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GLOBAL EXISTENCE FOR A ONE-DIMENSIONAL MODEL
IN GAS DYNAMICS

Abstract. We prove the existence of a global solution for a one-dimensio-
nal Navier—Stokes system for a gas with internal capillarity.

0. Introduction. Several works on Navier—Stokes equations for viscous
compressible fluids give global existence and regularity results for small ini-
tial data (for an example see Kazhikhov and Shelukin [K-S], Matsumura and
Nishida [M-N] and their bibliography). One difficulty lies in the fact that
the system is neither parabolic nor hyperbolic, and the regularization (by
viscous effects) acts only on the velocity field. Works by Serre [Sel], [Se2]
avoid smallness hypotheses on initial data, for Lagrange’s variables in one
space dimension.

In the present paper we consider a system of partial differential equations
describing the adiabatic flow of a one-dimensional viscous gas, with the
theory of second gradient taking in account the internal capillarity (Germain
[G], Gatignol and Seppecher [Ga-S], Seppecher [S], and Serre [Se3|) and a
fourth order (positive) viscosity. We denote by o,u, f the mass density,
the velocity field, and a volume force. v(€ ]1,2[) is the polytropic index of
the gas, A is the (positive) capillarity coefficient, Re, M, e the Reynolds and
Mach numbers, and a fourth order viscosity coefficient (depending on \).

The system is

1
(02) Q(Ut + uuw) + (Q’y)x — AN00zazw — 5 Uzz + EUgppgr = Qf

Re

yM?
for (z,t) €10,1[ x |0, T[ (T € R)).
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We have the following periodic boundary conditions:

(03) Q(Ovt) = Q(l?t)’

(0.4)  w(0,t) =u(1,t), ux(0,t) =uyr(1,t), uzx(0,t) = ugzs(1,1),
uwza)(oat) - ua:za:(17t)7

and an initial data.

Remark. Introducing A and £ does not allow us to define a global
solution of the classical Navier—Stokes system by passing to the limit (in A
and €). m

This paper is divided in three parts. In the first part we define the
function spaces and a system derived from (0.1)—(0.2) for which we build a
solution by an iterative method. In the second one, we show a local existence
result. The capillarity coefficient gives regularity to the mass density, and
allows us to avoid smallness hypotheses on initial data. In the third part a
uniform Gronwall lemma gives the global existence when the volume force
is equal to zero.

I. An iterative method. Let I =]0,1[, J =]0,7[, and let f, . be
<~
k times
the spatial derivative of order k of f. We consider the function spaces (see
for example [A] or [B])

LP(I) = {f 1 (@)Pde < oo},
0
W) = {f : Yk € 0.m] N, fy o € L(D)),
H™ (1) = W™2(1),
Ht (1) = {f € H™(I) -k € [0.m = 1NN, fy 2 (0)

per

= fw(l)}a

1
i2(1) = {f e L*(I): | f@)do = o},
0

H™ (I)=H™ (I) N L(I).

per per
In the whole work, the scalar products will be L? scalar products and C,
will represent all the Sobolev embedding constants. We shall write LP (resp.
H'™) instead of LP(I) (resp. H™(I)) and we shall denote by || ||, (resp.
|| ||z ) the norm in L (resp. H™) and by || ||5,4 the norm in LP(0,t; L9).
Let gp be a positive constant. We make the following change of unknown
function: o(z,t) — o(x,t) + 0o. Then (0.1)-(0.2) becomes
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(1.1) 0t + ((0+ 00)u)z =0,
(12) (o eo)(un + )+ 75((2+ 20))e = Mo + 00)eres
- éu:vav + EUppgs = (Q + QO)f'

We add to (1.1)—(1.2) the boundary conditions (0.3)—(0.4), and some initial
data.

