APPLICATIONES MATHEMATICAE
24,3 (1997), pp. 251-265

J. DYSZLEWICZ (Wroclaw)

STRESS EQUATIONS OF MOTION OF IGNACZAK TYPE
FOR THE SECOND AXISYMMETRIC PROBLEM
OF MICROPOLAR ELASTODYNAMICS

Abstract. A second axially-symmetric initial-boundary value problem
of linear homogeneous isotropic micropolar elastodynamics in which the
displacement and rotation take the forms

u= (07u970)7 Y= (907‘707902)

((r,0, z) are cylindrical coordinates; cf. [17]) is formulated in a pure stress
language similar to that of [12]. In particular, it is shown how u and ¢ can be
recovered from a solution of the associated pure stress initial-boundary value
problem, and how a singular solution corresponding to harmonic vibrations
of a concentrated body couple in an infinite space can be obtained from the
solution of a pure stress problem.

1. Introduction. It was shown in [7, p. 212] (cf. also [16, p. 511] and
[11]) that a mixed initial-boundary value problem of classical linear elasto-
dynamics can be characterized in terms of stresses only. Such a characteri-
zation was extended to micropolar elastodynamics in cartesian coordinates
by Ignaczak [12]. Closely related to the subject are the pure stress field
equations presented by Iesan [9] and Olesiak [18].

In the present paper we describe a pure stress initial-boundary value
problem of micropolar elastodynamics in cylindrical coordinates that cor-
responds to the second axially-symmetric problem of the theory. Also, we
use the pure stress formulation to present a singular solution of micropolar
elastodynamics for an infinite space.
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2. Basic equations of micropolar elastodynamics for the second
axisymmetric problem. A general linear theory of Cosserat continuum
was proposed, among others, in [1], [6] and [17]. In the present paper a
particular continuum of Cosserat type, a so-called micropolar elastic body,
is discussed (cf. [16, p. 709]). For such a body an elastic process may
be described by two independent vector fields: the displacement vector u
and the rotation vector ¢ (cf. [17, p. 10 ]). In a cylindrical system of
coordinates (r,6,z), and for the second axially-symmetric problem, these
two vector fields depend on the space variables 7 and z, and on time ¢ only,
and they take the particular form

(2'1) u= (O,UQ,O), Y= (907%0790.2) in §2 x (O’OO)’

where ¢, ug and ¢, depend on (r,2,t) only. In (2.1), £2 is a domain in
E3 occupied by the body and (0,00) is the time interval. It is assumed
that the body is homogeneous and isotropic. Therefore, it can be identified
with a function 2 = Q2(u,o,B,7,¢,0,J), where p,a,3,v,€,0 and J are
material constants. In the following 2 = 2 U 942, where 0f2 is a smooth
boundary of £2. Also, for a differentiable function f = f(r, z,t) we introduce
the notations: 0,f = 90f/0r, 0.f = 0f/0z, and f = af/ot. We write
f e C™™[§2 x (0,00)] whenever f(-,-,t) € C"(£2) for each ¢t and f(r,z,-) €
C™[(0,00)] for each r,z. The vector (n,,n.) is the outward unit vector
normal to the boundary 0f2.

DEFINITION 1. A pair (u, ¢) of the form (2.1) corresponds to a solution
of the second axisymmetric initial-boundary value problem of homogeneous
isotropic micropolar elastodynamics if the pair satisfies the following field
equations in 2 x (0,00), initial conditions in {2, and boundary conditions
on 02 x (0,00) (cf. [17, p. 16], [3], [5, p. 150]):

e The equations of motion:
20092 + O firr + Oz fhzr + (e — 1g0) + Yo = J G,
(2.2) 2000 + (1" 4 0 ) e + Opoz + Y. = J B,
O0r0rg + 0,09 + 27“_10(T9) + Xp = pllp  in 2 x (0,00).
Here p is the density, J is the microdensity of the medium, (0, Xy, 0) is the
body force vector and (Y,.,0,Y,) is the body moment vector. The parenthe-

ses (...) and brackets [...] denote the symmetric and antisymmetric parts of
a tensor, respectively. g and p are the force and couple stress tensor fields,

