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OPTIMAL STOPPING OF A RISK PROCESS

Abstract. Optimal stopping time problems for a risk process Uy = u +
ct — Zg:(%) X, where the number N(¢) of losses up to time t is a general
renewal process and the sequence of X;’s represents successive losses are
studied. N(t) and X;’s are independent. Our goal is to maximize the
expected return before the ruin time. The main results are closely related
to those obtained by Boshuizen and Gouweleew [2].

1. Introduction. Let {N(¢),¢ > O}be a renewal process representing
the stream of losses of an insurance company, so N(¢) is the number of
losses up to the time ¢. If T; denotes the time of occurrence of the ith loss,
then random variables (r.v.’s) S; = T; — T;_; are independent identically
distributed (i.i.d.) with a cumulative distribution function (c.d.f.) F, Ty =
0. Let X;, Xs,... be a sequence of i.i.d. r.v.’s with c.d.f. H, representing
the successive losses. As a capital assets model for the insurance company
we take the risk process

N(t)
(1) Ui=u+ct—Y X,

n=0

where u > 0 represents the initial capital and ¢ > 0 is a constant rate of
income from the insurance premium, Xy = 0. The return at time ¢t will be
defined by the process {Z(t),t > 0} where

. gl(Ut)I{Ug >0, s< t} ift < to,
(2) 2(t) = {0 if t > to,

where ¢ is a utility function. For simplicity define g(u,t) = g1 (u)I{t > 0}.
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Then
N(t)
(3) Z(t) = g(Us,to — t) [ [ {Ur, > 0}.
j=1
Let
(4) F(t)=0(Us,s <t)=0(X1,T1,. -, Xnw): Tne)

be the o-field generated by all events up to time ¢, t > 0, and 7 be the set
of stopping times with respect to the family {F(¢), t > 0}. Moreover, for
n=0,1,2,...,n < K, denote by 7, k the subset of 7 such that

(5) Te€T,x ifandonlyif T, <7 <Tg as.

Set F, S F (T),). We will be interested in finding optimal stopping times
7", Tp i+ T such that

(6) EZ(t*)=sup{EZ(T) : T €T},
(7) EZ(1i) =sup{EZ(1) : 7 € T,k }»
(8) E{Z(; k) | Fn} = esssup{E(Z(7) | Fr) : 7 € Tn i }-

The crucial role in the subsequent considerations is played by the following
representation theorem for stopping times (see for example Davis [4]):

LEmMA 1. If 7 € T, i, then there exists a positive F,-measurable .v.
R,, such that

9) TANTp41 = Tp+Ry) NTyy1  a.s.

2. Finite horizon case. In this section we will find the form of optimal
stopping rules in the finite horizon case, i.e. optimal in the class 7y g,
where K is finite and fixed. First, in Theorem 1, we will derive dynamic
programming equations satisfied by

(10) I,k =esssup{E(Z(7) | Fn): 7€ Thk}, n=K K-1,...,1

Then, in Theorem 2, we will find optimal stopping times 7, ;- and 7 and
corresponding optimal conditional mean rewards and optimal mean rewards,
respectively. Define

n

(11) pn = [[ Uz, >0),  po=1.

j=1
Note that

(12) I'k.x = Z(Tk) = g(Ury , to — Tk ) 1 -
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THEOREM 1. (i) Forn=K —1,K —2,...,0,
o x = esssup{pnF(Rn)g(Ur, + cRy,to — T, — Ry,)
+E(I{R,, > Spt1} nt1,x | Fn) : Ry >0, Ry, is F,,-measurable} a.s.,
where F =1 — F denotes the survival function.
(ii) Forn=K,K —1,...,0,
(13) Ik = inYxk—n(Ur,, Tp,)  a.s.,

where the sequence of functions {v;(u,t),u € R, t > 0} is defined recursively
as follows:

(14) 70(u7 t) = g(u7 to — t)’
(15)  v,(u,t) = sup [F(r)g(u +oertg—t—r)
u-+cs

+SdF(s) S 'yj_l(u—i-cs—:z:,t—i-s)dH(x)],j:1,2,...
0 0

Proof. (i) Let 7 € 7,, k, 0 <n < K < co. From Lemma 1 we get

An é {T < Tn+1} = {Tn + Rn < Tn—l—l} = {Rn < Sn+1}
and
An = {T > Tn+1} = {Rn > Sn—i—l}'

Then, using the properties of the conditional expectation, we can obtain the
conditional expectation of the return at 7:

E(Z(1) | F) = B(Z(r)La, | Fo) + E(Z(r)1x, | Fu) £ n + B,

where
an = E(I{R,, < Sn+1}9(Ur,to — T)pin | Fn)
= E(M{R,, < Spn+1}9(Ur, + cRy,to — Ty, — Ry) | Fn)
=, F(R,)g(Ur, + cR,,to — T, — Ry,).
Note that 3, can be expressed as follows:
Bn = E[I{Sn—H < Rn}E(Z(T,) | fn—i—l) | fn]y
where 7" =7V T, 41 € T41,x. Hence,
E(Z(r) | Fu) = unF(Ra)g(Ur, + Ry to — T — Ry)
+ El{Sn1 < R YE(Z(7') | Fay1) | Ful.
Now, following the standard reasoning of optimal stopping theory, we get
the dynamic programming equation for I, x, n = K, K —1,...,0, given in
(i), with I'x k = prg(Ury , to — T ).
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ii) We will prove (ii) using the backward induction method for n =
K —1,...,1. First note that (ii) is satisfied for n = K since I'x x =

picYo(Urye, T ).
Let n = K — 1. Then from (i) and the definition of the risk process (1)
we get
I'_1.5 =esssup{pix1F(Rik—1)g9(Ury_, + cRik_1,t0 — Trk—1 — Rk—1)
+ E(MKI{RK_l > SK})'YO(UTK,l 4+ Sk — Xi, Tr_1 + SK) ‘ fK—l) :
Ry 1 is Fi—1-measurable, Ry _1 > 0}.
Now, to get I'x_1.x = prx—-171(Ury_,,Tk—1) it is sufficient to note that
wr = px—1{Ur,_, + ¢Sk — Xg > 0}. Moreover, the random variables
Sk, Xk and the o-field Fi_1 are independent; S and Xg have c.d.f. F
and H, respectively.
Let 1 <n < K — 1 and suppose that I, k = punYx—n(Ur,,T},). From
(i) we have
I,k = esssup{pn—1F(Rn-1)9(Ur, , + cRn—1,t0 — Tn—1 — Ry—1)
+ ,Uan(I{Rn—l 2 Sn})’YK—n(UTnaTn) | fn—l) :
R,-1 >0,R,_1 is F,_1-measurable}.
The second term under esssup can be rewritten in the following way:

Mn—lE[I{Rn—l > Sn}I{UTn_l + CSn — Xn > 0}
X’YK—n(UTnfl + CSn - XnuTn—l + Sn) | fn—l]-

Then we have

I'n_1,Kk = pin—1€88sup {F(Rn—l)g(UTn,l +cRy_1,to — The1 — Rn—1)

Rp_1 UTn—1+CS
+ S dF(s) S Vik—n(Ur, , +cs—x, T, +s)dH(x) :
0 0

R, 1>0, R,_q1is fn_l—measurable}

= HUn—1- ’YK—(n—l)(UTn,nTn—l)- u

To find the form of optimal stopping times 77 we need to analyze prop-
erties of the sequence of functions {,, n > 0} defined in the second part of
Theorem 1.

Let B = B[(—00,00) X [0,00)] be the space of all bounded continuous
functions, with the norm [|0]| = sup,, ; [6(u,t)], and

(16) B = {6:6(u,t) = 61 (u, t)I{t < to} and §; € B}.
For any § € B? and any u € R, t,7 > 0 define
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(A7) ¢s(rut) S F(r)g(u+er to —t )
r u-+t-cs
—I—SdF(s)[ S 0(u+cs—x,t+s)dH(x)|.
0 0

Note that the properties of the c.d.f. F imply that ¢s(r,u,t) has an at
most countable number of points of discontinuity with respect to r and
is continuous with respect to (u,t) provided that g;(-) is continuous and
t # tg — r. In what follows we will use the following

ASSUMPTION 1. The function gi(-) is bounded and continuous.
For all 6 € B? define

(18) (®0)(u,?) = sup{@s(r, v, 1)}

LEMMA 2. For any § € B we have
_ 0
(®0)(u,t) = max {¢s(r,u,t)} € B

and there exists a function rs such that () (u,t) = ¢s(rs(u,t), u,t).

Proof. Observe that for all § € B° and for any r > to — t we have
to—t u+cs
(19) os(ryu,t) = S dF(s)[ S 5(u—|—cs—x,t—i—5)dﬂ(az)].
0 0
Hence, Assumption 1 and the fact that ' has an at most finite number of
discontinuity points in the compact interval [0, o] imply the form of ¢. m

Observe that for ¢ = 1,2,..., u € R, t > 0, 7;(u,t) can be rewritten as
follows:
' ~ J (Pyi1)(u,t) ifuw>0and t <,
(20) Vi) = {O otherwise,
and from Lemma 2 there exist functions r; 2 T, , such that
(21) i, t) = {¢7i71(ri(u,t),u,t) if u>0andt<tg,
0 otherwise.

To determine the form of optimal stopping times 7,; ;- we need to define the
following r.v.’s:

(22) R} £ ry_i(Ur,,T))

and

(23) On,xk =K ANinf{i > n: R; < Sit1}.
THEOREM 2. Let

(24) Todik = Lo, o + RZH,K and  Tg =Tq k-
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Then, for any 0 < n < K, we have
(25) I k= E(Z(T:;K) | Fn) a.s. and Iy x =E(Z(tg)) = vk (u,0).

