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OPTION PRICING IN THE CRR MODEL
WITH PROPORTIONAL TRANSACTION COSTS:
A CONE TRANSFORMATION APPROACH

Abstract. Option pricing in the Cox—Ross—Rubinstein model with trans-
action costs is studied. Using a cone transformation approach a complete
characterization of perfectly hedged options is given.

1. Introduction. Let us consider a market with two assets: a risky
one called the stock and a riskless one called the bond, which are traded in
a discrete time. The price s, of the stock at time n is subject to random
changes. We shall assume that for n =0,1,2,...,

(1) Sn+1 = (1 + 0n)Sn

where 9, is a sequence of i.i.d. random variables which take as their values
with a positive probability only a and b, where a < b are given real numbers
greater than —1. The bond earns interest with a constant rate r such that
a < r < b We also assume that both the stock and bond are infinitely
divisible, so that the possession of a part of share invested in the stock
or a part of the bond is allowed. At any time n = 0,1,2,..., we can
transfer an amount of money invested in stocks to bonds paying proportional
transaction costs with a rate p > 0. We also admit a transfer in the opposite
direction, from bonds to stocks with proportional transaction costs with a
rate A/(1 + A), A > 0. Let us denote by z,,y, the amounts of money
invested in bonds and stocks respectively, at time n. Let l,, m, be the
amounts of money for which we buy or sell respectively, shares of the stock
at time n. Clearly [,, and m,, depend on g, ..., Zn, Yo,--->Yns S0,---Sn
only.
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Taking into account transaction costs we have for n =0,1,2,...,

Tpi1 = (14 7r)(xy — (T+ Ny + (1 — p)my,),

Yn+1 = (1 + Qn)(yn + ln - mn)-
Consider now a financial instrument called a contingent claim that is a
pair (f1(sr), fo(s7)) where f1, fo are measurable functions and sy stands
for the price of the stock at a fixed time T called maturity. Given initial
investments (zg,yo) in bonds and stocks respectively we look for a trading
strategy (In,Mn)n=01,. 7—1 for which after possible transfers at time T,
the amounts of money invested in bonds and in stocks exceed respectively
fi(st) and fa(sr). In that case we say that (I,,my) is a hedging strategy
against the contingent claim (fi(sr), fo(sr)) at maturity 7.

Let
) 1 1
C= {(m,y) eR: yZmaX{—1+)\x,—1_Mw}}
and

(3) Gr(s) = (fi(s), fa(s)) + C
where the above sum means that (f1(s), f2(s)) is added to each element of

C. Clearly C and Gr(s) are cones. The hedging requirement can now be
written as

(4) (zr,y7) € Gr(sT).

We can easily show that

(2)

(5) Gr(s) = {(x,y) ty > max{—l 3 + c1(s), 1 i 'usc + 02(3)}}
where
(© )= 104 o), o) = 1 4 o)

Therefore we have a hedging when the system of inequalities
1
14+ A

Yyr = — xr + c1(sr),

(7)

Y

Yr xr + ca(sT),

I—p
is satisfied.

We say that a trading strategy (I, m,) is replicating if (zr,yr) lies
on the boundary of Gr(sr), or equivalently (7) holds and either yr =
—H%xT +c1(st) or yr = —li“azT + ea(s7).

The price for the contingent claim (option) (f1(s), f2(s)) is the minimal
value of z¢g + (1 — u)yo for which there exists a hedging strategy against
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(f1(s), f2(s)) with initial investments (zo,yp) in bonds and stocks respec-
tively. The price for (f1(s), f2(s)) is called a perfect hedging or a replicating
cost if a hedging strategy against (f1(s), f2(s)) corresponding to the mini-
mal value of xg + (1 — p)yo is replicating. The problem is to determine all
cases for which perfect hedging is possible and then characterize replicating
strategies.

Let Gr_1(s) denote the set of all investments in bonds and stocks re-
spectively at time T — 1 such that given the stock price at T'— 1 equal to s,
there is a strategy (I,m) for which we have a hedging at time 7". Then

(8) Gr-i1(s) = {(Sﬂyy) : Ji,m>0Ype{a,b}

(1+o0)(y+1—m)> _1+1A(1 +r)(z— 1+ N+ (1 —p)m)
+a((1+0)s),
(14 Q+1=m) >~ (1 + )= (1 )1+ (1= p)m)

+eo((1+ Q)S)}.

Clearly Gp_1(s) is a polyhedron, but it may not be a cone. We show that if
Gr-1(s) is a cone then it is of the form (5) with suitably chosen functions
c1(8), c2(s) and it corresponds to a perfect hedging in one step.

By backward induction we can define the polyhedrons Gp_;(s) for i =
1,...,T(s) as follows:

9)  Gr-i(s) ={(z,y) : Jmeefapy (L+7)(z— A+ A+ (1 —p)m),
(1+0)(y+1—m)) € Gr_it1((1+ 0)s)}

If for a given initial price sg of the stock the polyhedrons Gy(sg), G1(s1),
..., Gp_1(sp_1) are cones, then, as we show below, there exists a perfect
hedging, and a replicating strategy that corresponds to that hedging is to
buy or sell shares of the stock at time ¢ so as to reach the vertex of the cone

The option pricing model based on the binomial distribution of the price
(1) of the stock was introduced first without transaction costs in [CRR].
The model was then considered in a number of papers (see [SKKM], [TZ],
[MS] for more recent references). A version of this model with transac-
tion costs was studied in various papers usually in the context of European
call or put options (see [BV], [BLPS], [ENU], [MV], [R]), and sufficient
conditions for perfect hedging were shown. In this paper we present com-
plete characterizations of option pricing models with transaction costs for
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which contingent claims are functions of the price of the stock at maturity.
Namely, by a detailed analysis of the behaviour of a certain system of con-
trolled linear equations we obtain neccessary and sufficient conditions for
perfect hedging. Our approach is based on a cone transformation that was
considered in the case of diffusion models in [CK] and [SSC|. The study of
discrete time models with transaction costs is particularly important be-
cause it was shown in [SSC], confirming the conjecture of Davis and Clark
(see [DC]), that there is no nontrivial perfect hedging strategy for a contin-
uous time lognormal model with proportional transaction costs.

2. Basic lemmas and notation. For simplicity of presentation we
first introduce two sequences of equations of lines in R%?. The first one,
(E1), (E2), (E3), (E4), appears in the definition (8) of Gr_1(s). In what
follows for simplicity of notation we shall identify lines with their equations.
Setting

z:=z(I,m)=04+Nl—(1—pu)m

we have

(E1) y= - (1_1+f+a“‘+ 1+f+a 141r/\>
Fmy Tl (1 a)s),

(E2) y=- (1+1)\~|—7“ x+(1+1)\+11"+a 1—|1->\>Z
FmI TR a1+ ),

(B3 v=- (1—1+I+b)x+ 1+I+b 14er>
FmIT 1ibc2<<+>>

(E4) y= - (1+1A+I+bm+(1+1/\+1r+b +1A>z
Py a1+ 0)s),

It will be convenient later to have the sequence (F'1),(F2),(F3),(F4) of
equations of lines in R? which are obtained from (E1)—(FE4) by the substi-
tution m = —z/(1 — ). We have

. 1+7r - L+ _ 1 P
(F1) Y= (1—p)(1+a) +<(1—u)(1+a) 1—#)

c2((1+a)s),

+1+a
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(F2) o 1+r m—i—( 1+7r 1 >z
YT T a0 +a) A+N(I+a) 1-p
a1+ a)s),
147 147 1
F3 Yy= — x+< - )z
(F3) G- T \Toparn  1-x
1
+ 1—}—662(( +b)s),
1+ 1+r 1
F4 = — + —
(F4) Y TESNED N <(1+A)(1+b) 1—u>z
1+bc1((1—|—b)s).
The following values z1(s),. .., z6(s) depending on the stock price s will be

important in the construction of Gr_1(s):

(1= ) (A + M)A +b)ea((1 + a)s) = (1 + a)er((1 +b)s)]

1(s) = A+ +N)1+b)—(1—pwd+a) ’
2a(s) = (le)(lf)[u +b)ea((1 +a)s) — (1 + a)es((1 4 b)s)],
a(6) = (14 a)s) = ea((1-+ ),
24(8) = a +17’)(b/\ )[(1+b)cl((1—|—a)s) —(1+a)er((140)s)],
5(6) = (e leal(1+ Bs) = ea(1 4 8)5)],
() AN+ a)en((148)s) = (14 a1+ a)s)]

1+7r)[A+N1+a)—(1—p)(1+D)

Notice that whenever both transaction costs (i.e. from stocks to bonds
and from bonds to stocks) are equal, we have 1 — p = 1/(1 + X), which
simplifies the formulae for z1(s), z3(s), 25(s), 26($).

Using the notation (Fi) > (Ek) when the graph of the line (E%) is above
(E'k) in the coordinate plane (z,y), by a trivial verification we obtain

LEMMA 1. We have

(E1) > (E4) iff x=<z+ z,
(B1) > (E3) iff =<2+,
(E1) > (E2) iff z<z+ zs,
(E4) > (E2) iff = > 2z+ z4,
(E4) > (E3) iff x> z+4 zs.
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Moreover,

1 1—pu
o if +Z>7)\, then (E2) > (E3) iff © > z + z,
@ TR hen (B2) > (B3) iff 2 <+ +
T < 1o then > iff ©<z+ zg,
1+4a 1—p )
Top = 1oy en (B2) 2 (13)

1+
1+

o if
a1+ a)s)

o if

zlib@«1+mg..