Let k be a positive integer. We consider the linear system

1
(1.3) (0" + 00)(uf T + ulul Ty — ——ub T p ekl (08 4 0g) f = —1F

Re
= - <7§42 (6" + 00)") + %(9;’2)2 — A"+ Qo)Qi;;) :
(1.4) o (0" + 00) (W), =0,

with periodic boundary conditions.
We write (o%,u*) = (r,v) and (0¥, u**1) = (g, u), with the initial data
(T7 U)(xu 0) = (97 U)(l‘, O) = (Qiu ui) satisfying

(1.5) 0 < om < oi(x) + 00 < oM <00

for z in I and (g;,u;) in Hécr x L2. Let t; € R} and J; = ]0,t;[. We make

the following hypothesis: r(z,t) 4+ 0o > 0 for (z,t) in I x J, (r+ 00,72) €
(L*°(0,t; L*))? for t in Jy and f in L.

The existence result for (1.3)—(1.4) is given in

PROPOSITION 1.1. Under the previous conditions and for t in Jy, the
problem (1.3)-(1.4)—(0.3)—(0.4) has a unique solution which satisfies

(1.6) ((r + 00)"?u,u,) € L=(0,; L?) x L*(0,¢; H},,),
(L.7) o(x,t) + 00 > 0;
moreover, o+ oo € L*(0,t; HL ).

per

Proof. The a priori estimates are classical.

(i) We take the scalar product of (1.4) and u?/2, and of (1.3) and u. By
the Gagliardo—Nirenberg inequalities, we obtain

d
E(H(Nr@o)mull%) s a3 + elluss 13

2Re
2Re 9)\ Re C? QgRe

ozl + eollz) + =5l xH4+_HT+QOH4H o7+ =5 —If1%-
~ (7 M2)?
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Then
1
(18) 0+ 00) 2u) O3 + B+ <l 2
< ||(ri + 00)"*uill3
A2 A2 C?0oRe
+ (Sl + ol + 3+ 0RO + SR )

2R€ 2
+ <WH(T+ @o)HoZ,QJt

and the existence for the velocity field results from the application of the
Lions theorem [B].

(ii) For the mass density, we work along the characteristic lines. Let x(t)
be a regular solution of dz/dt = u(x(t),t),z(0) = y. Then

(1.9) 00 + o(x(t),t) = (00 + 0(y,0)) exp (S — g (2(7),7) dT)-
0

The positivity of the initial data gives the positivity of o(x,t) + 0.
Let p > 1. We take the scalar product of (1.4) and (o + 09)?~! (resp.

of (1.4) and (1/(0 + 00))?). Setting g, (t) = exp(n gé |tg||oo dT) we easily
obtain the estimates

(1.10) le+ e0)®lly < origa(t),
1 1
(L.11) HQ+ 0] =5t

We take the spatial derivative of (1.4), and the scalar product of the result
and g,. By the Gronwall lemma we have

t

(L12)  flea(®llz < (I@iellz + § (le + eollo ttaz 12)(7) dr ) 521
0

and the proposition follows. m

Let (oi,ui) € Hg’cr X chr and v € L>(0,t; H'). We obtain more regu-
larity in

PROPOSITION 1.2. The solution of (1.2)-(1.3)-(0.3) satisfies
1.13 € L0, HY), @2 o 12(0 ¢ [2),
113w el A, U POnr?)
(1.14) Ora € L0, 8; H).
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Proof. We take the scalar product of (1.3) and ﬁ (é—ium + z-:umm)
to obtain

G (ESTE SN Dl NCES
— | =lu ellu —
dt \ Re' "2 w02 )T o+ 00) 12
4 1|? 1/2, 112 2 2
< || |10+ 0020l + 3l + ol o2

1
3 _
+ 3X|Ir + 0olloo I7wwa 3 + 777 | (r 4 00)*7 ~2d + CZ|| £1 2.

