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SOME RESULTS ON CONVERGENCE
ACCELERATION FOR THE E-ALGORITHM

Abstract.  Some new results on convergence acceleration for the
E-algorithm which is a general extrapolation method are obtained. A
technique for avoiding numerical instability is proposed. Some applica-
tions are given. Theoretical results are illustrated by numerical experi-
ments.

1. Introduction. The E-algorithm [2], [7] is a general extrapolation
process. It depends on some auxiliary sequences (g;(n)), ¢ > 1. For some
choices of the auxiliary sequences, one obtains some known convergence
acceleration methods (see [2], [3]). When applied to a sequence (s,) of
complex numbers, the algorithm has the following rules:

E(()n) = Sn, 9((37,? = gi(n), n>01>1,
n+1) ra(n) (n) n+1)
B _ gl(f—l,kEk—l - gk—l,kEl(f—l k> 1 . |
ko= CES ) ; > 1 (main rule),
-1,k — Ikl1k
n+1) (n) n) n41)
(n) _ gl(c—l,k gl(c—l,j ~ 91(c—1,k 9;2—1,3' . i 1
kg — ) () , j >k (auxiliary rule).

-1,k — Irl1k
Some results on convergence acceleration for the E-algorithm were ob-
tained by Brezinski [2] when the auxiliary sequences satisfy the following
condition:
gi(n+1) .
—— — b;#1, and b; #b; for i # j.

This condition will be called Brezinski’s condition.

Vi>1,

1991 Mathematics Subject Classification: Primary 65B05.
Key words and phrases: convergence acceleration, extrapolation, summation of series,
numerical quadrature.

(393]



394 A. Fdil

In this article, we give some results on convergence acceleration in three
cases where Brezinski’s condition is not satisfied.

All the sequences considered are sequences of real numbers.

In Section 1, we consider the case where g;(n+ 1) = g(n)b} for all i > 1
with g(n+1)/g(n) — 0 as n — oo. Since g;(n+1)/gi(n) — 0 as n — oo for
all i > 1, we cannot apply the results obtained by Brezinski [2].

In Section 2, we study the E-algorithm when the auxiliary sequences are
such that for each i > 1, g;(n) has an asymptotic expansion of the form

gi(n) %/\?nei<ai,g+%—i—...—k%—k...).
When the numbers \; are close to 1, the E-algorithm is numerically unstable.
In order to avoid numerical instability, we propose to apply the E-algorithm
with some subsequences of (g;(n)) as auxiliary sequences. This technique
is very interesting in particular when (s,) has the following asymptotic
expansion:

Sn— s~ ajgi(n) +azge(n) + ...+ a;g;(n) + ...

By choosing appropriately the subsequences of the auxiliary sequences, we
can apply the results of Section 1 where the auxiliary sequences converge
superlinearly to 0. This technique is illustrated by numerical examples in
Section 3.

Section 3 is devoted to the application of the FE-algorithm to the sum-
mation of series and computation of integrals.

2. Superlinear convergence. Let us begin by the following notations
and definitions. N denotes the set of positive integers, and R the set of
real numbers. If (s,) is a convergent sequence, we denote by s its limit;
U, = o(vy,) means that u, /v, — 0 as n — oo.

DEFINITIONS. Let (f1(n)), (f2(n)),...,(fi(n)),... be some sequences of
real numbers.

e We say that (f1, fo,..., fi,...) is an asymptotic sequence if for each
index i, fiy1(n) =o(fi(n)) as n — co.

Let (uy,) be a sequence of real numbers, and (f1, f2,..., fi,...) be an
asymptotic sequence.

e We say that (u,) has an asymptotic expansion with respect to the
asymptotic sequence (f1, f2,. .., fi,...) if there exist constants a; € R, i > 1,
such that for all £ > 1,

k
Uy = Zaigj(n) +o(gk(n)) asn— oo.
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Then we write
U & a1g1(n) + ... +argr(n) + ...
DEFINITIONS. Let A be a set of convergent sequences.

e We say that the E-algorithm is regular on A if for all (s,) € A and
k>,

E,i") —s=o(l) asn— oc.
e We say that the E-algorithm is effective on A if for all (s,) € A and
k > 1, either
Ing, Vn > ng, E,(Cn) = E,(Ji)l =5 or E,i") —5= O(EI(Cn_)1 —8) as n — oo.

Let us now assume that the auxiliary sequences of the E-algorithm are
such that

where g(n + 1) = o(g(n)), b1 =1, and b; # b; for i # j.
Then Brezinski’s condition is not satisfied.

LEMMA 1. For any k > 0 and i > k, we have

(n+1) (n+1)
Q) i Jei b 9k7?k+1 _
O R N YR

Ir.i Ik k+1

(i) g =olg) asn— oo,

Proof. By induction on k.