respectively. In matrix form these two tensor take the form
0 Oro 0 Moy 0 My

(2.3) g=|0er 0 09z | » HJ = 0 oo 0
0 026 0 Moz 0 Mz
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o The compatibility equations:

az(%"@ + ’707") + (T_l - aT)(’YzB + 70.2) =0,
82’7/97‘ + T_17z9 — Rzz — Rpg = 07
87‘ r)+ Vre — rz — 07
o (430r) + 0 = 7
Kpp + aT’YHZ - 07
Koo + 1 ' yp. =0,
Kzr+ 0.7 =0 in 2 x [0, 00).

Here 7 and g are the strain and microstrain tensor fields respectively, and

0 Tro 0 Ry 0 Rz
(2.5) Y={v% 0 |, £E=| 0 kKg O
0 V=6 0 Rzr 0 Rzz

o The constitutive relations:

Prr = 29K + OR,
Koo = 2vkKeo + DK,
oz = 29Kz + OK,
frz = (v + €)krz + (¥
+

(2.6) for = (V4 E)bar + (7 — &)z,
org = (B + a)yre + (1L — @)Y0r,
ogr = (1 + )yer + (1 — )Yre,
09> = (1 + a)ye- + (1 — )20,

( ) (n—a)

0.0 = (+ a)vzp + (0 — @)ye.  in 2 x[0,00),

where K = K + Kgo + K22, and u, o, 8, v, €, € Ry are material constants.
o The kinematic relations:

Rpr = Or@r,

—1
koo =T ~Pr;

Rzz = 0Pz,
Ryz = OrQPz,
(27) Rar = 3z90r,

Yro = Orttg — ¥z,

Yor = @z — 1 'ug,

V20 = Ozug + or,

Yo = — @r in 2 x (0,00).
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e The initial-boundary conditions:
(2.8) or =hp, upg=hy, w,=h in2x{0},
(2.9) Or =1, Ug=lp, ¢.=1 in2x{0},
where h,, h,, hg,l-,1,,lp : {2 — R are given functions;

Ny lpy + Nz flzr = My,

(210) Ny fbpy + Npflyy = My,
NyOrg +Ny0.9 =pp in 02, X [0,00),
and
(2'11) Pr = @ra up = Uy, Pz = Sb\z on 92, x [0,00),

where the functions m,.,pg,m, : 002, x [0,00) — R and @,,ug, P, : 082, x
[0,00) — R are given, and
(2.12) 002 =002,U080,, 002,N002, =10.

Clearly, the problem described by (2.2)-(2.12) is a mixed problem due
to the mixed boundary conditions (2.10)—(2.11).

DEFINITION 2. By a stress field corresponding to a solution of the mixed
problem (2.2)-(2.12) we mean a pair (g,p) of matrices of type (2.3) with
the property that there exists an array of functions (u, p,7,) consistent
with (2.1) and (2.5) such that (u,¢,7,5,7, i) is a solution of (2.2)-(2.12).

Note that one way of obtaining a triplet (¢, ug, .) from a pair (v,5)
is by integrating (2.7) with respect to r and z. As a result we get

Pr = Y6z,

(2.13) ug = 7(p> = Yor), )
0, = SZO Kapdz + Ci(r,t) =

r

o Kz dr + CQ(Z?t)’

where (rg, zg) is a fixed point of (2, and the functions Cy(r,t) and Cy(r,t)
are determined from the compatibility equations (2.4). In Section 4 we offer
an alternative method of recovering (¢, ug, .) from (7, s) (cf. (4.7)).

3. Displacement-rotation field equations for the second axisym-
metric problem of micropolar elastodynamics. By eliminating v, 5, g

and p from (2.2), (2.4), (2.6) and (2.7) we arrive at the equations of motion
in terms of displacements and rotations:

0%, + (B+7 — )0k — 200 ug + Y, =0,
(3.1) Osp. 4+ (B4 — )02k + 200710, (rug) + Y, = 0,

OSup + 200, 0, — Orp.) + Xo =0 in 2 x (0, 00),
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where £ = r719,.(rp,) + 0.p,, 09 = (u + @)VE — 007, Oy = (v +&)V? —
da— JO?, Dg = (y+e)Vi—4a—Jo}, V2 =32 +r719,+02, Vi =V2—r—2
and 92 = f.