M4
0
An integration with respect to time gives
1 g2 U 2
115)  —luall3 + ellue |3 + — || — s
(115)  golhuall + elhuse B+ | 255 |
1 3 _
< E\I(ui)x\li tell(w)aal3 + 5 10 + 20) Pl
2
4 1 1/2, 112
SR | P + /
eiRet |7 + 0o OO’OOH(T 00) U||2,2

+3Ce|(r + 00)lloo.oo vz l136 2llua 13 2 + tC2IIF1%

+ 3N (r + 20)lloo,00 I 7zwa [13.2-

For the mass density, we proceed as for the estimate (1.12) to obtain

(1.16) ez (®)ll2 < llGizs ll295/2(t)

t 1/2
3C, . 1/4 - 1/2 Uggrr d "
#3C Sleelbll + ol el 22 | )t
; u
Ce o 1/2 TTTT d ¢ ,
# e Yo+ ool + o2 25 | ot
(17)  Jowea(®)llz < e)asellzgs)
0 12| w 1/2
+60e< 0zzll2]|7 + 00l| 2%tz — T d7'>g t
(S)H ||2|| 0” H ||2 (r‘i’QO)l/Q ) 5/2( )
‘ u
1/2 TTTT
(3 (Hlelieets + o el + o2 525 | )t

and the proposition follows. m

The proposition has the following consequence:
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COROLLARY 1.3.

(1.13) 0 € C([0,t]; H2,) N L2(0, ty; H3,y),
(1.19) (u,uz) € C([0,t4); Hoop) x C([0,t1]; Hpy)- m

II. Local existence

IL.I. Uniform estimates for the sequence (o*,u*). Let N be an upper
bound of

Lo k2 k o, & uj ?
. - LTI t
7o 1tz ()12 + elluas (O)ll2 + T+ 001 QOWQ( ) s
and
2
Lo k1,2 k12 L & Uy
— S| N £ —
ReHux (t)HQ + €Hu:vx (t)HQ + 4 (Qk_g + 00)1/2( ) 20
for t in |0, min(tx—1,tx)[. We define
C2tNRe\'/?
By (1.8), we have the inequalities
t 2 1/2
NR
[kl dr < (S5 )
5 €
1
k
0" + 00)(1 S@bt,‘ < —ba(?),
I 0)(®)ll2 < onba(t) 7o, om 2(t)
from which we deduce the estimates
C1(tN)1/?
(2.1) lloks(Dll2 < (@)all2bsa(t) + ————(1 + (£*[[(@)]|2)**)b11/2(t)
C,N'/?t
W(l + Nt*)bas a(t)

and

22) b Ol
< (u@i)mnz ;

N Cy(tN)'/?
g
Cit
N1/2:7/2

1/2
QD 1t )2l ) 100

biz/2(t)

N (1+€2|[(0)all2)3(1 + (EN)*) (Nt + Ne? 4 €)%bgy (t).
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Here C; > 0 depends only on gy, om and C,. We denote by Pi5 a polynomial
of degree 12 of variable tN, and set

glr-1) 1 1\77? _
o= yrma 2= ((o) o)

MY NN N1+ Ree) 1 A
Re2 \ ¢ T dARes ert )

Then we deduce the following estimate from (2.1)—(2.2)—(1.15):

€3 = max (EQ;

k+1 2

LT

(0" + 00)!/?

1 g2
EH“Q“(@H% + elluit (6))15 + T

u

(2.3)

2,2

2e

2¢NRe\/?
+teres <1 + 1 fl% + Pra(tN) exp <60<M> ))

1 C2tNRe\'”
< ol + el w)aa I+ CLRl e oo (7( ) )

2e

For A small enough, ¢ (depending on N) small enough (denoted from now
on by t,), and for an initial data smaller than N, the right hand side of (2.3)
has N as upper bound. By induction on k£ we obtain the required upper
bound.

I1.2. Convergence of the sequence (0¥, u*). Let (o;,u;) € chr X Hgor.
We have

PROPOSITION 2.1. The sequence (0%, u*) is a Cauchy sequence in
L([0,t4]; Hyer) x C([0,t4]; Hper)-

Proof. We denote by (r*+! u**1) the difference (o**! — o*, uf+1 —uk).
Then (r*+1 u¥*1) is a solution of the system

1
(24) (0" + 00) (Wi + uFwhth) — T T Waizs

— ka _ (lk _ lk_l)x _ rkuf _ (Tkuk + Qk_lwk)u';

o k+lk k+1,k k+1,k k+1,k
=hy —hy " — hy — hy

(25) Tf-l—l + (gk—l-l,wk—l-l)z + (T‘k+1uk)$ — O,

with periodic boundary conditions and a null initial data. We recall that o"
is a solution of

(2.6) of + ((6" + 00)u¥), = 0.