THEOREM 1. Let (s,,) be a convergent sequence. If the auxiliary sequences

(gi(n)) of the E-algorithm satisfy (Hy), then E,i”) — 5 as n — oo, for each
k> 0.

Proof (induction on k). For k = 0, the result is obvious. Assume that

(1) E,(C") —s=o(l) asn— oc.
From the main rule of the F-algorithm, we get
g(n+1)
k,k+1 n n+1
g(n) (E](C)—S)—(E](C—F)—S)
(n) 9k k+
(2) Ei—s= (n+1)
Ik fet1 1
(n)
Ik k+1

From Lemma 1 we get
+1
8) g = o(g"),))  asn— ool

From (1)-(3) we deduce that E,(CZ_)I —s=o(l) as n — oo.
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THEOREM 2. Let k > 1. If the conditions of Theorem 1 are satisfied,
then

(1) E,(Cn) -5 = O(E,(;i)l —s) asn — oo iff E,(Jil) — 5= o(E,(gn_)1 —s) as
n — oo;

n+1 n
(B — )9

. n , Ik—1,k
(ii) E,(cn) —s= O(E](C_—gl) —5) as n — oo iff — — — L
(B2 = )y

Proof. (i) We have
(n+1) E(n+1) s

L W |
(4) E(I(C:)) — = Qé@l,k(nﬂfé@l -
E, = —s -1k 1
gl(en—)l,k

Lemma 1(ii) gives
n+1 n
(5) g,(g_ilz = o(g,(c_)l’k) as n — oo.
From (4), (5) we deduce that
E,in) —s= o(E,(;i)l —s)asn — o0& E,(Jfgl) —s= O(JEI(:_):l —s)asn — o0.
(ii) We have

() )

k—1k 1
(n) (n+1)
(6) E;(gn) -s gkn—l,k E, 17 —s
(n+1) - (n+1)
Ekn—l - S k-1 1
(n)
i1,k

From (5), (6) we get
n+1 n
(El(c—l ) 5)912—)1,/%

—
n+l) noco
(B, =)o

E](C”) — 5= o(E,(;il) —s)asn — o0 &

PROPERTY 1. If the auziliary sequences (g;(n)) satisfy (H1) with |bj41] <
|b;| for i > 1, then for k >0 and i > k,

91(:1)+1 = 0(91?,?) as 71 — 00
(3.€. (Gk,k+1, Gk kot+2s -+ Ghyis - - -) S an asymptotic sequence).
Proof. From Lemma 1 we get
(n+1) (n+1) (n+1) (n+1)
Iei — _ bi Gkt Ieiv1 b1 Ikt
(n) (n) 7 (n) (n)
9k.i Dr+1 Ik k+1 Ik,it1 Dr-+1 Ik k+1
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Thus
(n+1) (n+1)
ki1 _ bit1 _ 91:1'
g I(:i)—i-l bi g I(cnl)
Consequently,

(n) n (0)
Jkit1 _ <bi+1> Ik it1
) bi ) o)

Since |biy1| < |bs], it follows that g,(fi)ﬂ = o(g,(:i)) as n — o0o.

Let us mention that, if the auxiliary sequences (g;(n)) of the F-algorithm
form an asymptotic sequence, then in general, for & > 1, (gk k+1, 9k k+2,
-y 0k.i,---) is not an asymptotic sequence. For example, let
gi(n) = (=) /(n+ 1), n>0,i>1.
Then (¢1,92,...,8i,...) is an asymptotic sequence, but (g12,913,...
~5 910y ) is not.
LEMMA 2. Let (s,,) be a convergent sequence. If
(i) the auziliary sequences (gi(n)) satisfy (Hi) with |biy1| < |bi| for
i>1,
(ii) s, — s~ a1g1(n) + azga(n) + ...+ a;g;(n) + ...,
then for each k > 0, E,(Cn) — 5= ak+1g,(:,2+1 4+ ...+ aig,(:i) +...
Proof. By induction on k.

Remark. 1If a;j = 0 for all j > k, then there exists ng such that
E,gn) = s for n > ng; this result is a particular case of a general result given
by Brezinski [2] for the kernel of step k of the E-algorithm.

THEOREM 3. Let (s,,) be a convergent sequence. If the auxiliary sequences
(gi(n)) satisfy (Hy) with |bi+1| < |bi| fori > 1, and if

Sp— s~ aygr1(n) +azge(n) + ... +a;g:(n) + ...,
then for all k > 1,
(i) if a; = 0 for all i > k, then there exists ny such that E](Cn) = s for
all n > ng;
(ii) if ar # 0, then E,(gn) —s5= O(E,(Jfgl) —5) as n — oo;
(iii) of ar = 0 and there exists i > k such that a; # 0, then
E,in) —s= o(E,(cn_)1 —s) asn— o0,

E,(cn) —s# O(E](Ji—gl) —5) asn — 0.