Define the indicators (11)(s), (12)(s),..., (I5)(s) by
(I1)(s) := c2((1 +a)s)(1 = p)(b = a) + cr (1 + a)s)[(1 = p)(1 + a)

AA+0)]+ (1 +a)(p+ A)er (1 +b)s),

(12)(s) := 1 (1 +0)s) (L + A)(b = a) + c2((1 + b)s)[(1 — p)(1 +a)
(I3)(s) := er((1 + a)s)(1 + A)(b — a) + c2((1 + a)s)[(1 + A)(1 + a)
— (1= +0)] = (1+a)(p+ Nea((1+0)s),

(14)(s) == c2(1 +b)s)(1 — p)(b— a) + c1 (1 +0)s)[(1 + A)(1 + a)

-1+
(T+A)A+0)]+ (L +0) (1 + A)e2((1 + a)s),
(1
(L= )1+ B)] = (L+ D)+ Ner (1 +a)s),
(15)(s) == [(L+ M) (1 +a) = (1 — p)(1 +0)][(1 + b)e2((1 + a)s)
— (1 +a)a(l+0)s)] = [(1+A)(1+0b) — (1 —p)(1+a)
X [(14+a)e2((1+b)s) — (1 +b)er ((1 4 a)s)].

Let
(10)  A(s):= c2((1+a)s)+c1((1+b)s) —cr1((1 +a)s) —ca((1 4 b)s).

Adding or subtracting suitable indicators, we obtain

LEMMA 2.
(i) (I1)(s) + (2)(s) = [T+ A)(1+b) = (1 = p)(1 + a)]A(s)
(i) (12)(s) + (14)(s) = (1 +0) (1 + A)A(s)
(iii)  (I3)(s) + (14)(s) = [(1 + A)(1 +a) — (1 — p)(1 + b)]A(s)
(iv) (I1)(s) + (I3)(s) = (1 + a)(p + M) A(s),
(v) (I1)(s) = (I14)(s) = (1 = p)(b — a) A(s),
(vi) (12)(s) = (I3)(s) = (1 + A)(b— a)A(s),
(vil) (1 +b)(I3)(s) — (1 + a)(I4)(s) = (I5)(s),
(viii) (14 a)(I2)(s) — (1 +b)(11)(s) = (I5)(s). m
Using the indicators (I1)(s)—(I5)(s) we can determine the allocation of
the values 21(s),. .., 26(8).
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LEMMA 3. We have

Moreover,
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1+a 1—p
1+6 1+a 7
1—{_a<1_7/'£’
146 1+
l1+a 1—p
146 ~1+a
lta 1-p
146 142X
l+a 1—p
116 1+x "
1+a 1—p
1+6 " 1+A "
Finally, for a real number h we define a transformation 7}, of the real

line as follows:

z4(s) < zg(s) iff (I4)(s) >0 and

(I4)(s) <0 and

z5(s) > z6(s) iff (14)(s) >0 and

(I4)(s) <0 and

z5(s) < zg(s) iff (I4)(s) >0 and

(I4)(s) <0 and

(11) Thx = (1+h)zr forxeR,
and then an operator 7;, on R? by
(12) Tn(z,y) = (T, Thy).

3. Construction of the cones Gy_; with the use of the indicators
(I1) and (I2). In this section we study the cases (I1)(s) > 0 and (12)(s) >
0, (I1)(s) <0 and (I12)(s) >0, (I1)(s) > 0 and (I2)(s) < 0. The remaining
case (I1)(s) < 0 and (/2)(s) < 0 has to be split up into subcases in which
other indicators are needed.

3(a) Case (I1)(s) > 0, (I2)(s) > 0. Various versions of European long
call and put options are covered by the above case. We start with four
examples.

ExAMPLE 1 (European long call option with delivery). A holder of the
option is entitled to buy one share of stock at a price g. We then have
fl(s) = _qISqu f2(5) :Slqua
and consequently (see (6))

q q
ci(s) = (S - 1+>\) Lizg,  cals) = <S - 1-#) Ls>q-

ExXAMPLE 2 (European long call option with delivery and cash settle-
ment). As in Example 1 a holder is entitled to buy one share of stock at the
price ¢, but his decision to exercise the option is made when the possible
cash settlement is nonnegative. We have

fi(s) = —q 132q/(1—u)7 fa(s) = s Le>q/(1—p)>
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and by (6),

+
q q
ci(s) = (S - m>1szq/<1—m7 ca(s) = (3 - 1—u> :

EXAMPLE 3 (European long call option with delivery and settlement in
shares of stock). The only change compared to Examples 1 and 2 is in the
decision to exercise the option. The holder of the option is eager to owe the
stock, and therefore he makes the decision to exercise the option when the
settlement in shares of stock is nonnegative. In this case we have

f1(8) = —=q1ls>q/a4n)  f2(8) = 8 Li>q/(140)
and (see (6))

+
ci(s) = (8 = 1;“) , e2(s) = (S - &)%zq/(lm-

EXAMPLE 4 (European long put option). A holder of the option is enti-
tled to sell one share of stock at a price q. Then we can have the contingent
claim functions

f1(8) = qls<q,  fa(s) = —s 1<y,

and

61(8): <—5+1j_)\>1sgq, CQ(S): <—8—|—13M>15§q.

One can show that for the contingent claims defined in Examples 1-4
we have (I1)(s) > 0 and (I2)(s) > 0. Furthermore, for s sufficiently large,
(I1)(s) = (I2)(s) = 0. Moreover, in the examples considered above the
contingent claim was considered from the so-called long position, i.e. the
position of the buyer of an option. Consequently, the price of the option
was the minimal one that compensated the seller’s loss.

The main result of the section can be formulated as follows:

THEOREM 1. Under (I1)(s) >0, (I2)(s) > 0 we have

Gr-1(s) = {(x,y) Ly > —1_::_)\374-651)(3) for x> z1(s),

1
y > —ﬁx-i- cgl)(s) forz < zl(s)}

= (21(s), Hiz1(s)) + C
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where

(1) o 1+7r 1 1
13) c(s) = _<(1 TN+ 1+ A)Zl(s) T +0)s),

(1) _ 1+7r 1

06 =~ (o~ T )20+ T+ ),
and
(14)  Hiz(s) = —(HlA)*(lTM)zl(s) + 11+bcl<(1 b))

1+7r 1
= 0= a0+a) z1(s) + m@((l +a)s).

Moreover, we have a perfect hedging in one step with replicating trading
strategies

l= 141_)\(36—21(3)), m=0 for x> z(s),
=0, m=— (x — z1(8))  for x < z1(s).

1—p
In addition, if (I1)((1+a)s) >0, (I1)((1+b)s) >0, (I2)((1+a)s) > 0,
(I2)((1+b)s) > 0, then (IM1)(s) > 0 and (IM2)(s) > 0 where (I1V1) and
(IMW2) are (I1), (I2) with ¢y, cy replaced by cgl),cgl).
Furthermore, if for a given initial price sg of the stock we have
(15) (I1)(so(L+a)' (L +b)7) >0, (12)(so(1+ a)'(1+b)’) >0

for nonnegative integers i,j such that i+ j =T — 1, then we have a perfect
hedging with replicating strategy (1,,,my) that at each time n shifts (z,, yn)
to the vertex of the cone G (sy).

Proof. We first find the form of the polyhedron Gr_;(s). By Lemma
3 we have

(16) max{z4(s), z5(8)} < z1(s) < min{za(s), z3(s)}.
Therefore, by Lemma 1,

for x < z1(s)+ 2, (E1) > max{(E2),(E3),(E4)},
for x > 21(s) + 2, (E4) > max{(F1),(E2),(E3)}.

Since according to the definition of Gp_1(s) we are looking for points
(r,y) € R? which for some I,;m > 0 dominate the lines (E1)—(E4), to
determine the boundary of G_1(s) we shall consider only the cases when
one of the control values [ or m is 0.

Consider first the case when x < z1(s). If moreover x < z;(s) + z, then
either z € [z — 21(s),0] and m = —z/(1 — ), { =0, or z € [0,00) and m =0
(recall that z := (1 + A\)l — (1 — pw)m).

(17)
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If z € [v — z1(s),0] and m = —z/(1 — p), then the line (E1) is above
(E2),(E3),(E4) and is of the form (F'1). Since we then have a family of
lines (F'1) parametrized by z € [x — z1(s),0] and (l—i)% - ﬁ > 0,
the lowest line in this family corresponds to z = = — 21(s), and its equa-
tion is

1 147 1
@) yz‘w“(u—mum‘1—u>”1<5)+1+a

If z € [0,00) and m = 0, then the line (F1) which is still above
(E2), (E3), (F4) takes its lowest position for z = 0 (since (17111)% > H%)’
and therefore does not lie below (al). If additionally to z < z1(s) we have
x > 21(s) + z, then clearly z < x —21(s) < 0 and so m = —z/(1 —p). In this
case (E4) dominates (E1), (E2),(FE3) and is of the form (F'4). The lowest
line (F'4) for the range z < x — z1(s) corresponds to z = x — 2z1(s) and is of
the form

(a2) y=

co((1+a)s).

1 < 147 1 (14 5)s).

1—p \(T+N(1+b) 1—M>Zl(s)+ 1+b
It follows from the definition of z1(s) that the lines (al) and (a2) coin-
cide. Therefore for < z;(s) the line (al) = (a2) forms the boundary of
GT_l(S).