We proceed as in Proposition 1.1 and so the details will be omitted.
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(i) We take the scalar product of (2.4) and w**!, and of (2.7) and

1 (w*1)2. Then we obtain a differential inequality with left-hand side
1d

1
5= oL+ el .

Sl + 00) 20t B) +

(i.a) For the right-hand side, we have first

1
ek de < G| flloollr ll2lwh -
0

(i.b) Then

1 _
WH Rt gy < (an + 00ll3 7 ll2 + A(Celldzlloo + 115z ll2) 17512
0

+ Mo + lle" o)l ||2> w312

1/2
< L2k o [kt o

(i.c) The term gé P wkttuk dx appears in ‘ RETLRk+L de. An
integration by parts gives
1 1 ’]"k
S k+1
u dx < —w \u¥ | da
égk 1 + QO TTITIT (SJ <Qk—1 + 00 >Iz

(| | is the absolute value). Now we use the Holder inequality and the fact that
H? is an algebra to obtain an upper bound for ||(r*w**1/(0* =1 + 00)) sz |l2-
Upper bounds for the other terms of Sé h§+1’kwk+1

have

dx are classical, and we

s F ol Iz < Collr* |l lws ™ ll2 + Callr® |z w12,

where Cy and C3 are positive and depend on N, Re, o, 0M, A, €; more-
over, Cy (resp. C3) depends on |[uf(t)||s (resp. [[uf,(t)]]2), gg C2(r)dr <
Culluf 13,5 and §, C3(r) dr < Cylu, |3,

(i.d) For the last term we have

k+1,k
hy " T de < Co(llr oo lug 13 + g 2w ll2)llwi ™ 2.

O ey

For ¢ in [0, t,] an integration with respect to time of the differential inequality
gives
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(28) (0 + 00) (! — ) (03
o W = ) B+ el - )l
< Otk — P e
O 4+ (4 o) D0 = e ey

and for t, small enough, and a positive constant which we denote again Cf,
we have the following upper bound for the right-hand side of (2.8):

it (1o - “*ﬁwmtﬂ%+nwk—waﬂa2»

(ii) We take the scalar product of (2.4) and Z——-
the estimate (2.8) we obtain

+Q wk . Proceeding as for

2 2

( k+1 (uk-i-l

1 —uF) — uk)
59 W) 2 4 vz W™ = U )eax
@9) 1w —wll+ | e L o e

< Ot 2(ll0" = &M e g0y T IE = 0 TR )

(iii) We take the second spatial derivative of (2.5) and the scalar prod-
uct of the result and r*1. Then we obtain a differential inequality whose
integration with respect to time gives

t
Ikt o exp (= C bt dr )
0

< Colllogd Ml s o,z + o5 ™ oo 2llwyd  l22)t

@(M L gl

zw 12,2 (Qk—1+go)1/2

(m“wm@m+wﬂm

2\ 1/2
) nﬂ“wnﬁﬂﬂ
2,2
whtl

‘ k 1/2 )t1/2
(0" + 00) 2,2

and the estimate (for ¢, small enough and a positive constant denoted again
by C1)

(2.10) 1" = 0")aall3 < CLt 210" — "M 00,12
& U /[T Vi A

We take t, small enough to have Cht/? < 1/2. Then by (2.8)-(2.10),
(0%, u") is a Cauchy sequence in L>([0,¢.]; HZ..) x C([0,¢,]; H].,), and the
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limit (o, u) is a weak solution of (1.1)—(1.2)—(0.3)—(0.4) in L>°([0, t.]; Héer) X
(L*>([0,t.); L?) N L2([0, £,]; H2,,)). Moreover,