Proof. (i) follows from the preceding remark.
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()

(ii) Assume that ag # 0. From Lemma 2, we get E,(;i)l —s=argy 1+
o(g,(ﬁ’i)l,k) as n — oo. Thus
n+1 n
(El(c—l )~ 5)912—)1,k

n n—+1 n— 00
(El(e—)l - 8)912——?,2

9

and from Theorem 2 we deduce that E,(Cn) —s= O(E,(;il) —8) as n — oo.

(iii) Let 79 > k be the smallest integer such that a;, # 0. From Lemma 2

we get E,(Ji)l — 5= aiog,(cn_)l,io + 0(gl(cn—)1,i0) as n — oo. Thus

+1 n+1)
El(cn—l s B 91(c—1,i0

(7) (I+0(1)) asn— oc.

B2 —s 91(c—1,i0
From Lemma 1, we get

n+1 n
(8) 91(c—1,i)0 = 0(912—)1,1'0) as n — oo.

The relations (7), (8) and Theorem 2(i) give E,(Cn) -5 = O(E](Cn_)l —s) as

n — OoQ.

We have
n+1) (n) (n+1) (n)
(El(c—l - S)gk—l,k k-1, Ik-1k
9) ) T Ry ey (I1+0(1)) asn— oc.
(Byy — S)gk—l,k Ik"1,40 IE—1,k
From Lemma 1, we deduce that
(n+1) (n)
(10) k—1io Ik—1k _ big
(n) (n+1) — p

Ik-1,i0 Ik—1.k
The relations (9), (10) show that the sequence

n—+1 n n n+1
(BT = 99/ (B = )9 )

does not converge to 1; then, from Theorem 2, we deduce that E,(C") — s #
(n+1)

o(E, " —s)asn— oo.
Let us now assume that the sequence (s,,) satisfies

(11) sp—s~gn)(aic! +ascy + ... +aici +...),

where a1 # 0, Je1] > ... > |ea| > lepsa] > ... > 0. Let (i), j >0,
i > 1, be the sequences obtained by applying the E-algorithm with the
auxiliary sequences gi(n) = g(n)b} to the sequence (g(n)c}'). We have

rey = g(n)ef, n>0,
+1 n n n+1

) 93(‘711,3') TJ('—)L@' — gj('—)l,j 7“]('—1,2 s

g (n+1) _ (n) =0

9j-15 —95-1
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By induction on k, one can easily prove the following lemmas.

LEMMA 3. Let 7 > 1. Then

Pt ()
Wk 0, Vj >k Yn20, = o O
Tl I Gy

LEMMA 4. If the auxiliary sequences (g;(n)) satisfy (Hy), and if (sy,)
satisfies (11), then for all k > 0,

EM — s~ arl) +arl) 4. a4

THEOREM 4. If the conditions of Lemma 4 are satisfied, then the
E-algorithm is effective on (sy,).

Proof. Let kK > 0. Lemma 4 gives
(12) E,(Cn) — s~ alr,(gnl) + ...+ air,(gni) + ...

From Lemma 3, we get
(1) (n+1)

k1 ¢ Ik k4l
(n) "~ p (n)
Tt k1 Gh

Then, from Lemma 1, we obtain
(13) r,i?frl) = o(r,(:l)) as n — oo.

From (12), (13) we deduce that E,(Cnﬂ) -5 = O(E,(Cn) — ) as n — oo, and

from Theorem 2 we obtain E,(gr)l —s= o(E,(C") —s) as n — oo. Consequently,
the F-algorithm is effective on (s,,).

2. Linear and logarithmic convergence. In this section, we shall
study the F-algorithm when the auxiliary sequences are such that

(Hy) Vi>1, gi(n)%)\?nei<ai70+ ai"l —|—...—|—M—i—...>,

ni1 ni.j
where a; 0 #0, 0 < o1 < o <...<a;; <...,and (A, 8;) # (A;,0;) for
i#].

Remark. If \; # A; for i # j, then Brezinski’s condition is satisfied.

2.1. Linear convergence. From the sequence (6;), we define the following
double sequence:

0o =06; fori>1,

and for £k > 1 and 7 > k,

Or,i =

)

Op—1:—1 if A; = A,
Or—1, else.
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One can easily prove the following property:
PROPERTY 2. Let k > 0. Let j > > k. If \; = \;, then

(1) Ok,i # Ok, 53
(ii) if 9j < 0;, then Hk,j < Gk,i.
PROPERTY 3. If the auxiliary sequences (g;(n)) satisfy (Ha) with A; # 1
for i >1, then for all k > 0 and i > k,

gk,’L ~ )\Z n ak,Z,O + nak,i,l + [N + nak,i,j + [N

where ag ;070 and 0 < o1 < ... <oy < ...

