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STRESS EQUATIONS OF MOTION OF IGNACZAK TYPE

FOR THE SECOND AXISYMMETRIC PROBLEM

OF MICROPOLAR ELASTODYNAMICS

Abstract. A second axially-symmetric initial-boundary value problem
of linear homogeneous isotropic micropolar elastodynamics in which the
displacement and rotation take the forms

u = (0, uθ, 0), ϕ = (ϕr, 0, ϕz)

((r, θ, z) are cylindrical coordinates; cf. [17]) is formulated in a pure stress
language similar to that of [12]. In particular, it is shown how u and ϕ can be
recovered from a solution of the associated pure stress initial-boundary value
problem, and how a singular solution corresponding to harmonic vibrations
of a concentrated body couple in an infinite space can be obtained from the
solution of a pure stress problem.

1. Introduction. It was shown in [7, p. 212] (cf. also [16, p. 511] and
[11]) that a mixed initial-boundary value problem of classical linear elasto-
dynamics can be characterized in terms of stresses only. Such a characteri-
zation was extended to micropolar elastodynamics in cartesian coordinates
by Ignaczak [12]. Closely related to the subject are the pure stress field
equations presented by Iesan [9] and Olesiak [18].

In the present paper we describe a pure stress initial-boundary value
problem of micropolar elastodynamics in cylindrical coordinates that cor-
responds to the second axially-symmetric problem of the theory. Also, we
use the pure stress formulation to present a singular solution of micropolar
elastodynamics for an infinite space.
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2. Basic equations of micropolar elastodynamics for the second

axisymmetric problem. A general linear theory of Cosserat continuum
was proposed, among others, in [1], [6] and [17]. In the present paper a
particular continuum of Cosserat type, a so-called micropolar elastic body,
is discussed (cf. [16, p. 709]). For such a body an elastic process may
be described by two independent vector fields: the displacement vector u
and the rotation vector ϕ (cf. [17, p. 10 ]). In a cylindrical system of
coordinates (r, θ, z), and for the second axially-symmetric problem, these
two vector fields depend on the space variables r and z, and on time t only,
and they take the particular form

(2.1) u = (0, uθ , 0), ϕ = (ϕr, 0, ϕz) in Ω × (0,∞),

where ϕr, uθ and ϕz depend on (r, z, t) only. In (2.1), Ω is a domain in
E

3 occupied by the body and (0,∞) is the time interval. It is assumed
that the body is homogeneous and isotropic. Therefore, it can be identified
with a function Ω = Ω(µ, α, β, γ, ε, ̺, J), where µ, α, β, γ, ε, ̺ and J are
material constants. In the following Ω = Ω ∪ ∂Ω, where ∂Ω is a smooth
boundary of Ω. Also, for a differentiable function f = f(r, z, t) we introduce
the notations: ∂rf = ∂f/∂r, ∂zf = ∂f/∂z, and ḟ = ∂f/∂t. We write
f ∈ Cn,m[Ω × (0,∞)] whenever f(·, ·, t) ∈ Cn(Ω) for each t and f(r, z, ·) ∈
Cm[(0,∞)] for each r, z. The vector (nr, nz) is the outward unit vector
normal to the boundary ∂Ω.

Definition 1. A pair (u, ϕ) of the form (2.1) corresponds to a solution
of the second axisymmetric initial-boundary value problem of homogeneous
isotropic micropolar elastodynamics if the pair satisfies the following field
equations in Ω × (0,∞), initial conditions in Ω, and boundary conditions
on ∂Ω × (0,∞) (cf. [17, p. 16], [3], [5, p. 150]):

• The equations of motion:

(2.2)

2σ[θz] + ∂rµrr + ∂zµzr + r−1(µrr − µθθ) + Yr = Jϕ̈r,

2σ[rθ] + (r−1 + ∂r)µrz + ∂zµzz + Yz = Jϕ̈z,

∂rσrθ + ∂zσzθ + 2r−1σ(rθ) + Xθ = ̺üθ in Ω × (0,∞).

Here ̺ is the density, J is the microdensity of the medium, (0,Xθ , 0) is the
body force vector and (Yr, 0, Yz) is the body moment vector. The parenthe-
ses (. . .) and brackets [. . .] denote the symmetric and antisymmetric parts of
a tensor, respectively. σ

∼

and µ
∼

are the force and couple stress tensor fields,

respectively. In matrix form these two tensor take the form

(2.3) σ
∼

≡




0 σrθ 0

σθr 0 σθz

0 σzθ 0



 , µ
∼

≡




µrr 0 µrz

0 µθθ 0
µzr 0 µzz



 .
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• The compatibility equations:

(2.4)

∂z(γrθ + γθr) + (r−1 − ∂r)(γzθ + γθz) = 0,

∂zγθr + r−1γzθ − κzz − κθθ = 0,

∂r(rγθr) + γrθ − rκrz = 0,

κrr + ∂rγθz = 0,

κθθ + r−1γθz = 0,

κzz + ∂zγθz = 0 in Ω × [0,∞).

