of coordinate permutations
of (|b1],...,|bn|). This implies by Lemma 2.1(1) and (2.1) that

d(ar,...,an,0,0,...) < P(c1,...,¢n,0,0,...) < P(by,...,by,...). =

Let C(H) be the algebra of all compact operators on a separable Hilbert space H. We
denote by Csin(H) the set of all operators of finite rank on H. A norm || - || on Cgn(H) is
called to be unitarily invariant if

[UAV] = [|A]

for every A €Cqy(H) and any unitaries U, V on H. A unitarily invariant norm on Cgy, (H) is
also called a symmetric norm. The following fundamental theorem is due to von Neumann

[67] (also [63, 77]).

THEOREM 2.3. There is a bijective correspondence between symmetric gauge functions

@ and unitarily invariant norms || - || on Can(H) which is determined by the formula
(2.2) Al = 2(u1(A), p2(A),...), A€ Crn(H).

Furthermore, a norm || - || on Can(H) is unitarily invariant if and only if

(2.3) [ XAY[| < [ X]|oo [1Y'[|oo || Al

for every A € Can(H) and X,Y € B(H).

Proof. Suppose that @ is a symmetric gauge function. Define || - || on Cg,(H) by the
formula (2.2). Let A, B € Cqn(H). Since u(A+ B), u(A) + u(B) € s and p(A+ B) <y
u(A) + p(B) by (1.12) (or Corollary 1.7(1)), we get, by Lemma 2.2,

A+ B|| < ®(p1(A) + pa(B), p2(A) + p2(B), ...)
< B(u1 (A), 12(A), ...) + B (B), ia(B), ..} = | Al + | BI.
Also it is clear that ||A| = 0 if and only if u1(A) =0 or A = 0. For a € C we get by
Proposition 1.4(4)
leAll = (|alp (A); [l p2(A), . .) = |al [|All

Hence || - || is a norm on Cgyp(H), which is unitarily invariant because p, (UAV) = p,(A)
for all unitaries U, V.



136 F. HIAI

Conversely, suppose that || - || is a unitarily invariant norm on Cg,(#H). Choose an
orthonormal basis {¢;} of H and define @ : sg,, — R by

@(al,ag, . ) = H Zazgaz ® (,01
[

5 (az) S Sfiny

where ¢ ® ¢ denotes the Schatten form, i.e. (¢ ® ¥)€ = (£, ¥)p for v, ¥, & € H. Then it
is immediate that @ is a norm on sg,. For any permutation 7 on N and ¢; = +1, we can
define unitaries U,V on H by Uy = €ipi and V) = ¢; for i € N, so that

P(ay,az,...) = HU<Z U (3) Pr(i) @ %(i))V*H = H Z ari\ Upn(iy @ Vors)

= @(Elaﬂ.(i), Egaﬂ.(g), .. )

= H Z Eiln(i)Pi ® Pi
i

Hence @ is a symmetric gauge function. Any A € Csn(H) is writtenas A = Y7 | ui(A)&®
7n; for some orthonormal sets {&1,...,&,} and {n1,...,n,}. Take unitaries U, V such that
Up; =¢&;, Vi =mn; for 1 <i <n. Then we get

2 (A), 2.0 = | X ) @ 0] = [0 (a1 )V = 4

so that (2.2) holds. Therefore the first assertion is proved.

It is clear that a norm || - || on Cg,(#H) is unitarily invariant if it satisfies (2.3). Con-
versely, if || - || is a unitarily invariant norm with the corresponding gauge function @,
then by Proposition 1.4(7),

[XAY[] < S| X lool[Y[[oopr (A); [[ X [[oo Y [loo 2 (A), - ) = [[X oo [V [loo [| Al
for A € Cgn(H) and X, Y € B(H). m

2.2. Symmetrically normed ideals. Let @ be a symmetric gauge function. When a=
(a1, az,...) is a bounded real sequence, we define

&(a) =supP(ay,...,an,0,0,...) € [0,00].
Let sg be the set of all bounded real sequences a with ¢(a) < co. Moreover, extending
I |l on Can(H), we define for any A € B(H),
(2.4) A = sup @(si1 (A), .., n(A),0,0,....) € [0, 0],

Let Cs(H) denote the set of all A € B(H) with ||A|| < oo, i.e.
A) = (1 (A), p2(A),. ) € so.

In this way, a symmetric norm || - || on Csn(H) can extend to all operators in B(H)
permitting co. Then we have:

PROPOSITION 2.4. Let A, B, X,Y € B(H) and || - || be a symmetric norm.
(1) 1A]] = (1A=

(2) IXAY[| < [[Xloo Y [loo || Al

(3) If p(A) =w pu(B) (in particular, if |A| < |B|), then || Al <||B].

(4) If u(A) <y p(B) and B € C(H), then A € C(H).
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(5) Under the normalization $(1,0,0,...) =1 (or ||P|| = 1 for a projection of rank
one), [|Alloc < [|A]l < [|A]2-
Proof. (1) and (2) immediately follow from definition (2.4), Lemma 2.1(1), and the
corresponding properties of Proposition 1.4. If u(A) <., p(B) then Lemma 2.2 gives
D(pu1(A), ..., pn(A),0,0,...) < P(u1(B),...,un(B),0,0,...), mneN,

and so ||A]| < ||B]|. Hence (3) holds. (4) is seen from the fact that A € C(H) if and
only if y,(A) — 0, which is equivalent to n=* Y7 | u;(4) = 0. (5) follows from Lemma
2.1(2). m

THEOREM 2.5. Let @ be a symmetric gauge function.

(1) Co(H) is a Banach space in the norm (2.4) and is a two-sided ideal of B(H).

(2) If @ is inequivalent to the Lso-norm, then Co(H) C C(H).

Proof. (1) Let A, B € Cg(H). For every n € N, since (1.12) gives

we have by Lemma 2.2,

This implies that A+ B € Cs(H) and ||A + B|| < ||A|| + ||B||. Now it is easily verified
that Cg(#H) is a linear space and || - || is a norm on Cg(H). To prove the completeness, let
{A} be a Cauchy sequence in Cg(H). Since {A} is ||+ ||co-Cauchy by Proposition 2.4(5),
there exists A € B(#H) such that ||A; — A||cc — 0. For every n € N, since

P11 (A — Ay pin (A — A),0,0,..) < [ Ag — A
and p;(Ar — Am) — 1i(Ax — A) as m — oo thanks to Proposition 1.4(10), we get
(1 (Ag — A), ..., pn (A — A),0,0,...) < Jim |Ax — Al

Therefore || Ay, — A|| < lim,, | Ax — Ap||, which implies that A € Co(H) and ||Ar — Al — 0
as k — oo. It is immediate from Proposition 2.4(2) that Ce(H) is a two-sided ideal of
B(H).

(2) Suppose that Cs(H) contains a non-compact operator A. Then we have o =
inf,, pn(A) > 0 and

a®(1,1,1,...) = P(a,a, . ..) < P(pg(A), ua(4),...) = ||A]| < oo,

so that @(ay,as,...) < a~!||A| sup, |a,|. This together with Lemma 2.1(2) implies that
@ is equivalent to the fo-norm. m

The Banach space Cg(H) as well as C(%O)(’H) defined below is called a symmetrically
normed ideal associated with a symmetric gauge function @. It is seen as in Theorem
2.5 that sg is a Banach space in the norm @. In fact, if {¢;} is an orthonormal basis
of M, then it is not difficult to show that @(a) = || >_, aip; ® ;|| for any bounded real
sequence a = (a;) and sg is isometrically imbedded in Ca(H) by a € s¢ — >, a;ipi @ @;
whose range is a closed (real) subspace of Cs(H). Let sfpo) be the closure of sg, in sg.
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We denote by Cé,o) (H) the set of all A € B(H) such that pu(A) € sfpo). When sg = séso) or
Co(H) = CQ(SO)(H), & is called regular.

THEOREM 2.6. Let @, Cs(H), and Céo) (H) be as above.

(1) Cg))(H) is the closure of Can(H) in Co(H) and Céo) (H) C C(H).

(2) Céo) (H) is a Banach space in the norm || - || of Ce(H) and is a two-sided ideal of
B(H).

Proof. (1) It is clear that Can(H) C Cg)) (H). It follows from Lemma 2.1(2) that if
a = (ay,as,...) € sg)), then a belongs to the ¢,-norm closure of sg, so that a, — 0.
This shows that CgJ) (H) C C(H). So each A € CgJ) (H) is written as A =Y, ui(A)& @ n;
with orthonormal sequences {&;} and {n;}. Then

= H > w(A) @,
i=n—+1

HA—ZM(A)&'(XW% = D(ppr1(A), pnaa(A),...).

But it is easily seen from p(A) € sfpo) that
nh—>H;o Qs(unJrl(A)v Mn+2(A); .. ) =0.

Hence A is in the closure of Can(H). Conversely, let A be in the closure of Cqn(H). For
any € > 0 there exists B € Can(H) such that ||A — B|| < e. Since (1.11) says that for
every n € N,

(I (A) = 11 (B)], . [ (A) — ja(B)]) <u (u2(A = B)...... (A~ B)),

it follows from Lemma 2.2 that
B (A) — i (B),ja(A) — pa(B),..) < A~ B < =

Since pu(B) € sfin, we have p(A) € séso) and so A € Céo) (H).

(2) The first assertion follows from (1). The second is easily verified by using Propo-
sition 2.4(2). m

For instance, let @, be the ¢,-norm and | - ||, the corresponding symmetric norm
where 1 < p < co. When 1 < p < oo we have Cp, (H) = Cp(H), the Schatten p-class.
More generally, for 0 < p < oo we can define the p-class C,(#) as the space of all A € C(H)
such that

1/p
1Ally = (AP = {3 m(ap ) < co.

But when 0 < p < 1, || - ||, is not a norm but a quasi-norm. In particular, C;(H) is the
trace class and Co(H) is the Hilbert-Schmidt class. When p = oo we have Cg__(H) = B(H)
and CY) (H) = C(H). Note that ||A]l, > [|A]l, and Cp(H) C Co(H) if 0 < p < ¢ < 0.
Another important class of symmetric norms is the Ky Fan norms || - ||y defined by

k
Al = pmi(A),  keN.
i=1

Obviously, all || - || (x) are equivalent to || -[[oc and ||-[|(1)y=]| - ||oc. See [32] for more delicate
examples of symmetrically normed ideals such as Macaev ideals.
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Here we show the Holder inequality to illustrate the usefulness of the majorization
technique.

PROPOSITION 2.7. Let 0 < p,p1,p2 < 00 and 1/p=1/p1 + 1/pa. Then
[ABllp < [|Allp,[|Bllp,, A, B € B(H).
Hence AB € Cp(H) if A€ Cp,(H) and B € Cp, (H).

Proof. Suppose that 0 < p1,p2 < 0o, because the result is obvious by Proposition
1.4(7) when p; = 0o or p2 = co. Since by (1.14)

(1i(AB)P) <w(og) (1i(A)Ppi(B)P),
it follows from Proposition 1.3 that
(1i(AB)P) <w (pi(A)? pi(B)P).

Since (p1/p)~t + (p2/p)~! = 1, the usual Holder inequality for vectors shows that for
every n € N,

{zj: Mi(AB)p}l/p < {i Mz'(A)p,ui(B)p}l/p

< mar ) Sy} < 1A 81,

i=1
This yields the conclusion. m

Corresponding to each symmetric gauge function &, let us define @' : s, — R by
&' (by,ba,...) = sup { Zaibi a4 € Sapn, P(a) < 1}.

Then it is an easy task to check that @ is again a symmmetric norm on sg,. The sym-
metric gauge function @' is said to be conjugate to @. Note that & = &. For example,
when 1 < p <oo and 1/p+ 1/g = 1, the £,-norm is conjugate to the ¢,-norm.

The following generalized Holder inequality can be shown as Proposition 2.7.

LEMMA 2.8. Let @, 91, P2 be symmetric gauge functions with the corresponding norms
e P I PP
P(arby, agba,...) < P1(a)P2(b), a,bE Sgn,
then
[AB|| < [IAl:[Blll2, A, B € B(H).
In particular, if || - ||" is the symmetric norm corresponding to ¢’ conjugate to @, then

IAB|1 < ||A[|B)" for every A,B € B(H). Hence AB € Ci(H) if A € Cs(H) and

BeCe(H).
Proof. By (1.14), Proposition 1.3, and Lemma 2.2, we have for every n € N
D(u1(AB),. .., un(AB),0,0,...)
< O(pr(A)pa(B), - .-, pin(A)pn (B), 0,0,...)
< P1(pa(A), ... 1n(A),0,0,.. )2 (pa(B), . in(B),0,0,...) < [|Al[1[I Bl
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showing the first assertion. For the second part, note by definition of ¢’ that

> laibi| < (@) (b),  a,b € spn. ®

THEOREM 2.9. If ® and &' are conjugate symmetric gauge functions, then the dual
Banach space Cg)) (H)* of Céo) (H) is isometrically isomorphic to Ce (H) by the duality
(A,B) — tr(AB) for A € Céo) (H) and B € Ce (H), where tr denotes the usual trace on
Ci(H).

Proof. For any B € Cg (H) we can define, by Lemma 2.8, a linear functional fg :
¢ = Cby f5(A) = tr(AB). Since

0
[tr(AB)] < | ABIL < JAIIBI, A€ Cg)(H),
it follows that fp € Céo)(fH)* and ||fg]| < ||Bl/. Now let f € Cé,o)(’)’-[)* and consider a
sesqui-linear form (£,n) — f(E®n), £&,n € H. Since
[FE@ml < [IfIHIE @l = [ £I12(1,0,0,.. )€l Il

there exists B € B(H) such that (B¢, n) = f(§ ®n) for all £, € H. For each n € N and
€ > 0, by Lemma 1.16 there exists a projection P of finite rank such that u;(PBP) >
(ui(B) —e)y for 1 < i < n and also m = rank P > n. We write PBP as PBP =
S ui(PBP)E; ® m; with orthonormal bases {&;} and {n;} of PH. Since

if a € sa, and P(a) < 1, then
> ain(PBP) = f(z @it ®§z‘) < Il H Do aim
i=1 i=1 i=1

= [[flI®(a1, ... an,0,0,...) < [If.