Let now = > z1(s). We again have two cases: either z < z1(s) + z, i.e.
z € [t—2z1(8),00), and m = 0, or & > 21(s)+z, and then for z € [0, 2 — 2z (s)]
we put m = 0, while for z € (—00,0] we let m = —z/(1 — ).

If v < 21(s) + 2, i.e. z € [z— 2(s),00), then m = 0, the line (E1) lies
above (E2), (E3), (E4) and its lowest position corresponds to z = x — z1(s),
and is of the form

1 1+r 1
1 - -
By =—73® <(1—,u)(1+a) 1+A)Zl(5)+ 1+a
If £ > 2z1(s) + z and z € [0, — z1(s)], then m = 0 and the line (F4)
dominates (F1),(E2), (E3). The lowest position of (E4) corresponds then
to the value z = z — 21(s), and that line is of the form

1 1+7r 1 1

02) =130 <(1+/\)(1+b) - 1+/\>21(S)Jr 1+

If © > 21(s) + 2z and z € (—0,0], then m = —z/(1 — u) and the line
(E4) which is again above (F1),(E2),(E3) is of the form (F'4) with the
lowest position for z = 0. Since the parameter z = 0 was considered in
the minimization problem for which the minimal line was (32), we conclude
that the line (/52) is minimal for x > z1(s) + z.

By the definition of z (s) we know that (1) and (2) coincide. Therefore
for x > z1(s) the boundary of Gr_1(s) is (1) = (52).

c2((1+a)s).

c((1+0)s).
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Notice that by the construction of Gr_1(s) to reach the boundary we
used the strategy [ = 1%\(3: — z1(s)), m = 0 for x > 2(s) and | = 0,
m = —ﬁ(az — z1(s)) for x < z1(s). In other words, we shifted the pair
(x,y) to the vertex of Gr_1(s), which has coordinates (z1(s), H1z1(s)).

Since
1
TuHy21(s) = _ﬂTrzl(S) + c2(Tus)
and
1
TyHq2z1(s) = —mTrzl(s) + c1(Tps).
after the transformations 7, 7, the point (z1(s), Hyz1(s)) lies on the bound-
ary of Gp(Tys), Gr(Tps) respectively, and we have a perfect hedging in one
step.

A direct algebraic calculation shows that (IV1)(s) > 0 and (I(V)2)c(s)
> 0 provided (I1)((1+a)s) >0, (I1)((1 +b)s) >0, (I12)((1 +a)s) > 0 and
(I12)((1 +b)s) > 0.

Therefore under (15) the polyhedrons G,,(s,) are cones of the form (5)

with suitably chosen functions ¢; and co and the strategy to shift (z,,,y,) to
the vertex of Gy, (s,) for n =0,1,...,T — 1 guarantees a perfect hedging. m

3(b) Case (I1)(s) < 0,(I2)(s) > 0. Under the above assumptions we
obtain a perfect hedging in one step only in particular cases. We have

THEOREM 2. If (I1)(s) <0 and (12)(s) > 0, then in the case when

147 1+ A
(a)1+a<ﬁ
we have
S S Lrr b Y
Gra() = { )= -1 o (i~ 25) 0
—i—liacQ((l—i—a)s) for z < z3(s),
y>—1—|—r§(1+/\)(1+a)az+1+acl((1+a)s)
for z3(s) < x < z4(s),
1 147 1
y__1+/\x_<(1+)\)(1+a)_1+/\>Z4(8)
1
+1+bcl((1+b)s) forxz < Z4<8>}
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= {(g;’y) p23(8) < x < z4(s),

147 n 1
= — T
YT+ T 1ta

with hedging strategies

a((1+ a)s)} +C

=0, m= 2(s) — for x < 23(s),
I—p
m=1=0 forzs(s) <z < z4(s),
=2 1__?)(\8 , 0 forxz> z4(s),
and unless z3(s) = z4(s) we do not have a perfect hedging; while if
1 1
(b) +r > + A
l1+a " 1—p
we have

1 147 1
Gra) = {e) vz e (G o )

c1((L4+0)s) for x < z4(s),

L1
1+b

1 147 1
G <(1—|—)\)(1+a) N 1+>\)Z4(S)

+1 i acl((l +a)s) forxz > 24(3)}
= (24(s), Haza(s)) + C
with
(18) Hyza(s) = —— " (8) 4+ ——er (14 B)s)
(I+X)(1+0) 140

-0 +1A;r(1r+ oA T galllras)

and we have a perfect hedging in one step with replicating strategies
=0, m= als) —w for x < z4(s),
I—p
x — z4(8)

l= =0 forxz > z(s).

14+ A 2 1

Proof. By Lemma 3 we have

(19) max{z3(s), z5(s)} < z1(s) < min{za(s), z4(s)}.
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Therefore from Lemma 1,
(E1) > max{(E2),(E3),(E4)} forx < z3(s)+ z,

(20)  (E2) > max{(E1),(E3),(E4)} for z3(s) + 2z <z < z4(s) + z,
(E4) > max{(F1),(E2),(E3)} forx > z4(s)+ z.

The construction of Gr_1(s) is split into three steps. Note that the
labels (al), (41) etc. have other meanings than in Theorem 1.

Step It & < z3(s). We have the following subcases:

1. Suppose = < z3(s)+z. If z € [z — z3(s),0] we let m = —z/(1 —p) and
(E'1) which dominates (E2),(E3), (F4) is of the form (F'1) and the lowest
line corresponds to z = z — z3(s):

(a1) 1 < 1+r 1 ) N
a =——z— - z

YT O-wl+a) 1-)2"11a
If z € [0, 00) we have m = 0; therefore (a1) is the minimal line.

2. If z3(s) + 2 < x < 2z4(8) + 2, l.e. 2z € [x — 24(8),x — 23(s)], then
m = —z/(1 — p) and (E2) which is above (F1), (E2), (F4) has the form

c2((1+a)s).

(F2) and attains its lowest position if ii; < %*_‘2 for z = o — z3(s), i.e.
1 1+r 1
21) y=— - . 1
(a21) y 1_,ux ((1+)\)(1+a) 1—M>23(8)+1+001(( +a)s),
and if {££ > % for z = o — 24(s), ie.
1 1+7r 1
a22 = - T— - z4(8)+ ci((1+a)s).
(@22) y=—-7—, ((1—1—)\)(1—1—@) 1_u> 1)+ all+a)s)

3. If z4(s) + 2z <z, then z <z — 2z4(s) <0, m = —z/(1 — p) and (E4)
dominates (E1), (E2), (E3) and is of the form (F'4); the lowest position is
attained for z = x — z4(s), i.e.

1 1+7r 1 1
- _ — 1+0)s).
(3) v 1—u$+<(1+)\)(1+b) 1—u>z4(3)+1+b01(( b))
By the definitions of z3(s) and z4(s) we conclude that the lines (al),

(a21) and (a3), (a22) respectively coincide. Using the fact that (I1)(s) <0

we also see that (al) < (a3) for %:[2 < %, while (a3) > (al) for }ig >
14

1—p”

Step II: z3(s) <z < z4(s). We again have three subcases:

1. If x < z3(s) + z, then z > = — 23(s) > 0, m = 0, and (F1) that is
above (E2), (E3), (F4) is in its lowest position for z = x — z3(s) and is then
of the form

1 147r 1
60 v=—re (e )

T3 o2l +a)s).
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2. Suppose z3(s) + 2z < x < z(s) + 2. If z € [z — 24(s),0], then
m = —z/(1 — u) and (E2) has the form (F2) and the lowest position in the

case when }IZ < % is attained for z = 0 with
1+7r 1

21 = — 1
(521) (e (i e [ CEOD)
and when {££ > % for z = o — z4(s) with

1 1+r 1

22 = - - 1 .

02) =i (e - 1o )0 a0+

If z € [0,z — 23(s)] then m = 0 and the lowest position of the line (E2)
corresponds to z = 0 and this line either coincides with or lies above (521),

(822).

3. If z4(s) + z < x, then m = —z/(1 — u), (E4) has the form (F4) and
attains the lowest position for z = x — z4(s), which is

1 1+7 1
3) vy — o — _
(B3) y=—g—° <(1+)\)(1+b) 1—/1,)24(8)+l+b
Clearly (83) = (22) = («3), moreover (/521) intersects (41) and (a1) for
x = z3(s), and therefore lies below (1) for = € [z3(s), 24(s)]. Furthermore,
(B3) intersects ((21) for x = z4(s). Therefore for x € [2z3(s), z4(s)], the
boundary of Gp_1(s) is formed by the line ($21) when 7 < 12 and by

14+a 1—p
(63) = (a3) when iig > %

c1((1+0)s).

Step III: z4(s) < x. We consider three subcases:

1. If © < z3(s) + 2, then z > = — 2z3(s) > 0, m = 0 and (F1) attains its
lowest position for z = x — z3(s) and has the form

1 147 1
0D y=—73e <(1—u)(1+a) - 1+)\)Z3(S)+

2. If z3(s) + 2 < < z4(8) + 2, i.e. z € [x—24(8),x—23(s)], then m =0,
and (E2) is minimal for z = x — z4(s) with the equation

1 1+7r 1 1

9) g _ _ - 1 .