Here γ
∼

and κ
∼

are the strain and microstrain tensor fields respectively, and

(2.5) γ
∼

≡




0 γrθ 0

γθr 0 γθz

0 γzθ 0



 , κ
∼

≡




κrr 0 κrz

0 κθθ 0
κzr 0 κzz



 .

• The constitutive relations:

(2.6)

µrr = 2γκrr + βκ,

µθθ = 2γκθθ + βκ,

µzz = 2γκzz + βκ,

µrz = (γ + ε)κrz + (γ − ε)κzr,

µzr = (γ + ε)κzr + (γ − ε)κrz ,

σrθ = (µ + α)γrθ + (µ − α)γθr,

σθr = (µ + α)γθr + (µ − α)γrθ,

σθz = (µ + α)γθz + (µ − α)γzθ,

σzθ = (µ + α)γzθ + (µ − α)γθz in Ω × [0,∞),

where κ = κrr + κθθ + κzz, and µ, α, β, γ, ε, ∈ R+ are material constants.

• The kinematic relations:

(2.7)

κrr = ∂rϕr,

κθθ = r−1ϕr,

κzz = ∂zϕz,

κrz = ∂rϕz,

κzr = ∂zϕr,

γrθ = ∂ruθ − ϕz ,

γθr = ϕz − r−1uθ,

γzθ = ∂zuθ + ϕr,

γθz = − ϕr in Ω × (0,∞).
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• The initial-boundary conditions:

(2.8)

(2.9)

ϕr = hr, uθ = hθ, ϕz = h in Ω × {0},
ϕ̇r = lr, u̇θ = lθ, ϕ̇z = lz in Ω × {0},

where hr, hz, hθ, lr, lz, lθ : Ω → R are given functions;

(2.10)

nrµrr + nzµzr = mr,

nrµrz + nzµzz = mz,

nrσrθ + nzσzθ = pθ in ∂Ωσ × [0,∞),

and

(2.11) ϕr = ϕ̂r, uθ = ûθ, ϕz = ϕ̂z on ∂Ωu × [0,∞),

where the functions mr, pθ,mz : ∂Ωσ × [0,∞) → R and ϕ̂r, ûθ, ϕ̂z : ∂Ωu ×
[0,∞) → R are given, and

(2.12) ∂Ω = ∂Ωσ ∪ ∂Ωu, ∂Ωσ ∩ ∂Ωu = ∅.
Clearly, the problem described by (2.2)–(2.12) is a mixed problem due

to the mixed boundary conditions (2.10)–(2.11).

Definition 2. By a stress field corresponding to a solution of the mixed
problem (2.2)–(2.12) we mean a pair (σ

∼

, µ
∼

) of matrices of type (2.3) with

the property that there exists an array of functions (u, ϕ, γ
∼

, κ
∼

) consistent

with (2.1) and (2.5) such that (u, ϕ, γ
∼

, κ
∼

, σ
∼

, µ
∼

) is a solution of (2.2)–(2.12).

Note that one way of obtaining a triplet (ϕr, uθ, ϕz) from a pair (γ
∼

, κ
∼

)

is by integrating (2.7) with respect to r and z. As a result we get

(2.13)






ϕr = −γθz,
uθ = r(ϕz − γθr),
ϕz =

Tz
z0

κzz dz + C1(r, t) =
Tr
r0

κrz dr + C2(z, t),

where (r0, z0) is a fixed point of Ω, and the functions C1(r, t) and C2(r, t)
are determined from the compatibility equations (2.4). In Section 4 we offer
an alternative method of recovering (ϕr, uθ, ϕz) from (γ

∼

, κ
∼

) (cf. (4.7)).

3. Displacement-rotation field equations for the second axisym-

metric problem of micropolar elastodynamics. By eliminating γ
∼

, κ
∼

, σ
∼

and µ
∼

from (2.2), (2.4), (2.6) and (2.7) we arrive at the equations of motion

in terms of displacements and rotations:

(3.1)

�
0
4ϕr + (β + γ − ε)∂rκ − 2α∂zuθ + Yr = 0,

�4ϕz + (β + γ − ε)∂zκ + 2αr−1∂r(ruθ) + Yz = 0,

�
0
2uθ + 2α(∂zϕr − ∂rϕz) + Xθ = 0 in Ω × (0,∞),
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where κ = r−1∂r(rϕr) + ∂zϕz, �
0
2 = (µ + α)∇2

0 − ̺∂2
t , �4 = (γ + ε)∇2 −

4α−J∂2
t , �

0
4 = (γ +ε)∇2

0−4α−J∂2
t , ∇2 = ∂2

r +r−1∂r +∂2
z , ∇2

0 = ∇2−r−2

and ∂2
t f = f̈ .