This shows that
@' (p1(PBP), ..., pn(PBP),0,0,...) < || f].
Letting € | 0 we get
P (p1(B), ..., 1n(B),0,0,...) < [If, neN,
so that B € Cg/(H) and ||B|]" < ||f|l. Since f(A4) = fB(A) for A € Can(H) and Cqn(H)
is dense in Céo)(’H), we have f = fp and hence || fg| = || B]|’. Thus B € Ce:(H) — fp €
C(O)(H)* is a surjective i t
> jective isometry. m
As special cases we have C1(H)* = B(H) and Cp(H)* = Cy(H) when 1 < p < o0,

1/p+1/q = 1. The above theorem shows that Cg(H)* = Cg/(H) if @ is regular and that
Cqo(H) is reflexive if and only if both ¢ and ¢’ are regular.

2.3. Further properties of symmetric norms. In this subsection let us present, for later
use, some further results concerning symmetric norms. The close relation between the
(log-)majorization and the symmetric norm inequalities is summarized in the following
proposition.
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PROPOSITION 2.10. Consider the following conditions for A, B € B(H). Then:
(i)e@i)=(ili)e(iv)e (v)e(vi).
(1) M(A) <w(log) ,LL(B);

1) 1FJADI < NIF(B)I for every symmetric norm || - || and every continuous in-
creasing function f on [0,00) such that f(0) > 0 and f(e®) is convex;

(iii) p(A) <w p(B);

(iv) | Al k) < 1Bll(k) for every k € N;

(V) 1Al < || B]| for every symmetric norm || - ||;

VO IFJADI < 1B for every symmetric norm || - || and every increasing convex
function f on [0,00) such that f(0) >0

Proof. (i)=(ii). Let f be as in (ii). By Propositions 1.3 and 1.4(11) we have

(2.5) n(f(1AD) = f(u(A) <w f(u(B)) = p(f(|Bl))-
This implies by Proposition 2.4(3) that || f(|A])|| < ||f(|B])|| for any symmetric norm.
(il)=(i). Take |- || = || - |(x), the Ky Fan norms, and f(z) = log(1 + ¢~ 'z) for ¢ > 0.

Then f satisfies the condition in (ii). Since

wi(f(|A])) = f(ui(A)) = log(e + pi(A)) — loge,
IFUAD ) < [1£(IB])] (k) means that

k k
H(E + pi(A H e+ pi(B
i=1 =1
Letting € | 0 we get Hle wi(A) < H _, 1i(B) and hence (i) follows.
(iii) < (iv) is trivial by definition of ||-||(x) and (vi)=(v)=>(iv) is clear. Finally assume

(iii) and let f be as in (vi). Proposition 1.2 yields (2.5) again, so that (vi) follows. Hence
(iil)=-(vi) holds. m
The following is a noncommutative analogue of Fatou’s lemma.

PROPOSITION 2.11. Any symmetric norm || - || given by (2.4) is lower-semicontinuous
in WOT (i.e. the weak operator topology) on B(H).

Proof. Let ¢ be the symmetric gauge function for || - ||. Using (2.4), Lemma 1.16,
and Theorem 2.9, we have for every A € B(H),

||A|| = sup{||PAP|| : P is a projection of finite rank}
= sup{|tr(XPAP)| : X € C{(H), | X|I' <1, P is a projection of finite rank}.

Hence the assertion follows because A — tr(X PAP) is continuous in WOT whenever P
is of finite rank. m

Let B(H)+ denote the set of positive operators in B(H). The next proposition ex-
tending [79, Theorem 2.16] is a noncommutative variant of the dominated convergence
theorem.

PROPOSITION 2.12. Let A;, A € B(H) and B € B(H)4. Let & be a symmetric gauge
function with the corresponding norm || - ||. Assume that |A;| < B and |Aj| < B for
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all j as well as |A| < B and |A*| < B. If Aj - A in WOT and B € Céo)('H), then
|A; — Al — 0.

For the proof we need:
LEMMA 2.13. Let @ and || - || be as above.
(1) Ifl<p<ooand1l/p+1/q=1, then
B(arby, azba,...) < D(|ar|?, |az|?, .. ) /PD(|by|?, [bo]?,.. )9, a,b € sqn.
(2) For every 1 < p < oo define
BV (a1, ay,...) = B(|ar|?, |azlP,.. )P, a € sgan.

Then &) is a symmetric gauge function and the corresponding symmetric norm is
- [Pl

Proof. (1) We may assume that a,b > 0. From the Young inequality a;b; < p~'a? +
¢ 'b?, Lemma 2.1(1) gives

1 1
@(albl, a2b2, .. ) S —@(af, ag, .. ) + —@(b({, bg, .. )
q

iS]

Replacing a, b by aa,a™'b with o > 0, we get

aP a1

@(albl, agba,...) < —@(aﬁ), ag, .. ) + —@(b({, bg, .. )

p q

Then the desired inequality follows by minimizing the above right-hand side in a > 0.
(2) Let 1/p+1/g=1 and a,b € sa,. We have
P(jar + 01|, Jag + b2fP, . ..) < D(la|[ar + 0[P, |az| [ag + b2P7H, )
+P(|ba] ar + 01 [P, [ba] |az + bafP 7, )
< A{@(jarl?, [az[?,.. )P + D(|br [P, [ba]?, .. )P}
x ®(|ar + bi|P, Jaz + bo|P, .. )11

thanks to (1). Hence #®)(a + b) < &P (a) 4+ &P (b). The remaining properties of ),
being a symmetric gauge function as well as the last assertion are obvious. =

Proof of Proposition 2.12. For any € > 0, since B € Céo)(’H), there exists a
projection P of finite rank such that ||BP|| < & where P+ = I — P. In view of Lemma
2.13(2) let || - ||®® denote the symmetric norm corresponding to #). Then we get by
assumption

1A [V2PH|®) = || PH Ay P2 < (|PHBPH|V? < /2
and similarly || [A%|'/2P+|2) < /2. Since ®(ab) < &P (a)d (b) for a,b € sgn by
Lemma 2.13(1), the generalized Holder inequality (Lemma 2.8) gives
1A P = (A 1P < A Y2142 P < B 22,
and similarly || P4 A;P|| < ||A;P*|| < ||B||'/2¢'/2. The same inequalities hold also for A.
Therefore
14; = All < (4 = APH| + |PH(A; = A)P| +||P(4; — AP
<A|B|V2EV 4 || P(A; — AP
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Since P is of finite rank and A; — A in WOT, it immediately follows that ||P(A; —
A)P|| — 0. Since ¢ is arbitrary, we have ||A; — A = 0. =

For instance, if A;, B € B(H)+, Aj < B € C(H),and A; - A € B(H) in WOT (hence
A < B), then [|[A; — Allc — 0. As is remarked in [79, p. 39], the condition |4} < B
cannot be dropped in the above proposition.

2.4. Ando’s extension of Birman—Koplienko—Solomyak majorization result. The final
result of this section is taken from [3]. (See [42, Appendix] by H. Kosaki for its extension
to the von Neumann algebra case.) Before stating the theorem, let us recall the notion
of operator monotone functions. A continuous real function f on [0,00) is said to be
operator monotone if A < B implies f(A) < f(B) for any A, B € B(#). Such a function
is characterized by the following integral representation:

(2.6) f(x) =a+bx+ § zgif tdu(t), x>0,

where a € R, b > 0, and v is a positive measure on (0, c0) with Sgo t(1+t)"tdr(t) < .
This type of integral representation is a central result in the Lowner theory of operator
monotone functions (see [1, 24, 36] for details). The operator monotonicity of ¢ on [0, o)
with 0 < 6 < 1is due to the Lowner—Heinz inequality. Also it is well known that log(14x)

is operator monotone.
THEOREM 2.14. Let A, B € B(H)+ and || - || be any symmetric norm.
(1) If f is an operator monotone function on [0,00) with f(0) > 0, then

(2.7) u(f(A) = f(B)) <w u(f(|A = B|)).

(2) If g is a continuous strictly increasing function on [0,00) such that g(0) = 0 and
lim;—, o0 g(t) = 00 and whose inverse function is operator monotone, then

1(g(|A = Bl)) <w n(g(A) — g(B)).

When f(z) = 2% with 0 < 6 < 1, the weak majorization (2.7) above was formerly
proved by Birman, Koplienko, and Solomyak [18], which gives the generalized Powers—
Stgrmer inquality: If 0 < 8 < 1 and 8 < p < oo, then
(2.8) 1A% = B0 < A= By, A, B € B(H)4.

The case when 8 = 1/2 and p = 1 is known as the Powers—Stgrmer inequality [72], whose

extension to the von Neumann algebra setting was obtained in [9, 34].
We first prepare simple facts to prove the theorem.

LEMMA 2.15. Let X,Y € B(H) be self-adjoint and X = X4 — X_, Y =Y, —Y_ be
the Jordan decompositions.
(1) If X <Y then pi(X4) < pi(Yy) for all i.
(2) If p(X4) <w p(Y5) and p(X_) <w p(Y-), then p(X) <uw p(Y).
Proof. (1) Let @ be the support projection of X ;. Since
X4 =QXQ < QYQ <QY;Q,
we have p;(X4) < i (QY1Q) < pi(Yy) by Proposition 1.4.
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(2) It is rather easy to see that p(X) is the decreasing rearrangement of the combi-
nation of p(Xy) and pu(X_). So for each k € N we can choose 0 < m < k so that

k m k—m
ZM(X) = Z,ui(XJr) + Z pi(X ).

Hence
k m k—m k
ZM(X) < ZM(Y+) + Z pi(Y-) < Zﬂi(y)a

as desired. m

Proof of Theorem 2.14. (1) First assume that A > B > 0andlet C = A—B > 0.
In view of Proposition 2.10 it suffices to prove that

(2.9) 1f(B+C) = fB)lw < IF(O)lwy, keN.

For ¢t > 0 let
T t
h = =1-—
t(z) T +t T + tv
which is increasing on [0, 00) with h,(0) = 0. According to the integral representation
(2.6) with a,b > 0, we have

o0

e _ . i (C)t _ . T
mU@D—ﬂmKW—a+Wﬂﬂ+§MWH¢W@—a+Wﬂﬂ+§wﬂwmﬂwm
so that
(2.10) 17Oy = blICl gy + § ()l g dv(e):

0
On the other hand, since

F(B+C)=al +b(B+C)+ \ thy(B+ C)dv(t)
0

as well as the analogous expression for f(B), we have

f(B+C)— f(B)=5bC+ \ t{he(B+ C) — h(B)}dv(t),

[SE R

so that

oo

(2.11) If(B+C) = £(B)llgy < blICl gy + | tIh(B + C) = hu(B)| gy (1).
0
By (2.10) and (2.11) it suffices for (2.9) to show that
1he(B + C) = he(B)ll ) < 1he(C)llky, ¢ >0, k€ N.

Since hi(z) = hi(z/t), the case t = 1 is enough because we may replace B and C by
t~'B and t~'C, respectively. So what remains to prove is the following:

212)  [(B+D) "~ B+C+D <1 (C+D M. keN.
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Since
(B+D) "= (B+C+I1)" =B+ ?hn(B+1)""2C(B+1)"*)(B+1)"'/?
and [|(B +I)7"/?| <1, we obtain
wi((B+1)" = (B+C+ DY) < w(hi (B + I)"Y20(B + 1)~1/?))
h(ui((B+1)"2C(B +1)71/?%)
hi(ui(C)) = (I = (C+ 1))
by repeated use of Proposition 1.4(7). Therefore (2.12) is proved.

Next let us prove the general case A, B > 0. Since 0 < A < B+ (A — B)4, it follows
that

IN

f(A) = f(B) < f(B+(A-B)y) - f(B),
which implies by Lemma 2.15(1) that

1(f(A) = F(B)+llay < If(B+ (A= B)1) = f(B)lw)-
Applying the first case to B+ (A — B)+ and B, we get

[f(B+(A=B)y) = f(B)llw) < /(A= B))llw)-

Therefore

(2.13) u((f(A) = f(B))+) <w u(f((A = B)1)).
Exchanging the role of A, B gives

(2.14) u((f(A) = f(B))-) <w u(f((A = B)-)).

Here we may assume f(0) = 0 because f can be replaced by f— f(0). Then it is immediate

that f((A— B)4)f(A—B)_) = 0 and f((A— B),) + f((A— B)_) = f(lA— B). So

w(f(A)=f(B)) <w u(f(JA—BYJ)) follows from (2.13) and (2.14) thanks to Lemma 2.15(2).
(2) Let f be the inverse of g. Since f satisfies the condition of (1), we have

k k
D wi(F(A) = f(B) <3 f(wi(A=B)), keN

i=1

Here replace A and B by g(A) and g(B), respectively. Then

k
ZuzA BSZ -9(B)), keN,

which means that u(A — B) <. f(u(g(A) — g(B))). As is well known, the operator
monotonicity of f implies the concavity of f, so that g is convex. Hence u(g(|]A— BJ)) =
g(u(A — B)) <y u(g(A) — g(B)) by Proposition 1.2. m

PROBLEM 2.16. Let A, B € B(#H)4+ and f be an operator monotone function on [0, o)
with f(0) = 0. Then it is natural to ask whether or not the following variant of (2.7)
holds:

p(f(A+ B)) <w u(f(A) + £(B)).
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But it seems that the method in proving (2.7) does not work in this case. Theorem 2.14(1)
and (1.12) show that

p(f(A+ B)) <w u(f(A)) + u(f(B)),

while a stronger result is found in [4, Theorem 6.9)].