02 y=-r e ((1+/\)(1+a) 1+)\)Z4(3)+1+a01(( ta)s)
3. Suppose z4(s) + z < z, ie. z € (—oo,x — z4(s)]. If z € (—00,0] we

have m = —z/(1 — ) and (F4) attains its lowest position for z = 0, while

if z € [0,z — z4(s)], we have m = 0, and (E4) is minimal for z = x — 2z4(s)

and of the form

1 147 1 1
3 y=-7 3%~ ((1 TNA10) 1 +)\>Z4(S) e +0)s).

(1 +a)s).
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Clearly for z = 0, (F4) is above (7v3). Since (y2) = (v3) and (y1) = (81)
and (421) intersects (3) for @ = z4(s) we conclude that for x > z4(s) the
boundary of Gr_1(s) is (y3).

This way we determined the form of Gr_;(s). It remains to study the
aspect of perfect hedging in one step.

In the case when +t7 < 12 the boundary of Gr_1(s) for 23(s) < 2 <

1+a 1—p
24(s) is formed by the line segment
1+7r 1
= — T+ c1((I+a)s).
V= arvarat T izt as)
Therefore 1
T,y = —mTTa: +c1(Tys)

and (T,z,T,y) lies on the boundary of Gr(Ts). On the other hand, when

23(8) < z4(s),
1+0 1+0

Tyy = — T, 1
by EDESY x+1+acl(( +a)s)
and the point (7,x, Tpy) is on the boundary of G1(Tps) only when
1+ 1 1+5b
+ and +acl((1+a)s) =c2((1 +b)s),

1+a)(1+A) 1-p
which implies (I5)(s) = 0 and by Lemma 2(viii), (12)(s) = (I1)(s) = 0 and
consequently z3(s) = z4(s) by Lemma 3.

In the case when z3(s) = z4(s) we have

1
Tay = _HTTZ?)(S) + CQ(TQS),

1
Tby = —mTrzg(S) + C1 (Tbs),

and therefore a perfect hedging holds.
It remains to consider the case 13~ > 1£2 By (18),

14a — 1—p
1

T,Hozy(s) = _mTTZ4(S) +c1(Ty,s),
1

TyHozy(s) = _mTTZ4(S) + c1(Tps),

and we have a perfect hedging in one step.
The proof of Theorem is therefore complete. m

3(c) Case (I1)(s) >0, (I2)(s) < 0. We now consider the case opposite
to 3(b). A perfect hedging can again be obtained in a particular case only.
THEOREM 3. Under (I1)(s) > 0, (I2)(s) <0, if
1+r 1-p
(a)

<"
1+~ 1+

—_
>
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we have
1 1+7 1
_1(s) = T —— -
Grst0) = {02 1 - (it g~ 1) 20
+1+a02((1+a)8) for x < z5(s),
147 1
> -1<1+Xx— —
y=isiwar <(1—u)(1+b) 1+A>Z2(s)
1
+1+b02((1+b)s) for x> 22(3)}
= (22(s), Hzz2(s)) + C
with
1+7
H = —eo((1
O L A i
T a(s) 4 pea((14)9)
= ——F——2(85) + ——c¢ s),
1—pwa+0b)"? 1+b°
and for the replicating strategies
=0, m:ZQ(S)i_x if © < z(s),
I—p
=T 0 i > a(s)
- 1+>\ ) - = <2 )
a perfect hedging in one step is attained; while if
l+r l—p
) 1%~ 1A
we have
1 147 1
Gr- = ty > — — —
ra) = {2 e (ot - el
+1+a02((1+a)5) for x < z5(s),

1+7r 1
y2—<(1_u)(1+b)x> + 1+b62((1+b)s)

for za(s) < x < z5(s),

1 1+7r 1
T <(1+/\)(1+b) _1+/\>Z5(5)

+ co((1+b)s) for x> 25(3)}

1+0
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= {(:c,y) c29(s) < < z5(s),

1+7r

(14 b)s)} +C

YT Ao waant T 1
with hedging strategies
le,m:M for x < z5(s),
I—p
l=m=0 for z(s) <z < z5(s),
l:l‘l—j“:(\s),m:O for x> z5(s),

and unless z2(s) = z5(s) we do not have a perfect hedging in one step.

Proof. Since the proof is similar to that of Theorem 1 or Theorem 2
we point out the main steps only.
By Lemma 3 we have
(22) max{z2(s), z4(s)} < z1(s) < min{z5(s), z5(s) }
and therefore by Lemma 1 the line dominating other lines is
(E1) for z < z9(s) + z,
(23) (E3) for za(s) + 2z <z < z5(s) + 2,
(E4) for x > z5(s) + 2.
Step I z < z5(s).

1. Suppose x < z3(s) +z. If z € [z — 23(s), 0], then m = —z/(1 — p), the
lowest position of (E1) corresponds to z = x — 22(s) and has the form

1 1+ 1
@ v (g o)

The case z > 0, m = 0 leads to a line above (al).
2. If z9(s) + 2 < x < 2z5(8) + 2, then m = —z/(1 — p), the lowest position
of (E'3) corresponds to z = x — z2(s) and is of the form
1 1+r 1
9 - a_ _
(02) y=— e ((1—ﬂ)(1+b) 1—u>22(s)+ 1+0

3. If ¢ > z5(s) + z, then m = —z/(1 — ) and the minimal location of
(E4) is for z = x — 25(s) and has the equation

1 147 1
(03) y__1—uw_<u+Axy+m_1—u>%“y+1+f““+M$'

We clearly have (al) = («2). Moreover, since (12)(s) < 0 we can show
that (a2) < (a3).

T o2(l+a)s).

ca((1+0)s).
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Step II: za(s) < < z5(s).

1. If x < 23(s) + 2z, then m = 0, the lowest position of (E1) is for
z = x — z3(s) and has the form

1 147 1 1
(51) y:_l—h\x_((1—u)(1+a)_1+)\>22(s) 1+a62((1+a)s).

2. Suppose z2(s)+2z <z < z5(s)+=z. If z € [0,z —22(s)], then m = 0 and
in the case when iiz < Lj the minimal position of (E3) is for z = x — z3(s)

and has the form

1 1+r 1 1
21) y=— - - 1+b)s);
(B21) y=—1737 <(1 1) (1+0) 1+A>Z2(8)+1+bc2(( +0)s);
when %iz > h/\ the lowest position of (E3) is for z = 0 and
1+ 1
(822) y=— 4 (14 b)s).

A—ma+b)" " 1+0b

If z € [# — 25(s), 0], then m = —z/(1 — p) and the minimal location of (E3)
corresponds to z = 0 and coincides with (322).

3. If z5(s) + z < x, then m = —z/(1 — p), the lowest location of (E4) is
for z = x — z5(s) and is of the form

1 1+r 1
3 =——2x— — 1+ b)s).
B3) Yy =—g—,@ <(1+/\)(1+b) 1_H)z5(s)—|— T +0)s)
We now easily see that (a3) = (63), (21) = (41), and (521) intersects
(422) and (33) at pomts with first coordinates z2(s) and z5(s) respectively.
(

Therefore if ﬁr}; > 1 175 then the boundary of Gr_1(s) is (822), while for

2 < =& the boundary of Gr_(s) is (821).

Step III: z > z5(s).

1. If # < 25(s) + 2, then m = 0, the minimal location of (E1) is for
z =z — z3(s) and is of the form

00 1=t (Gomaa — 1) 2+
<

(1—-p)(14+a) 14+ 1+a@«1+aﬁ)

z5(s) + 2z, then m = 0, the lowest position of (E3)
r

2. If z9(s) + 2
r z = — z3(s) with

is in the case

1 1+7r 1 1
(721) y——1+)\l’—<(1_ )(1+b)_1+A>Z2(8)+1+b02((1+b)8)

1+r _ :
= 71+>\ for z = x — z5(s) with

1 147 1 1
(022) Y =-7337" <(1—u)(1+b) N 1+A)Z5<S)Jr T pe( D))

and in the case
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3. Suppose x > z5(s) + z. If z € [0,z — z5], then m = 0, and the lowest
position of (E4) is for z = x — z5(s) with

1 147 1
(03) y:_lJrAx_<(1+A)(1+b)_1+A>’z5($)+

(L +0)s).

_l’_
If z € (—0,0], then m = —z/(1 — ), and therefore (E4) is above (v3).
(1

Notice now that (y1) = (v21), (722) = (v3), (621)
(I2) <0 for ﬁ’" > 1+’; we have (y1) > (v3)
(v1). The form of Gr-1(S) is thus established.

1+r 1-—
If e <17 /\ we have

) and under
< 55 (93) >

1

TaH322(3) == —ETTZQ(S) + CQ(TQS),
1

Tngzg(S) = —HTTZQ(S) + CQ(T[,S),

from which a perfect hedging follows.

If 1+ T > 1 T 15 then by a consideration similar to that of Theorem 2 we
see that we have a perfect hedging only when z5(s) = z5(s). The proof is
complete. m

4. Construction of the cone Gr_i(s) under (I1)(s) < 0 and
(12)(s) < 0. The study of the case (I1)(s) < 0 and (I2)(s) < 0 requires the
additional indicators (I3)(s) and (I4)(s). Taking into account all possible
signs of (13)(s) and (I4)(s) we consider four subcases.