Definition 3. An array of functions

(3.2) ϕr, ϕz , uθ, σ
∼

, µ
∼

, γ
∼

, κ
∼

: Ω × [0,∞) → R

that satisfies (2.1)–(2.12) is called an elastic process (or elastodynamic state;
cf. [14]) of micropolar elastodynamics corresponding to the second axisym-
metric problem of the theory.

Clearly, such a process may be characterized in terms of a pair (u, ϕ)
only if suitable displacement-rotation initial-boundary conditions consistent
with (2.8)–(2.12) are associated with the field equations (3.1).

4. Stress equations of motion for the second axisymmetric

prob-

lem of micropolar elastodynamics

Definition 4. When ∂Ωu = ∂Ω (∂Ωσ = ∅) in (2.10)–(2.12) we refer
to a displacement-rotation problem. When ∂Ωσ = ∂Ω (∂Ωu = ∅) in (2.10)–
(2.12) we refer to a traction problem.

By eliminating u and ϕ from (2.2) and (2.7) we obtain

(4.1)

J−1(−1, ∂r, r
−1, ∂z)Rr = (γ̈θz, κ̈rr, κ̈θθ, κ̈zr),

J−1(∂z , ∂r)Rz = (κ̈zz, κ̈rz),

̺−1∂rRθ − J−1Rz = γ̈rθ,

J−1Rz − ̺−1r−1Rθ = γ̈θr,

̺−1∂zRθ + J−1Rr = γ̈zθ in Ω × (0,∞),

where

Rr = R̂r + Yr, Rz = R̂z + Yz, Rθ = R̂θ + Xθ,

R̂r = 2σ[θz] + ∂rµrr + ∂zµzr + r−1(µrr − µθθ),

R̂z = 2σ[rθ] + (r−1 + ∂r)µrz + ∂zµzz,

R̂θ = ∂rσrθ + ∂zσzθ + 2r−1σ(rθ).

By solving (2.6) with respect to (γ
∼

, κ
∼

) we get

2γκrr = µrr − βκ,

2γκθθ = µθθ − βκ,(4.2)

2γκzz = µzz − βκ,
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(κrz, κzr) =
1

2γ
µ(rz) ±

1

2ε
µ[rz],

(γrθ, γθr) =
1

2µ
σ(rθ) ±

1

2α
σ[rθ],

(4.2)
[cont.]

(γθz, γzθ) =
1

2µ
σ(θz) ±

1

2α
σ[θz] in Ω × [0,∞),

where κ = 1
2γ+3β

(µrr + µθθ + µzz). Next, substituting (4.2) into (4.1) and
separating the equations we obtain

(4.3)

2γJ−1∂rRr − µ̈rr + βκ̈ = 0,

2γJ−1r−1Rr − µ̈θθ + βκ̈ = 0,

2γJ−1∂zRz − µ̈zz + βκ̈ = 0,

J−1∂zRr −
1

2γ
µ̈(rz) +

1

2ε
µ̈[rz] = 0,

J−1∂zRr −
1

2γ
µ̈(rz) +

1

2ε
µ̈[rz] = 0,

J−1∂rRz − 1

2γ
µ̈(rz) −

1

2ε
µ̈[rz] = 0,

J−1Rr +
1

2µ
σ̈(θz) +

1

2α
σ̈[θz] = 0,

̺−1∂rRθ − J−1Rz −
1

2µ
σ̈(rθ) −

1

2α
σ̈[rθ] = 0,

J−1Rz − ̺−1r−1Rθ −
1

2µ
σ̈(rθ) +

1

2α
σ̈[rθ] = 0,

̺−1∂zRθ + J−1Rr −
1

2µ
σ̈(θz) +

1

2α
σ̈[θz] = 0 in Ω × (0,∞),

where κ̈ = 1
2γ+3β

(µ̈rr + µ̈θθ + µ̈zz). These equations constitute the stress
equations of motion for the problem under consideration. The initial condi-
tions for a pair (σ

∼

, µ
∼

) that satisfies (4.3) are implied by the initial conditions

(2.8) and (2.9), constitutive relations (2.6) and kinematic relations (2.7):

(4.4)

