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THE GRADIENT PROJECTION METHOD FOR SOLVING
AN OPTIMAL CONTROL PROBLEM

Abstract. A gradient method for solving an optimal control problem
described by a parabolic equation is considered. The gradient projection
method is applied to solve the problem. The convergence of the projection
algorithm is investigated.

1. Introduction. The theory of optimal control systems with distrib-
uted parameters is one of the leading sections of optimization theory. It has
wide applications in various practical fields. The theory of optimal control
problems has been studied by many workers [1, 2, 6, 7]. They have shown
[4, 9, 10] that these problems arise in many physical applications such as
heat conductivity, filtration and diffusion.

2. Statement of the problem and definitions. Let it be required
to minimize the function

l T

(1) =\ |u(@,T;v) — g(2)] dz + 8 | o1 (t)|* dt
0 0
)

provided that u(z,t;v) is a solution of the boundary value problem

(2)  up = a*ugy + Bz, t)u +vo(x,t), (1,0) €N =[0<x<1,0<t<T],
(3) u(m,O) = ¢(l‘), 0<z <,

(4) ug(0,8) =0, wuy(l,t) =vvi(t) —u(l,t)], 0<t<T,

where a2, [, v, T, 3 are positive numbers, v;(t) the temperature of the
external medium, vo(x,t) the density of heat sources, and the control v is in
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V= {U ‘ v = (Ul(t),vz(.’ﬂ,t));vl (t) € L2[07T]7vlmin < 7jl(t) < Vimax;
| T
va(,1) € La(R2), | | Jva(a, )[? ddt < R?},
00
where v1min < Vimax; R > 0 is a given number; g(z), ¢(z) € L2[0,1], B(z,t)
€ Ly(12) are given functions and H = Ls[0,T] x La(£2).

DEFINITION 1. The problem of finding a function u = u(z, t;v) satisfy-
ing conditions (2)—(4) for a given v € V' is called the reduced problem.

DEFINITION 2. The solution of the reduced problem (2)—(4) corre-
sponding to v € V is a function u(z,t) € HY0(£2(4)) satisfying the integral
identity

1T
(5) S S[—um + a®uyn, + B(z, t)un — vy (z, t)n] dx dt
00

l T

=\ ¢(@)n(z,0) dz + a®v {[v1(t) — w(l, )In(1, 1) dt
0 0

for all n = n(z,t) € H () with n(z,T) = 0.

Equations (1)—(4) are the mathematical formulation of the optimal con-
trol problem for a linear parabolic equation with controls in boundary con-
ditions and the right side of equation (2). Optimal control problems for
linear and nonlinear parbolic equations have been widely considered in the
literature (see for instance [4, 8, 18]), and were studied by Madatov [11] and
Mokrane [12], where the existence, uniqueness and regularity of the solution
were proved. In addition, Farag [3] and Phillipson and Mitter [13] have
derived numerical results for the heat equation with strong nonlinearity.

3. The gradient of the function. The principal result in this section
is Theorem 3.1. Its proof will be prepared by two lemmas:

LEMMA 3.1. Let du(x,t) be the generalized solution of the boundary value
problem

(6) Suy — a0uyy — B(x,t)0u — vy (x,t) =0, (z,t) € £2,
(7) ou(z,0) =0, 0<z<lI,

(8) duz(0,t) =0, duy(l,t) =v[dvi(t) —ou(l,t)], 0<t<T.
Then

! T 1T
9) 1u(e, 7)) de < c[g (01 ()2 dt + | | |6va (. )|? da it
0 0 00

= Cl|6vll,
where C > 0 is a constant which is independent of the choice of dv € V.
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Proof. We multiply (6) by du and integrate it on the rectangle 2. By
using the conditions (7) and (8), we obtain the reduced equation:
1T
6u(l, )| dt + a? | | [u,|” da dt
00

l
V1u(z, T))* do + a®v
0

(10 3

O e

T 1T
= a’v S du(l, t)ovy (t) dt + S S dudvg dz dt.
0 00
Applying the inequality ab < %aQ + Lb2 € > 0, we obtain
1! T 1T
(11) 5&\5u(m,T)\2dx—|—a2ug |ou(l, t)] dt—l—aQ“ |Oug|® da dt
0 00

1 i ) 1, ¢ )
< §a2511/§ |6u(l, )] dt + fcﬂug vy (t)|? dt
0 1 0
52 LT 1 T )
ESSMUQJ )| da dt + 2—88\502(1‘,t)| dzx dt.
00 00

Since
l l
l6u(z, t)|? = <S5uw(9 £)df — 5u(l,t)>2 < 2( { 6. (0, 1) d0>2 + 2l6u(l, 1))

l
< 21 |6uq (2, 1)|? da + 2|6u(l, t)|”
0
we have

T T T
12)  \\|ou(@,t)|? dedt < 22| | |6us|? du dt + 21 | |ou(l, ¢)| dt.
00 00 0

From (11), (12) and by reducing these terms we obtain

a’vey

(13)