(2.11) o(x,t) + 00 =0

for (x,t) in I x [0,t,]. =

ITI. Regularity of the solution. In this section, we show the regularity
of the solution for f (# 0) in L>°, and the global existence for f = 0. We
take initial data satisfying

3 2P) (01)zaa 2
(31) (Qi,Ui) € Hpcr X Hpcr and m e L-.
IT1.1. The case f # 0. We have

LEMMA 3.1. The solution satisfies

2
2 1/2,.112 y

1
+ Aoz + E\lux\lg,z + 2¢ o 13,2

< ||(os + 00)**ul)3 + + ooll?

vy -z
+ All(01)2 I3 + CeooRel| f||2t-

Proof. We proceed as for Proposition 1.1 to obtain

1d 1/2, 112 2 N 2
-= = Ao
57 e+ a0 ull + sl + ol + Mol

1

1
a3 + elluse 3 = § (0 + g0) fuda,
0

By the Holder and Gagliardo—Nirenberg inequalities, we have
1

1
} (0 + 00) fuda < Cello + ool [l llooluzl2 < 7ig a2 + CoooRe| fI%
0

and the lemma follows from an integration with respect to time. m
We have more regularity in

PROPOSITION 3.2.

Ozzzx o] 2
3.3 75 Ozax, Uze € L7(0,14; L7),
59 o+ )7 1)
(3.4) Yoze Qease o 12(0,¢,; L2).

(0+00)Y%" (0+ 00)'/?
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Proof. Set
2
ao = ||(0i + 00)"/*wi13 + WH& + 00ll7 + Ml(2)= 15,

a; = CCQORerHiov az = exp(aﬂ)u

C? [ Re 1/2
as = §<?> + CeQ()RerHgO.

Interpolating L> between L? and H? gives

t t 1/2
C2 [ Re 1
Dt odr < § (S (2) T+ ollus IR + el (12

0 0

and (from Lemma 3.1) we obtain

t
(3.5) exp (§[[uf+! o d7) < az explast).
0

We take the third spatial derivative of (1.1) and the scalar product of the
result and 0,4, /(0 + 00). Then

1 1
> + 38 Qix;nu:v dr + 68 OxxOxaxaUzx dr
o 2t 0o o @7t0o

Q(BI(E
2 dt (0+ 00)'/?
1

T = — S OzxaUzzxax dzx.

1
5 @7t oo o

The scalar product of (1.2) and ugeqq/(0 + 00) gives

2 2
BT L () + o ||z Hiu
: 9t e Rell (o + 00)2 |, (0+00)Y2 |,
! 0 1§ 0ptigatt
_ gy — ——— %\ gy — | Gelleallere
(S)(f M2(9+Qo)2‘”> €§ (0 + 00)

1

0

From these two equations, we deduce a differential inequality whose left-
hand side is

2 L1 1

9 Re

1d Oxxx
(el +3]
and (by the Gagliardo—Nirenberg inequalities) the rlght—hand side has the

UIII

(0 + 00) 1/2

(0+00)'/?

2dt (0 + 00)'/2
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following upper bound:

2 2

351
Re

u.’L‘(IJ.’K(IJ

(0+00)2% ||,

Q(IJ.’L‘(IJ

(0+00)1/2 1],

u.’L‘(IJ.’L‘

——— || +4eqe
(0+ 002,

+ AMes + 3||ugl|oo + 10C¢ || Ugs||2)

2
) 2
I

Ce 1/2, 112 1 2y—1 2
+ 2 e+ a0) Pul ollusall + s llo + ool el

cl 1 |° A3CL2
+ : + ool T a:4u;m:2 YY) + 2 T
il ool | | el + it e+ ol

Let us take €2 = 1/6 and e = 1/8.
We denote by a4 and as real numbers depending on Ce, as, Re, M, A,
2
€, Y, OM, Om, and set ag = zaﬁHngo Finally, we define
1
hi(t) = Colluzzll2 + €3 + —(ag + art) + ag(ay + ait®) exp(7ast),
ha(t) = ag + as(aj + a1t3) exp(3ast).