σ
∼

0 ≡




0 σ0

rθ 0
σ0

θr 0 σ0
θz

0 σ0
zθ 0



 , µ
∼

0 ≡




µ0

rr 0 µ0
rz

0 µ0
θθ 0

µ0
zr 0 µ0

zz



 ,

σ̇
∼

0 ≡




0 σ̇0

rθ 0
σ̇0

θr 0 σ̇0
θz

0 σ̇0
zθ 0



 , µ̇
∼

0 ≡




µ̇0

rr 0 µ̇0
rz

0 µ̇0
θθ 0

µ̇0
zr 0 µ̇0

zz



 ,

where

(µ0
rr, µ

0
θθ, µ

0
zz) = 2γ(∂rhr, r

−1hr, ∂zhz) + βκ0,(4.5)
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(µ0
rz, µ

0
zr) = (γ + ε)(∂rhz, ∂zhr) + (γ − ε)(∂zhr, ∂rhz),

(σ0
rθ, σ

0
θr) = (µ + α)(γ0

rθ, γ
0
zθ) + (µ − α)(γ0

θr, γ
0
rθ),

(4.5)
[cont.]

(σ0
θz, σ

0
zθ) = (µ + α)(γ0

θz , γ
0
zθ) + (µ − α)(γ0

zθ, γ
0
θz),

γ0
rθ = ∂rhθ − hz, γ0

θr = −r−1hθ + hz, γ0
zθ = ∂zhθ + hr, γ0

θz = −hr, κ0 =
(r−1 + ∂r)hr + ∂zhz and

(4.6)

(µ̇0
rr, µ̇

0
θθ, µ̇

0
zz) = 2γ(∂r lr, r

−1lr, ∂zlz) + βκ̇0,

(µ̇0
rz, µ̇

0
zr) = (γ + ε)(∂rlz, ∂z lr) + (γ − ε)(∂z lr, ∂rlz),

(σ̇0
rθ, σ̇

0
θr) = (µ + α)(γ̇0

rθ, γ̇
0
θr) + (µ − α)(γ̇0

θr , γ̇
0
rθ),

(σ̇0
θz, σ̇

0
zθ) = (µ + α)(γ̇0

θz, γ̇
0
zθ) + (µ − α)(γ̇0

zθ, γ̇
0
θz),

γ̇0
rθ = ∂rlθ − lz, γ̇0

θr = −r−1lθ + lz, γ̇0
zθ = ∂zlθ + lz, γ̇0

θz = −lr, κ̇0 =
(r−1 + ∂r)lr + ∂zlz.

Now we present the following lemma (see [12, p. 93], [10]).

Lemma 1. Let u, ϕ, σ
∼

and µ
∼

(see (2.1) and (2.3)) be smooth functions

in Ω × [0,∞). Then u, ϕ, σ
∼

and µ
∼

satisfy the equations of motion (2.2) as

well as the initial conditions (2.8) and (2.9) if and only if

(4.7)

ϕr = lrt + hr + J−1(t ∗ Rr),

ϕz = lzt + hz + J−1(t ∗ Rz),

uθ = lθt + hθ + ̺−1(t ∗ Rθ) in Ω × [0,∞),

where ∗ stands for the convolution product on the t-axis (Mikusiński [15]):

t ∗ f(r, z, t) =

t\
0

(t − τ)f(r, z, τ) dτ.

P r o o f. We integrate the equations of motion (2.2) twice with respect
to time and take into account the initial conditions (2.8) and (2.9) to obtain
(4.7) in Ω × [0,∞). To show that (4.7) implies (2.2), (2.8) and (2.9) we
proceed in a way similar to that of [12].

Definition 5 (Stress Equations of Motion Problem—SEMP). By the
stress equations of motion problem associated with the second problem of ax-
isymmetric micropolar elastodynamics we mean the initial-boundary value
problem in which the field equations (4.3) are satisfied together with the
initial conditions

(4.8) σ
∼

= σ
∼

0, µ
∼

= µ
∼

0, σ̇
∼

= σ̇
∼

0, µ̇
∼

= µ̇
∼

0 in Ω × {0}
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the boundary conditions (2.10) on ∂Ωσ×[0,∞), and the boundary conditions

(4.9)

lrt + hr + J−1(t ∗ Rr) = ϕ̂r,

lθt + hθ + ̺−1(t ∗ Rθ) = ûθ,

lzt + hz + J−1(t ∗ Rz) = ϕ̂z on ∂Ωu × [0,∞).

Theorem 1 (Characterization of the traction problem in terms of stress).
Let the system of functions (u, ϕ, σ

∼

, µ
∼

, γ
∼

, κ
∼

) be sufficiently smooth in Ω ×
[0,∞). More precisely , assume that :

(a) mr, pθ and mz are continuous in time and piecewise regular on ∂Ω×
[0,∞),

(b) hr, hθ, hz, lr, lθ and lz are continuous in Ω and of class C2 in Ω,
(c) Yr, Xθ and Yz are continuous in Ω × [0,∞) and of class C2,0 in

Ω × [0,∞),
(d) ϕr, uθ and ϕz are of class C2 in Ω × [0,∞) and of class C1 in

Ω × [0,∞),
(e) σ

∼

and µ
∼

are of class C3,2 in Ω × [0,∞),

(f) σ
∼

, µ
∼

, σ̇
∼

, µ̇
∼

, R̂r, R̂θ and R̂z are continuous in Ω × [0,∞).