DEFINITION 3. An array of functions
(3.2) Pry Pz, U, G5 b, 7, 85 42 X [0,00) — R

that satisfies (2.1)—(2.12) is called an elastic process (or elastodynamic state;
cf. [14]) of micropolar elastodynamics corresponding to the second axisym-
metric problem of the theory.

Clearly, such a process may be characterized in terms of a pair (u, y)
only if suitable displacement-rotation initial-boundary conditions consistent
with (2.8)—(2.12) are associated with the field equations (3.1).

4. Stress equations of motion for the second axisymmetric
prob-
lem of micropolar elastodynamics

DEFINITION 4. When 042, = 912 (002, = 0) in (2.10)-(2.12) we refer
to a displacement-rotation problem. When 082, = 02 (042, = () in (2.10)—
(2.12) we refer to a traction problem.

By eliminating u and ¢ from (2.2) and (2.7) we obtain
J =100, 77", 0.) Ry = (H92 Firrs go, Bz,
J 7105, 0,) R, = (Fass iirs),s
(4.1) 0 '0rRg — JT'R. = #rg,
J'R. — o7 Ry = oy,
0 '0.Ry+J 'R, =49 in 02 x (0,00),
where
R, =R.+Y, R, =R,+Y.,Rg = Ry + Xo,
R, = 20(92) + Orflrr + Ozfizy + 17 (lyr — 190),
R. = 2070+ (r™" + )tz + Oupiz,
Ry = 0,0, + 0,09 + 2r 1o ().
By solving (2.6) with respect to (v, %) we get
296y = prr — B,
(4.2) 2vkgo = Hoo — Bk,
2VKz2 = pzz — PR,
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1 1
(F&TZ, ﬁzr) = %M(rz) + Q_EH[rz]y

(4.2) 1 1
[cont.] (7T9>70T) = ﬂa(ra) + %U[rg},

1 1 .
(79z)7z9) = ﬂo—(&z) + %U[Hz] in §2 x [07 OO),

where £ = m(uw + pgo + f22). Next, substituting (4.2) into (4.1) and
separating the equations we obtain

2’7/‘]_187‘-R7‘ — flrr + Bk =0,

2yJ 7' Ry — fige + BF = 0,

Q’YJ_lasz — fizz + Bk =0,

1 1
-1 L L _
JO0.R, 2’)/,“(7%) + 25/1*[7‘2} 0,

1 1
-1 T T _
J7O0.R, 27/1'(7%) + 26/1*[7".2} 0,
TR, — —ji L =0
(4.3) iy — %#(m) - 2_€:u[rz] =0,

1. 1.
J_er + 5 0(62) + _0—[92} = 0)
1

2 2a
“19.Rg — J 'R —i& —i& =0
o rilg z 2 (r0) 20 [ro] — Y

1 1
—1 —-1._.-1 . .
J TR, —0 r "Ry — ﬂa(rg) + %U[Wg] =0,

1 1
0 '0.Rg+ J 'R, — 500 T 55016 =0 i 2 (0,00),

where Kk = m(ﬂw + jigg + ji.»). These equations constitute the stress
equations of motion for the problem under consideration. The initial condi-
tions for a pair (g, pt) that satisfies (4.3) are implied by the initial conditions

(2.8) and (2.9), constitutive relations (2.6) and kinematic relations (2.7):

[ 0 0-29 0 [ lu’g’r 0 :U’gz ]
go = Ugr % ng ’ /',.\L,O = % #29 (()] ’
(44) L 0 (?-ze 0 :/'Lzr 0 /‘J’zz -
0 0-20 0 :U’g’r 0 :U’gz
go = Ugr 0 ng ’ /;.:LJO = 0 /.Lge 0 )
L 0 029 0 L ng 0 :U‘gz _
where