3. Inequalites of Golden—Thompson type. This section is mostly taken from
[40]. We obtain log-majorization results and norm inequalities of Golden-Thompson type
for exponential operators. Furthermore, we discuss the norm convergence of exponential
product formula, which is the main result of [40]. But accounts more detailed than those
in [40] are supplied concerning technical parts: Lemmas 3.1, 3.2, 3.8, and theory of state
perturbation in von Neumann algebras.

3.1. Antisymmetric tensor powers. First let us establish a machinery of antisymmetric
tensors, which is quite useful in deriving log-majorization results. Let H be a separable
Hilbert space as before. For each n € N let ®"™H denote the n-fold tensor product of H
with itself, which is the completed Hilbert space of the n-fold algebraic tensor product
with respect to the inner product defined by

n

i=1
For&l,...,énG’Hdeﬁnefl/\.../\én€®"’ﬂ by

1 .
(3.1) N NE = ﬁzw:(mgnﬂ)fﬂ(l) ® ... ®&x(n),
where 7 runs over all permutations on {1,...,n} and signm = +1 according as 7 is

even or odd. The closed subspace of @ H spanned by {& A ... A&, : & € H} is called
the n-fold antisymmetric tensor product of H and denoted by A™H. In fact, the linear
extension of the map {1 ®...®&, — \/%51 A...N&, is the projection of @ H onto A"H.
A straightforward computation from (3.1) shows that

(32) <§1 VANPIRAN fn,’f]l VANPIRAN 77n> = det[<§“ 77j>]1§i,j§n-

Note that & A... A&, # 0if and only if {&1,...,&,} is linearly independent. Moreover, if
{i} is an orthonormal basis of H, then {¢i; A...Aw;, i1 < ... <i,} is an orthonormal
basis of A"H.

For every A € B(H) the n-fold tensor product @™ A € B(®"H) is given as

(@A) (&1 ®...®&) =AbL ®...Q AL,.

Since A™H is invariant for @™ A, the antisymmetric tensor power A™ A of A can be defined
as A" A = @™ A| an3q; in fact,
(3.3) (A"A)(EL N .. NEY) = A&l A .. N AE,.
When dimH = N < oo, AVH = C, ANA = det A, and A"H = {0} for n > N. In the
matrix theory A™A is usually called the nth compound of A.

The following are elementary properties of antisymmetric tensor powers.
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LEMMA 3.1. Let X, X;,Y, A€ B(H) and n € N.

(1) A"(X*) = (A" X)",

(2) A"(XY) = (A"X)(4"Y).

B) If |1 X; — X|looc — 0, then ||A"X; — A" X || — 0.

(4) If X; — X in SOT (resp. WOT) and sup; || X;[|oc < 00, then A"X; — A"X in
SOT (resp. WOT).

(5) If A >0, then A"A >0 and A"(AP) = (A" A)P for all p > 0.

(6) A™(|X]) = [A"X].

Proof. (1) and (2) are the restrictions of the corresponding formulas ®"(X*) =
(®"X)* and @"(XY) = (®"X)(®"Y) to A"H. For (3) and (4) it suffices to show the
corresponding convergences for ®", which are readily verified. If A > 0 then A"A =
(A" (AY2))*(A™(AY?)) > 0 by (1) and (2). When p is rational, the second assertion of
(5) is immediate from (2). Then (3) implies the case of general p > 0. Finally (6) follows
from (1), (2), and (5). m

A useful technique in the majorization theory for operators is supplied by the following

lemma. For matrices this is a consequence of the so-called Binet—Cauchy theorem ([62,
pp. 503-504]).

LEMMA 3.2. For every A € B(H) and n € N,
(3.4) Huz = (A" A) (= A" Al| ).

Proof. We may assume by Lemma 3.1(6) that A > 0. First suppose that A is
compact. Then there exists an orthonormal basis {¢;} of H such that Ap; = p;(A)p; for
all 4. Since {p;;, A... A, 141 <...<ip} is a complete set of eigenvectors of A™A with

(A"A) (@i, Ao Apy,) = {H ,LLZ-].(A)}QOZ-I AN,
j=1

we have (3.4). Next let A > 0 be general. Let Py be projections of finite rank such that
P, 1 I. Since PyAP, — A in SOT, Lemma 3.1(4) implies that A"(P,AP;) — A™A in
SOT. Since || - ||oo is lower-semicontinuous in WOT, we have

A" Al 0o < hmlnf A" (P APy) || 0o = hmmfl_[uZ (PrAP) < HMZ
=1
by the first case and Proposition 1.4(7). On the other hand, by Lemma 1.16 we can choose
sequences of orthonormal sets {55@, e (k)} such that limy, HAf(k) [Li(A)fi(k) || =0 for
1 <4 < n. Hence it follows from (3.2) and (3.3) that

147 Allse > (A" AYEM AL A, A AER) = det[(AEM €1 <i < — [ 1i(A)
=1

as k — oo, completing the proof. m

Before going into the main part of this section, let us prove the Weyl majorization
theorem as warming-up practice in the antisymmetric tensor technique.
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THEOREM 3.3. Let A € C(H) and A1(A), A2(A),... be the eigenvalues of A arranged
as M (A)| > |X2(A)| > ... with algebraic multiplicities counted. Then

n

[T < HM(A), n € N.

i=1
Proof. If A is an eigenvalue of A with algebraic multiplicity m, then there exists a
set {m,...,nm} of independent vectors such that

An; — Anj € span{m,...,nj—1}, 1<j<m.

Hence for each n € N we can choose independent vectors £1,...,&, such that A& =
Ai(A)E + ¢ with ¢ € span{&y, ..., &1} for 1 <i <n. Then it is readily checked that

(APA)ELA .. NE) = AEL A .. N ALy = {HAZ-(A)}& Ao NEn
=1

and &1 A A&, # 0, so that ]I, \;(A) is an eigenvalue of A" A. Hence Lemma 3.2 gives

1| < 1474 = [ () m

3.2. Araki’s log-majorization result. Extending a trace inequality of Lieb and Thirring
[60], Araki [12] showed the following log-majorization result by essentially the same
method as below. Also, the same result for matrices was shown in [88] in the same way.
Note that this was further generalized in [55] to the von Neumann algebra case, while
the antisymmetric tensor technique can be no longer used. A generalization in another
direction will be given in Proposition 5.8.

THEOREM 3.4. For every A, B € B(H)+,
(3.5) p((AV2BAY2)T) <urogy (AT BTAT?), e > 1,
or equivalently
(3.6) H((APZBPAPIRYP) < 1og) n((AY2BIAY2)VE) 0 <p<q.

Proof. We can pass to the limit from A 4 ¢l and B + I as € | 0 by Proposition
1.4(10). So we may assume that A and B are invertible. First let us show that

(3.7) I(AY2BAY) || < |AT/2BT A oo, 72 1.

To do so, it suffices to show that A”/2B" A"/2 < I implies A'/2BA'/? < I, equivalently
B" < A™" implies B < A~!'. But this is just the Léwner-Heinz inequality. For every
n € N, since by Lemma 3.1,

(AP BAY2)) = (4 4)V2 (A" B)(A" A) 2,
A"(AT2BTAT?) = (A" A)/2 (A" B)T (A" A)?,
it follows from (3.7) with A" A, A" B instead of A, B that
14" ((AY2BAY2) )l < [|A"(AT/2BTA2) .
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This means thanks to Lemma 3.2 that
H,LLZ((Al/QBAl/Q)T) < H,LLi(AT/QBTAT/Q).
i=1 i=1
Hence (3.5) is proved. If we replace A, B by AP, B? and take r = ¢/p, then
'u((Ap/ZBpApﬂ)q/p) < (log) M(AQ/QB‘]AQ/Q),
which implies (3.6) by Proposition 1.4(11). =
Theorem 3.4 and Proposition 2.10 give:

COROLLARY 3.5. Let A,B € B(H)+ and || - || be any symmetric norm. If f is a
continuous increasing function on [0,00) such that f(0) >0 and f(e®) is convex, then

IF((AY2BAY2))| < || f(A2BTAR), w21,

In particular,

H(Al/QBAl/Q)rH < HAT/QBTAT/QH, r>1.

3.3. Trotter—Kato exponential product formula. To obtain norm inequalities of Golden
—Thompson type, let us recall the form sum of positive self-adjoint operators. Let H
and K be positive self-adjoint (not necessarily bounded) operators on H. Let Dy =
D(HY?) N D(K'?), D(H'?) being the domain of H'/2, H, the closure of Dy, and P
the projection onto Ho. We denote by H + K the form sum of H and K, which is the
positive self-adjoint operator on Hg associated with the closed positive quadratic form
€ € Dy — ||HY2€]2 + | KV/2€]|? so that

I(HFK)2€ |2 = | B2 + | K212, ¢ € D
The form sum H+K can be defined also for lower-bounded self-adjoint H, K as follows:
HVK = (H 4+ K}) — Py(H_ + K_)Py,
where H = H; — H_ is the Jordan decomposition; or equivalently
H+K = ((H +al)+(K + bl)) — (a + b) Py

by taking a,b € R such that H + al, K + bl > 0. Note that if H + K is essentially
self-adjoint, then H+K coincides with the closure of H + K.

The following (1) is the so-called Trotter—Kato product formula, which was shown in
[51] in a more general form (see also [19]). The symmetric and continuous parameter ver-
sion (2) was given in [40]. It is a simpler fact that if X, Y € B(H) then lim,, o, (eX/™eY/™)"
= eX*Y in the norm || - || . But a quite general Trotter-like convergence for exponential
products of bounded operators was established in [82].

THEOREM 3.6. (1) If H and K are lower-bounded self-adjoint operators on H, then

S_hm(eftH/neftK/n)n _ eft(erK), t>0,
n—oo

the convergence being uniform in t € [a,b] for any 0 < a < b. Here s-lim means the
convergence in SOT and e " H+E) s written for e *H+EK) Py for brevity.
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(2) With the same assumption and notation,

S_hm(efrtH/QefrtKefrtH/Q)1/r _ eft(HJ}K), t>0,

0
the convergence being uniform in t € [a,b] for any 0 < a < b.

Proof. Let us only show (2), which is an easy consequence of (1). We may assume
H,K >0 by taking H+al, K+al. For 0 < r <1 write 1/r = n+s where n = n(r) € N
and s = s(r) € [0,1). Then

(efrtH/QefrtKefrtH/2)1/r

_ (e—rtH/2e—TtKe—TtH/Q)se—rtH/Qe—rtK (e—rtHe—rtK)n—le—TtH/Q.

When 7 | 0 (hence n — o0), we have e="/2 - [ and e~ "*¥ — I in SOT uniformly in
t € [0,b]. Since

efrtH/2€7TtKefrtH/2 < (efrtH/2efrtKefrtH/2)s <I,

we get

(3.8) S_hm(efrtH/QefrtKefrtH/2)s —7
rl0

uniformly in ¢ € [0, b]. Since r(n — 1)t — ¢, the uniform convergence of (1) implies that

(3.9) S_lign{(e—TtHe—rtK)n—l _ e_T(n_l)t(H_;K)} _ 0

uniformly in ¢ € [a,b]. Finally, it is immediate that

(3.10) S;liién{efr(nfl)t(erK) _ eft(HJ}K)} —0

uniformly in ¢ € [0,b]. The above uniform convergences (3.8)—(3.10) altogether yield the
conclusion. =

3.4. Log-majorization and norm inequalities of Golden—Thompson type. The next the-

orem is the Golden—Thompson inequality strengthened to the form of log-majorization.
THEOREM 3.7. If H and K are lower-bounded self-adjoint operator on H, then
(e,(erK))

((efrH/QeerefrH/2)1/7“)7 r>0.

Hw <w(log) Hw

To prove the theorem, we give the following infinite-dimensional extension of Ky Fan’s
multiplicative formula.

LEMMA 3.8. For every A € B(H) and n € N,
HM(A) = sup{det(P|A|P|py) : P is a projection of rank n}
i=1

= sup{Redet(PUAP|py) : U is a unitary and P is a projection of rank n}.
Hence the function A — [[i, pi(A) is lower-semicontinuous in WOT on B(H).

Proof. If P is a projection of rank n and U is a unitary, then

det(P|A[P|py) = HM(P|A|P) < HM(A),
1=1 =1
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Re det(PUAP|py) < |det(PUAP|py)| = [ [ m(PUAP) < [ mi(A

i=1 i=1
To show the converse, we may assume that p,(A) > 0. By Lemma 1.16 (and its proof),
we can choose sequences of orthonormal sets {§§k), e (k)} in the range of |A| such
that limg || |A|«££k) — ui(A)¢ (k)|| =0forl1 <ic<n. Let Py be the projection onto
the span of {f;k), . (k)} and A = W|A| the polar decomposition. For each k, since
{Wﬂk), cee W&,(Ik)} is orthonormal, there exists a unitary Uy such that kai(k) = §§k)
for 1 < i <n. Then

det(Py| A| Py p20) = det[(| ¢, €)]: 5,
det(PLU; APy | poa) = det[[AC Uk = det[(Ae, WelF)] = det[(| 416, ¢))].

Since det[(|A|§§k),£§-k))]ij — [T, pi(A) as k — oo, we get the required formulas. Fur-
thermore, the last assertion is immediate because A — Redet(PUAP|py) is continuous
in WOT whenever P is of finite rank. m

By the way, the following additive formula can be shown in a similar way: For every
Ae B(H)and n € N,

Zui(A) = sup{tr(P|A|P) : P is a projection of rank n}

= sup{Retr(PUAP) : U is a unitary and P is a projection of rank n}

and hence Y ., p1;(A) is lower-semicontinuous in WOT. However, we do not know an
explicit counter-example to u,(A) itself being lower-semicontinuous in WOT.