Proof (induction on k). For k = 0, the property is true. Assume that
it is true up to index k. Let ¢ > k + 1. From the auxiliary rule of the
FE-algorithm we get

(n+1) (n+1)
91:k+1 Ik
(n) (n) (n)
14 gl:i—l,i _ gk?k—&-l 91:1'
( ) (n) (n+1)
Ik.i Ik kt1 1
n)
gl(c,k—H

From the induction assumption we get

(’I’l) ~ n Hk)i . akvivl akvivj
(15) Gri =AM ak,io0+ T + ...+ T +...,
where a ;0 #0and 0 < a1 < ... < gy < ..., and
(n) om0kt Ak,k+1,1 Ok k41,5
(16) e ky1 Af1n Uk, k+1,0 T nokk+1,1 T Ok kt,j T )

where Ak k+1,0 75 0and 0 < O k+1,1 < o o0 < Ohkt1,5 < - -- Thus
(n+1)

g 7 0 i di di '

(17) Ml a1+ 2 el ),
g](gn) ’ n nPi1 nPii

where 1 <Pil < ... <DPij<..., and

(n+1)

Ik k41 Ok kr1  drtin it

(18) génlz ~ A <1+ " + PR +...+ T +... ),

yk+1

where 1 < ppi1,1 < ... <prt1,; < ... From (14), (17), (18) we get

Ak 10k k41 — Nib i

(n) ()\k+1_)\i)-|— +...

Ie+1,i n
(19) (n) Akt 10k k41
Ik A1 — 14—+ ...

n
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If \; # Ap+1, then the relations (15), (19) give

() y\mOkir , Bk+1,i,1 Ak+1,i,5
Ipi1,4 ™~ Ain Q+1,i,0 + T + ...+ manieg T

with 041, = Ok,

ak,i0(Ag+1 — Ai)
A1 — 1

# 0,

Ak+1,i,0 =

and 0 < 041,41 < oo < Opt14,5 < - -
If \i = Ag41, then, from Property 2, we get 6 ; # 6k k+1, and from (15),
(19) we deduce that
(n)

o APy Ok i
Grg1, ® AT <ak+1,z',0 +

ak—i—l,é,l o+ ak—&-l,iv,j. + ...
n&k+1,i,1 n&k+1,i,j

with 01 = Ok — 1,

ar,i,0(Ok k+1 — Ok.i) \et+1 40

k41,40 =
+1,% )\k+1 1

9

and 0 < Opt1,4,1 < oo < Ol < - -
Thus the property is true for k + 1.

PROPERTY 4. If the condition of Property 3 is satisfied, then for allk > 0
and 1 >k,

n+1 n
gl(c,i+ )/gl(c,i) — i

n—oo

Proof. This is obvious.
An immediate consequence of Property 4 is

THEOREM 5. Let (s,,) be a convergent sequence. If the condition of Prop-
erty 3 is satisfied, then for all k > 0, E,i") — § as n — oo.

THEOREM 6. Let (s,,) be a convergent sequence. If the condition of Prop-
erty 3 is satisfied, then for all k > 0,

(n) (n) B -
By —s=o(E, —s)asn%oo@T%)\kH.
EM 5 n—oo

S

Proof. We have
(n+1) Elin+1) B

Ikk+1 s
n (n) (n)
(20) E,i_gl — s _ Ik k+1 E, 7 —s
E(n) s (n+1)
k Ik k+1

Zhbtl g
(n)
Ik k+1
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From Property 4, we get

g
(21) LLES N VIS

From (20), (21) we deduce that

. . E(n+1)_
g™ —SZO(E](C)—S)asn—m)o@kis

k+1 — Akt1-

E](JL) _ g n—oo
Remark. Since A\y41 # 0, it follows that E,i@l -5 = o(E,i") — ) as

n — oo iff E,(!jr)l —s:o(E,in+1) —s)as n — oo.

Let us now assume that the sequences (A,), (6,,) of the assumption (Hs)
satisfy

(Hy) Vn>1, 0< M| <1
(Hy) Vn>m, either |\,| < |A\p| or A, = Ay, and 6,, < 0y,

PROPERTY 5. If the auziliary sequences (g;(n)) satisfy (Hs) and if (Hg),

(Hy) are satisfied, then for all k > 0 and i > k, g,(c’fi) = o(1) and g,(c’?i)H =

o(g,(c’fi)) as n — oo.

Proof. Let &k > 0 and ¢ > k. From Property 3, we get 9/(:2 R~
Aenfri(ag ;0 + o(1)) as n — oo, with ax;o # 0. Since |\;| < 1, it fol-
lows that g,(c’fi) =o0(1) as n — oc.