There exist positive functions g; and g depending on time so that

t 1/2 t
Vin()dr < Sa(t), Jha(r)dr < oalt).
0 0

The differential inequality is

2
Uz

2 2
+ _ ) —_—_—
2> Re (Q+QO)1/2 2

2 2
Q(L‘.’L’(Iﬁ
< 2 ||ugal|2 + A|| —2222 )ht+2ht
<Hu H2 H (Q+Q0)1/2 5 1( ) 2( )

d QIIZ
3.8 — calld AN —22
(35 dt<”u I2 H(@+@o)1/2

u.’l?(l?.’L’III
(04 00)'/? |,

and (by the Gronwall lemma) we obtain

+ 2¢

2

5.9) Hum(t)H%JrAH@f%(t)

< (i) 2|3 exp(t/“ g1 (t (0i _|_Q0 1/2

+ taa(t >> exp(t'/2g, (1))

for t € [0,t.]. A direct integration of (3.9) with respect to time gives (3.4).

Now we take the third spatial derivative of (1.1) and the scalar product
of the result and g,,,. Then the estimate (3.4) and an integration with
respect to time show that 0., belongs to L>°(0,t,; L?). This completes the
proof of the proposition. m



Global existence in gas dynamics 215

II1.2. The case f = 0. We have to show the existence of uniform (with
respect to time) and strictly positive bounds of o(x,t) + go. We define
Omin = minxe[ (QO + Ql(x)) with 0 < Omin < 00, and

2X Y2 e 2)/2
flo) = (7(7_1)(7+2)2M2> (20 — (0 + 00)FD/2).

Let us make the following hypothesis:

(H)  We suppose the existence of 1, po, 13, pa(€ ]0,1[) so that

4
i=1

1
§||(Qi + 90)1/2?“”% < :ulf(gmin - QO)a

2'Y
Wllgilll < p2.f (Omin — 00),
270
7(7_710)]\/[2 < p3f(Omin — €0),

A
EH(QI)JTHg < H4f(gmin - QO)-

We have

LEMMA 3.3.
(3.10) olt) + 00 € C°(D),
(311) Q(.I‘,t) + Q0 2 Omin > 0

uniformly fort in RT. m

Proof. (i) For (3.10) we proceed as in Lemma 3.1 to obtain

(312) 0+ 00)(O)I7 + 5 e (t)13

TeEEDTE
1 1/2 2 1 2
< gles+ 00) 2wl + ——rmlos + o} + Allen)el

from which we deduce the estimates (uniform with respect to time)
(3.13) o(t)+ 00 €LY,  ou(t) € L%

The first one results from the embedding W11(I) — C°(I), and we shall
write Pmax = HQ + QOHOO

(ii) For (3.11) we follow a proof by Eden-Milani-Nicolaenko [E-M-N] for
which we need the hypothesis (H). We define g, (t) = minge; (0o + o(z, t)).
Then 9. (t) < 0o (else, we should have gy = Sé (o(x,t) + 00)dx = |o(t) +
ool > 0«(t) > o, which is impossible). Since o(-,t) is continuous on
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I, there exist a,,(t) and z,,(t) in I so that o(a,,(t),t) = 0, o(zm(t),t) =
0«(t) — 00, and f(o(am(t),t)) = 0. We can write
o(@m (£),1)
fle(@m(®),1) = fle(am(®).t) = |

Q(am (t) 7t)

of

Then

)\ )1/2 ajm(t)

+ 00)"?0. dz.
2v(v — 1 22 N2 | (o
Yy = 1)(v+2) o)

Flo(m(),8)) = —(

Now we have

(3.14) 0 < fle(zm(t),1))

A 2
= (mw —D(+ 2)2M2> o) + oll} 2 llea()ll2 < f (@min — o).

Therefore f(p) is nonnegative, nonincreasing and has a strictly positive up-
per bound. Then we obtain the estimate

(315) Omin < Q('vt) =+ 00
and the proof of the lemma follows. m

THEOREM 3.4. In the case f = 0 the problem (1.1)—(1.2)—(0.3)—(0.4) with
initial data satisfying (3.1) has a unique, global and regular solution.