(4.5) (15 g5 122) = 27 (Ophy, 7™y, O20) + B,
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(Mgzvﬂgr) = (7 + 5)(arhza azhr) + (7 - 5)(8Zh7”7 a’”hz)’
4.5
(4.5) (079, 00,) = (14 @) (779, 729) + (1t — ) (V> Vo)

[cont.]
(ngv USG) = (,u + O‘)(’Ygzv 729) + (,u - a)(Vgea ’Ygz%

779.9 = Orhg — h., ’Yaor = —?“_lhe + h, 720 = 0,hg + hy, ’Yaoz = —hy, KO =

(r='+9,)h, + 0.h. and

(12 i1, 12.) = 29Dl 71y, 0:12) + B,
(4.6) (fu2s 12,) = (v +€)(0pLz, 0:00) + (v — €) (D1, D, L),
(670, 60r) = (114 @) (39, 0,) + (1 — @) (Fgrs Vo)
(692, 6%0) = (1 + @) (49, %2%) + (1 — @) (329,352
A0 = Oplp — 1o, A9, = —r7Ug + 1oy 4% = 8lg + L, 39, = —lp, &0 =

(r=t+8,)l,. + 0,1L,.
Now we present the following lemma (see [12, p. 93], [10]).

LEMMA 1. Let u, p, g and p (see (2.1) and (2.3)) be smooth functions
in £2 % [0,00). Then u, @, g and p satisfy the equations of motion (2.2) as
well as the initial conditions (2.8) and (2.9) if and only if

or =t +h. + T (txR,),
(4.7) 0. =1Lt+h.+J ' (t*R.),
ug = lot +hg + 0 L(tx Ry) in 2 x [0,00),

where * stands for the convolution product on the t-azis (Mikusinski [15]):

t

tx f(r,z,t) = S(t —7)f(r,z,7)dr.

0

Proof. We integrate the equations of motion (2.2) twice with respect
to time and take into account the initial conditions (2.8) and (2.9) to obtain
(4.7) in £2 x [0,00). To show that (4.7) implies (2.2), (2.8) and (2.9) we
proceed in a way similar to that of [12]. m

DEFINITION 5 (Stress Equations of Motion Problem—SEMP). By the
stress equations of motion problem associated with the second problem of ax-
isymmetric micropolar elastodynamics we mean the initial-boundary value
problem in which the field equations (4.3) are satisfied together with the
initial conditions

(4.8) g=0", p=p° ¢=34° p=4" inQ2x{0}
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the boundary conditions (2.10) on 042, x[0, 00), and the boundary conditions
It +h.+J t*R,) =,
(4.9) lot + hg + 0~ H(t x Ry) = 1y,
It+h, +J ' (t*R,) =7, ondf, x[0,00).
THEOREM 1 (Characterization of the traction problem in terms of stress).
Let the system of functions (u,p,q, 1,7, 5) be sufficiently smooth in 2 x
[0,00). More precisely, assume that:

(a) my., pg and m, are continuous in time and piecewise reqular on 02 x
0,00),

(b) hy, he, bz, I, lg and I, are continuous in §2 and of class C? in §2,

(c) Y., Xg and Y, are continuous in 2 x [0,00) and of class C*° in
2 x [0, 00),

(d) ¢, ug and @, are of class C? in 2 x [0,00) and of class C' in
2 % [0,00),

(e) g and p are of class C32 in 2 x [0,00),

(f) g p, &, f, ﬁr, Ry and R, are continuous in 2 x [0, 00).

Then the fields g and p correspond to a solution of the traction problem
if and only if the equations (4.3), the initial conditions (4.8) as well as the
traction boundary conditions

Ny + Nz flzr = My,
(4.11) bz + Naflzz = Mo,

NpOrg +N20.9 =pg  on 02 x [0,00)
are satisfied.