Indeed, Lemmas 3.1(4) and 3.2 serve for the proof of Theorem 3.7. But the above
multiplicative and additive formulas are worth pointing out by themselves.

Proof of Theorem 3.7. For every n € N we have

n

(e—(HEK)Y < Liminf ((,—rH/2 —rK _—rH/2\1/r
| | i(e imin I I i((e e e
i ) o 1M (( )")

i=1
by Theorem 3.6(2) and Lemma 3.8. Since [}, u;((e "#/2e K e=mH/2)1/T) decreases as
r 1 0 by (3.6), we conclude that

H,Uq, _(H+K) H —’I‘H/Qe—’I‘Ke—TH/2)1/T), r> 0,

i=1 i=1

as desired. m

COROLLARY 3.9. If H and K are lower-bounded self-adjoint operators on H and || - ||
s a symmetric norm, then

He H+K)H < H( TH/QeerefrH/Q)l/rH,

r >0,
and the above right-hand side decreases as r | 0. In particular,

(3.11) o™ HFRY) < e~ H/2e=K e 12| < flemHe K.



152 F. HIAI

Proof. The first assertion is a consequence of Theorem 3.7, (3.6), and Proposition
2.10. The second inequality of (3.11) follows because by Proposition 1.4(5)

le= e~ ) = [le~Fe~ ||| = (e~ e e~ )1/2). w

The specialization of (3.11) to the trace norm ||-||; is the celebrated Golden—Thompson
trace inequality independently established in [33, 83, 84]. It was shown in [81] that
treflTK < tr(eH/”eK/”)" for every Hermitian matrices H, K and n € N. For the matrix
case, (3.11) was given in [58, 85]. Also (3.11) for the norm | - ||« is known as Segal’s
inequality ([73, p. 260]). A rather trivial consequence of (3.11) is that |e~(H+9)| <
lle= ||oo]le ™% for any symmetric norm || - ||. Hence, if @ is a symmetric gauge function
and e~ X € Cp(H), then e~ (H+K) e Cy(7) for every lower-bounded H.

Concerning (quasi-)norms || - ||, we have:

COROLLARY 3.10. (1) If H, K are as above and 0 < p < oo, then

leHHOY,, < [|(e7mH2emrKemr BN,y >0,

and the above the right-hand side decreases as r | 0.
(2) When 0 < p,p1,pa < 00 and 1/p = 1/p1 + 1/pa, if e € Cp,(H) and e™* <
Cp,(H), then e~ (HTE) ¢ C (H).

Proof. (1) follows from Corollary 3.9 because for any 0 < p < oo,

—-r —r - T —r —r —r rl
(e~ H2e= R e=rHI2YUr | = (e H/2e =R e=rH/2)p/r||1/P

and [le=(HFE||, = [|e=P(HHE)||1/7(2) is immediate from (3.11) and the Holder inequal-

ity (Proposition 2.7). m

7TH/2€7TK67TH/2

The next example is given to show that ||(e )1/7|| does not converge

to [[e=HHE)|| as 7 | 0 in general.

EXAMPLE 3.11. Define 2 x 2 matrices Py and @, n € N, by

P= |1 O Qu-e ee with = | VIZL"

0 — 0 ol’ n — Sn n n — /1/n .
Then Py and @, are projections with Py A @Q,, = 0, so that POL + Qi is invertible. Let
0 < § < 1 be arbitrary. For each n, since exp{(loge)(P;- + Q;-)} — 0 as € | 0, we can
choose 0 < g,, < 1 such that

lexp{(logen)(Py" + Q)}lloo < 0.
Putting H,, = (—loge,)P;- and K, = (—loge,)Q;, we define H = @, H, and

K =@, | K,, which are positive self-adjoint operators on H = @7° C?. Then

00
e*TH/QeerefrH/2 _ @(efan/Qeernefan/2)

n=1

= PP +enPH) 2 (Qu + 20 Qi) (Po + en PH) 2}
n=1
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Since
(Po + EnPOL)TN(Qn + EnQi)T(PO + EnPOJ_Y/Q
> (Py+enPy ) 2Qu(Po + enPi-)/? = (P + en PH) /%60 @ (Po 4 € Py) %60,

we have

T

. K , 1 e
lemr/2e e 12 oo > sup | (Po + e Py /2&1“28‘“’(15*%)21’

so that ||(e " H/2e~mKe=rH/2)1/7|| > 1 for all r > 0. On the other hand,

o~ (HHE) _ @e—(Hn-i-Kn) = @exp{(log ) (P 4+ Q1))

n=1 n=1
and hence ||e=HHE)|| < 6.

3.5. Trace norm convergence of exponential product formula. In this subsection let H
and K be lower-bounded self-adjoint operators such that H + K is essentially self-adjoint.
For simplicity we denote the closure of H + K by the same H + K.

The following trace norm convergence of exponential product formula was established
in [40].

THEOREM 3.12. If e~ & € C1(H), then

(3.12) 1&8 (e~ H/2e=TK =rH/2y1/r _ o=(H+E)|| | —
(3.13) 17}?01 (e~ K/2e=rH =rK/2y1/r _ o=(H+EK)|| | —
(3.14) Tim (e~ /e~ Rlmyrtt _ (4R, — g,
(3.15) nh_}n;@ tr(e H/me=K/myn — tp = (HFK)

First note that all the operators in the theorem belong to C;(H). For instance, we
have (e "H/2e=mKe=rH/2)1/m ¢ ¢\ (H) for all r > 0, because with H > al,

[Lk((67TH/267TK67TH/2)1/T) _ ‘uk(eer/2efrHeer/2)1/r

< ’u/k(efraefrl()l/r _ efa,uk(efK).

The proof of the theorem in [40] is based on Araki’s Trotter product formula [8]
involving the modular operator and Donald’s perturbation theory [23] for positive normal
functionals on von Neumann algebras. So, for convenience, we first give a brief survey on
these materials.

Let M be a von Neumann algebra and (M, H, J, P) be a standard form (]9, 34]) of M.
For example, a standard form of M = B(H) is given as (B(H),Ca(H), *,C2(H)4+), where
B(H) is represented on Co(H) by left multiplication and Ca(H)4 is the set of positive
operators in Co(H). Let M denote the positive part of the predual M, and p € M
be faithful. Then ¢ is written as ¢ = (- @, @) with the cyclic and separating vector @ € P.
Let Ag be the modular operator associated with @ (or ¢). See [80] for modular theory
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of von Neumann algebras. For each h € Mg, where My, is the self-adjoint part of M,
Araki [7] defined the perturbed vector & by

00 1/2 t tnh—1
(3.16) o =3 "(-0r \dn \dta... | dtnARAG TR AT 0o,

n=0 0 0 0
where @ is in the domain of AZhAZh...AZh for z = (z1,...,2,) € C" with Rez €
{(s1,-.-,80) ER™ 1 51,...,8, >0, 51 +...4+ 8, <1/2} and the sum in (3.16) absolutely
converges. Then @ is also a cyclic and separating vector in P. It is known [8] that & is
in the domain of exp 1 (log Ag — h) and

oh = exp<710g A; - h>€l>.

Moreover, the perturbed functional ¢ is defined by
(3.17) " = (- ", ).

Note that &" and ¢" here mean =" and ¢~" in the notation of [7, 8].
The following is a version of the Trotter product formula given in [8, Remarks 1, 2].

PROPOSITION 3.13. Let @ be as above. Then for every h € Mg,

oM = lim (A;/Qnefh/%)"¢ = lim (efh/Q"A;/%)"@ strongly.
n— o0 n—00

The relative entropy for positive normal functionals on a von Neumann algebra was
first introduced in [87] in the semifinite case and was extended in [10, 11] to the general
case. For each o, 9 € M} let ® and ¥ be the vector representatives in P so that ¢ =
(-®,®) and tp = (- U, ¥). Then Araki’s relative entropy S, ¢) is defined by

S, p) = —((log Ag w)V, V)

if the support of 1 is dominated by that of ¢, and S(¢, ) = 0o otherwise, where Ag v
is the relative modular operator ([11]). See [86] for another definition and [54, 68] for
properties of relative entropy.

Next let h be a lower-bounded self-adjoint operator affiliated with M. So we have the
spectral decomposition h = SZO Adep, (), where {en(A)}a>q is a spectral resolution in M
with a € R. For any ¢ € M}, ¥(h) can be defined as ¢(h) = SZO Ady(er(X)). For each
o € M} define ¢(p, h) € [—00,00) by

c(p, h) = sup{=y(h) = S(h, ) : P € L (M)},

where X, (M) denotes the set of normal states on M. According to [23, Theorem 3.1],
if ¢(p, h) > —oo, that is, ¥(h) + S(¢, ) < oo for some p € X, (M), then there exists a
unique w € X, (M) such that —w(h) —S(w, ¢) = c(p, h). This w is denoted by [¢"], while
it was denoted in [23] by ¢". More generally, h can be an extended-valued lower-bounded
operator (see [23]), but a self-adjoint h is enough for our purpose.

Note [70, Proposition 1] that when ¢ € M is faithful and h € Ms,, [¢"] coincides
with (3.17) up to a normalization constant; more precisely [p"] = ¢" /¢ (I) and " (I) =
ec@h) 8o for any ¢ € M7 and any lower-bounded self-adjoint operator h affiliated with
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M such that ¢(p, h) > —oo, we can define the perturbed functional ©" by
(3.18) Pl = e[k,

Then h is called a relative Hamiltonian of w = ™ relative to .
The following convergence result was proved in [23, Proposition 3.15], which plays a
crucial role in the proof of Theorem 3.12.

PROPOSITION 3.14. Let h,, and h be lower-bounded self-adjoint operators affiliated with
M such that hy, T h in the sense that ¥(h,) T ¥(h) for allp € MF. If ¢ € MY satisfies
c(p, h) > —oo, then c(p, hn) — c(p, h), ||l "] — [@"]|| = 0, and hence ||e"" — || — 0.

Now, under the above preparations, let us sketch the proof of Theorem 3.12.

Proof of Theorem 3.12 (Sketch). The von Neumann algebra M = B(H) is
represented by left multiplication on the standard Hilbert space Co(H). Set & = e=K/2 ¢
Co(H)+, which is a cyclic and separating vector for M and defines a faithful ¢ € M}
as p = (- ®,P) = tr(- e K). We write p = e=¥ under the usual identification B(H). =
C1(H). Note that

(3.19) AZXNAL" = e XK teR, X € B(H),

because both sides represent the modular automorphism group associated with @.
We may assume that H, K > 0. First assume that H is bounded. An argument of
analytic continuation using (3.19) yields

(3.20) (e H/2n AP = (¢mH/2ne=K/2myn e N,

Since (e~ H/2ne=K/2nyn _y o=(H+K)/2 in SOT as n — oo, Proposition 3.13 and (3.20)
show that ¢ = ¢~ (H+K)/2 and

lim || (e~ H/2ne=K/2myn — o= (HHK)/2), — g,
n—oo
which yields
lim tr(e_H/4”e—K/2"€—H/4n)2n — tre—(H+EK)
n—o0
This together with Corollary 3.10(1) implies that
(3.21) 111101tr(e*’"H/QeerefrH/z)l/r — tre—(HFK)

Next let H = {*" A\dE ()) be lower-bounded and H,, = {" AdEx()). Since ¢(p, H) >
—oo follows from D(H) N D(K) # {0}, we can define the perturbed functional ¢ by
(3.18) as well as pf». Then Proposition 3.14 shows that ||pf" — | — 0. We have
Hn = e=(HntK) hecause ¢Hn = e~ (Hn+K)/2 for bounded H,,. Furthermore, (I + H,, +
K)™'' | (I + H+ K)™' and hence e~(n+K) — o=(H+K) in SOT (see the proofs of
Lemmas 4.15 and 4.8(1) below). Therefore pf = ¢=(H+K) and

(3.22) lim |e~(HnH+E) _ o= (HFE)| | — 0,

n—oo
By (3.21) for bounded H,, and by (3.22) we get

lim tr(efrH/2eer€7rH/2>1/r < lim tr(ef’l“Hn/2€7TK67THTL/2)1/T
rl0 rl0

= tre”(HntE) tre_(H+K),
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which implies (3.21) for lower-bounded H. Hence

h?ol ”(efrH/2eerefrH/2)1/2rH2 _ |‘€7(H+K)/2||2-

Since it is easily seen from Theorem 3.6(2) that (e "H/2e="Ke=rH/2)1/2r _, o=(H+K)/2
weakly in Co(H), we have

7TH/267TK67TH/2)1/2T _ 67(

lim || (e H+E)/2), =0,
rl0

which shows (3.12) by using the Holder inequality. The proof of (3.13) is similar, and
(3.14) is easily shown from (3.12) thanks to
(323) (e—H/ne—K/n>n+1 _ e—H/Qn(e—H/Qne—K/ne—H/Qn)ne—H/Qne—K/n.
Finally (3.15) is immediate from (3.12). m
COROLLARY 3.15. If e % € C,(H) where 0 < p < oo, then

1:{8 ||(6—TH/26—7‘K6—7‘H/2)1/7‘ _ 6_(H+K)||p =0,
lﬁﬁ} H(eer/2efrHeer/2)1/r _ ef(HJrK)Hp =0,
(3.24) Tim_ (e~ /e Kmytt =) g,

Furthermore, for every q > p,

lim |[(e”H/me=K/myn _ o= (HFE)|| — g

n—roo

Proof (Sketch). Choose k € N such that 2 > 1/p. Applying (3.12) to pH, pK
instead of H, K we have

lim H(efrH/QeerefrH/Q)p/r . ef;n(HJrK)”1 =0

rJ0 ’

so that by (2.8) with 6 = 1/2Fp
17}?01 H(efrH/QeerefrH/Q)l/ri _ ef(HJrK)/Qk ||2kp = 0.