4(a) Case (I1)(s) <0, (I2)(s) < 0, (I3)(s) < 0, (I4)(s) < 0. Our main

result in this case can be stated as follows:

THEOREM 4. Under (I1)(s) <0, (I12)(s) <0, (I3)(s) <0, (I4)(s) <0,
in the case

l1+a 1—p
@) 5% 7 Ta
we have
1 1+7 1
Grat) = { o> = = (g ~ Top) 2
+ c2((L+a)s) for x < z(s),

14+a
1+r

1
V2 o asparnt i
for za(s) < x < zg(s),

c2((1+b)s)



Option pricing in the CRR model 495

1+7r 1
> 1
y= (1+)\)(1+a)x+1+a+cl(( +a)s)

for z(s) < x < z4(s),

1 1+7r 1
VTNt <(1+/\)(1+b) N 1+/\)Z4<3)

1
+ T bcl((l +b)s) for x> 24(5)}
with hedging strategies
=0, m:ZQ(S)i_CE for z < z9(s),
1—p
l=m=0 forz(s) <z < z4(s),
x — 24(s
l= 1+4)(\)’ m=0 forx > z4s),

and unless z3(s) = zg(s) = z4(s) which is equivalent to (I1)(s) = (12)(s) =
(I3)(s) = (14)(s) = 0, we do not have a perfect hedging.

In the case
1+4a 1—p
b = —
()1+b 14+ A
we have

1 1+7r 1
Gro(s) = {(x,y>:yz - ((1+)\)(1+a) - 1—M>Z2(S)

+ c2((1 4+ a)s) for x < z5(s),

1+a
1+7r 1
>
¥y= (1+)\)(1—1—a)$jL 1+acl((1+a)8)

for za(s) < x < z4(s),

1 147 1
y2_1+xx_<u+xxy+m_1+x>““)

c1((1+b)s) forx > z4(s)}

1o

= {(x,y) :29(s) < @ < 24(s),

_ 1+7r v+ 1
YT a0+ T 11a

cﬂﬂ+®$}+0

and under the trading strategies
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=0, m= ZQfs_; a for z < z5(s),
m=101=0 for z5(s) <z < z4(s),
=2 ;j4)(\8 ,m=0  forx > z4(s)
we obtain a perfect hedging.
Moreover, the case X% < = s impossible.

1+b 1+/\

Proof. By Lemma 2(ii), (12)(s) + (I4)(s) = (1 +b)(n + A)A(s) < 0.
Therefore A(s) < 0. Since (I3)(s) + (I4)(s) < 0 by Lemma 2(iii) we have
(L+A)(1+a)>(1—p)(1+0b). Therefore the case i%‘ L—f\‘ is excluded.
Using Lemma 3 we have
(24) 22(s) < z3(8) < z1(s) < 2z5(s) < z4(s)
and under ﬁf‘g > }_/\, (I5)(s) > 0 then z(s) € [23(s), 2z1(s)] while if
(I5)(s) < 0 then zg(s ) € [z1(8), z5(s )] By Lemma 1 we can determine the

dominating lines for ﬂ i +§, namely they are

(E1) for z < 29(s) + 2,
(E3) for z9(s) + 2z <z < z5(s) + 2,
(E2) for zg(s) + 2z <z < z4(8) + 2,
(E4) for z > z4(s) + 2.

In the case when %‘g = h‘/\‘ by Lemma 2(iii) we obtain (I3)(s) +
(I4)(s) = 0 and therefore (13)(s) = (I4)(s) = 0. Consequently, (I5)(s) =0
and

1 1
(26) 1+acl((1+a)s) = 1+b02((1+b)3),

which implies that (E2) = (E3). Hence, the polyhedron Gr_i(s) is deter-
mined by the following lines:

(E1) for x < z5(s) + 2,
(27) (E2) = (E3) for z3(s) + 2z < x < z4(s) + 2,

(E4)  for x > 2z4(s) + z.

Consider now the case %‘g > 1T\ Since we follow similar arguments to
the proofs of Theorems 1, 2 and 3, we only list below the values m, z and

the equations of the lowest lines

Step It z < z9(s).
1. & < 2z5(8) + 2.

(a) z € [ — 22(5),0], m = —z/(1 — pu); z = & — 22(s),
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1 147 1 1
(al) y= —ﬁx— <(1 — 010 1 —M)Z2(S)+ 1+a02((1+a)s).

(b) z € [0,00), m = 0; z = 0 and the line is above (al).
2. za(s)+z2<x<z(s)+2z,m=—z/(1—p); z=x— 22(s),

1 147 1 1
(a2) y:—ﬂx— ((1—M)(1+b) — 1—M>Z2(S)+ 1+b62((1+b)s).

3. 26(8) +z<x<z4(s)+2,m=—2z/(1—p); z=x— z(s),
1 1+ 1
@) v=— (e )
4. x> 2z9(s)+ 2z, m=—z/(1 — p); z =2 — 24(s),
1 1+7r 1 1
(ad) y— 1—,um_ <(1—|—)\)(1+b) - 1_H>z4(s)—i— 1+b61((1+b)8)-

Clearly (al) = (a2). Moreover, one can show that if (I3)(s) < 0 we
have (al) < (a3), while if (I4)(s) < 0 we have (a3) < (a4). Therefore (al)
is the boundary of Gpr_1(s).

c1((14a)s).

1+a

Step II: 29(s) <z < z4(s).

1.z <z(s)+2,m=0; 2=z — 22(s),

1 147 1 1
(81) y:—1+Ax—<u_MML+@—1+A)@@»%thxa+aﬁ»
2. z9(8) + 2z < x < z(s) + 2.
(a) z € [x — 26(5),0], m = —2z/(1 — u); 2 =0,

147 1
(52) V= pant T e ((1+0)s).

(b) z € [0,z — z2(s)], m = 0; z = 0 and the line coincides with (32).

3. 2z5(8)+2<ax<z4(8)+2,m=—2/(1—p); z=x — 2(s),

1 1+7r 1
09 v=-1o (i~ e )6+
4. x> z4(s)+ 2z, m=—z/(1 —p); 2=z — 24(s),
4 1 1+ 1
(54) y‘1—ux‘<u+xxr+w‘1—u>““*+1+b

Notice that (a3) = (83) and (a4) = (54). Moreover, (1) intersects (al)
and (2) for z = z5(s). Since for z = z¢(s) the line (a3) intersects (52) we
conclude that (42) forms the boundary of Gp_1(s).

ci((1+a)s).

1+a

c((1+0)s).
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Step III: z5(s) < x < z4(s).

1. x < 23(8)+2,m=0; z=x — 25(5),

1 1+7r 1
O y=—75e <(1—u)(1+a) - 1+)\>Z2(8)+
2. 29(s)+ 2 <z <z2(s)+2,m=0; 2=z — z(s),
1 1+7 1 1
_1+Ax_<u—ﬂxr+®_1+A>%@y+1+b
3. z6(8) + 2z < x < z4(8) + 2.
(a) z € [ — 24(5),0], m = —2z/(1 — p); 2 =0,

1+7r 1
T V0T a 1+acl((1—|—a)s).

(b) z € [0, — 2z6(s)], m = 0; z = 0 and the line coincides with (73).

T g2l +a)s).

(v2) y= ca((1 4+ b)s).

)[L‘

(73) =

4. x> z4(s)+z,m=—z/(1 —p); 2 =x — 2z4(5),
1 147 1
04 y=—g— - ((1+>\)(1+b) - 1_u>z4(s)+ 1+0°

Clearly (84) = (y4) and (1) = (y1). Moreover, the line (v3) intersects
(62), (B3) and (v2), (y4) at points with first coordinate zg(s) and z4(s)
respectively. Therefore the line (v3) is the boundary of Gr_1(s).

Step IV: x> z(s).

1((1+b)s).

1.2 <zo(s)+2,m=0; 2=z — 22(s),

1 147 1
O y= BT ((1 —w(l4+a) 1 A>22(8)+ 1+a02((1—|—a)s).

2. 2(8)+2<z<z2(s)+2,m=0; z =

1
+
1 147 1 1
02) Y=g ((1 — W@ +b) 1 +)\>26(8) 151 F0)s).
1
_|_

3. z6(s) +z<x<2z(8)+2,m=0; z=

1 1+7 1
03 v=rT <(1+)\)(1 ta) 1 A>Z4(S)+ T as)
4. x> 24(s) + 2.
(a) z € [0, — z4(s)], m = 0; z = x — 24(s),

1 147 1 1
O4) y=—737~ ((1+)\)(1+b) - 1+A>Z4(S)Jr T +0)s).

(b) z € (—00,0], m = —z/(1 — p); z = 0 and the line is above (§4).
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Since (61) = (A1) = (v1), (02) = (v2), (63) = (64) and (y3) inter-
sects (03) for © = z4(s), we see that the boundary of Gr_1(s) is the line
(03) = (04).

As in Theorems 2 and 3 unless z2(s) = z6(s) = z4(s) we do not have
a perfect hedging. If zo(s) = z6(s) = z4(s), then by Lemma 3, (I3)(s) =
(I4)(s) = 0. Then from (iii) of Lemma 2 we have A(s) = 0. Consequently,
(I1)(s) = (12)(s) = 0 and we have a perfect hedging as shown in Theorem 1.
Let now %2 = L_L—f\‘ By (27) we have three steps. As before we only list
the values of m, z and the equations of the lines that are minimal.

Step I z < z5(s).
1.z <z(8)+2z,m=—z/(1—p); z=x — 22(s), (al).
2. z(s)+z<x<z(8)+z,m=—2z/(1—p); z=1x— 22(5), (al) .
3.x>z4(8)+2,m=—z/(1—p); z=1x— z4(s), (al).
The line (al) forms the boundary of Gpr_1(s).
Step Ii 29(s) < < z4(s).

