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Abstract. In Example 1, we describe a subset X of the plane and a function on X which has
a CF-extension to the whole R? for each k finite, but has no C>-extension to R?. In Example 2,
we construct a similar example of a subanalytic subset of R5; much more sophisticated than the
first one. The dimensions given here are smallest possible.

1. Introduction. Let X be any subset of R™. Consider the following R-algebras of
functions on X

CHX)={f: X —R|f= f on X for some C*-function f: R™ —» R},
where k € NU {oo}, and

C*)(X) = lim C*(X) = (] C¥(X).

keN keN

It is clear that C>°(X) c C(®)(X) c C*(X), with k& € N. An interesting question of
differential analysis is the following:

When C(*°)(X) = C>(X)?
Of course, one can assume that X is closed in R™. The answer to the above question is

affirmative in the following cases:

1) When n =1 (see [9]); it is not so when n = 2 (see Example 1 below).
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2) When X = int X, because then C*(X) is naturally isomorphic to the space £¥(X)
of C*-Whitney fields on X (k € NU oc), and so

C(X) = lim C*(X) = lim E*(X) = £=(X) = C*(X),

keN keN
(see [8; Chap. I, §4]). Observe that the isomorphisms C¥(X) = &*(X), and thus
C(>)(X) = €*(X), occurs for more general sets than those satisfying the condition

X =int X; e.g. for the Cantor set in R.

3) When X is a semianalytic or, more generally, Nash subanalytic subset of R"
(see [4]). The equality C(>)(X) = C>(X) also holds if X is a subanalytic subset of R"
of dimension not more than two or of pure codimension one (see [11, 4]). Bierstone and
Milman ([1, 2]) give necessary and sufficient conditions for a subanalytic subset X of R"
to satisfy the equality C(*)(X) = C>(X). In particular, it follows from their results
and [4] that the construction from [10] provides examples of subanalytic subsets X of R®
of dimension three such that C*°(X) € C(*)(X). In Example 2 below, we verify this
explicitly, constructing a function f € C(>)(X)\ C>®(X).

2. Example 1. Let X denote the union of the following arcs
N={(z,y) eR?|0<z<ey=aT2} (i=1,2..),

and of the arc \g = {(z,y) € R? | 0 < 2 < ¢, y = 0}, where € is a small positive real
number.
We define a function f : X — R by the following formulae

flzyy)=iy—1= iz'tz  for (x,y) e (i=1,2,...)

and f(x,y) =0 for (z,y) € Ao.

The function f is C*-extendable to R? for each k € N. To see this, notice that this
function on ); is defined by the C®-function f(z,y) = iy — 1, and by the C*-function
flx,y) = iz't% on each \; with i > k. Now, it is enough to glue all these C*¥-functions
together, by using, for example, Whitney’s extension theorem.

On the other hand, f has no C®-extension to R2. The point is that \; is C* but
not C'*'. This implies that if & € C'*1();), then each C'*'-extension & : R2 — R of
h has a uniquely determined derivative (9h/dy)(0,1/i) = i. It follows that if h were a
C>-extension of f, then (8h/dy)(0,1/i) = i, which is a contradiction.

3. Example 2. In this section we will give an example of a subanalytic subset X
of R% and of a function f € C(>)(X)\ C>(X). As for the definitions and basic properties
of subanalytic sets, we refer the reader to [5], [6], [7] or [3].

Before describing the example observe that if ¢ : G — H is an analytic mapping,
where G C R™ and H C R” are open subsets, then, for each point y € G, ¢ induces a
homomorphism of the algebras of germs of analytic functions

¢y Onpty) — Ocy; vy(9) = g0 @y
We will also need its completion

@y Orpy) — Oy
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which can be identified with the homomorphism
Dy Rl[z1, .. zn]] — R[y1, -+, yml],

defined by the formula @y (Q) = Q o ((Ty¢) — »(y)).

Then ker ¢ is the ideal of analytic relations among 1, ..., p, at y, and ker @j is the
ideal of formal relations at y.

THEOREM (see [10]). Let I = (=1/2,1/2) and J =1 x0x0CR xR x R = R3. Let
A={(a,,0,0) | v =1,2,...} be any countable subset of J. Then there exists an analytic
mapping o = (©1,...,¢5) : I3 — R® such that

(1) ker @, =0, whenever y € A;

(2) ker py # 0, whenever y € J \ A;

(3) kerpy = 0 # ker oy, whenever y € J N (A\ A).