Proof. Necessity. This follows from the fact that (2.2) and (2.6)—(2.10)
imply the field equations (4.3), the traction boundary conditions (4.10) as

well as the initial conditions (4.8).
Sufficiency. Assume that the stress fields g and p correspond to a so-

lution of the traction problem. Then the strain fields (v,5) (see (2.5)) are

determined from (4.2). Next, determine the displacement field u and the
rotation field ¢ from (4.7), and observe that (4.7), (4.2) and (4.3) imply
(2.7). Since the system of functions u, ¢, g and p satisfies the equations

of motion (2.2) as well as the initial conditions (2.8) and (2.9) if and only
if (4.7) holds, we conclude that (u,,7,#, g, ) is a solution of the problem

(2.2), (2.4), (2.6)—(2.9), (4.10). The proof is complete. m

To complete this section, note that by integrating the stress equations
of motion (4.3) twice with respect to time over the interval [0, ¢], and taking
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into account the initial conditions, we arrive at the alternative form of stress
equations of motion

(4.11)

1

txJ'9,.R, — —
2y

(/-er - ﬂﬁ) = _8r(lrt + hr)a

1
tx J YT R, — —(uge — Br) = —r (It + hy),

2y
b TV0.R, — o piae — B = —0. (Lt + h),
2y
txJ'O.R, — iM(rz) + iH[m] = —0.(l,t + h;),
27y 2e
txJ'OR, — iM(rz) - iu[rz] = —0p(l:t + h.),
2 2e
t« J'R, + iU(ez) + iﬂ[ez] = —(l;t + hy),
2u 2a
tx0 '0.Rg+txJ 'R, — iU(ez) + i0[92]
21 2a
= —0.(lgt + hg) — (It + hy),

1 1
-1 -1
txo O.Ry—t*xJ "R, — ﬂa(r,g) ~ 55,01r0)
= —0,(lgt + hg) + (It + h.),

1 1
tx J'R, —tx 0 ' 'Ry — —0(rg) + =0,
* . *x0 T 0 2,UU( 9)+2a0[ 9]

— r~Y(lgt + hy) — (It + hz)  in 2 x [0,00).

The system (4.11) incorporates the initial conditions (4.8) explicitly in the

field equations; it is a system of integro-differential equations.

THEOREM 2. Let g and pi be sufficiently smooth fields in 2x[0,00). Then

(g,,LNL) is a stress field corresponding to a solution of the traction problem if

and only if the integro-differential equations (4.11) as well as the traction
boundary conditions (4.10) hold true.

Proof.

By taking into account Theorem 1 it is sufficient to prove

equivalence of the formulation described by (4.3), (4.8) and (4.10) with
the formulation described by (4.11) and (4.10). First suppose (g, i) meets

(4.11). Define (v, ) through (4.2) and (u, ¢) through (4.7). By Theorem 1,

(u, v, 7,5, g, jt) is then a solution of the traction problem.
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Necessity. The relations (4.3), (4.8) and (4.10), after integrating (4.3)
twice with respect to time and taking into account the initial conditions
(4.8), imply the field equations (4.11) and the traction boundary condi-
tions (4.10).

Sufficiency. The equations (4.11) differentiated twice with respect to
time imply the initial conditions (4.8) as well as the field equations (4.3),
and the proof is complete. =

Theorem 1 can be extended to a mixed problem (Gurtin [7, p. 220]).

THEOREM 3 (Characterization of the mixed problem in terms of stress).
Let the system of functions (u,p,q, 1,7, 5) be sufficiently smooth in 2 x
[0,00). Then the stress fields g and p correspond to a solution of the mived

problem if and only if the equations (4.3), the initial conditions (4.8) as well
as the mized boundary conditions (2.10) and (4.9) hold.

Proof. See [4].

5. A fundamental solution in an unbounded micropolar elas-
tic space. Consider harmonic vibrations of an infinite micropolar space
produced by the concentrated body moment
(5.1) v, = Mo —iets0502), Y =0, Xp=0,

2mr
where 0(...) is the Dirac delta distribution, w is the frequency of vibration
and My € Ry. A fundamental solution to this problem has been obtained
before by a number of authors (cf. Nowacki [17, p. 98]). In this section we
obtain the solution by solving a SEMP associated with the load (5.1). Using
a procedure similar to that of micropolar elastostatics (cf. [2]), from (4.3)
the following uncoupled equations are obtained: the force stress equations

ny  OUCI 40V, = —2al(u - )08 + LY.
O3(020] + 40 V)og = — 2al(p + )0 - LY]02, Y-,
where 0 = (8 + 27)VE — 4a — J8?, Oy = (u+ a)V? — 00?7 and (L1, L) =
(B +v—¢)(0y,09) — 402, and the couple stress equations
O3(0204 + 402V,
(5.3) = [27L192 — 270,03 — B(0x04 + 40°V?)]0.Yz,
O3(050 + 402 V5) (e, par) = [29L102 — (v £ €)1505]0, Y,

where (3 = (8 + 27)V? — 4a — JO?. In addition, the following equations
are obtained:

(5.4)  Osz(0z04 + 40*V?) (06 — 09r)
= —4ala03(r 10, + 02) + L10? — O,003]Yx,
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(5.5)  O3(0e04 + 40*V?) (prr + p100)
= [27L1(r~ 10, + 02) — 28(0:04 + 40°V?)]D,Y..

Applying an integration method based on the double Fourier integral trans-
form (with respect to the position variable z and time t) and the Hankel
integral transform (with respect to the position variable r) (Sneddon [19
pp. 27 and 298]) to equations (5.1)—(5.5), and using [8] we obtain the closed-
form results.

The force stress components gy, and o,¢ are given by

Mye~ ™t p—a p 20
- _ 9?2 F G|,
70z Arr ’“Z<u+aA2—A2 CR
(5.6) i ! 22
. a’“Z(A%—AgFl_JwG)’
where
R:(T2+22)1/2, Flzé(ei)\lR_ei)\zR),
Ll ofA2 v, A1 iR Ugi)\R
G:E[U4<A—%€ 1 —|—A—%€ 2 _A_ge 3 s
1
o= |08+ 0%+ — 1B+ \J(oF — oF — 1 + 1) + 0B,
)\52032,_7—(?70-2::_27 03:;7 04:27
3
2
C%:M—gaa ng/g—;— 77 042127}_57
4o 9 200
T = , =ps, S= ,
07 B+2y =P p+ o
4o )\2 /\2
2 .
1/0:2]):7—’_5, 1= V_]-7 Al )\2 AQ: 2 = )\2 AQ'

The couple stress components ., ;. and u,, are given by

MOe—iwt z)\gR
Hzz = ma (276 G+ 2y04 F +503 R >>
(5.7) oy 2 2
(Hrz7 ,Ufz’r) - WaT[Q’YazG + (’Y :i: E)U4F2]7

Where FQ = %(AleiAQR + AgeiAlR).
To obtain the components 0,9, 04, i and pgg we integrate (5.4), (5.5)
and the following equations (cf. (4.3)):
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87‘ (TQ,U"M‘) = T(,Uf’r’r + /1499) - TQaz,Ufz’r - 2T20[9z]
1 1
2 . .
(5.8) —Jr <@%e> - %%el)’

02, (r%c.g) = 210,079 — r20%0 .0 + grzé(z,g).

By (5.1), (5.6) and (5.7) we obtain the force stress components

Myae™? Ji 9 M—Qa _y 2 2
o= — 0 ———r710, |F Fy +0;G,
(5.9) 00 2mJw? {A?—A% " ptal R
' Myae™ ™t Ui 1 n— Qo 2 2
.= Oy — o0: | F: F, +0;G
76 2rJw? [)\%—/\% : ptao " Lot o

and the couple stress components

Moe—iwt ei)\gR
=20 5 (2+02G + Bo? ,
510 a At Jw? z( 10: G+ o R
( ' ) Moe—iwt 1 2€i)\3R
Heo = Waz 2’)/?” 87~G + 60'3 R .

Formulae (5.6), (5.9) and (5.7), (5.10) determine the stress fields g and
., respectively, corresponding to the fundamental solution.