1. 2 <zo(s)+2,m=0; z=1z— 22(s), (1).
2. z(s)+z<ax<z(s)+2z,m=—z/(1—p); 2z=0. (3)
3.x>z4(8)+ 2, m=—z/(1—p); z=1z— z4(s), (74).

Since at a point with first coordinate z(s) we have (v 3) = (42) = (al)
and for z = z4(s), (ad) = (y4) = (73), we see that the boundary of Gr_1(s)
is (v3).

Step IIL: z > z4(s).

1. x < 23(8)+2,m=0; 2z =x — z3(s), (41).
2. 29(8) + 2 <z < z4(s) + 2, m=0; z =2 — 24(s), (43).
3. x> z4(s)+2,m=0; z=x — z4(s), (04).

Clearly as before (03) = (64) and (01) = (81). Since for x = z4(s) we
have (§3) = (v3), the boundary of Gr_1(s) is formed by (63) = (04).

Having constructed the set Gp_1(s) we now consider the aspect of hedg-
ing.

Under % = }%f we have by Lemma 2, (I3)(s) + (I4)(s) = 0 and
(I3)(s) = (I4)(s) = 0. Consequently, (I5)(s) = 0 and

(28) (14+b)er((1+a)s) = (14 a)ca((1 + b)s).

The boundary of Gr_1(s) for z3(s) < & < z4(s) is the line satisfying the
following equivalent equations (see (28)):

1+7r

z + 1 a((1+a)s),

YT a0+ T 1ta
1+r 1
y:_(l—u)(1+b)x+ 1+bcz((1+b)s).
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Therefore
1 1
Toy = —mTrﬂC +a(Tus), Ty= —ﬂTrCC + c2(Ths),
and we have a perfect hedging. =
4(b) Case (I1)(s) < 0, (12)(s) < 0, (I3)(s) < 0, (I4)(s) > 0. This
case is similar to that of (I1)(s) > 0, (I2)(s) < 0, and the statements of
Theorems 3 and 5 below are almost identical.
THEOREM 5. Under (11)(s) < 0, (12)(s) <0, (I3)(s) <0, (I4)(s) >0
the form of the set Gr_1(s) is the same as in Theorem 3.
In the cases
1+r 1—p 1+r 1—p
< -7 -~
110 -14x 7 140 T1A
which is equivalent to (I1)(s) = (I12)(s) = (I3)(s) = (I4)(s) = 0, we have a
perfect hedging with the same replicating strategies as in Theorem 3.

If

with z9(s) = z5(s),

1+r» 1—-—p ,14a
1+b>1—|—)\# 50 and  z3(s) # z5(9)

we do not have a perfect hedging, but for a hedging strategy one can choose
the one defined in Theorem 3.
Finally, when
I+r 1—p 1l+4a
146 1+A 140
we have a perfect hedging only when

and  z3(s) # z5(9)

1
o acl((l +a)s) = T bCQ((l +b)s)
and consequently (I3)(s) = (I4)(s) = (I5)(s) = 0, with replicating strategies
=0, m= 2ls) =@ for x < z5(s),
I—p
l=m=0 forz(s) <z < z5(s),
l= xl_—i5/£8)’ m=0 forx > z5(s).
Proof. By Lemma 2(vii) we have (I5)(s) <0. Using Lemma 3 we obtain
(29) za(s) < z3(s) < 21(s) < za(s) < 25()
and if % < ;—i we have zg(s) < z9(s) while if % > % it follows that

z6(8) > z5(s).

The case %‘; = ;—f\‘ holds only when (since then (I5)(s) < 0)
1

1+a

ci((1+a)s) < co((1+b)s).

1+
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Therefore by Lemma 1 the following lines dominate in the respective inter-
vals:

(E1) for z < 29(s) + 2z,
(30) (E3) for za(s) + 2z <z < z5(s) + z,
(E4) for x > z5(s) + 2.

Notice that (30) is the same as (23). Since in the proof of Steps I-II in
Theorem 3 to determine a minimal location of the lines we used the fact
that (12)(s) < 0, which is satisfied in our case, the construction of the set
Gr—-1(s) both in the case when iiz < % and iig > ;—f\‘ is identical to that
of Theorem 3. We can also repeat the arguments concerning hedging for the
cases iiz < }%f and iig > ;—f\‘ with z2(s) = z5(s). Notice, however, that
if z5(s) = z5(s), then by Lemma 3, (I2)(s) = 0, and then since (I5)(s) <0,
by Lemma 2(viii) we have (I1)(s) = 0. Therefore (I5)(s) = 0 and also
(I5)(s) = (I4)(s) = 0 (by Lemma 2(vii)). In the case iiz > L__—f\‘ with
29(8) # z5(s) to have a perfect hedging the following equalities should be

satisfied:

l1—p 1l+a 1 1
— = d 1 =
T+A 14b ™ 1+acl(( +a)s) 1+b

Then (I5)(s) = 0 and consequently (I3)(s) = (I4)(s) = 0.
The proof of Theorem is thus complete. m

ca((1+0)s).

4(c) Case (I11)(s) <0, (I12)(s) <0, (I3)(s) >0, (I4)(s) < 0. This case
is very similar to that when (I1)(s) <0, (12)(s) > 0. We show below that
in both cases the sets Gr_1(s) are identical.

THEOREM 6. Under (11)(s) <0, (I2)(s) <0, (I3)(s) >0, (I4)(s) <0
the set Gr_1(s) is of the identical form as in Theorem 2.
If
1+ 14X 140
< 7
l1+a 1—p" 1+a
we do not have a perfect hedging. We have the same hedging strategy as in
Theorem 2.

If

and  z3(s) # z4(9)

1+7 - I+A  1+0
l4a 1—p 1+a
we have a perfect hedging only when
145
14+a

c1((14+a)s) = ca((1 4+ b)s)
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and then (I3)(s) = (I14)(s) = (I5)(s) = 0, and the replicating strategies are

=0, m= z;;fs_,u for z < z3(s),
m=1=0 forz(s) <z < z(s),
x — z4(s
= >
l A 0 forx > z4(s)
If
1+7r 14X
i — and  z3(s) = z4(9)
(equivalent to (I1)(s) = (I12)(s) = (I3)(s) = (I4)(s) =0), or
147 S 1—|-/\’
1+a " 1—p

then Gr_1(s) is a cone and we have a perfect hedging with replicating strate-
gies

=0, m= als) — @ for x < z4(s),
I—p
1= 22 0 fora > w(s)
=—", m= orx > z4(s).
1+ =
Proof. By Lemma 2 we obtain (I5)(s) > 0. Then from Lemma 3,

(31) z3(s) < 22(s) < 21(s) < 25(s) < 2a(s)
and when %i < }%f we have zg(s) > z4(s), while if ﬁT‘; > ;—f\‘, then
26(s) < z2(s). In the case when %g = ;—ﬁf since (I5)(s) > 0 we have

(I +0b)ci((I+a)s) > (1 +a)ca((1 4 b)s) and consequently (E2) > (E3)
(by Lemma 1).
Therefore we have the following dominating lines:

(E1) for z < z3(s) + z,
(32) (E2) for z3(s) + 2z <z < z4(s) + z,
(E4) for x > z4(s) + z.

Notice now that (32) and (20) are identical. Since in the study of the
location of the lines that formed the polyhedron Gr_1(s), in the proof of
Theorem 2, we used the fact that (I1)(s) < 0 only, we can repeat the
considerations of the proof of Theorem 2 to obtain the set Gp_1(s).

The problem of perfect hedging can then be studied as in the proofs of
Theorems 2 and 5 and therefore is left to the reader. Notice only that if
}ig < % and z3(s) = z4(s), then by Lemma 3, (I1)(s) = 0, and then by
Lemma 2(iv), A(s) > 0. Hence from Lemma 2(vi) we obtain A(s) =0 and
consequently (I1)(s) = (I12)(s) = (I3)(s) = (I4)(s) =0. m




Option pricing in the CRR model 503

4(d) Case (I1)(s) <0, (I2)(s) <0, (I3)(s) >0, (I4)(s) > 0. This case
is the most complicated; we have to split it into several subcases.

THEOREM 7. Suppose (I1)(s) <0, (12)(s) <0, (I3)(s) >0, (I4)(s) > 0.