Then the fields σ
∼

and µ
∼

correspond to a solution of the traction problem

if and only if the equations (4.3), the initial conditions (4.8) as well as the

traction boundary conditions

(4.11)

nrµrr + nzµzr = mr,

nrµrz + nzµzz = mz,

nrσrθ + nzσzθ = pθ on ∂Ω × [0,∞)

are satisfied.

P r o o f. Necessity . This follows from the fact that (2.2) and (2.6)–(2.10)
imply the field equations (4.3), the traction boundary conditions (4.10) as
well as the initial conditions (4.8).

Sufficiency . Assume that the stress fields σ
∼

and µ
∼

correspond to a so-

lution of the traction problem. Then the strain fields (γ
∼

, κ
∼

) (see (2.5)) are

determined from (4.2). Next, determine the displacement field u and the
rotation field ϕ from (4.7), and observe that (4.7), (4.2) and (4.3) imply
(2.7). Since the system of functions u, ϕ, σ

∼

and µ
∼

satisfies the equations

of motion (2.2) as well as the initial conditions (2.8) and (2.9) if and only
if (4.7) holds, we conclude that (u, ϕ, γ

∼

, κ
∼

, σ
∼

, µ
∼

) is a solution of the problem

(2.2), (2.4), (2.6)–(2.9), (4.10). The proof is complete.

To complete this section, note that by integrating the stress equations
of motion (4.3) twice with respect to time over the interval [0, t], and taking
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into account the initial conditions, we arrive at the alternative form of stress
equations of motion

(4.11)

t ∗ J−1∂rRr −
1

2γ
(µrr − βκ) = −∂r(lrt + hr),

t ∗ J−1r−1Rr −
1

2γ
(µθθ − βκ) = −r−1(lrt + hr),

t ∗ J−1∂zRz −
1

2γ
µzz − βκ = −∂z(lzt + hz),

t ∗ J−1∂zRr −
1

2γ
µ(rz) +

1

2ε
µ[rz] = −∂z(lrt + hr),

t ∗ J−1∂rRz −
1

2γ
µ(rz) −

1

2ε
µ[rz] = −∂r(lzt + hz),

t ∗ J−1Rr +
1

2µ
σ(θz) +

1

2α
σ[θz] = −(lrt + hr),

t ∗ ̺−1∂zRθ + t ∗ J−1Rr −
1

2µ
σ(θz) +

1

2α
σ[θz]

= −∂z(lθt + hθ) − (lrt + hr),

t ∗ ̺−1∂rRθ − t ∗ J−1Rz −
1

2µ
σ(rθ) −

1

2α
σ[rθ]

= −∂r(lθt + hθ) + (lzt + hz),

t ∗ J−1Rz − t ∗ ̺−1r−1Rθ −
1

2µ
σ(rθ) +

1

2α
σ[rθ]

= r−1(lθt + hθ) − (lzt + hz) in Ω × [0,∞).

The system (4.11) incorporates the initial conditions (4.8) explicitly in the
field equations; it is a system of integro-differential equations.

Theorem 2. Let σ
∼

and µ
∼

be sufficiently smooth fields in Ω×[0,∞). Then

(σ
∼

, µ
∼

) is a stress field corresponding to a solution of the traction problem if

and only if the integro-differential equations (4.11) as well as the traction

boundary conditions (4.10) hold true.

P r o o f. By taking into account Theorem 1 it is sufficient to prove
equivalence of the formulation described by (4.3), (4.8) and (4.10) with
the formulation described by (4.11) and (4.10). First suppose (σ

∼

, µ
∼

) meets

(4.11). Define (γ
∼

, κ
∼

) through (4.2) and (u, ϕ) through (4.7). By Theorem 1,

(u, ϕ, γ
∼

, κ
∼

, σ
∼

, µ
∼

) is then a solution of the traction problem.
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Necessity . The relations (4.3), (4.8) and (4.10), after integrating (4.3)
twice with respect to time and taking into account the initial conditions
(4.8), imply the field equations (4.11) and the traction boundary condi-
tions (4.10).

Sufficiency . The equations (4.11) differentiated twice with respect to
time imply the initial conditions (4.8) as well as the field equations (4.3),
and the proof is complete.

Theorem 1 can be extended to a mixed problem (Gurtin [7, p. 220]).