To obtain the displacement and rotation fields associated with the fun-
damental solution we use the formulae (4.7). Clearly, we need to know the
initial values for the displacement and rotation fields, as well as their veloc-
ities. Combining (4.5) and (4.6) with (5.6), (5.7), (5.9) and (5.10) yields

(5.11) l, = —iwh,, 1, = —iwh,, l§j= —iwhy
and
hy = Ag02,G, h, = Ag(0>G + 0iFy),
2
o b= - 2T a0,
where Ag = My/(4rJw?).
Now using (4.7), (5.6), (5.7), (5.9)—(5.12) and the relations

t
S (t—7)e T dr = w 2(1 —iwt — e~ 1),
0

(5.13) A+ Ay =1,

iAN1 R iR
v2( ¢ ! _ 2 LY g™
( R )‘ <R> Sy
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we obtain the formulas for the triplet (¢, ug, ¢, ):
Pr = A(t)angv
_ 2a o3
A2 — A2
. = A(t)(0G + 0iFp),
where A(t) = Age™™t.
It can easily be verified that the stress fields (5.6), (5.7), (5.9) and (5.10)
as well as the displacement-rotation fields (5.14) tend to zero as R — oo.

Furthermore, upon taking into account (5.1), (5.6), (5.7), (5.9), (5.10) and
(5.14) and the relation

(5.15) ! v?(%) — — L5z

4rr or

(5.14) ug =

A(t)0, Fy,

we verify that the equations of motion (2.2) are identically satisfied.

6. Final remarks. (i) In a SEMP described by (4.11) and (4.10) one
does not have to bother with the compatibility equations (cf. (2.4)) as these
are implied by (4.11).

(ii) In a SEMP the number N of field equations (cf. (4.11)) is the same as
the number of components of the strain state or the number of independent
components of the stress state, or the number of equations of motion and
compatibility equations taken together. In the problem considered, N = 9.
This result is pertinent to plane, axisymmetric and three-dimensional prob-
lems (one tensor equation corresponds to number 9) (see [5, p. 87]).

(iii) A SEMP for arbitrary initial stress fields and stress velocities also
makes sense, although such a problem generally is not associated with linear
micropolar elastodynamics (see [4]). In this case the compatibility condi-
tions are not satisfied at ¢t = 0.

(iv) In coupled micropolar thermoelasticity an initial-boundary value
problem in terms of a triplet (g, s, T) can be formulated (7" is the temper-

ature field). The associated thermoelastic process (u,,7,5,g, 1, T) may
then be described in a natural way by means of the triplet (g, p,7T’), sim-

ilarly to the isothermal theory. A SEMP with the temperature field T
corresponding to the displacement vector u = (u,, 0, u,) and rotation vector
¢ = (0, g, 0) will be discussed in another paper (see [4]).

(v) The formulas (2.13) and (4.7) lead to the same triplet (¢, uq, )
(see (5.14)). To prove this we note that (2.13); and (4.2) yield

1 1
(A) or=—5,060 + 5 Tl62)-
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Substituting (5.6) into (A) we obtain the rotations ¢,. Next, using (2.7)
and (4.2) we reduce (2.13)3 to the form

1 1 1
B av‘ z = 5 M(zr o HMrz] 82 z = 5 \Mzz — -t T
B) Pz = g i) T oo @ 27(# foo) + 17 ¢

Also, combining (5.7), (5.10), (5.14); and (B) we arrive at
Orlpz — A(t)(agG + UEFM =0,
0:[p= = A(t)(92G + 05 Fy)] = 0.

After integrating (C) we obtain the rotations ¢, (cf. (5.14)3). Finally, using
(4.2), we reduce (2.7)7 to the form

1 1
(D) ug =7 <90z U(r@) + 54 [7‘9]>

Hence, by (5.9), (5.14)3 and (D) we obtaln the displacements ug.

(vi) The coefficient My in (5.1) is introduced to comply with ST units (see
[5, p- 44] and [13]), and to have the fundamental solution in a dimensional
form. For example, let [L] and [P] denote the dimensions of LHS and RHS
of (5.14)2, respectively. We have: [My] = [N m] [t] = [s], [w] = [s71],

(©)

[~ = [][] ] = N, [a] = [u] = [N-m™?], [o] = [N-s* - m™],
[J] = [N-s* - m~2], [og] = [ou] = [n0] = [w0] = [ , ] = P\z] = [m~],
[R] = [m], [e _MlR] [1], [FA] = [m™'], [dY/dX] = [Y-X '], [0, F1] = [m™?],
[A(t)] = [m3]. Therefore [L] = [P] = [m].
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