From Property 3, we obtain

g(n') i " ak i
s (MY o (5593 )

91(:1') i Qk,i,0

If |Nit1| < [N, then 9127i)+1 = o(g,(fi)) as n — oo. If \jz1 = \;, then

i+1 < 6;, and from Property 2 we get 6y ;41 < 0, thus g,(:i)H = o(g,(gz))

as 1 — OQ.

Remark. Foreach k>0, (gkk+1, 9k k+2,- - - Gki» - - -) IS an asymptotic
sequence.

LEMMA 5. Let (s,,) be a convergent sequence. If the conditions of Prop-
erty 5 are satisfied and

Spn— s~ ajgr1(n) +azge(n) + ... +a;g:(n) + ...,
then for all k > 0,

E,(Cn) — s~ ak+1g,(:,2+1 +...+ aig,(:i) +...
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Proof (by induction on k). For k = 0, this is obvious. Assume that

E,(;i)l — s = akg,(ﬁn_)Lk +...4+ aig,(ﬁn_)w +...

We shall prove that for all p > k,
E,i") — 5= ak+1g,(:,2+1 4+ ...+ apggz + o(g,(:;) as n — 00.

Let p > k. From the induction assumption we get

(22) BV, —s=apgy”y p+ ..+ apgl )+
with
(23) Tn = o(g,(;l_)Lp) as n — oo.
We have
(n+1) p(n) _ (n) @t
(n) _ Ik—1,6k-1 " Ip—1,k"k—1
(24) EM =

(n+1) (n)
Ie—1k ~ Jk-1,k

From (22)—(24) we deduce that

p g(n+1) e — g(n) o
E,(C") =s+ Z aig,(ji) +d, with d, = k_l’an) k(_nl)k .
i=k+1 Ie—1,k — Ik_1,k

We shall prove that d,, = o(g,(;?;) as n — oo. If a; = 0 for all i > p, then
d, = 0. Assume that the coefficients a;, i > p, are not all 0. Let ig > p be

the smallest index such that a;, # 0. We have r,, = g,(gn_)uo (ai, +0(1)) as
n — oo, and so

n 1
(25) [+l :)\i0<1+g+0<—>> as n — o0o.
T n n
We have
n+1
g/(c—l,lz - T'n+1
(n) r
dn o gk—l,k n Tn
(26) ORI RN Y

Ik.p Ie—1k  YIrk-1p YGk-1p

n)  _(n)
k-1, gkn—l,p

From Property 3, we get
(n+1)

_ _ 1
(27) gl(gn%:)\k<l+9k—l’k+o<—>> as n — 00;

n n

_ O 1
(28) 1y =X QL AP (e as n — oo.
(n) n n
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If Ay # Ap, then from (23), (25)—(28) we get d,, = o(g,(f;) as n — oo.

Assume that A\, = \,. From Property 2 we deduce that 01 # Op_1p.
Then, from (25)—(28) we obtain

(A = Aip) + Akbe1,k = Aig + 0<1>
n nry,

d,, n

g,(:; B Me(Ok—1.k — Or—1,) +0(1) 91(:—)147

If \p = A, then from (23), (29) we get d,, = o(g,(:;) as n — oo.
Assume that \; # A\;,. We have nr, = )\;_10”1+9k_1,¢0 (@iyar—1,i5,0 + 0(1))

and g,(cn_)l,p = Agnek—1>P(ak—1,p,0 +0(1)) as n — oo. Thus

(29)

as 1 — OQ.

(n) )

(30) nry, =o(gy_~;,) asmn— oo.

The relations (29), (30) show that d,, = o(g,(;z) as n — oo. Finally,

p
E,ﬁ”) =5+ Z aig,(:i) + o(g,gz) as n — oo.
i=k+1

THEOREM 7. Let (sy,) be a convergent sequence. If (Ha)—(Ha) are satis-
fied and

Sn— s~ a1gr(n) +asge(n) + ... +a;g;(n) + ...,
then for all k > 1,
(i) if a; =0 for alli >k, then E,(gn) = s;

(ii) if ag+1 # 0, then there exists by, # 0 such that E,(cn) —s = /\Z_i_lne’“”“+l
X (bgt1 +0(1)) as n — oo;

(iii) if ag41 =0, then E,(cn) — s =o(Ap nPr+1) as n — oo.
Proof. The results follow from Property 3 and from Lemma 5.

Remark. If a; # 0 for all ¢ > 1, then the FE-algorithm is effective
on (sp).

Let 0 < |A] < 1. Assume that the auxiliary sequences (g;(n)) satisfy
(Hy) and

(H5) Vi>1, A\ = A, and91>92>...>0i>9i+1>...