If
1 1-—
+a< I
140 14+ A
then in the case
l+a _1—p 147 l—u
> d
@ 21 ™ T2 1A
we have
1+7r 1
Grs(s) = {(wasy 2~ o= (ot - )l
+1+a ((1+a))f0rac<23()

1+r 1
yZ—(1+)\)(1+a)$+ 1+acl((1+a)8)

for z3(s) < x < zg(s),
1+7r 1
yZ_(l—u)(1+b)x+ 1+bC2((1+b)S)

for zg(s) < x < z5(s),
1 1+7r 1
Y= e ((1_M)(1+b) N 1+A>Z5(S)

1 ibcz((l +b)s) for x> 25(3)}

with a perfect hedging only when z3(s) = zg(s) = z5(s), which implies
(I1)(s) = (12)(s) = (I3)(s) = (I4)(s) = 0, and with a hedging strategy

_l’_

=0, :Z?’fs_)_:E for x < z3(s),
m=101=0 forz(s) <z < z5(s),
x — z5(s
= = > N
l T ™ 0 forx > z5(s);
in the case
l1+a _1—p 1—1—7“ 1—p
>
e R e gy
we have
1+r 1
Grsls) = {e) = - o= (ot - )
+ c2((1+a)s) for x < z3(s),

1+a
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1+r 1
vz - (1+)\)(1+a)x+ 1+acl((1+a)8)

for z3(s) < x < zg(s),

1 1+r 1
VZ TN <(1+A)(1+a)_1+k)z6(s)

c1((1+a)s) forx > 26(5)}

+

1+4+a
with a perfect hedging only when z3(s) = z6(s), and a hedging strategy

=0, mzm for x < z3(s),
1—p
l=m=0 for z3(s) <z < z(s),

x — 26(s)

| =
1+ 0"

=0 forxz > z(s);

in the case
(C)1+a<1—u d 1+7">1—,u

T4r 142 ™ T507 15

we have
1 147 1
Gra) = {e) vz - o= (i - )t
o ea((1 D)) for o < 20(s),
y> — Ler T+ ! 2((1+0)s)

Q- +b)" 110"
for zg(s) < x < z5(s),

1 147 1
y= - 1+x’“<(1_,¢)(1+b) 1+>\>Z5(8)

c2((14+b)s) for x > 25(8)}

_.|_

1+0b
with a perfect hedging only when z5(s) = z¢(s), and a hedging strategy

z6(s) —x

=0, m:ﬁ for x < zg(s),
m=1=0 forz(s) <z < z(s),
x — z5(s
l:1+5)(\), =0 forx > z5(s);
and in the case
1 1-— 1 1-—
(d) te ok and +T§7H

S
—
+
>

147 714X 1+
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we have
Gra(s) = { sy 2~ o= (ot = Yl
o Jlr cea((1+b)s) for o < 2(s),
yz-lsl+Ar— ((1+1/\;r(1r+a) - 1—|1-)\>Z6(S)
- i —er((1+8)s) for o > zﬁ(s)}
— (26(s), Hyzo(s)) + C
with
Hyze(s) = —u_lﬁl)mzﬁ(s) + 1J1rbcz((1 +b)s)

ml&l’"mzﬁ(s) + liacl(u +a)s)

and we have a perfect hedging in one step with replicating strategies

=0, m= o)

1 for xz < z5(s),

=1 m=0 forz> z(s).

If
14a 1—p
140 14+ A
we have
1 1+7r 1
= : > - — _
Grat) = { o> = = (g~ Top) 2

+

T j_ acz((l +a)s) for x < z3(s),
T L et LR

for z3(s) < x < z5(s),

yZ—(

Y=

1 1+r 1
TIEATT <(1—u)(1+b) - 1+A>Z5(8)
+ 1—11—562((1 +0b)s) for x> 25(5)}

with a perfect hedging and a replicating strateqy
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=0, m= f),u for z < z3(s),
l=m=0 forzs(s) <z < z(s),
x — 25(s
l:1+5>(\), m=0 forx > z(s).
The case

l1+a 1—p
7>7
146 14X

s 1mpossible.
Proof. By Lemma 2(i), (iii), A(s) < 0 and consequently we have

lta o 1+7l>f If %iz - Lr/; then (I3)(s) = (I4)(s) = 0 and therefore

1
1+a

er((1+a)s) = 1ib02((1 +b)s)

and (E2) = (E3).
From Lemma 3 we then have

(33) 23(8) < 22(8) < 21(8) < 24(s) < 25(s)
??E()i)(lf)1+“0< i then 21(s) > z6(s) for (I5)(s) < 0 and 21(s) < z6(s) for
>

Therefore using Lemma 1 we obtain the following dominating lines for
1+ 1—p,
T < TN

(E1) for z < z3(s) + =z,

(34) (E2) for z3(s)+2z < x < z(s) + 2,
(E3) for zs(s) + 2z <z < z5(s) + 2,
(E4) for x > z5(s) + z,

and for %FZ = 11/\
(E1) for z < z3(s) + =,

(35) (E2) for z3(s) + 2z <z < z5(s) + 2,

S

for x > z5(s) + z.

We list below the values of m, z and the equations of the lowest lines for
the case ﬁ‘g < H—’;

Step I z < z3(s).

L.z < z3(s) + 2.

(a) z [53—23
(al) y=-7—1

I, m=—z/(1—p); z=1x— zs,

), 0]
( 147 1 )Z3(S)+

)(1+a) 1—u

o2l +a)s).
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(b) 2 >0, m = 0; z =0 and the line is above (al).
2. z3(s)+ 2 <2 <z(s)+ 2, m=—2z/(1—p).
(a) If 32 < 1ok then 2 = 2 — 24(s),

1+r = T4a°
1 1+7r 1
21 = — — 1 .
(021) y=—gr (U+AXL+& u) g1+ a)s)
(b) If 11‘1 > h)\, then z =z — z3(s
1 1+7r 1
22 = — — 1 .
(022) y=—g e (U+AXL+& u) g1+ a)s)
3. 26(8)+z2<x<z5(8)+2z,m=—z/(1—p); z= —z6()
1 1+r 1
a3 y:—a:—< 1+0b)s).
(03) - (o - T ea((1 4 )9
4. x> z5(s)+ 2z, m=—z/(1 — )z-:n—z5(s
1 1+7r 1 1
N e N _ 14 b)s).
(ad) y=—7— @ ((1+>\)(1+b) 1—M>Z5(S)+1+bcl(( +)s)
As (I4)(s) > 0 we obtain (a3) < (a4). Similarly from (I3)(s) > 0 we
see that (al) > (a3) for iﬁ < i+/\7 while (al) < (a3) for 1ir > %
Therefore the lowest lines are (a3) if i[i < LA, and (al) if i[ﬁ > L‘/\‘

Step II: z3(s) < < z(s).
1. x < z3(8)+ 2, m=0; z=x — 23(s),

00 v=-ti50 (o~ 1) B+ Tt s

1+ A w(l+a) 14
2. z3(s) + 2z < x < z(s) + 2.
a) z € [x — 2z6(),0], m = —z/(1 — u); and if iiﬁ < i+>\’ then
z=x— z(s),
1 1+ 1
21) y=— - - 1
(621) lf,ux ((1+)\)(1+a) 1H)Z6(8)+1+acl(( +a)s),
while if }i‘: > 1+>\’ then z = 0,
1+7r
(522) y=- c((1+a)s).

TrN0ta) 174
(b) z € [0,z — 23(s)], m = 0; z = 0 and the line coincides with (322).
3. 26(8)+z2<x<z5(8)+2,m=—z/(1—p); z=x— z(s),

1 1+ 1 1
(B3) y= —ﬁx— <(1 —(+b) 1 _M)Zfi(S) + 1+b62((1 +b)s).
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4. x> z5(s)+z,m=—z/(1—p); z=x — zs,

1 1+r 1
0 v (e~ 1o )+ e+ D),
Notice that (a3) = (83) = (821) and (a4) = (84). Moreover, for x =
z3(s) we have (al) = (£1), while for x = z5(s), (@3) = (422). In addition,
from (I3)(s) > 0 we obtain (a3) < (1) for © = z¢(s). Therefore if Ha >

+ £ then the lowest line is (522) and if 1+“ < 1+/\ then the lowest hne is
(ad) = (83).
Step III: z5(s) <z < z5(s).
1.z <z3(s)+2,m=0; 2=z — 23(s),

1 1+7r 1 1
T ((1 e 1+A)Z3<s>+ e a)s).

2. z3(8)+ 2 <z < z(8)+2,m=0; z =z — 2z4(s),

1 1+7r 1 1
(%) =TT <(1 (1 +a) 1 +/\>26(5)+ o))
3. z6(s) + 2z < x < z5(8) + 2.
(a) z € [z — 25(s),0], m = —z/(1 — p); 2 =0,

1+7r 1
31 = — 14+ 0b)s).
(¥31) v et (14D
(b) z € [0,z — z6(s)], m = 05 if iiz > h)\, then z = 0 and the line
coincides with (v31), and if }j'_z < h)\, then z = = — z4(s),
1 1+7r 1 1
32 = — — — 1+0)s).
(82) Y =—73® ((1—u)(1+b) 1+A>ZG(S) Tpe(1+0)9)
4.x225()+z =—z/(1—p); z=x— 25(s),
1+7r 1 1
4) y=- .
09 v=—m (s~ T )5+ e+ b
We have (’y4) (84), (v1) = (B1), (v2) = (v32) and since (I3)(s) > 0,

(v32) < (7).
Moreover, for z = zg(s), (v31) = (72) = (22), and (y31) = ( ) for
x = z5(s). Therefore the boundary of Gr_1(s) is (y31) if i£7 2 T and

1+b
(v32) when H_Z < ;1L+>\
Step IV: z > z5(s).

1.z <z3(s)+2z,m=0; 2=z — 23(s),

1 1+7 1 1
e ((1 —w(l+a) 1+>\)23(S)Jr T+ as).
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2. z3(8)+ 2 <z <z(s)+2,m=0; z =z — 2z(s),

1 1+r 1
(02) y=—173® <(1+/\)( +a)_1+/\>zﬁ(3)jL a((l+a)s).