Now, using the Holder inequality repeatedly, we can obtain the first assertion. (A similar

argument in more detail will be supplied in the proof of Corollary 4.23.) The second is

similar and the third is shown by using (3.23). The last assertion is also shown by using

(2.8) and the Holder inequality (see [40] for details). m

PROBLEMS 3.16. (1) Is it possible to replace (e~ H/me=K/mynt1 by (e=H/ne=K/n)n iy
(3.14) and (3.24)?
(2) In view of Corollary 3.15, we are tempted to conjecture that if e ¥ € Céo) (H)
then
lim || (e~ H/2e= K = H/2)1/r _ o=(H+K)|| — o
rl0

where @ is a symmetric gauge function with the corresponding norm || - ||.

4. Inequalites of complementary Golden—Thompson type. A log-majorization
result in terms of power operator means was obtained in [6] in the matrix case, which gives
rise to matrix norm inequalities considered as complementary to the Golden—Thompson



LOG-MAJORIZATIONS AND NORM INEQUALITIES 157

ones. The aim of this section is to study log-majorizations and norm inequalities involving
operator means for infinite-dimensional exponential operators. In the course of this study,
we establish a Trotter-like exponential product formula for operator means, which may
be interesting by itself. Most results in this section are new.

4.1. Preliminaries on operator means. First, for convenience, let us give a brief survey
on operator means. An axiomatic approach for operator means was investigated by Kubo
and Ando [57]. Assume that H is a separable and infinite-dimensional Hilbert space. A
binary operation o : B(H)+ x B(H)+ — B(H)+ is called an operator connection if it
satisfies the following conditions (i)—(iii) for A, B,C,D € B(H)4+:

(i) A< C and B <D imply Ao B < Co D (joint monotonicity),
(ii) C(Ao B)C < (CAC) o (CBC) (transformer inequality),
(iii) Ap, By, € B(H)4, An L A, and B, | B imply A, o B,, | Ac B (upper semiconti-
nuity).

An operator connection o is called an operator mean if
(iv)IoI=1.

The fundamental theorem of Kubo and Ando is summarized as follows: For each
operator connection o there exists a unique operator monotone function f > 0 on [0, c0)
such that f(z)I = I o (xI) for > 0. Then the map o — f is an affine order-isomorphism
between the operator connections and the non-negative operator monotone functions on
[0, 00). The order preservation means that when o; — f; fori=1,2, Aoy B < Aoy B for
all A, B € B(H)+ if and only if fi(z) < fa(x) for all 2 > 0. The operator connection o is
defined via the corresponding function f by

(4.1) Ao B=AY2f(A"Y/2BATY/2)AL/?
if A is invertible, and for general A, B
Ao B= s—liign AV2F(ATY2B AT AY? decreasingly,
&

where A, = A+ ¢l and B. = B + el. Moreover ¢ is an operator mean if and only if
f(1) =1, which implies that Ao A = A for all A.
The following are typical examples of operator means.

(1) Arithmetic mean: AV B = 3(A + B).

(2) Harmonic mean: A!B = 2(A : B), where A : B = s-lim.o(AZ! + B71)7 ! s
called the parallel sum of A, B.

(3) Geometric mean: A# B = s-lim. | A;/Q(A;1/2B€A§1/2)1/2A;/2.

The corresponding functions of V, !, # are (1 + x)/2,2z/(z + 1), z'/2, respectively.
For 0 < a < 1 let #,, denote the a-power mean, which is the operator mean corresponding
to the operator monotone function z®. Namely, for each A, B € B(H), with A invertible,
A+#4 B is defined by

A#aB _ A1/2(A71/QBA71/2)0‘A1/2.

Here we adopt the usual convention B = I for any B € B(H),. Note that A#¢ B = A,
A#1B =B, and A#,, B=A#B.
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Using the integral representation (2.6) of f and transforming the measure v to m =
t(1 +t)~tv, we can represent Ao B as
1+t 1+t
AoB=ad+bB+ | (@A) Blam@) = | ——
(0,00) [0,00]

{(tA) : B}dm(t),

where a = m({0}) and b = m({oo}). In this way, it is seen that there exists an affine
one-to-one correspondence between the operator means and the probability measures on
[0,00]. The above representation shows that every operator connection o satisfies

(v) (AcB)+ (Co D)< (A+C)o(B+ D),

(vi) T*(Ao B)T < (T*AT) o (T*BT) for every T € B(H) and the equality holds if T
is invertible.

Now let o be an operator mean with the corresponding function f. The integral
representation of f implies that f is automatically infinitely many times differentiable.
So let oo = f’(1). The concavity of f implies that 0 < o <1 and f(z) < (1 — «a) + az for
x > 0. Since f(x~!)~! is again operator monotone and hence concave, we have

x

(42) (1-a)z+«

<fle)<(1—-a)+azx, x>0.

The operator mean ¢’ determined by Ao’ B = Bo A is called the transpose of 0. The
corresponding function of ¢’ is zf(z~!) because

Io' (x]) = (xD)o I =x(lo(x ) =af(a~ "I, x>0.

In particular, if o is symmetric, i.e. Ac B = Bo A for all A, B, or equivalently f(x) =
xf(z~1), then o = 1/2 and so (4.2) says that the arithmetic mean AV B is the greatest
and the harmonic mean A! B is the least among the symmetric operator means. If « = 0,
then f(z) =1 and Ao B = A. Also if @« = 1, then f(z) = and Ao B = B. All the
results in this section become trivial in these two extremal cases. So we may assume
0 < a < 1 in the sequel discussions.

Although the next lemma will be used only for a-power mean #,, we give it for
general o.

LEMMA 4.1. Let o be an operator mean and f the corresponding operator monotone

function. Let A,B € B(H)4.

(1) Assume that A is invertible. Then B — Ao B is continuous in the norm || - ||
on B(H)+.
(2) Assume that f(0) =0 and B is compact. If A, | A then |An, 0 B— Ao Blls — 0.

Proof. (1) is immediate from the expression (4.1) because of the || - || co-continuity
of functional calculus.

(2) Choose a > 0 such that A,, < al. Then we have A, 0 B < (al)o B = af(a'B)
and af(a~'B) € C(H) from f(0) = 0. Hence Proposition 2.12 shows the assertion because
A,cB|lAcB. n

4.2. Log-majorization for power operator means. The log-majorization in the next
theorem was given in [6] in the matrix case, which is considered as complementary to
Theorem 3.4.
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THEOREM 4.2. If A, B € B(H)+ and A is either invertible or compact, then

(43) :U/(AT #a BT) '<w(log) ,U/((A #oz B)T); r>1,
or equivalently
(4.4) (AP #a BP)P) <wog) 1((A? #a B)Y9),  p>q>0.

Proof. First assume that both A and B are invertible. The proof below is the same
as that of [6, Theorem 2.1]. For each n € N it is easily checked from Lemma 3.1 that

A’n(A’l" #a B’l") — (AnA)T #a (AHB)T7
A"((A#a B)) = (A" A) #. (A"B))'.
So it suffices to show that
(4.5) [A" #a B"[|oc < [(A#a B) [loos 721,

because (4.3) follows from Lemma 3.2 by taking A" A, A" B instead of A, B in (4.5). To
show (4.5), we may prove that A#, B < I implies A" #, B" < I. When 1 < r < 2, let
us write r =2 — e with 0 < e < 1. Let C = A~Y/2BA~1/2. Suppose A#4 B < I. Then
C* < A1 and

(4.6) AL C™%,
so that thanks to 0 <e <1,
(4.7) Alme < gmell-9),

Now we have
A"#aB" = A" {A7 B B . BAT! a4 s
_ Alfg{Aflgf C’AUQ(Afl/QC’*lA*l/Q)EAl/QCA*
= AYP{AY #, [C(A#. CTHC}AY?
< AVHCTOTE g [C(C = CTHC AN
by using (4.6), (4.7), and the joint monotonicity of power means. Since

C—a(l—a) #a [C(C—oz #a C—l)c] — C—oz(l—e)(l—oz) [C(C—a(l—e)c—e)c]a — Ca’

1—

7 }O‘A17%

we get
(4.8) A" 4, BT < AV20YAY? = A#,B <.

Therefore (4.3) is proved when 1 < r < 2. When r > 2, write r = 2¥s with k£ € N and
1 < s < 2. Repeating the above argument we have

k-1 k=1
M(AT #oz BT) _<w(log) M(AQ s #oz 32 )2

ok
<w(log) M(As #a Bé)2
<w(log) M(A #a B>T'
Second assume that A is invertible while B is general. Since by Lemma 4.1(1)

A" 4o B" =Hm A" #, B and (A#q B)" = lim(A #4 B.)"
el0 el0
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in the norm ||+ ||c0, (4.3) follows from the first case and Proposition 1.4(10). Third assume
that A is compact. The second case shows that

,LL(B; #17a AT) <w(log) ,LL((BE #1704 A)T)v r>1,e>0.
Since Lemma 4.1(2) implies that B #1-q A— B#1_q Aand Bl #1_o A" — B" #1_4 A"
in || leo, we get
M(BT #l—oz AT) '<w(log) ,U/((B #l—oz A)T)a r Z 1a
which is nothing but (4.3). Finally (4.4) readily follows from (4.3) as in the last part of
proof of Theorem 3.4. m
By Theorem 4.2 and Proposition 2.10 we have:

COROLLARY 4.3. Let A, B € B(H)+ and assume that A is either invertible or compact.
Let || - || be any symmetric norm. If f is a continuous increasing function on [0,00) such
that f(0) > 0 and f(e") is convex, then

[F(A" #a B < [f(A#a B)),  r=1.

In particular,
[A" #a B[ < [(A#a B)"[l, r=>1.

PROBLEM 4.4. Tt is desirable to prove Theorem 4.2 (hence Corollary 4.3) without
the assumption of A being invertible or compact. We can do so if the convergence
|A#a Blloo = limeyo ||(A 4 &I) #4 Bl holds true for general A, B € B(H)+. However,
this is not the case as the following example shows.

ExXAMPLE 4.5. Let us consider the infinite direct sum of 2 x 2 matrices. Let Fp, &,,
and @, be as in Example 3.11. Define P = @ ", P, and Q = @, Qy, so that

P#Q=EP(Po#Qun),

n=1

(P+eD)#Q=ED((Po +el) #Qn) where I = [(1) ﬂ

n=1
We have
(Po+el) #Qn
= (P +el) Y2 {(Py + elh) V2, @ (Py + eIy) Y 2€,} Y/ %(Py 4 e13)'/?

= (P + 512>”2{II<P0 +elo) 726, )2

(Po+el)~/2%¢, (P +elp)~1%¢, 1/2(P + ely)/?
[(Po +el2)12&, | — [|(Po + el2) 712, || o

_ &n &n
= ||(Py + ely)~ 3¢, ®
1P+ elo) el e ny 726, © TR T el) V26,

= [|(Po +elz) /26, 760 @ €.
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Since
_n—=1_
(P +€[2)_1/2§n _ | V n(+te) ,
ne
we get

n—1 1\ '?
IR0+ et # Qulle = (s )

Letting € | 0 yields || Py # Qn|lcoc = 0 (this follows also from Py AQ,, = 0; see [57, Theorem
3.7]). Hence P # @ = 0. On the other hand, we have

-1/2
n—1 1
P+el o = Py + el lloo = —_ 4+ — = (1+¢)/2
[(P+el)#Q :gr;ll(o%z)#@ [ fgi(n(usﬁns) (I+¢)

Therefore
[P#Qlc=0<1= lgiﬁjll\(P+d)#Qlloo.

Furthermore, for each 0 < § <1 and n € N, we can choose a,, > 0 such that

Define A = @, (P + anlz) and B = @, ,(Qn + a,I2), which are strictly positive.
Since P < A and Q < B, we have

|A# Blloc < 6 < 1< lim [(A+ 1) # B .
£

The next proposition extends [2, Theorem 1] where H, K are bounded and o = 1/2.

PROPOSITION 4.6. If H € B(H) is self-adjoint and K is a lower-bounded self-adjoint
operator on H, then the following conditions are equivalent:

(i) 1-a)H+aK >0
(i) e #, e < T for all t > 0;
(iii) t > et 4, et is a decreasing function from [0,00) to B(H),.

Proof. (i)=(ii). Suppose that (1—a)H +aK >0, i.e. K > —a~1(1—a)H. To prove
(i), it suffices to show that

(49) i (777 o ) <1,

because |e™"H #, e_TKHééT = ||(e7™H #4 e TE)/7||, increases as | 0 by (4.4). When
0<r<a{(l—a)||H|w} 1 since I+7K > I—a"(1—a)rH > 0and [ —a (1 —a)rH
is invertible, we get

—1
1—
TR < (I+rK)t < (1— arH)

(0%

as well as e™™ < (I +rH)™?! for small r > 0. Therefore

1- -t 1-— -
e o e < (T4 H) T Ha <I O‘rH) = ([+rH)~ 172 (I O‘rH) :
Q «
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so that for small » > 0

a/r
1—
(e #a e ) o < H(I+7“H)(“‘)/T (I— arH)

(0%

oo

Since

l1—«

—a/r .
lim (1 4 rA) ==/ <1 - r>\> GO e |

rl0 «

uniformly in A € [—||H||oo, || H||oo], it follows that

lim
rl0

«

a/r
1—
(I +rH)" Q=) (I - arH) - IH ~0,

implying (4.9).