One can easily check that 0, ; = 0; — k for all £k > 1 and 7 > k.
An immediate consequence of Theorem 7 is

COROLLARY 1. If s,—s ~ a1g1(n)+...4+a;g;(n)+... then for all k > 1,
either

e dng, Yn > ng, E,(cn) =3, or
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. E,(Cn) — 5 = \"n+17F (b, + o(1)) as n — oo, with by # 0 if apy1 # 0,
or

) E,(cn) —s=o(A\"n%+17%) as n — oo if ar41 = 0.

THEOREM 8. Let k > 1. Let (s,,) be a convergent sequence. Assume that
the conditions (Hy), (Hs) are satisfied. If

(n) ~ \TMp O bl bl
Ek_l—Sf\/}\ n <b0+m++naz+>

withbg Z0 and 0 < g < as < ... < a; < ..., then

(n) . \n,B C1 C;
E, s~)\n<co—|—nﬁ1+...—|—nﬁi—|—...

with3<a—1,¢#0,and0< 1 <Pa<...<fF; < ...

Proof. We have
(n+1) E;(Jil) s

Ie—1k
(n) (n)
n i1,k E = —s n
(31) B —s= D (B, - ).
Ik—1,k
O
i1,k

From Property 3, we get
(n+1)

Ik—1,k dy da d;
(32) ENAJFWJFWJF"'JFWJF”"
where 1 < <7 <...<7; <...Moreover, we have
B g e e €;
(33) = A b
Ek’n_l_s nti ntz nti
where 1 <t <ty <...<t; <...From (32), (33) we obtain
(n+1) (n+1)
gr_ E,"V —s 4
(34) ’(“n)l”“— ’“(nl) ~ I +...+%+...
i1,k E, - —s ne e

with f1 #0and 1 <p; <ps < ... <p; < ... Furthermore, we have

(35) E,gjl—szA"na<b0+ Lyt +>

not n

From (31), (32), (34), (35) we deduce that

(") . . \n c1 Cj
EY — s~ nﬁ<00+m+...+néj +>

where f = a —p1, ¢g = fibg/(A—1),and 0< By < o < ... < (i < ...
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An immediate consequence of Theorem 8 is

COROLLARY 2. Let (s,,) be a convergent sequence. If the conditions (Hs),
(Hs) are satisfied and

nao,l naO,i

(36) sn—s%)\"no‘(’(ag-l- @ +>

with ag # 0 and 0 < ap1 < ap2 < ... < ag; < ..., then there exists a
strictly decreasing sequence (cy;) such that oy, < ag — k for all k > 1, and

nak,l nak,i

n n_ o a, a,i
El(c)—s%)\nk<ak70+ ko 4 2k +>

with ago #0 and 0 < a1 < ... <o < ...
Remark. The E-algorithm is effective on (sy,).

It was shown by Brezinski [2] that the E-algorithm includes the following
sequence transformations: Shanks transformation (g;(n) = As,4i-1) [1, 13],
the process p (g1(n) = A\"n?, § € R, and g;(n) = As,4i_s for i > 2), Levin’s
transformations (g;(n) = g(n)As,_1/n'~!, with g(n) = 1 (resp. g(n) = n,
g(n) = As, As,_1/A%s,,_1)) for the transformation T (resp. U, V) [9].

If (s,) satisfies (36), then for each of these transformations, one can
easily prove that for all ¢ > 1,

b, b. .
. ~ n 07 3 7’71 2,J
gi(n) = \"n (bl,0+nﬁi’1 +”'+—nﬁz‘,a‘ +>

Then, from the preceding remark, we deduce

COROLLARY 3. If (s,) satisfies (36), then the Shanks transformation, the
process p, and Levin’s transformations (T', U, and V') are effective on (s,).

Let us end this subsection with

THEOREM 9. If (s,,) satisfies (36), then the algorithm

Eén) = Sn, n 2 O’
(n) (n+1)
(n) AE, E
Ek+1 A - 1 ) 'IC Z 17

is effective on (sy).

Proof. By induction on k, we prove that for all £ > 0,

Elin)—szA"nak<ak,0+ k.1 +...+ Dhsi +>

nak,l nak,i

with ap < ap—1 and 0 < a1 < g2 < ... < ag,; < ... Then, the result
follows immediately.
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2.2. Logarithmic convergence. In this section, the auxiliary sequences
(gi(n)) of the E-algorithm are such that

a; 1
Qg

Vi>1, gi(n)= nfi (aip + -

Qi,j
+ ... 4 ...
1 n%i,j
with a;0 #0and 0> 01 >0, > ... >0; > ...
LEMMA 6. For all k>0 and ¢ > k,

) . 0; ) Ok,i,1 Ak,i,j
I =T Ok,i0 * nek,i,1 Tt Nn%k.i,j T )

where ar ;070 and 0 < o1 < Qg < ..o < Qg < ...
Proof. By induction on k.