Theorem 3 (Characterization of the mixed problem in terms of stress).
Let the system of functions (u, ϕ, σ

∼

, µ
∼

, γ
∼

, κ
∼

) be sufficiently smooth in Ω ×
[0,∞). Then the stress fields σ

∼

and µ
∼

correspond to a solution of the mixed

problem if and only if the equations (4.3), the initial conditions (4.8) as well

as the mixed boundary conditions (2.10) and (4.9) hold.

P r o o f. See [4].

5. A fundamental solution in an unbounded micropolar elas-

tic space. Consider harmonic vibrations of an infinite micropolar space
produced by the concentrated body moment

(5.1) Yz =
M0

2πr
e−iωtδ(r)δ(z), Yr = 0, Xθ = 0,

where δ(. . .) is the Dirac delta distribution, ω is the frequency of vibration
and M0 ∈ R+. A fundamental solution to this problem has been obtained
before by a number of authors (cf. Nowacki [17, p. 98]). In this section we
obtain the solution by solving a SEMP associated with the load (5.1). Using
a procedure similar to that of micropolar elastostatics (cf. [2]), from (4.3)
the following uncoupled equations are obtained: the force stress equations

(5.2)
�

0
3(�

0
2�

0
4 + 4α2∇2

0)σθz = − 2α[(µ − α)�0
3 + L0

1]∂
2
rzYz,

�
0
3(�

0
2�

0
4 + 4α2∇2

0)σzθ = − 2α[(µ + α)�0
3 − L0

1]∂
2
rzYz,

where �
0
3 = (β + 2γ)∇2

0 − 4α − J∂2
t , �2 = (µ + α)∇2 − ̺∂2

t and (L1, L
0
1) =

(β + γ − ε)(�2,�
0
2) − 4α2, and the couple stress equations

�3(�2�4 + 4α2∇2)µzz

(5.3) = [2γL1∂
2
z − 2γ�2�3 − β(�2�4 + 4α2∇2)]∂zYz,

�
0
3(�

0
2�

0
4 + 4α2∇2

0)(µrz, µzr) = [2γL0
1∂

2
z − (γ ± ε)�0

2�
0
3]∂rYz,

where �3 = (β + 2γ)∇2 − 4α − J∂2
t . In addition, the following equations

are obtained:

(5.4) �3(�2�4 + 4α2∇2)(σrθ − σθr)

= −4α[α�3(r
−1∂r + ∂2

r ) + L1∂
2
z − �2�3]Yz,
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(5.5) �3(�2�4 + 4α2∇2)(µrr + µθθ)

= [2γL1(r
−1∂r + ∂2

r ) − 2β(�2�4 + 4α2∇2)]∂zYz.

Applying an integration method based on the double Fourier integral trans-
form (with respect to the position variable z and time t) and the Hankel
integral transform (with respect to the position variable r) (Sneddon [19,
pp. 27 and 298]) to equations (5.1)–(5.5), and using [8] we obtain the closed-
form results.

The force stress components σθz and σzθ are given by

(5.6)

σθz = − M0e
−iωt

4π
∂2

rz

(
µ − α

µ + α

p

λ2
1 − λ2

2

F1 +
2α

Jω2
G

)
,

σzθ = − M0e
−iωt

4π
∂2

rz

(
p

λ2
1 − λ2

2

F1 −
2α

Jω2
G

)
,

where

R = (r2 + z2)1/2, F1 =
1

R
(eiλ1R − eiλ2R),

G =
1

R

[
σ2

4

(
A2

λ2
1

eiλ1R +
A1

λ2
2

eiλ2R

)
− σ2

3

λ2
3

eiλ3R

]
,

λ2
1,2 =

1

2

[
σ2

2 + σ2
4 + η2

0 − ν2
0 ±

√
(σ2

2 − σ2
4 − η2

0 + ν2
0 ) + 4σ2

2η2
0

]
,

λ2
3 = σ2

3 − τ2
0 , σ2 =

ω

c2
, σ3 =

ω

c3
, σ4 =

ω

c4
,

c2
2 =

µ + α

̺
, c2

3 =
β + 2γ

J
, c2

4 =
γ + ε

J
,

τ2
0 =

4α

β + 2γ
, η2

0 = ps, s =
2α

µ + α
,

ν2
0 = 2p =

4α

γ + ε
, i =

√
−1, A1 =

σ2
2 − λ2

2

λ2
1 − λ2

2

, A2 =
σ2

2 − λ2
1

λ2
2 − λ2

1

.

The couple stress components µzz, µrz and µzr are given by

(5.7)

µzz =
M0e

−iωt

4πJω2
∂z

(
2γ∂2

zG + 2γσ2
4F2 + βσ2

3

eiλ3R

R

)
,

(µrz, µzr) =
M0e

−iωt

4πJω2
∂r[2γ∂2

zG + (γ ± ε)σ2
4F2],

where F2 = 1
R (A1e

iλ2R + A2e
iλ1R).

