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ON OPTION PRICING
IN THE MULTIDIMENSIONAL
COX-ROSS-RUBINSTEIN MODEL

Abstract. Option pricing in the multidimensional case, i.e. when the
contingent claim paid at maturity depends on a number of risky assets, is
considered. It is assumed that the prices of the risky assets are in discrete
time subject to binomial disturbances. Two approaches to option pricing
are studied: geometric and analytic. A numerical example is also given.

1. Introduction. Assume we are given d risky assets (called stocks)
with prices S,i, 1 = 1,...,d, and a riskless bond with price By, at time
k=1,...,T respectively. The price of the risky assets is subject to random
changes according to the rule

Si=(0+0})S: fori=1,...,d
where p; := o} stand for i.i.d. random variables defined on a given proba-
bility space ({2, F, P) and concentrated at two points —1 < a; < b;, i.e.
P(ol =a;) >0, P(oh=0b)=1—-P(ot =a;)>0 fork=1,...,T.
Furthermore, we assume that the bond price is deterministic and
Bii1=(1+4+7)Byg

where the interest rate r is positive and a; < r < b;.

We study the problem of pricing a contingent claim called option that
guarantees the buyer a return equal to 90(5’:1“...,5%) at time 7', where
¢ : R? — R is a given Borel measurable function. It is commonly considered
that the price of such a contingent claim should be equal to the minimal
value of the capital which invested in an optimal way in bonds and stocks
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will replicate the potential loss of the seller, i.e. at time T we obtain
Xr > @(Sk,...,8%) P-as.

where Xr is the value of the seller’s portfolio at time 7.

In what follows we assume that all assets are infinitely divisible, that is,
we allow possession of a part of an asset.

Let i denote the number of shares of the ith stock and () the num-
ber of bonds that the seller of the option owns at time k. Let X be the
corresponding value of the seller’s portfolio. We clearly have

d
(1) Xy = BeBr+ > _ 7Sk
i=1
We assume that the investor can change his portfolio at time k from (0, 'y,}:,
co YD) to (B, fy,iﬂ, e ,fygﬂ), but we only admit self-financing portfolio
strategies, i.e. neither consumption nor exogeneous income is allowed, so
that we have

d
(2) Xk = Br+1Br + Z’Y}i—&-lsllc'
i=1
Since
d
X1 =Bes1Ber1 + > Vep 1Sk
i—1

using (2) we obtain
Xpp1 = (L+7)Xp + 71 (01 =) Sh+ .+ 711 (0a — 7)SE-
Denote by S, the column vector (S}, ...,S¢). Then
Skv1 = 1,5k

where I', is a random d x d diagonal matrix with the (7,7) entry equal to
1 + 0;. Consequently, the process Z = (X, Sk) can be considered as a
controlled Markov chain on the state space E = {(z,s) : z € Ry, s € R%}.
Denote by P, the transition probability of Z; under a portfolio strategy

v=1 ..., 7%). Let
K:={(z,s):x>¢(s)}, K_i:={(z,s):3y Py((x,s);K) =1}.

Denote by B the space of Borel measurable functions from R? into R. Notice
that if there exists a transformation ) of B into itself such that

K_1={(z,8): 2> Q(p(s))}

then the price o of the contingent claim (S, ..., S%) is equal to

o = Q" (o(s))
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where Q7 stands for the T'th iteration of the transformation Q. The problem
is to find the form of Q.
Given a strategy v = (v',...,7%) the condition

Py((2,):K) = 1
is equivalent to the system of 2¢ inequalities

(1 +r)z+7'(ar —r)s' +...+9%aa —r)s* > Plas, ... ag, ),
(3) : .
(1+r)z 4+~ b —r)st + ...+ 7% bg — )5 > B(by,. .., ba, s),
where % is defined as follows:
@(il, ey 2d, S) = @((1 + il)sl, Ceey (1 + id)Sd)
with i; € {a;,b;} for j =1,...,d, and s = (s!,...,5)".

We determine the value of zy and the form of @) using two independent
approaches: a geometric one that is based on the study of the location of d-
dimensional hyperplanes in R4t and an analytic one in which inequalities
(3) are solved using direct methods.

Our results can be extended to the case of bounded disturbances assum-
ing additionally that the contingent claim function ¢ is convex. Using the
analytic approach in the particular case d = 2 we obtain an explicit formula
for the transformation Q).

The paper generalizes the results of the famous paper of Cox—Ross—
Rubinstein [1], as well as more recent approaches of Shiryaev, Kabanov,
Kramkov and Mel'nikov [3], and Tessitore and Zabczyk [4] where the case
of d = 1 was studied.