By using Lemma 6, one can easily prove

PROPERTY 6. For all k > 0 and i > k, g,ini) =o(1) and g,ini)+1 = o(g,(gni))
as n — 0o, and
n+1 n
gl(e,i )/gl(e,i) I L
Remark. For each k >0, (gk k41, 9k, k+2s - - - > Gk.i» - - -) IS an asymptotic
sequence.

PROPERTY 7. The E-algorithm is not regular on the set of convergent
sequences.

Proof. This follows from the fact that
g(n-i—l)
VE >0, oA g

(n) n—o00

Ik k+1

LEMMA 7. If s, —s=~aig1(n)+ ...+ a;g;(n) + ..., then for all k > 0,
E,(Cn) — s~ ak+1g,(:,z+1 +...+ aig,(ji) +...

Proof. By induction on k.

Using Lemmas 6 and 7, one can easily prove

THEOREM 10. If s, —s =~ a1g1(n)+...+a;g;(n)+..., then for all k > 1,
either

e dng, Vn > no, E,i”) =5, or

) E,(gn) — s =n%+1(b, +0o(1)) as n — oo, with by, # 0 if axr1 # 0, or

) E,(cn) —s=o(n%+1) asn — oo if axr1 = 0.
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Remark. If a; # 0 for all ¢ > 1, then the F-algorithm is effective
on (sp).

2.3. Numerical instability. Consider the F-algorithm of the preceding
subsections. We have for all 1 > 1,

(n+1)
gi(n) =AM a0+ —2 . 4 —2L 4 ) and TR A,
) ni1 n%i.i g(")l - n—00
i—1,1

When the numbers \; are close to 1, the E-algorithm is numerically unstable.
Then, in practice, the properties of convergence acceleration are lost, and a
good approximate value of the limit of (s, ) cannot be computed. In order
to avoid numerical instability, we propose to use some subsequences of the
auxiliary sequences (g;(n)), i > 1.

For example, set h;(n) = g;(2"), ¢ > 1. Then for all i > 1,

— 1 \"
hi(n) =~ \? onbi (ai,o + a1 <20¢i,1 ) +... >

If 0 < |\;| <1foralli>1, then

Vi > 1,
If \; =1 for all 4 > 1, then
Vi>1,

with 0 > 6, > 65 > ... > 6; > ... Consequently, the F-algorithm with
(hi(n)) as auxiliary sequences is more stable than the E-algorithm with
(gi(n)) as auxiliary sequences.

Let us mention that the E-algorithm with (h;(n)) as auxiliary sequences
must be applied to the subsequence (s2n) of (s,).

Let us now compare the two algorithms in terms of the number of arith-
metical operations.

It was shown by Brezinski [2] that the computation of EY from so, ..., s
by the E-algorithm needs approximately %k?’ arithmetical operations. Con-
sequently, for computing an approximate value of the limit of (s,) from
50, - ., San, the E-algorithm with (g;(n)) as auxiliary sequences needs O(237),
and the F-algorithm with (h;(n)) as auxiliary sequences applied to (sgn)
needs only O(n?) arithmetical operations.

Some numerical examples illustrating this technique will be given in the
following section.
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3. Applications

3.1. Summation of series. Consider the power series s(z) = >~ an,z",
where

anzn"(a0+ﬁ+...+a—?+...> with ag # 0.
n nt

Let s, (z) = > _yarz” for n > 0. From a result of Wimp ([14], p. 19), we
deduce the following.
If |x| <1 and = # 1, then

sp(z) — s(x) ~ z"n? <ﬁo + % +.. ) with Gy # 0.

If z=1and 8 < —1, then

5,(1) — s(1) = nftt <’Yo + % +.. > with v # 0.

1) Setting g;(n) = 2™n?~**! for i > 1, the auxiliary sequences satisfy
the conditions of Section 2. Then the E-algorithm is effective on (s, (x)).
2) Let us now consider the subsequence (son(x)) of (s, (z)). We have

son(2) — s(z) ~ (2*")2" Bo+@+...+ ﬂ +... ).
on (21)71
If 0 < |z| < 1, then we can apply the results of Section 1 for the F-algorithm
with the auxiliary sequences

hi(n) = (#¥")2"%b? and b; =1/2171

3) Let 0 < |x| < 1, z # 1. Then (s,(z)) satisfies (36), and from Corol-
lary 3 and Theorem 9 we deduce that the Shanks transformation, the pro-
cess p, Levin’s transformations, and the sequence transformation given in
Theorem 9 are all effective on (sy,).