To obtain the components σrθ, σθr, µrr and µθθ we integrate (5.4), (5.5)
and the following equations (cf. (4.3)):
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(5.8)

∂r(r
2µrr) = r(µrr + µθθ) − r2∂zµzr − 2r2σ[θz]

− Jr2

(
1

2µ
σ̈(zθ) −

1

2α
σ̈[zθ]

)
,

∂2
rz(r

2σrθ) = 2r∂zσ[rθ] − r2∂2
zσzθ +

̺

µ
r2σ̈(zθ).

By (5.1), (5.6) and (5.7) we obtain the force stress components

σrθ = − M0αe−iωt

2πJω2

[
σ2

4

λ2
1 − λ2

2

(
∂2

r − µ − α

µ + α
r−1∂r

)
F1 + σ2

4F2 + ∂2
zG

]
,

(5.9)

σθr =
M0αe−iωt

2πJω2

[
σ2

4

λ2
1 − λ2

2

(
r−1∂r −

µ − α

µ + α
∂2

r

)
F1 + σ2

4F2 + ∂2
zG

]

and the couple stress components

(5.10)

µrr =
M0e

−iωt

4πJω2
∂z

(
2γ∂2

rG + βσ2
3

eiλ3R

R

)
,

µθθ =
M0e

−iωt

4πJω2
∂z

(
2γr−1∂rG + βσ2

3

eiλ3R

R

)
.

Formulae (5.6), (5.9) and (5.7), (5.10) determine the stress fields σ
∼

and
µ
∼

, respectively, corresponding to the fundamental solution.

To obtain the displacement and rotation fields associated with the fun-
damental solution we use the formulae (4.7). Clearly, we need to know the
initial values for the displacement and rotation fields, as well as their veloc-
ities. Combining (4.5) and (4.6) with (5.6), (5.7), (5.9) and (5.10) yields

(5.11) lr = −iωhr, lz = −iωhz, lθ = −iωhθ

and

(5.12)

hr = A0∂
2
rzG, hz = A0(∂

2
zG + σ2

4F2),

hθ = − 2α

µ + α

σ2
4

λ2
1 − λ2

2

A0∂rF1,

where A0 = M0/(4πJω2).

Now using (4.7), (5.6), (5.7), (5.9)–(5.12) and the relations

(5.13)

t\
0

(t − τ)e−iωτ dτ = ω−2(1 − iωt − e−iωt),

A1 + A2 = 1,

∇2

(
eiλ1R

R

)
= ∇2

(
1

R

)
− λ2

1

eiλ1R

R
,
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we obtain the formulas for the triplet (ϕr, uθ, ϕz):

(5.14)

ϕr = A(t)∂2
rzG,

uθ = − 2α

µ + α

σ2
4

λ2
1 − λ2

2

A(t)∂rF1,

ϕz = A(t)(∂2
zG + σ2

4F2),

where A(t) = A0e
−iωt.

It can easily be verified that the stress fields (5.6), (5.7), (5.9) and (5.10)
as well as the displacement-rotation fields (5.14) tend to zero as R → ∞.
Furthermore, upon taking into account (5.1), (5.6), (5.7), (5.9), (5.10) and
(5.14) and the relation

(5.15)
1

4π
∇2

(
1

R

)
= − 1

2π
δ(r)δ(z)

we verify that the equations of motion (2.2) are identically satisfied.

6. Final remarks. (i) In a SEMP described by (4.11) and (4.10) one
does not have to bother with the compatibility equations (cf. (2.4)) as these
are implied by (4.11).

(ii) In a SEMP the number N of field equations (cf. (4.11)) is the same as
the number of components of the strain state or the number of independent
components of the stress state, or the number of equations of motion and
compatibility equations taken together. In the problem considered, N = 9.
This result is pertinent to plane, axisymmetric and three-dimensional prob-
lems (one tensor equation corresponds to number 9) (see [5, p. 87]).

(iii) A SEMP for arbitrary initial stress fields and stress velocities also
makes sense, although such a problem generally is not associated with linear
micropolar elastodynamics (see [4]). In this case the compatibility condi-
tions are not satisfied at t = 0.

(iv) In coupled micropolar thermoelasticity an initial-boundary value
problem in terms of a triplet (σ

∼

, µ
∼

, T ) can be formulated (T is the temper-

ature field). The associated thermoelastic process (u, ϕ, γ
∼

, κ
∼

, σ
∼

, µ
∼

, T ) may

then be described in a natural way by means of the triplet (σ
∼

, µ
∼

, T ), sim-

ilarly to the isothermal theory. A SEMP with the temperature field T
corresponding to the displacement vector u ≡ (ur, 0, uz) and rotation vector
ϕ ≡ (0, ϕθ, 0) will be discussed in another paper (see [4]).