(il)=-(iii). What we have to prove is that if A, B € B(H)+ and A is invertible, then
A#,B < I implies A" #, B" < A+#,B for every r > 1. When both A and B are
invertible, the result was shown in the proof of Theorem 4.2 (see (4.8)). When A is
invertible but B is not, let B. = B + I for € > 0. Since

A#a (”A#a BEH;}/&Bs) = ||A#a Bs”;;l(A#a BE) <I

the first case applied to A and ||A #., BEH;}/O‘BE shows that for r > 1

A" #o Bl < ||A#ta Bellis (A #a B:).
Letting € | 0 we have by Lemma 4.1(1)
A" 4o B" < ||A#ta Bllic ' (A#a B) < A4 B,

as desired.
(iii)=-(i). For every € > 0 and ¢ > 0, it follows from (4.2) that

e—tH #o (e—tK + E[) — e—tH/Q{etH/2(e—tK + El)etH/Q}ae—tH/2
> e—tH/Q{(l _ CY)I + ae—tH/2(e—tK + EI)—le—tH/Q}—le—tH/Q
> eftH/2{(1 - a)[ + aeftH/QetKeftH/Q}7leftH/2
={(1 —a)e™ + aeF} 71
which shows that e #, e=5 > {(1 — a)e' + ae'™}~1. Hence (iii) implies that (1—
a)et + aet™ > [ for every t > 0. So for every n € N we have
(4.10) an(e®/" — 1) > —(1 — a)n(ef/™ — 1),

Let K = S;o AEk (X) be the spectral decomposition. For any £ € Fx(¢)H with b < ¢ <
00, (4.10) says that
a\n(e™ = 1)d| Ex(VE? = —(1 - a)(n(e/" — 1), €).
b
The above left-hand side tends as n — oo to « SZ M| Ex (V|2 = afKE,€), while the
right-hand side tends to —(1 — «)(HE,&). Therefore (((1 — a)H 4+ aK)E, &) > 0. This
implies (i) because | J,;, Ex (c)H is a core of (1 —a)H +aK. m
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Remark 4.7. By using the Furuta inequality [28], a more general result for positive
invertible operators was shown in [29] (also [27]) as follows: If A, B€ B(H )4 are invertible,
the following conditions, among others, are equivalent:

(I) log A > log B;
(I1) A” > (A"/2BP A"/?)# for all p,r > 0;

(III) for any t >0, A‘T(ATBPAT)%A_T is a decreasing function of both p >t and
r>0toB(H)4. Ifweset o =r/(p+r), then the above (II) is written as A=" #, Ba"" <
Iforallr >0 and 0 <« < 1. Thus it is seen that (I) < (II) is nothing but (i) < (ii) of
Proposition 4.6.

To obtain the complementary counterpart of Theorem 3.7, let us introduce the ad-
ditive version of antisymmetric tensor powers. For a lower-bounded self-adjoint operator
H on H and n € N, we define the lower-bounded self-adjoint operator Y™ H on A™H by

s =Y (@ Do He @)

More precisely, for any A € B(H), since it is easily checked that
(4.11) d (@) e A (@" ™)
m=1

commutes with the projection of ®™*H onto A"H, we can define X" A as the restriction of
(4.11) to A"H. Let Hy, = S]; AdEp () with the spectral decomposition H = SZO AdEg (N).
Then X™H is the limit of an increasing sequence { X" H}7° | of (mutually commuting)
self-adjoint operators in B(A"H).

We prove (2) below as stated, while it will be used in the obvious case when H is
bounded.

LEMMA 4.8. Let H and K be lower-bounded self-adjoint operators on H. Forn € N
define X"H and XK as above.

(1) A™(eH) = e=>"H,

(2) Z(HIK) = (X"H)+H(Z"K).

Proof. We may assume H, K > 0 by taking H + al, K 4+ al.

(1) If H is bounded, then we have

_ ®n€_H|A"’H —_ An(e—H).

e—E"H _ H {(®m—11> ®€_H ® (®n—m1)} o _
m=1

For general H > 0 let Hy, = Sl(j MEg(A). Then I > (I + Hy) '} (I+H) ! ask — oo,
which implies that e~ #* — e~ in SOT, because e~ is the functional calculus of
(I + H)™ ! for f(x) = exp(l —271) on [0,1]. Hence A"(e~H*) — A™(e=) in SOT by
Lemma 3.1(4). Similarly e=*"#x — ¢=*"H in SOT, showing the assertion.

(2) Let Py be the projection of H onto the closure Hg of D(H'/?) N D(K'/?). Then
Y"(H+K) is a positive self-adjoint operator on A"Hy (C A"H). Since A"P, is the
projection of A"H onto A"Hy and (1) says that e=="(HTEK) = An(e=(HFE)) on Ang,,
we have ) A

e—E"(H—i—K) CA"Py = An(e_(H+K)),
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where e~ (H+K) — ¢=(H+K) p 1y convention in Theorem 3.6. Hence using Theorem 3.6(1),
Lemma 3.1, and (1), we have

e—Z"(H-i—K) “A"Py = i_limAn((e—H/ke—K/k)k) _ %_Hm(/ln(e—H)l/kAn(e—K)l/k)k
—o0 —o0

— lim(e (M ko —(S"K)/kyk _ ~(S"H)F(E"E))
k—o0

Indeed, this shows that (X" H)+ (2" K) is a self-adjoint operator on A"Hg and X" (H+K)
= (X"H)+(X"K). =

THEOREM 4.9. If H € B(H) is self-adjoint and K is a lower-bounded self-adjoint
operator on H, then

(efrH Ho €7TK)1/T _<w(log) 67((17(1)H+(1K), r>0.
Proof. Lemmas 3.1 and 4.8 imply that

An((e—TH #a e—rK)l/T) _ (An(e—rH) #a An(e—TK))l/r _ (e—rE"H #oz e—rE"K)l/r,
An(e—((l—a)H—i-aK)) _ e—((l—a)Z‘"H-l—ozE"K).

So, as in the proof of Theorem 4.2, we may show that

|‘(€7TH Ho eer)l/rHoo < Hef((lfa)HJraK)HOO.

Thus it suffices to show that if e~ ((1—a)H+aK) < I, ie. (1 —a)H+ aK > 0, then
e ™ 4, e K <[ for all r > 0. But this is (i)=(ii) of Proposition 4.6. m

PROBLEM 4.10. It is desirable to prove Theorem 4.9 when both H and K are lower-
bounded. In view of Lemma 4.8, the problem consists in proving that (1 —a)H+aK >0
implies et #,e 5 < I for t > 0.

4.3. Exponential product formula for operator means. The next theorem is a Trotter-
like product formula for operator means.

THEOREM 4.11. Let o be an operator mean with o = f'(1) for the corresponding
operator monotone function f. If H € B(H) is self-adjoint and K is a lower-bounded
self-adjoint operator on H, then

S—lli(I)n(eirtH O_efrtK)l/r _ eft((lfoz)HJrozK)7 t>0,
T

the convergence being uniform in t € [a,b] for any 0 < a < b.
We divide the proof of the theorem into several lemmas.

LEMMA 4.12. Let G(t), G1(t), and G2(t) be SOT-continuous functions from [0,00) to
B(H) such that G(t), G1(t), and G2(t) mutually commute for any t > 0 and such that
for some a > 0,

0<Gi(t) <Gt) < Gat) <e™I, t>0.
Let S be a self-adjoint operator on H and D a core of S. If

lim Musg“o, £eD, i=1,2,
tl0 t
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then
lim 7G(t) -1
10

Proof. Replacing G(t), G1(t), G2(t) by those with multiple e=%* and S by S + al, it
suffices to show the case a = 0. Let £ € D. Since by assumption
p<1=Cl) (16O 1-Gi)

<I GQ()§£> <I G()es> <I Gl()£§>

This implies that (t71(I — G(t))&,€) — (SE,€) as t | 0. By polarization we have

(4.12) <I G()§n>—><5€,n>, neD.

Thanks to the commuting assumption of G(t), G (t), Ga(t), we also get

() < ('« ()

= <[

§+S§HO, £eD.

we get

so that

A <[ =]
Hence |[t71(I—G(t))¢| — [|S€| and t— 1(IfG( ))&, t > 0, are bounded. These and (4.12)
imply that t=1(I — G(t))§ — S¢ weakly. Therefore

2
8= (=80 )

— ||S€|I* — 2(S¢, S¢) + ||S¢|1* = 0

="

s -

showing the conclusion. m
Let H, K be as in Theorem 4.11 and define
F(t) = e tHge K ¢t >0.
Let L=(1—-a)H + oK and D = D(K), which is the domain of L. Then:
LEMMA 4.13.
F(t)—-1

lim
10

§+L§H =0, ¢eD.
Proof. Define A(t) = etf/2e=tK etH/2 sq that F(t) = e /2 f(A(t))e /2 for t > 0.
Choose a > 0 such that H < al and K + al > 0. We have
F(t) -1 _ e tH/2 _ T g fAR) =T e tH/2 T
()t «fze tH/Qf(A(t)) €+€ tH/2 ( ()) £+ 5
Since A(t) — I in SOT and hence f(A(t)) — I in SOT, the first and third terms in the

t t t
right-hand side of (4.13) strongly converge as t | 0 to (—H/2)¢, so that what remains to
show is

(4.13)

fAQ) — 1

(4.14) lim .

£10

g+a(KH)§H0, ¢eD.
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Define G(t) = f(A(t)), G1(t) = A(t)(1 —a)A(t) + al)~t, and Ga(t) = (1 — a)l + aA(t),
which mutually commute for each ¢ > 0. Since Ga(t) < €??*I and (4.2) yields 0 < G4 (t) <
G(t) < Ga(t), we can apply Lemma 4.12. Let £ € D. It is easy to check that

‘Gg(t) - A(t) — T

/ I«E-i—a(K—H)«fH:aH " §+(K—H)5H—>O.

Furthermore, we get

H%Ha(K—H}EH

At) — (1 — a)A(t) + o)
t

< H((1—a)A(t)+aI)‘1{ 5+O‘(K_H)€}H

+[{((1 = @)A(t) + al) ™" = T}a(K — H)E||

e

< 5+<K—H>£H+<1—a>||<A<t>—1><K—H>e|| =0

thanks to ||((1 — a)A(t) + al) ! < a~!. Hence Lemma 4.12 implies (4.14). m

To prove the theorem, we may assume H, K > 0 by taking H + al, K + al, so that
0 < F(t) < I for all t > 0. Now let us proceed as in [19]. Fix any sequence {sy} such
that 0 < s, — 0co0. Let Ly, = s, (I — F(s;!)) so that L, > 0. Then Lemma 4.13 says that
(L — L,)¢|| — 0 for all £ € D.

LEMMA 4.14.
s-lim(F'(s,,

1I\sn, _ _,—Ln _
s-lim 2 e ") =0.
Proof. For any £ € ‘H we have

oo

k
IPstyne = eingl = | Pty e = e Y S r(s |
k=0

ok
<e n Z %”(F(sfll)s” — F(s, " )M)e||
k=0

o0

k
< et YT = F(sy el

k=0

Since
r(I — F(s; b)), r>1,

it follows that

oo

k
1F(s,1)m€ = e Fngll < e ||( = F(s;,))EN Y %Vi‘ —snl + (I = F(s;1))Ell.
k=0

The Schwarz inequality gives

oo

Sk 00 Sk 1/2 , oo Sk ) 1/2 ) s s
Zk—“k—sﬂ < (Z k:_7'L> (Z k—’;(kz—sn) ) = e/ (spe’™) / :sn/ e,

k=0 k=0
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Hence for every £ € D,

—1ys —L 1/2 1 371/24—1
1£(sp 7)€ —em el < (5" + DI = Fsp7))éll = ———— I Luk]l = 0.

n

This shows the assertion because F(s;1)** and e~I» are contractions. m

The next step is much simpler than that in [19], because the functional calculus can
be applied in our setting.

LEMMA 4.15.

Ly, —L

s-lime """ =e

n—oo
Proof. First note that 0 < (I + L,) ' <Tand 0< (I + L)~ <[ Ifn=(I+ L)¢
with £ € D, then
I+ L) ™t = (L + L)'l = 1+ La) 7H{{ + Ln)§ + (L — Ln)8} = €]
= [(I + Ln) "' (L = Ln)€l < (L = La)€]l — 0.
This implies that (I + L,)~™' — (I + L)™' in SOT. Now the result follows due to the
functional calculus as in the proof of Lemma 4.8(1). m

Proof of Theorem 4.11 (Completion). Lemmas 4.14 and 4.15 show that
F(s;h)* — e L in SOT if 0 < s, — 0o; namely

(4.15) s-lim F(r,)Y/™ = e~ if 0 <7, — 0.

n—o0
Replacing H, K by tH,tK with ¢ > 0 yields
s-lim(e " g e — o7tE 150,
r]0
Finally it is an easy task to show the uniform convergence. Indeed, let 0 < a < b and
suppose that the above convergence is not uniform in ¢ € [a,b]. Then there exist £ € H,

e>0,r,]0, and t, € [a,b] such that
(4.16) | E(rntn)/ ¢ —e ke > e, neN.

Choosing a subsequence we may assume that ¢, — ¢t. Then since A\'» — X! uniformly in
A € [0, 1], it follows from (4.15) that F(r,t,)Y/™ = (F(rpt,)Y/ ™t )t — et in SOT as
well as [[e~t»L —e~tL|, — 0, contradicting (4.16). =

It would be expected that Theorem 4.9 is a consequence of Theorems 4.2 and 4.11.
However this is not truly the case, because []_; p;(A) is not continuous in SOT.
It is worth noting the following specialization to the matrix case.

COROLLARY 4.16. For arbitrary Hermitian matrices H and K,

d
EetHUetK . =(1—-a)H +akK,
hm(etH JetK)l/t — f1-a)H+aK
=0 :

d

pn log(ett! UetK)‘t:O = (1-a)H + oK.

Proof. Theorem 4.11 gives the second, while the first follows from Lemma 4.13. For
the third, take the logarithm of the second. =
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Remark 4.17. Theorem 4.11 fails to hold when both H and K are lower-bounded.
Indeed, Kosaki [56] gave an example of positive self-adjoint operators H, K such that
D(HY2)ND(K'/?) is dense in H and hence e~ (#+5)/2 is non-zero, but e "5 : =K =0
for each r > 0.