DN =

(

l T

S\éu (z,T)|? do + <a v— —l52> S |ou(l, t)|? dt
0 0

1T
(a® — I%ey) S S |Oug|? da dt
00

5 T L LT
§—8|(5vl ) dt + 2—88\5021‘“ dzx dt.
0 00
Letting g5 = a?e; and 0 < ¢; < min[1/i%;2v/(v + 21)], from (13) we
obtain (9) with C = max[a®v/e1;1/(a%e1)]. The lemma is proved.
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LEMMA 3.2. Let A(z,t;v) = Mz, t) be the generalized solution of the
conjugate boundary value problem

(14) A = —a*Nx — Bz, )\, (z,t) € 02,
(15) ANz, T) =2[u(z,T;v) —g(z)], 0<az<l,
(16) Xa(0,8) =0, M(I,t) = —vA(l,t), 0<t<T.
Then

17 2\[u(z,T;v) - g(2)]ou(z, T) do

T l
= S a’v (1, t;v)dvy () dt + S
0 0

Az, t;v)dve (z,t) dzx dt.

O e

Proof. Applying the conditions (6)-(8) and (14)—(16), we obtain

l
18) 2\ [u(z,T,v) — g(x)]ou(z, T) dz

Mz, T)ou(z, T) dz

[Aedu + Nouy| dx dt

[—az)\méu + a®Nuyy + Advg| dx dit

Ot N Ot N

Ot Ot~ Ot ~ Ot o~

1T
a’v (1, t;v)dvy (t dt—i—“)\ (x,t;v)dve(x, t) dzx dt.
00

The equality (17) is thus obtained. The lemma is proved.

DEFINITION 3. The solution of the conjugate boundary value problem
(14)—(16) corresponding to v € V is a function \(z,t) € H9(£2) satisfying
the integral identity

1T
19) [ {[-2& + a® Mool + B(z, t) 2] dw dt

00
l

— —2{[u(e, Tiv) - g(@))¢ (@, T) da

for all £ = &(z,t) € HY(2) with £(x,0) = 0.
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THEOREM 3.1. The function (1) is differentiable in H and its gradient
at v € V is given by

(20) =5 == (-2 -2%)

where R is defined by
Rz, t, N\, v1,00) = —[a®vui A1, t;v1) + B2 + vo(z, 5 v2)].
Proof. Consider the increment of the function (1):

(21)  6f(v) = f(v+dv) = f(v)

l T
=2\ [u(z,T,v) — g(2))0u(z, T) dz + 28 | v1 (t)dv1 (t) dt

l T
+\{16u(a, T)* dz + 3 | |6vy ()| dt
0 0

where v € V, v+ dv € V, du(z,t) = u(z, t;v+ dv) —ulx, t;v), u = u(zx, t;v).

By substituting equality (17) and estimate (9) in (21), it follows that the
function (1) is differentiable in H and its gradient is given by the expression
(20). The theorem is proved.

4. The gradient projection method. One of the first authors who
used projection methods for solving constrained problems was J. B. Rosen
[16, 17]. A lot of projection algorithms were described by Polak [14] and
Pshenichnyi and Danilin [15]. Having the gradient function (1), we can use
the gradient projection method for solving the problem (1)—(4). According

to this method we construct a sequence {v* = (v¥(t),v5(x,t))} by setting

v{“ _ r)/kfv(ylf) if Vimin < 21 (’Uf) < Vlmax,

(22) o™ = ¢ Vimin if Z1(vf) < Vimin,
Vlmax if Z1(vF) > vimax,
vk —AF £, (vF) if Zo(v5) < R?,
(23) vkt = ¢ R[vy —4* £, (v5)]

if Zo(vk) > R2,

Z(v5)

I (T 2
where Zy(vf) = vf —~F fu(v}) and Zy(v}) =, §; [v5 — " fo(v5)]” dx dt.

The values v¥ > 0 in (21)-(22) may be selected in one of the following
ways:
(i) v* is defined by

(24) v = min f(7) = min(f (V") = vfo(vh)).
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(ii) If the gradient f,(v) satisfies the condition
(25) [ fo(v) = fo(w)|l g < Liv —wll g

for any v,w € V, L = const > 0, then v¥ may be found from the conditions
k
(26) 0<c <7 Sm-
Here, ¢q, co > 0 are parameters selected by computer.
(iii) The parameter v* € [0,1] can be chosen from the monotonicity
condition f(v**1) < f(v%).
(iv) v* can be chosen from the condition

(27) F@R) = f0F =A% fo (")) = ev"]| £ (")

THEOREM 4.1. Let V be a closed convex subset of H, and f € CH1(V)
with f, = infy f(v) > —oo. Let {v*} be the sequence of controls generated
by the projection algorithm formulated in (22)—(27) for an arbitrary ini-
tial approzimation {v°} € V. Then the sequence {f(v*)} decreases and
limg o ||0* — v**Y| = 0. Moreover, if f is conver in H and the set
M@Y) = {° € V i fv) < f(¥°)} is bounded, then the sequence {vF}
minimizes the function f(v) in V and converges to v, weakly in H, and it
also satisfies the estimate

1>, e>o.

(28) OSf(vk)—f*S%’, k=1,2,...; c3 =const > 0.

If f is also strongly convex in V, then {v*} converges to the unique mini-

mum control v, such that
(29) ot —wl? < 2,
The proof directly follows from that of Theorem 5.2.1 of [19].

k=1,2,...;¢c4 = const > 0.
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