Let us now give some numerical examples. We begin by the following
linearly convergent series:

o0

1
D (n+1)2" = Gomr °T 0.9, 0.99, 0.999.

The results obtained by applying the E-algorithm to (s,) (resp. (san))
with g;(n) = 2"n?~! (resp. hi(n) = ¢;(2")) as auxiliary sequences are
summarized in Table 1 (resp. Table 2), where we indicate, at each step n,
the number of exact digits of EV.

n=0
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TABLE 1 TABLE 2
n .9 .99 .999 n .9 .99 .999
2 13 13 11 1 0 0 0
4 13 12 8 2 14 13 10
8 12 12 10 3 15 13 11
16 9 8 5 4 15 14 10
32 6 0 0 5 15 15 11

The comparison of Tables 1 and 2 shows that the FE-algorithm with
(hi(n)) as auxiliary sequences is more stable than the E-algorithm with
(gi(n)) as auxiliary sequences.

Let us now consider the following logarithmic convergent series [4]:

=1 2
1 — =
) nzzjan =
2) i niAn’ 4l 2.223411646515
—n*(l+nt) ’
3) > (n+ el/m)=V2 =~ 1 71379673554030,
n=1
> n+1 n+2
4 L L >~ 684724
)nz_:l 0g< - ) 0g<n+1> 68472478856,

s 1 n
5) 1+ [~ +Log [ —— ) ) = .57721566490153286.
) +n:0<n+1+ Og<n+1>>

The results obtained by applying the E-algorithm to (s, ) with (g;(n)),
1 > 1, as auxiliary sequences are given in Table 3.

TABLE 3

n 1) 2) 3) 4) 5)
Sn E?L Sn E?L Sn Eg Sn Eg Sn Eg
2 1 1 0 1 0 1 1 2 1 3
4 1 3 0 2 0 2 1 4 1 4
8 1 6 1 5 0 5 1 8 1 10
12 1 11 1 9 0 9 1 10 1 10
14 1 11 1 9 0 9 2 10 1 11
16 1 9 1 8 0 8 2 9 1 9
32 2 4 1 5 1 3 2 4 2 5
40 2 4 1 3 1 3 2 4 2 4
50 2 2 2 4 1 3 2 3 2 3

Applying the E-algorithm to (son), with (h;(n)) as auxiliary sequences,
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we obtain the results given in Table 4.

TABLE 4

n 1) 2) 3) 4) 5)

Son E?L Son E?L Son E?L Son E?L Son E?L
1 1 1 0 1 0 0 1 1 1 1
2 1 2 0 2 0 1 1 2 1 2
3 1 4 1 3 0 1 1 2 1 3
4 1 6 1 4 1 3 2 4 1 4
5 2 7 1 5 1 4 2 4 2 5
6 2 9 2 9 1 6 2 7 2 7
7 2 11 2 10 1 8 2 8 2 9
8 3 13 2 12 1 10 3 10 3 12
9 3 15 3 14 1 11 3 12 3 15

The results of Tables 3 and 4 show that the E-algorithm with (h;(n)) as
auxiliary sequences is more effective than the F-algorithm with the auxiliary
sequences (g;(n)).

3.2. Numerical quadrature. The numerical computation of the integral
s = ‘é f(x) dzx often leads to an asymptotic expansion of the form

oco My
T(h)—s~> > aji(Log(h)) h
j=14=0
with a@jm, # 0, m; € N, 0 <y < 72 < ... <7 < ..., where T'(h)

is an approximate value of s obtained by some quadrature formulae with
steplength h ([0, 1] is divided into 1/h subintervals of length h; see [5-8,
10-12)).

Let 0 > 2, 0 € N. For h,, = 1/0", we have

o
~ —nv; i aj,1 a;,0
T(hn) — S = Zlg' Y5 <aj,mj +...+ W + W)
]:
Let (p,,) be the sequence defined by py = 0, p, = n+ > . m; for n > 1.
Let j > 1. Set Qi =DPj — 4 and Ai = o 7% for i = ]-+pj—17~--7pj- The
sequence s,, = T'(h,,) has the asymptotic expansion

S — 8 argi(n) +...+apge(n) +...  with g;(n) = A'n?% for i > 1.
Thus, we can apply the results of Section 2.
Let us end this section with a numerical example. We have

1
L 2
s=| TLOBY b = T 1~ 1775329665759,
0T +1 12




412 A. Fdil

Let T'(h) be the approximate value of s obtained by the trapezoidal rule
with steplength h. We have

T(h) —s=~ Z h'(a;1 + a;2Logh)  (see [5]).

1=2

For o = 2, we have

Ey Ey
—1758203422171846  —.1775484527978632
—1773979134959518  —.1775329593577489

—.1775227574385099  —.1775329674394418
—.1775322183192145  —.1775329667708583

ook NS
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