We are going to recall the construction of ¢ = p(u, w,t) = (p1,...,¥s).

We put o1 (u, w,t) = u, pa(u,w,t) =t, ps(u,w,t) =tw. Take two sequences {r(n)}
(n =1,2,...) and {p(n)} (n = 1,2,...) such that r(n) € Z, 0 < r(n) < r(n + 1),
limsupr(n)/n = +o0, p(n) €R, 0 < p(n) < n~ "™ for each n, and p(n + 1) < p(n).

Put
"W, n=1,2

B g Ly oo

pn(u) = [(u —ay)...(u—ay
We define ¢4 by the formula

pa(u,w,t) =t- an(u)w

n=1

To define 5 we need the following sequence of rational functions

fo =0 {t” Ly — Zp,, ik ”x”} (n=1,2,...).
Then
(o1, 02, 03,000) = 1" - an (w)p (w)w”,

v=n

and we define @5 by the formula

[e's)
’LL w, t Z fn 9017@2790?”@4 Zp t” Zp
n=1

n=1 v=n

The formula

F(u,t,z,y,2) =2z — Z p(n) fo(u,t, z,y)
n=1

defines an analytic function on (I \ Z) x R* where Z = {a, | v = 1,2,...}, and
F(p1,92,¢3,04,5) =0 on (I\ Z) x I”.

Now we will choose A in a special way: assume that 0 < a,41 < a, <1/4 and
lima, = 0.

Let X = o([-1/4,1/4]3). Take a sequence {e,} (n = 1,2,...) such that ¢, > 0,
Apt1 + €nt1 < Qp — €q.
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There are C*-functions A, : R — [0,1] (n = 1,2,...) such that A\, = 1 in a
neighbourhood of a,, A, (u) =0 if |u — a,| > €, and |)\£Lk) (u)| < Cy, - €, for each u € R,
where CY, is a constant depending only on & (see [8; Chap. I, Lemma 4.2]).

Consider the following sequence of C*-functions on R

m—1
Gm(u,hx,y,z) = |:Z - Z p(n)fn(uat,xvy)} CMm Am(u)v m = 1723 s
n=1
Now we have
m—1
Gm(p1,---,5) = [ p(n) fn 301,~--,904)] M- Am (1)
n=1

= Z MmAm (u)p(n)t"wy, (u, w), where w,(u, w) an pu(u

Consider now the function

h = Z Gm(p1,-..,p5) = Z Z M (W) p(N)t" Wy (1, w).

m=1n=m
It is a simple matter to check that h is a C*°-function on [—1/4,1/4]3. Tt is easily seen
that there is a function hy : X — R such that h = ho(p1, ..., ¥s5).

We will show that hg € C°)(X)\C>(X). If there were a C>-extension hg of hq to R,
then we would have the equality h = Gy (1, ..., ¢5) near (am,0,0) for each m, hence,
in view of (1), (8ho/8z)(am,0,0) = m, which should tend to (ho/dz)(0,0,0), when m
tends to infinity, a contradiction.

Now fix any & € N. We will show that there is a C*-function Hj on R® such that
Hk = ho on X.

Put

Q={(u,t,z) eR®||u| < 1/4, [t| <1/4, |z| < (1/4)|t[}.

Observe that if (u,t,z,y,2) € X and t # 0, then

k ) oo 00
ho(u,t,z,y,z) = Z G (u,t,x,y,z) + Z Z Z Orn (u, t, ),
m=1

m=k+1n=muv=n
where
O (s, ) = My () p(n) (pr, ' o (w)) 2" 877"
Let , 3,7 € N be such that a + 3+ v < k. Then 0°T8+70,,,,,,/Ou*0tP0x" is equal
to
viin —v)!
= —v-p)!
Since n—v— B > 1, this derivative extends continuously to Q. Estimating the absoh{ce
value of this derivative on €, the reader can easily check that there is a C*-function Hj,

on R3 such that
k(u,t,x) ZZZemmum

m=k+1n=mv=n

(z/t)V =,

> Z-,(Z;O_AZ-).ASZ?( )o(n) (0 ) () -
0 '

=
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on 2. Thus, the formula

k
Hi(u,t,2,y,2) = Hy(u,t, ) + Z Gm(u,t,z,y,2)

m=1

defines the required extension.
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