4.4. Norm inequalities of complementary Golden—Thompson type. Theorems 4.9 and
4.11 show:

COROLLARY 4.18. Let o be an operator mean such that o < #,, i.e. f(z) < z% for
x > 0 where f is the corresponding operator monotone function. If H and K are as in

Theorem 4.11 and || - || is a symmetric norm, then

(417) H(e—THO.e—TK)l/TH < ||€—((1—o¢)H+o¢K)H, r> 0,
and moreover

(4.18) lﬁﬁ} (e o e KV = [~ (A=) H+aK) |

If 0 = #4 then the left-hand side of (4.17) increases to ||e~ (1= +eK)|| g5 | 0.
Proof. Since e ™ ge ™8 < e "H 4 e K by assumption, Theorem 4.9 gives for

every r > 0
H(e—THo_e—TK)l/r” < ||(e—rH #a e—’l‘K)l/T” < ||e—((1—o¢)H+aK)H.
On the other hand, in view of Proposition 2.11, Theorem 4.11 implies that

He—((l—a)H—i—aK)H < hmiionf ”(e—rH Ue_TK)l/TH.

Therefore the first part is shown. The second part is immediate from (4.4). m

In particular, if ¢ is a symmetric operator mean with o < # and H, K are as above,
then

(4.19) 1™ ge= F)r| < Jle=HHOY >0,

and the left-hand side converges to ||e”(#+K)|| as r | 0. For instance, when ¢ =! or
o = #, the left-hand side of (4.19) increases to the right as r | 0. Norm inequalities such
as (4.17) and (4.19) are considered as complementary to Golden—Thompson ones (see [6,
44, 71)).

Remarks 4.19. (1) Let H =0, K =zl forz € R, and || - || = || - ||oc- Then (4.17)
menas that f(e™™) < e " for r > 0 and so 0 < #,. Thus the assumption o < #, is
essential in Corollary 4.18.

(2) Inequality (4.19) does not hold for a general symmetric mean. Indeed, if e=% €
Cp(H) where 0 < p < oo then, for any bounded H, e~(#+K) ¢ C,(H) by (3.11), but
[(e=2rH v =27 K7 = oo for all r > 0.

When we are concerned with (quasi-)norms || - ||, the following holds:

PROPOSITION 4.20. Let o be as in Corollary 4.18. Let H and K be lower-bounded
self-adjoint operators such that H + K is essentially bounded. If e=® € C,(H) where
0 <p < oo, then

I(e=r /=) gemr B/ r||, < fle= W+, v > 0.
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Proof. The case p = 1 is enough because we may replace H, K by pH,pK (see
the proof of Corollary 3.10). So assume that e~ € C;(#). Hence e~ H+K) € C;(H) by
(3.11). Let H,, = SZ AdE(A). Then we proved the convergence (3.22). For each r > 0,
since e "H/(1=0) < = Hn/(1=0) "we get

H(efrH/(lfa) O_eer/a)l/r”l < ”(efan/(lfa) O_eer/a>1/rH1 < ”ef(HnJrK)”1
by (4.17). This and (3.22) yield the conclusion. m

4.5. Norm convergence of exponential product formula for operator means. In this
subsection let us consider norm convergence of (e="/(1=) g e=rK/a)1/7 a5 1 | (0 when
I - || is uniformly convex or || - || = || - ||, for 0 < p < 0.

In Banach space theory, there are several important geometric notions of convexity
or smoothness for norms (see e.g. [13]). For instance, a Banach space X is said to be
uniformly convex if for each € > 0 there exists § > 0 such that, for any z,y € X,
I(x +y)/2|]] <1 -6 holds whenever ||z|| = ||y]| = 1 and ||z — y|| > €. A Hilbert space
is a typical example of a uniformly convex Banach space. As is well known, a uniformly
convex Banach space is reflexive. A useful property of a uniformly convex space X is
that if {z;} C X weakly converges to € X and ||z;|| — ||z||, then ||z; — z|| — 0. This
property is typical in a Hilbert space, as was already used in the proof of Theorem 3.12.

When 1 < p < oo, the uniform convexity of C,(H) is an immediate consequence of
the Clarkson—-McCarthy inequalities:

A+ B5 + lA = Bllp < 2" (|l + | BI),  2<p< oo,
1A+ Blg + 1A= Blg < 2(|Allp + | BID)Y?,  1<p<2,
where 1/p+ 1/q = 1. (The proof in the most general setup is found in [26].)

Now let @ be a symmetric gauge function, ¢’ the conjugate one, and ||-|| the symmetric
norm corresponding to ¢. Assume that Ca(#H) (or | - ||) is uniformly convex. Then the
reflexivity of Cg(#) implies as remarked after Theorem 2.9 that both @ and ¢’ are regular
and so Ca(H)* = Co (H).

LEMMA 4.21. Assume that Co(H) is uniformly convez. If {A;} C Co(H), sup; [[A;]| <
00, and A; — A in WOT, then A; — A in w(Cs(H),Ce (H)), the weak topology.

Proof. First the assumptions give A € Cg(H) by Proposition 2.11. Since ¢’ is regular
as remarked above, Csn(#) is dense in Cg/ (). By the WOT-convergence of {A4;} we get

tr((A; — A)B) — 0 for any B € Cun(#H). In view of Theorem 2.9, this and the || - ||
boundedness imply the conclusion. m

COROLLARY 4.22. Let o be as in Corollary 4.18. Assume that ||-|| is uniformly convez.
If H and K are as in Theorem 4.11 and e~ % € Ca(H), then

HIrOl H(e—rH/(l—a) O.e—TK/a)l/r _ 6_(H+K)|| = 0.

Proof. By (3.11), (4.17), Theorem 4.11, and Lemma 4.21 altogether, we have as
r ] 0,
(e7rH/(=) g gmrE/ayl/r _y o=(HHE) iy 4y(Cp(H), Cor (H)).

Hence the result follows from the uniform convexity and (4.18). m
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Concerning || - ||, 0 < p < oo, we have:

COROLLARY 4.23. Let o be as in Corollary 4.18. If H and K are as in Theorem 4.11
and e~ 5 € Cp(H) where 0 < p < oo, then

li —rH/(1-a) —rK/a\1/r _ —(H+K) —0.
im | g e TRl _ (O

Proof. The case 1 < p < oo is included in Corollary 4.22. Let 0 < p < 1 and choose
k € N such that 2¥ > 1/p. Applying Corollary 4.22 to || - l|ox, and 27FH, 2% K we have

(420) 17}?01 ”(efrH/(lfa) O_eer/a)l/2kr - 67(H+K)/2k ||2kp —0.

Noting that || X +Y|, < 2Y9(|| X||;+Y]l,) for any g > 0, we get by the Holder inequality
H(e—rH/(l—a) Ue—rK/a)1/2’f*1r _ e—(H+K)/2’“*1 ||2k71p

< 21/2k*1p{||(e—rH/(1_a) O,e—rK/a)l/ri

x [(e~TH/ (=) geer/a)lﬂkr — 67<H+K)/2k]||2’€*1p

-Tr —Q -Tr (07 kT — k - k
+||[(€ H/(1 )0'6 K/ )1/2 —e (H+K)/2 ]6 (H+K)/2 ||2’€*1p}

< 21/2k’1p||(67rH/(17a) O_eer/a)l/2kr - 67(H+K)/2k ||2’€p

> {H(efrH/(lfa) O_eer/a)l/2kr||2kp + ”ef(HJrK)/QkHQkp}.
This implies by (4.20) and Proposition 4.20 that

13?8 H(e—TH/(l—a) Ue—rK/a)1/2’“*1r o e—(H+K)/2’f*1 ||2’€*1p —0.
Repeating this argument yields the result. m

5. Miscellaneous results. In this section we first discuss the interplay between
log-majorizations and the Furuta inequalities [28, 30]. Several log-majorization results
are obtained in Subsection 5.2. Furthermore, we give determinant inequalities as simple
applications of the log-majorization results.

5.1. Interplay between log-majorization and Furuta inequlity. The Furuta inequality
[28] says that if A > B >0 in B(#H)+, then

(Br/QApBT/Q)a > Ba(err),

(5.1) AQ(PJH“) > (AT/QBPAT/2>Q7

whenever 0 < a <1,p,r >0,and 1 +r > a(p+7).

As was clarified in [6], we can transform Furuta type operator inequalities into log-
majorizations and vice versa. For instance, the Furuta inequality (5.1) is reformulated in
terms of log-majorization as follows.

PROPOSITION 5.1. For every A,B € B(H)4+, if 0 < a < 1,p >0, and 0 < r <
min{c, ap}, then

p(ATSE fo (AT2 B/ AT20)) < gy u((AV2BAV)P),

Furthermore, the assumption r > 0 is removed when A is invertible.
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Proof. We may assume that A is invertible. Let 0 < a < 1, ¢,s > 0, and 1 + s >
a(q + s). Then it is seen from (5.1) that AY2BAY? < T or A~! > B implies

Actats) g (Allats)=s)/2 ga glalats)=s)/2) — golats)/2(g=s/2ga g=s/2) gala+s)/2 < T
Arranging the order of homogeneity, we have
|Axats) s (Alelats)=s)/2 ga glalats)=9)/2)|| < |[(AY2BAY?)*q|,.
As in the proofs of Theorems 3.4 and 4.2, the antisymmetric tensor technique yields
(AT g (Alalats)=s)/2 ga g(a(a+s)=9)/2)) < (log) n((AY2BAY/2)eq),

Now putting p = ag and r = a(a(g+s)—s), we get the conclusion, where the assumptions
q,8 > 0and 1+ s> a(q+ s) are transformed into p > 0 and r < min{a, ap}. =

COROLLARY 5.2. If A, B € B(H)+ and A is invertible, then for every 0 < a <1,
BAT(AT2BATR)A%) <10y p(AP2BYAY2) <09 p((AV2BAY2)?),
Proof. The case 0 < a < 1 is enough. The second log-majorization is nothing but
(3.6). For the first, take p =1 and » = 2a — 1 in Proposition 5.1. Then we have
((A(A™V/2a gl/a g=1/2aya 4) <uw(log) W(AY2BAY?),
which gives the result by replacing A, B by A%, B%, respectively. m
Also, we can consider the converse direction from log-majorizations to operator in-
equalities. For instance, the following is a reformulation of the log-majorization (4.3).
PROPOSITION 5.3. If A > B > 0 and A is invertible, then
(5.2) A" > {AT2(ATYV2BPATY2)r AT/ gy e > 1
Proof. Let A, B € B(H)4+ with A invertible. Let 0 < o < 1. Then (4.3) says that

A=l > (A~Y2BAY2)> implies A" > (A~"/2B"A~"/2)* for every r > 1. Put p = 1/a
and replace A=!, (A=Y/2BA~1Y/2)> by A, B, respectively. Then the result follows. m

Recently Furuta [30] obtained a quite general operator inequality extending the orig-
inal Furuta inequality as well as (5.2), which is stated in the following:

THEOREM 5.4. Assume that A > B > 0 and A is invertible. Then
(5.3) Al > {Ar/2(A—t/2BpA—t/2)sAr/2}ﬁ,
whenever 0 <t <1,p>1, rget, and s >1. Furthermore, for every 0 <t <1 and p >1,
(r, 8) A—T/Q{AT/Q(A—t/2BPA_t/2)sAT/2}%A—r/2
is a decreasing function of both r >t and s > 1.

Note that (5.1) is a consequence of (5.3) in case of t = 0 and s = 1. Also (5.2) is a
special case of (5.3) when t = 1 and » = s > 1. In this way, the operator inequality (5.3)
interpolates (5.1) and (5.2) by the parameter 0 < ¢ < 1.

In [30] several log-majorizations extending (4.3) were produced from (5.3) in the same
way as in the proof of Proposition 5.1. Among others, the following is obtained from (5.3)
by taking t = 1 and p = 1/a. But for A compact, see the proof of Theorem 4.2.
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THEOREM 5.5. If A, B € B(H)4+ and A is either invertible or compact, then for every
0<a<landr,s>1
/L(AT #ozq/s BS) <w(log) ,LL((A #a B)q)
where ¢ = ((1 —a)r~! + as™1)71.
5.2. Other log-majorizations. In this subsection let us show some other log-majoriza-
tion results. The first two propositions were given in [6] in the matrix case, while the

remaining are new.

For any T' € B(#), the real part of T is ReT = (T + T™)/2, and the exponential

operator €T is defined as the power series expansion e’ = ZZO:O T™/n!. The following

log-majorization (1) for exponential operator is essentially due to [14].

PROPOSITION 5.6. Let T € B(H).

(1) M(eT) <w(log) /L(eRET)'

(2) Assume that ReT > 0. Then |eT| > I (or logleT| > 0) and u(logle]) <uw
w(ReT). Hence ||log|e|| < ||ReT|| for any symmetric norm || - ||.

Proof. (1) For every X € B(H) we get by (1.14)

M(Xk) <w(log) ,U(X)ka keN.
Putting X = e¢”/* in the above yields
,u(eT) <w(log) U(|6T/k|k)a keN.

But [eT/2k|2k = (T7/2keT/2k)k converges in the norm || - [ to eI +71)/2 = gReT g
k — oo. Hence the assertion is shown by Proposition 1.4(10).

(2) If ReT > 0, then since

|€T|71 _ (eT*eT)71/2 _ (efTefT*)1/2 _ |€7T*

3

we get by (1),
He™ [ M loo < €% oo = lle™ Tl < 1,

so that |e”| > I. Then the required weak majorization is immediate from (1), because
fin(log e"]) = log pin (") and i, (ReT) = log pin (e 7).
PROPOSITION 5.7. Let A, B € B(H)+.