Proof.

(i) Regularity of the solution. The scalar product of (1.4) and —g.s
gives

1 1
1
(3.16) S ((0 + 00)ut) 0z dz + W S (04 00)" ' 0ps d
0 0

1
+ M (0 + 00)02,, du
0

1

-1 _
VE {0+ 00) 202000 da
0
1 1 1
0 0

1

+e€ S OzzaxUzxza dx.
0
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Define

1 Ate\'?
3.17 0<a< .
( ) “= 4CC2Qmax < Qo >
Combining (3.6)—(3.7) and (3.15) we obtain

3 (Jual + O 20)

1

+2a | ((0+ 00))s 00a da:)
0

Qa:za:

(04 00)"/2 ||,
2

(3.18)

Oé(2 — 7) Ox

—1)
" 3M?2 H (0 + 00) G174

1 _
WH(Q + Qo)(w IWQmH%

2

1 2

Re

ua:;m:

(0 +00)'/? I,

uza:;m:

T A0+ 00) 203 + sHi
(@ + 20)"*0zazll2 (Q+QO)1/2 )

1

1
)\—i-ozsg —6(A+a5)gwdm
0 o @7t 0o

1 1 1
— 1 Oz UgaUgza
- Suuxux:vx:v d.l‘ Y S (Q + QO)’y QQ:vu:vx:vx d.l‘ T o oY V2 dl‘
0 M2 Re (¢ + ¢o)

1 1

(6%
-« S uQia; dx + O‘S (((Q + QO)u)xx)z dr — R_ Sux:va:vx dx
0 0 € 0
1 1 1
— 3« S Uy 0z Oz dr — « S (Q + QO)uux:vQ:vx dr — « S (Q + QO)UE;Q;B:B dx
0 0 0
1

—a\(o+ 00)0zzuly dx — 4(A + e
Jo+ oo O+ a9 | 0

Oz QzxxUzxx
—dxz.

Let €1,¢9,e3 be positive numbers to be defined later. We add

(1 = (ol 3 + 2 lhuax [13)) (20§ (0 + 20)u) 01 )

to each side of the previous equation. By the choice of «, we have
‘Q.’L’(IJ.’L’

2
(0+ 00)'/? )
2 1

— 2« S (Q + QO)quwz dx
0

)

1
(3.19) 0< 3 (HumHg + (A +ea)

Q(IJ.’L‘(IJ

< ||Ugq 24 N +ea)||—=2
H H2 ( ) (Q+QO)1/2 )

QIII

(0+ 00)1/2

3
< 3 (HumH% + (A +ea)
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Remark 3.5. The quantity
2 1 1/2
- QOéS (Q + QO)UQ:B;B:B dl‘)

0

I.O.CIIIII.’L‘

(0+00)2 ||,

is a norm on H3, x H2,, equivalent to (||uzs |3 + || 0ee/(0 + 00)/?||2)"/?. =

per per

(mm@+u+m>

Now, by Lemma 3.3, for u € H2_, the use of Poincaré’s inequality gives

per?
(3.20) il < Celluellz < Colftale
u u 1
3.21 rre rTT a2
( ) H (g—i— QO 1/2 H Q+ QO 1/2 20(32 rznaXHu ||27
2
3.22 1/2 o 2 > — 1/2 - 2 Qmin Ozzx
( ) (e +00)" " 0zazl2 2”(@-1—90) Ouzzll5 + > |t aon |,
2
=072 2113 v || Geaz
(3.23) (0 + 00) 0wz ||? < Ce0l s T a7,
Set
0 2 1
X = sl + (A + a2) % Y = —2a | (0+ 00)u0sar dz.
(0+ 00)Y 5

By (3.20)—(3.22) and the GagliardofNirenberg inequalities, we can get an
upper bound of the right-hand side of (3.18). Let a7, as, a9 be positive
numbers depending on Re, M, X\, €, Omin, Omax, and

nf < 1 Ao >
a11 = in , .
H Reomax (A + @€)0max
After some calculations we obtain

1d
(324) S (X+Y)+ + (a11 = (ar]luz |3 + aslluezl5)) X
+ (61 — (e2lluall3 + eslluaz[13))Y
()‘ + Ea) OQzxx 2 € Uz 2
+ 1/2 9 1/2 2
2 (0+00)% |l 2|[(e+00)

< ag + (e1 = (e2l|uall? + e3lluws]13))Y-
Now we use the following lemma whose proof will be given later.