Proof. This is a straightforward consequence of the formulas (22)—(24)
and Theorem 1.

3. Infinite horizon case. In this section we will show that there exists
an optimal stopping rule 7* in the infinite horizon case, maximizing over 7
the mean return (2), i.e. (6) is fulfilled. Moreover, the optimal stopping time
7* can be defined as a limit of the finite horizon optimal stopping times.

ASSUMPTION 2. F(ty) < 1.
LEMMA 3. The operator ® : B — B defined by (18) is a contraction.
Proof. Let §;,0, € B°. By Lemma 2 there exist p; 2 rs, (u,t), 1 =1,2,

such that (96;)(u,t) = ¢s, (0i,u,t), i = 1,2. Since ¢s, (02, u,t) > ¢s,(01,u,1t)
we obtain the inequalities

01 u—+cs
(®61)(u, t) — (B0) (u,t) < { dF(s) | [61 — &2)(u+es — 2.t +5)dH(x)
0 0
01 u-+cs
<6 — bl | dF(s) | dH(z) < o], — 5],
0 0
where
to u-+cs
(26) o=sup | dF(s) | dH(z) < F(to) < 1.
u>0 0 0

Similarly, we get (®d2)(u,t)— (1) (u,t) < p||61 —d2||. Hence, ||Pdy —Pd1| <
QH(51 - 52” ]

Since vo(u,t) = g(u,ty —t) it follows that v; € B? for all i. Hence, from
the Fixed Point Theorem we get the following lemma.

LEMMA 4. There exists v € BY such that
(27) y=@y and Jim |y — ] =0.

Remark 1. Note that all optimal stopping times are less than t; a.s.,
which is a consequence of the definition (2) of the return.

THEOREM 3. Assume that the utility function ¢y is differentiable and
nondecreasing, and F has the density function f. Then

(i) for n = 0,1,..., the limit 7, 2 limp oo 7,y ;¢ exists and T, s an
optimal stopping rule in T N {1 > T,},
(ii) E[Z(T) | Ful = pny(Ur,, Ty) a.s.
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Proof. (i) Let n > 0. Note that 7,; ,» < 7,7 ;. ; a.s. Hence, the stopping
rule 7,, = limg .o T;’K > T, exists.

To prove optimality of 7,, we will apply similar arguments to those used
by Boshuizen and Goeweleew [2] in the proof of the existence of optimal
stopping times for semi-Markov processes. Let & = (t,U,Y:, Vi), Vi =
t—Tnewy, Vi = in@), t > 0. Then £ = {& : t > 0} is a Markov process
with the state space R} x R! x R} x {0,1}. Note that the return Z(t) is a
function, say g, of &. Let A be a strong generator of £&. Then we get

@) (430 w0) = {egi) = L ) = {1 ) aH )] o
0
where t < to, y > 0 and v € {0,1}.
Now, note that g(&) — g(&) — SS(A@(&S) ds, t > 0, is a martingale with
respect to 0(&s,s < t), which is the same as F(t) (see [3], p. 31). Applying
the optional sampling theorem ([3], p. 22) we get

(29)  Elg(& ) [ €] —g(ér,) = E[ S (AG)(Es) ds ‘ j_—n] s
Since "
(30)  (Ag)(&) = {cgg(Us) n %:7%

Us
<[ (0 = ) 0) — 0] o
0

the right hand side of (29) can be expressed as the difference E(I, j | F) —
E(I? i | Fn), where

(s = Tgs))
ITQL K= =1 (Us) i (s) ds.
| 75 F(s — Tn(s) )

Now, I%J{, IiK are positive r.v.’s and IiK is bounded by g;(u + ctg) X
E(L)/F(to), where L = 1nf{n eN: Tn < to, Tn+1 > to} Note that

B(L) = 3" F* (1) < S [F(1o)]" < oo,
n=1 n=1

Hence, from the convergence of 7, ;- to 7, as K — oo and the Monotone
Convergence Theorem we see that the right hand side of (29) converges to

e
T,

n
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Again, applying Dynkin’s formula, since 7,, < 0o a.s. we get
(B1) B[ | (49)(&)ds | £ = Bl§(,) | Fal - g(r,)  as.

Hence, we have
(32) E§(er; ) | Fol —— El§(&,) | 7l as

Now, we will prove that 7, is optimal in the class 7 N {r: 7 > T,,}. Let
7 be any stopping rule from 7 N {7 : 7 > T,}. Then, as T,k 1S optimal in
T, Kk, we have for any K,

(33) B, )Fa) > Blf€nne) | ] as.
Hence, a reasoning similar to that which led to (32) gives
(34) Elg(&,) | Ful 2 E[9(&7) | Fu] - aus.,

which completes the proof of (i).
(i) Bl ) | Fal = pnyx—n(Ur,,T,) from Theorem 1(ii). Now,
Lemma 4 and (34) give

(35)  Elg(&r; ) [ Fal == El9(&) | Fu] = puy(Ur, Tn) - a5 m
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