(v) The formulas (2.13) and (4.7) lead to the same triplet (ϕr, uθ, ϕz)
(see (5.14)). To prove this we note that (2.13)1 and (4.2) yield

(A) ϕr = − 1

2µ
σ(zθ) +

1

2α
σ[θz].
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Substituting (5.6) into (A) we obtain the rotations ϕr. Next, using (2.7)
and (4.2) we reduce (2.13)3 to the form

(B) ∂rϕz =
1

2γ
µ(zr) +

1

2ε
µ[rz], ∂zϕz =

1

2γ
(µzz − µθθ) + r−1ϕr.

Also, combining (5.7), (5.10), (5.14)1 and (B) we arrive at

(C)
∂r[ϕz − A(t)(∂2

zG + σ2
4F2)] = 0,

∂z[ϕz − A(t)(∂2
zG + σ2

4F2)] = 0.

After integrating (C) we obtain the rotations ϕz (cf. (5.14)3). Finally, using
(4.2), we reduce (2.7)7 to the form

(D) uθ = r

(
ϕz − 1

2µ
σ(rθ) +

1

2α
σ[rθ]

)
.

Hence, by (5.9), (5.14)3 and (D) we obtain the displacements uθ.

(vi) The coefficient M0 in (5.1) is introduced to comply with SI units (see
[5, p. 44] and [13]), and to have the fundamental solution in a dimensional
form. For example, let [L] and [P ] denote the dimensions of LHS and RHS
of (5.14)2, respectively. We have: [M0] = [N · m], [t] = [s], [ω] = [s−1],
[e−iωt] = [1], [γ] = [ε] = [N], [α] = [µ] = [N · m−2], [̺] = [N · s2 · m−4],
[J ] = [N · s2 · m−2], [σ2] = [σ4] = [η0] = [ν0] = [m−1], [λ1] = [λ2] = [m−1],
[R] = [m], [e−iλ1R] = [1], [F1] = [m−1], [dY/dX] = [Y ·X−1], [∂rF1] = [m−2],
[A(t)] = [m3]. Therefore [L] = [P ] = [m].
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Ignaczak for the inspiration and for helpful discussions.

References

[1] S. Drobot, On Cosserat continua, Zastos. Mat. 12 (1971), 323–346.

[2] J. Dysz lewicz, Stress formulation of the second axially-symmetric problem of mi-
cropolar theory of elasticity , Bull. Acad. Polon. Sci. Sér. Sci. Tech. 21 (1973),
45-56.

[3] —, The stress and displacement functions for the second axisymmetric problem of
micropolar elastostatics, Arch. Mech. 27 (1975), 393–404.

[4] —, The problem of stress equations of motion of Ignaczak type. The axisymmetric
and plane problems of micropolar elastodynamics, manuscript, IPPT PAN, Warsza-
wa, 1987 (in Polish).

[5] —, Boundary and Initial-Boundary Value Problems for Micropolar Elastostatic and
Elastodynamic Equations, WPW, Wroc law, 1990 (in Polish).

[6] A. C. Er ingen, Linear theory of micropolar elasticity , J. Math. Mech. 15 (1966),
909–930.

[7] M. E. Gurt in, The Linear Theory of Elasticity , in: Encyclopedia of Physics, vol.
6a/2, Springer, Berlin, 1972.



Micropolar elastodynamics 265

[8] I. S. Gradshte ı̆n and I. M. Ryzh ik, Tables of Integrals, Sums, Series and Prod-
ucts, Nauka, Moscow, 1971 (in Russian).

[9] D. Iesan, On the plane coupled micropolar thermoelasticity , Bull. Acad. Polon.
Sci. Sér. Sci. Tech. 16 (1968), 379–384.

[10] —, On the linear theory of micropolar elasticity , Internat. J. Engrg. Sci. 7 (1969),
1213–1220.

[11] J. Ignaczak, A completeness problem for stress equations of motion in the linear
elasticity , Arch. Mech. 15 (1963), 225–234.

[12] —, Tensorial equations of motion for elastic materials with microstructure, in:
Trends in Elasticity and Thermoelasticity, Witold Nowacki Ann. Volume, Wolters–
Noordhoff, Groningen, 1971, 90–111.

[13] W. Kasprzak and B. Lys ik, Dimensional Analysis, WNT, Warszawa, 1988 (in
Polish).

[14] V. D. Kupradze, T. G. Gege lya, M. O. Baskhe l i shv i l i and T. V. Burkhula-
dze, Three-Dimensional Problems of the Mathematical Theory of Elasticity and
Thermoelasticity, Nauka, Moscow, 1976 (in Russian).
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