(1) M(APIB‘]IAPZBQZ . __APkB‘]k) ~w(log) M(AlererpkB%erJer) Zf 0<p <q1 <
p1+p2 §q1+q2 S S(J1+---+Qk—1 §P1++Pk :ql++Qk (inparticular, Zf
pj =¢q; >0 for all j).

(2) p(APBIA") <y(10g) (AP BY) for every p,q,r > 0.

(3) n((AB)*A) <4y(10g) AFTD/ZBE ARTD/2Y for every k € N.

Proof. (1) We may assume that p; +...+pr = q1 + ... + g = 1. Tt suffices as in
the proof of Theorem 3.4 to show that when A, B are invertible, ||AB|o < 1 implies
|APrBar . APk Bax || < 1. Suppose ||[AB|lsx < 1 or BA2B < I. Then A% < B=2 and
B2 < A2 Since 0 < ¢; —p1 < 1, we get

BQ1A2;DlBtZ1 < BQIB_2PIB‘11 — B2(¢Z1—P1) < AQ(Pl—th)
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and hence
AP2 Bt A2P1 BT AP2 < A2(P1tp2—a1) < g2A(a1—p1—p2)

Repeating this argument yields
B APk | BT AL RO APk ROk < BRarttak—pi——pr)

so that ||APr B ... AP» Bl || < 1.
(2) Put p1 =p,p2=r,q. =p—+r,and g =0 in (1). Then
P(APBIAT) = p(AP (B )P4 AT) <oy (10g) p(APTT (B )PHT) = (AP BY),

(3) When k = 2m — 1 we get

W((AB)™ 1 A) = p((AB)™ AB'/2)?
= p({(A757) 5 By (A7T) "5a BY/2)2
'<w(log) M(AmB(mel)/2)2 — ,u(AmB2m71Am).

The log-majorization in the above follows from (1) with
o 2m—1 - _, 1
P1=...=Pm = om_ g = ... =gm-1= 1, Qm*2-

The derivation is similar when k = 2m. =
Let H and K be lower-bounded self-adjoint operators on H. For t > 0 put S(t) =
e tH/2e=tKo—tH/2 = which is the second order approximant of e *H+K) — Then
{S(t/n)S((1 = 2t)/n)S(t/n)}™ and {S(t/n)*S((1 — 4t)/n)S(t/n)*}" are sometimes used
as higher order approximants of e=(+5)_ When py, ..., pr > 0 and 2521 p; = 1, Propo-
sition 5.7(1) gives
#(S(p1)S(p2) - - S(Pk)) <uwiog) ule™e™™).

A special case of the norm inequality proved by Kato [50] is the following:
0<r<i,

(5.4) IA"X B[l < [IX |55 IAX B %
for every A, B € B(H)+ and X € B(H). For the proof of (5.4), it is enough to show that
log || A" X B" || is convex in r € [0,1]. This follows because for 0 < r < s <1,

U X*ATTX BT = r(BTX* AT A*X BY)

|A* XBF |2 = (B
< A" X B"[|oo | A* X B®| .

Applying the antisymmetric tensor technique to (5.4), we have the following general-

ization of Theorem 3.4.
PROPOSITION 5.8. For every A, B € B(H)+ and X € B(H),

(5.5) HATXB") <uiog p(X)' Tu(AXBY, 0<r<1,

or equivalently
r>1.

1(AXB)" <10 1(X) " (A" XB"),
This yields the norm inequality proved by Kittaneh [52] as follows.
COROLLARY 5.9. Let A, B € B(H)+, X € B(H), and || -|| be a symmetric norm. Then

(5.6) |A"XB"|| < | X|I*"|AXB|", 0<r<1.
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Proof. Let @ be the corresponding gauge function. For each 0 < r < 1, we have by
Proposition 1.3 and by Lemmas 2.2 and 2.13(1)

|ATXB|| < B(u(X)" " u(AX B)') < B(u(X))' " B(u(AX B))" = | X[ |AXB]". u
We have also
(5.7) HATX BY") Zuy(og) HAX) W(XB)'", 0<7 <1,

modifying (5.5) in the same way as in [52] where it is observed that (5.6) is equivalently
reformulated as
| X BT < JAXITIX BT, 0<r <1,

In fact, to check (5.7), we may assume that B is invertible. Then for 0 < r < 1 we get
by (5.5)

H(ATX B'™") = i(A"(XB)B™") < u0g) (X B)' " n(A(X B)B~")"
— J(AX) u(XB)' .

Furthermore, for any A, B, X € B(H), it is immediate from polar decompositions that
w(AXB) = p(JA| - X - |B*|). Hence (5.7) with r = 1/2 yields

(5.8) HAX B) <10 1(A* AX)2u(X BB*)'/?,

which is a generalization of Horn’s majorization (1.14). Let » > 0, 1 < p,q < oo with
1/p+1/q=1, and || -|| be a symmetric norm. Then by (5.8) and Lemma 2.13(1) we have

[ |AXBI"|| < [||A*AX|"/2||)/P|| | X BB*["9/?|| '/,
In particular,
HABJ(| < AP B, [ [AX B < || |A*AX[7[| - | X BB*["]|.

The last inequality was given in [16].

As is well known, the Golden—Thompson trace inequality fails to hold for three ma-
trices, while an attempt in the case of three matrices was made in [59]. In the rest of this
subsection, we discuss log-majorizations of Golden—Thompson type for more than two
operators which are commuting except one.

PROPOSITION 5.10. (1) If A1, Ay € B(H)+ and A1 As = A3 Ay, then for every B €

B(#H),
/,[/(BAlAQB*) = M((A1A2)1/2B*B(A1A2)1/2) '<w(log) ,U/(AlB*BAQ)
(2) If Ay, Az, As € B(H)4+ and A;Aj = AjA;, then for every B € B(H),
((BA1 A3 A3 B*) <(10g) (AT B*BASB* BA3)Y2.

Proof. (1) The equality is obvious because BA;A;B* = |(A1A42)Y/?B*|? and
(A1A2)Y2B*B(A1A5)Y? = |B(A1 A9) V%2

For the log-majorization, by the antisymmetric tensor technique, it suffices to show
that |A; B*BAs| < I implies (A1A2)1/2B*B(A1A2)1/2 < I. We may assume that As is in-

vertible. Then Ay B* BAB*BAy <1 implies B* BA?B* B < A;Q and so A B*BA?B*BA;
< (AlAgl)Q. This gives A1 B*BA; < AlAgl and hence (AlAg)l/QB*B(A1A2)1/2 <.
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(2) By using (1) twice, we have

(BA1 A2 A3 B*) < p(10g) (A2 B* BA1 A3) = ji(A1 A3(A2B*B)* (A2 B*B) A1 A3)'/?
<uw(log) H(AIB*BA3B*BA3)Y?. u

PROPOSITION 5.11. Let Hy, Hy, H3, K be lower-bounded self-adjoint operators on H.

Assume that Hy, Hay, Hs are mutually commuting (i.e. their spectral projections are all
commuting). Then

(59) ple”(FHIRITIO) 2 10g) (e e~ K e~ ),
(5.10) plem (HIEFHDR) 2 og) (e e e e Ko 1),
Hence |‘e*(H1+Hz+H3)JAr2K)|| < ||67H167K67H267K67H3H for any symmetric norm || - |.

Proof. (5.9) is a special case of (5.10). The commuting assumption guarantees that
H, + Hy + Hj is defined as a lower-bounded self-adjoint operator and
e*T(H1+H2+H3) — o THip—rH2,—THs r>0.

By (3.6) and Proposition 5.10(2) we have for every 0 < r < 1/2,

_rKe—T(H1+H2+H3)e—TK)l/r) < —K/2e—(H1+H2+H3)/26—K/2)2

(log) H(e
<w(log) (e
Hence (5.10) follows by letting r | 0 as in the proof of Theorem 3.7. m
Let Ay,..., Ay € B(H)4+ with A;A; = A;A;, and B € B(H). Then, using Proposition
5.10(2) twice, we have
(((BA1 A2 A3 AyB™) <oy(10g) 11(AsB* BATA3ASB*BAy)Y/?
<w(log) M(A1B*BA]B*BA}B*BALB* BA3)Y*.
This implies as Proposition 5.11 that if Hy,..., Hs, K are lower-bounded self-adjoint

operators and Hi, ..., H4 are mutually commuting, then
e—(H1+...+H4)-T-4K))

p((e
e K oy =K o= Hs)

—Hip—K g—Ha/2,~K

Ko —Hs oy~ K ,—Ha/2,~K

e e —Hay,

e €

M( _<w(log) /L(@

PROBLEM 5.12. Do (5.9) and (5.10) extend to a greater number of operators? That

is, if Hy,..., H,, K are lower-bounded self-adjoint operators with Hi, ..., H, mutually
commuting, then

e—((H1+~~-+Hn)jr(n—1)K)) =<

—Hy —K_—H, e—Ke—Hn)r)

IU/( w(log) /L(@ e €

5.3. Determinant inequalities. In the final subsection, some determinant inequalities
of Golden—Thompson type are given. Let A € C;(H). Following [32], we define the deter-
minant det(I + A) by

oo

det(I + A) = [T (1 + Me(4)),
k=1
where A\, (A) are the eigenvalues of A counted with algebraic multiplicities. The product
of the above right-hand side converges because Theorem 3.3 and Proposition 1.3 imply
that

DA <D ik(A) = Al < oo
k=1 k=1
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Another equivalent definition is
(5.11) det(I+ A) = i tr(A™A).
n=0
Indeed, note that if A € C1(H) then || A" Al < ||A]|7/n! for n € N and
det(I + zA) = i 2"tr(A"A), zeC,
n=0

is an entire analytic function. In particular, comparing the coefficients of z, we have
Lidskii’s theorem:

trA=">"A(A).
k=1

It is known that for every A, B € C1(H),
(5.12) |det(] + A) — det(! + B)| < [|[A = Bl[r exp(||A[ls + | B+ + 1),

which shows that A — det(I+A) is ||-||1-continuous on C; (H). See [79, §3], [74, §XTIIL.17],
or [31, VII] for details of the facts on the determinant mentioned above.

LEMMA 5.13. Let a = (a1,a3,...) and b = (by,ba,...) be such that ay > as > ... >0
and by > by > ... > 0. If a <yog) b, then [[e (1 +ax) < TThe; (14 bg).

Proof. Since log(1+z) is increasing on [0, c0) and log(1+ e®) is convex, Proposition
1.3 implies that (log(1+ a;)) <uw (log(1 +b;)) and hence [, (1 +a;) < [Tr_, (1+b;) for
every k € N. This gives the result. m

PROPOSITION 5.14. Let H and K be lower-bounded self-adjoint operators on H. As-
sume that e % € C1(H). Then

(5.13) det(I + e~ HFHE)) < det(] + (e "H/2e mKe=rH/2)1/m) 5 0,
and the above right-hand side decreases as v | 0. In particular,
(5.14) det(I + e~ HHE)) < det(I + e H/2e K= H/2) = det(I 4 e He X)),

Moreover, if H+ K is essentially self-adjoint, then the right-hand side of (5.13) decreases
to det(I + e~ (H+K)) gs 1 | 0.

Proof. Note as remarked after Theorem 3.12 that (e~ "H/2e~"Ke=mH/2)1/m c ¢} (H)
for all » > 0. The first assertion is immediate from Theorems 3.4 and 3.7 due to Lemma

5.13. The equality in (5.14) is seen because e~ #/2e=Ke=H/2 and e=He~K have the same
eigenvalues including algebraic multiplicities. (This is seen also via (5.11) and Lemma

3.1.) The last assertion is a consequence of (3.12) and (5.12). m

PROPOSITION 5.15. Let o be an operator mean such that o < #, where 0 < o < 1.
Let H and K be lower-bounded self-adjoint operators. Assume that H + K is essentially
self-adjoint and e~ € C1(H). Then

det(I + (e /(=) g oK/ U/my < det(I + e~ HHE)) > 0.
Moreover, if H is bounded, then the above left-hand side converges to det(I + e_(H+K))
asr 0.
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Proof. Let H = SZO AdEp(A) and Hy, = SZ AdEp(N). For each r > 0 we get
det (T + (e mH/(1=0) g o=rK/aVU/T) < qat(] 4 (e~ Hn/(1=0) o o=rK/ay1/r)
< det (I + e~ (HntK))
by Theorem 4.9 and Lemma 5.13. So the desired inequality follows because det(I +

e~ HntK)y 5 det(I +e~H+K)) due to (3.22) and (5.12). If H is bounded, then Theorem
4.11 and Lemma 3.8 show that

H Mk([ + 6_(H+K)) < hmii()nf H ,Uk(I 4 (e—rH/(l—a) O_e—rK/a)l/r)
k=1 ks

< limiionf det(I + (e~TH/(1=0) g g=rK/ayl/r),

Letting n — oo we have the second assertion. m

The final result is restricted to the matrix case. Further determinant inequalities for
matrices are found in [6].

PROPOSITION 5.16. Let T' be any n X n matriz.

(1) det(I + |eT|) < det(I + eReT).
(2) det(log|eT]) > det(ReT) if ReT > 0.

Proof. (1) follows from Proposition 5.6(1) and Lemma 5.13.
(2) For any matrix T, since

det |€T| — |etrT| _ et1r(ReT) — det eReT7

Proposition 5.6(1) is improved to u(e”) <o) p(e?°T). Since |e?| > I by Proposition

5.6(2), this means that u(log|eT|) < u(ReT). For any € > 0, applying Proposition 1.1(iii)
to f(x) = —log(x + €) we have

=Y tog{pi(log |e7) + €} < — Y log{pi(Re ) + <},
so that ) . . )
[Tttlogle™)) + ¢} > [[{mi(ReT) + <.

Letting € | 0 yields the required inequality. =

PROBLEM 5.17. Is it possible to properly extend the determinant inequalities of Propo-
sition 5.16 to operators? Concerning (1), both sides are equal too for infinite-dimensional
T € B(H), so that we have to consider unbounded T
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