LEMMA 3.6. The right-hand side of (3.24) has the following upper bound:

A+ ae Uy 2 <a11 2 2> Ozxx 2
3.25 + | —4a7||uz||5+asg||u —_—
( ) 4 (Q+QO)1/2 2 7” :BHQ 8” :B:BHQ (Q+Q )1/2
20‘45%@%&611%03 (é ﬁ) 4a’e1a002 ax 4 ag
()\ + OZE)QInin a’g a’g (1%1
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We take 1 = a11/2, €2 = 3a7/2, €3 = 3ag/2. By Lemma 3.5, the inequa-
lity (3.24) reads
1d 1 , )
(326) 5 (X +¥)+ 5(an — Blarlua +aslluea )X +7)
2a2a0Qr2113X 9a4a%1a%Q§naxCe2 _ @
aiy 8(A+ae)op, 2

<ag+

The use of the estimate (3.12) allows us to establish the existence of positive
numbers ¢y, ¢, g SO that

t-‘rTO
(3.27) 0<as<— | (011 — 3(arllull3 + asllues3)) dr < co.
t

The assumptions of the uniform Gronwall lemma [G-T] are satisfied, and
we obtain

(328) 0<(X4+Y)(¢t) < <(X +Y)(0) — (10_110> exp(279(c1 + ¢2) — c1t)

a
+ % exp(27o(cy + ¢2)).
1

(ii) Global existence. We can define an upper bound of the right-hand
side of (3.27) (denoted again by a10/2) so that (X +Y)(0) < ayp/c1, and a
positive number

(3.29) t, = 270(c1 + ¢2) + In (ﬁ (X + Y)(O)>

C1

T (alg exp(27o(c1 + ¢2))
c1

(Xt Y)(O)).

By Remark 3.5 and the estimate (3.28), for R positive and (g;,u;) in
BHSerxﬂﬁer(o’ R), we have (p,u)(t) in BHSerXHﬁer(O’ R) for t in [0,¢,]. Then
we have the same estimate for ¢ in [t,, 2t,] and by induction, we obtain the
estimate for ¢t in R, and the assertion of the theorem. m

It remains to show Lemma 3.6. It is easy to establish the following
estimate:

1

Q.’L’(II.’L’
Y <2« + 00)3 ?u) | —=22 | da
(S)(Q QO) | ‘ (Q+QO)1/2
< 2allo + aollsell(e + 00)/2ula | 225
(9‘1'00) 2

By Lemma 3.3 we have
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(51 - (52Hu:v||g + 53”“9&:3”%))1/

< 2010 Omax (€1 + (52”qu§ + ESHUwzH%))

‘ QIII
(0+ 00)'/?

2

We use Holder’s inequality to obtain the following upper bound for the
right-hand side:

(3.30)

2 2
Ozzzx 4o €1000max

|(@+90)“2

a1
(%% + orlua B -+ asluse

2
2 ary

+a2eran? (2 + B2
A E1000max ||uac||2+ Huac:vHQ .
ar as

Interpolation gives

Thus (3.30) has the following upper bound:
A+ ae

1/2 1/2 1/2
el e < G| tamne |
T o |[(0+ 00)2 |l

u(L‘l’(L‘

4

(0+ 00)1/2

2
ail 2 2 OQxxx
+ | — + a7||u + agjju T oN/2
(5 orb sl )| 22|
2a4e%a%@&ax03<e% Eé) 40210007 ax

2 2T 9 2
(A + ag)opin ag  asg an

and the conclusion of the lemma follows. m

[A]

(B]
[E-M-N]
[Ga-S]
[G]

[G-T]

[K-5]
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