3.26()+Z<I‘<Z5(8 +Z ’n’L—Olfl-H">1 theIlZ—ﬂZ—Z5()

1
1+a

46 = T+x°
1+
= 1+5b
(931) 1—1—)\ J(1+0b) 1+)\> c2((140)s),
while if }ig < h)\, then z—x—ZG( ),
1—{-7‘
= 1+b)s).
4. x> z5(s) + 2.
(a) z € (—00,0], m = —z/(1 — p); z = 0 so that the line is also
considered in the case (b).
(b) z € [0,2 — 25(s)], m = 0; z = x — 25(s),
1 1+7r 1 1
A we _ - 14b)s).
O y=—13° <(1+)\)(1+b) 1+/\>z5(8) T ((1F0))

Notice that (61) = (81) = (v1), (831) = (64) and (§32) = (62) = (72).
Smce (I4)(s) > 0, if ﬂ'g > L—ﬁ we have (§32) > (031) while if ﬁg <
1+/\ then (632) < (631). Moreover, for x = 25(s) we have (y31) = (631).
Therefore the line (§31) if 127 > {74 and the line (§32) if 1% < 174 each
form the boundary of Gp_1(s).

The construction of Gr_1(s) when 12 < is thus completed.

Tb 1+A
We list below the results necessary to find G7_1(s) when 12 = 1w

1+b — 14A
Step I = < z3(s).

1.z < z3(s) + 2; (al).
2. z3(8)+z2<x<z5(8)+2z,m=—z/(1—pn); z=x— z3(s) and (a22).
3. x> z5(8) + 2 (ad).

We have (al) = (a22) < (a4).
Step II: z3(s) <z < z5(s).

1.z < z3(s) + z; (B1).
2. z3(s)+ 2 <x < z5(8) + 2.

(a) z € [z — 25(s),0], m = —z/(1 — p); 2 = 0 and (522).
(b) z € [0,z — z3(s)], m = 0; z =0 and (§22).

3. & > 2z5(s) + z and (54).
Clearly the line ($22) forms the boundary for Gp_1(s).
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Step III: x> z5(s).

1.z < z3(s) + z; (41).
2. z3(8)+ 2 <x < z5(8)+ 2 m=0; z=x — 25(s) and (431).
3. x> 2z5(8)+2,m=0; z=x — z5(s) and (54).

Since (04) = (631) < (1), (631) is the boundary of Gp_1(s).

The aspect of perfect hedging can be studied as in the previous theorems.
We only point out that under % }jr—’)f, z3(s) = z6(s) = z5(s) if and only
if (I3)(s) = (I4)(s) = 0. Then using Lemma 2, we have A(s) = 0 and
consequently (I1)(s) = (I12)(s) = 0.

The remaining part of the proof is left to the reader. m

5. Conclusions and examples. We are now in a position to combine

Theorems 1-7. Notice first that a perfect hedging in one step usually occurs

: - - : lta _ 1-p
when Gr_1(s) is a cone. The only exception to this rule is when =t = I

Excluding this case under the assumption that }ig = %ig we easily obtain

the following necessary and sufficient condition for a perfect hedging.

THEOREM 8. Let

147r 1+b
36 =
( ) 1+a 1+r
and

1+a ,1—p
37 —_—
(37) 1+b#1+/\

We have a perfect hedging in one step if and only if either (I1)(s) > 0 and
(12)(s) > 0, or

1—7u S 1+a

1+X " 147

Moreover, under (38) all polyhedrons Gy(s), t =0,1,...,T —1, s > 0, are
cones. m

(38)

If we drop the assumption (36) we still obtain a sufficient condition for
hedging that generalizes Theorem 4 of [B-V].

THEOREM 9. Under (37) and

. [1+7 140D I+ A
mi ; >
l1+a 147 1—p

(39)

we have a perfect hedging. m

Notice that in Theorem 9 no assumptions on the contingent claim

(fi(sT), f2(s7)) are imposed.
From Theorem 9 we obtain Theorem 3.2 of [BLPS]:
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COROLLARY 1. Under (36) and (38) we have a perfect hedging.

Proof. It remains to notice that
Ltr 14b _1+4b_ (142 2>1+/\
l+a 1+r 1+4+a " \1-p 1—p’

from which (37) follows, and then use Theorem 9. m

Before we formulate the next result we introduce the following condition:

(As)  the polyhedrons Go(s), G1((14a)™ (14+b)1s), ..., Gr_1((1+a)'T-1
x (14 b)I7-1s), with nonnegative integers iy, jx, k = 1,...,T — 1,
such that iy + jr = k, are cones.

THEOREM 10. Under (37) for a given initial price s of the stock we have
a perfect hedging if and only if (Aso) is satisfied.
Assuming (Aso) only, the polyhedrons Gy (sy) for k=0,1,...,T—1 are

cones and there is a perfect hedging with a replicating strategy (,,,m,) that
shifts (xn,yn) at time n to the vertex of the cone G, (sy).

Proof. The proof is based on an analysis of Theorems 1-7 and the
definition (8), (9) of the polyhedrons G, (s, ). =

It will be convenient to have the following equivalent conditions for the
signs of the indicators (I1)—(/4), which can be obtained by an easy verifi-
cation.

LEMMA 4. (i) (I1)(s) > 0 iff
A+ @)8) = (1 +D)8) < T[T+ @) (14 8)9) = (14 5)fa((1 +)s)].

fill+a)s) = fr(1+D)s) = 11:;[(1+a)f2((1+b)5) = (14+0)f2((1+a)s)].
(iii) (I3)(s) >0 iff
fil(T+a)s) = fr((1+D)s) = M[(Ha)fz((Hb)S) —(140)f2((1+a)s)].
(iv) (14)(s) = 0 iff
fil(T+a)s) = f1((1+D)s) < H+2[(1+a)fz((1 +b)s) = (14b) f2((1+a)s)]. =
obtain

1
Combining (i) and (ii) we
COROLLARY 2. If (I1)(s) >0 and (12)(s) > 0 then
(1+a)f2((1+0)s) = (1 +b) f2((1 + a)s).
If (I1)(s) <0 and (I12)(s) <0 then
(1+a)fa((1+0)s) < (1+b)f2((1 +a)s). m



512 L. Stettner

Consider now the following examples of options.

EXAMPLE 5 (European call option with cash settlement). In contrast
to Example 2 we do not have delivery. We assume that fi(s) = (s — ¢)*
and fa(s) = 0. By Lemma 4(i), (ii) we easily see that (I1)(s) > 0 and
(12)(s) < 0. Consequently, by Theorem 3 we have a perfect hedging in one

1 1—
step, for each s > 0, only when 112 < 1+/\

EXAMPLE 6 (European short call option). We consider the European
call option from the so-called short position, i.e. from the position of the
seller of the option. His contingent claim is then

fl(S):qlqu, fQ(S) = —s51s>4.
It is easy to check (using e.g. Lemma 4) that

g
(I1)(s) = 0, (12)(s) < 0, (I3)(s) 20 for s 2 F=mym—70,

q
(I3)(s) <0 for s < A0 =)’

q
(1+a)(1+N)’
7
(1+a)1+X)’
with a perfect hedging only in particular cases, e.g. when (37) and (39) are
satisfied.

(I4)(s) >0 for s <

(I4)(s) <0 for s>

Another family of examples come from exotic options:

ExAMPLE 7 (Long collar). The collar is an example of so-called packages
which are combinations of options, assets and cash. Let ¢ > ¢;. The payoff
for the long position in the collar is

fl( ) =q1 5<q1 +q21 $>q29 f2(5> = 51(11SSSQQ'

Using Lemma 4 one can verify that (I1)(s) <0, (12)(s) < 0 for s such that

q1 q2 q2
< s < d — <
1+a*8*1+a an 1+5b s

and for such s the signs of (I3)(s) and (I4)(s) are not uniquely determined.
For other s > 0 we have (I1)(s) > 0 and (12)(s) > 0. Consequently, we have
a perfect hedging independent of s only when (37) and (39) are satisfied.

ExAMPLE 8 (Long spread). This option is the sum of long European call
and put options with various striking prices ¢; and g9, where e.g. g1 < ¢o.
The contingent claim is

f1(8) = =1 ls<qy + @2 Ls<qy,  fa(8) = =51y <<
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By Lemma 4 we have (I1)(s) < 0 and (/2)(s) > 0 and consequently by

Theorem 2 we have a perfect hedging in one step only when }iz > %

EXAMPLE 9 (Binary options). A large family of contracts with payoff
depending in a discontinuous way on the price of the underlying asset at
maturity are called binary options. The simplest examples of such options
are cash or nothing and asset or nothing options. Considering the long
position of call options in the first case (long call cash or nothing) we have

fi(s) =X 1ok, fa(s) =0,

while in the second (long call asset or nothing)

fi(s) =0, fa(s) = sleck,
with X and K being fixed constants. Using Lemma 4 again we find that
in the case of the long call cash or nothing option we have (/1)(s) > 0 and
(I2)(s) < 0 and by Theorem 3 there is a perfect hedging in one step when
ﬁr}; < }1—‘;, while in the case of the long call asset or nothing (/1)(s) < 0
and (12)(s) > 0, so by Theorem 2 there is a perfect hedging in one step

independent of s > 0 only when }ig > %

Remark. In the examples we were mainly interested in the so-called
long position, i.e. the position of the buyer of an option, and the price was
the one that guaranteed replication of the potential loss of the seller. One
can consider, similarly to Example 6, options from the short position, i.e. the
position of the seller, and then using the results of Sections 3-5 characterize
perfect hedging situations. Moreover, each option can have various forms of
realization: in assets or in cash (see Examples 1-3 and 5), according to the
preferences of the buyer.
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