It is worth pointing out that in the one-dimensional case (d = 1) we
have perfect replication, i.e. we can find an initial capital o and a portfolio
strategy (71,74, - - -,7v%) for which with probability one we have

X1 = ¢(S7).
If d > 1 we do not have perfect replication, and therefore we can only
guarantee a so-called super-hedging, i.e. that
Xr > @(St,...,8%)  P-as.

Finally, notice that, in the continuous time multidimensional lognormal
model, contrary to the discrete time case, we do have perfect replication
(see Karatzas—Schreve [2], Section 5.8.B), which extends the famous Black—
Scholes formula.

2. Geometric approach. In this section we consider a geometric
approach which is useful for two reasons: we obtain a formula for the trans-
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formation @ in a general d-dimensional case (Section 2.1) and we can extend
our model to the case of bounded disturbances with convex contingent claim
function ¢ (Section 2.2).

2.1. The case of binomial disturbances. Let
V =A{v={(i1,...,id) : Vigj<a i € {a;,b;}}
be the set of vertices of a d-dimensional cube and
Cyv ={c={v1,..., 0441} : Vi<i<dt1 vi € V}

the set of (d + 1)-combinations of elements of V.
The system (3) of inequalities may then be written equivalently as

(4) vvEV h(’U,S) > @(U,S)

where h : R? x Rﬂlr — R is an affine function, defined for s € Ri as follows:

d
h(z1,...,x4,8) = (1 +7r)r+ nyz(z:Z —r)s’.
i=1
Let
D(s) := conv{(v,p(v,s)) :v € V}
and H(s) C R?*! be the hyperplane given for fixed s by the equation
Td+1 = h(l’l, oy Xd, S).

Geometrically, condition (4) means that the convex polyhedron D(s) lies
below the hyperplane H(s).

REMARK 1. If h is given as above then

1
x:1+rh(7",...,7“,8),
) oh 1
N = -— fori=1,...,d.
ox; s

Therefore v € R% 2 € R are parameters of the hyperplane H(s); x is a
position parameter and !,...,v¢ are direction parameters. Moreover, for
fixed s, there is a one-to-one correspondence between the set of parameters
and the set of hyperplanes determined by affine functions. This means that
we can now reformulate the problem in geometrical terms looking for a
suitable hyperplane, instead of z and . Therefore the problem of finding
the smallest level = of capital for which there exist strategies ~',...,~¢
satisfying (3) is equivalent to determining the hyperplane that is tangent to
D(s) at the point (r,...,r,u) for some u and lies above D(s).
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DEFINITION 1. We say that a combination ¢ = {v1,...,v441} belongs
to the set of admissible combinations Cf, C Cy if there exists a unique
sequence Ai(c),...,Ag+1(c) of nonnegative coordinates such that
d+1 d+1
Z/\i(c) =1 and Zz\i(c)vi =r
i=1 i=1

withr = [r,...,7].

The above conditions have the following geometrical interpretation: the

polyhedron spanned by the set ¢ = {v1,...,v441} of vertices is precisely
d-dimensional and it contains the point (r,...,7).
Let f: C% x RY — R be defined as follows:
d+1

fles) =Y P(vi,s)hilc)
i=1
where ¢ = {vy,...,v441}. We have

THEOREM 1. The smallest = for which there exists a strategy (7, ..., 7%
such that system (3) is satisfied is equal to Q(p(s)) and is of the form

1
max f(c,s).
1+7r ceCy,

Proof. Let H,(s) be the family of d-dimensional hyperplanes H in
R+ such that

(5) (ry...,mu) € H
and

6) H={(x1,..+%d41) : Tat1 = h(z1,...,24)} = Ypev h(v) > P(v,s).
According to Remark 1,

Qp(s)) . min{wu : H,(s) # 0}.

- 147
Therefore it is sufficient to show the following conditions:
(7) Hug(s)(8) # 0 for ug(s) = max f(c,s),
ceCy,
(8) Hu(s) =0  for u < up(s).

We first show (7). Let c¢o(s) € C% be a combination for which the max-
imum is achieved, co(s) = {v(s),...,v9,,(s)}. Consider the hyperplane
H(s) determined by the points p%(s) = (09(s), B(v)(5),9)), -, Py (s) =
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(v941(5),®(v9,1(s),s)). Since co(s)/\e C? the points pf(s),...,pJ,;(s) de-
fine the d-dimensional hyperplane H(s) in a unique way. Then

ﬁ[(s) = {(ﬂflw--,fﬁdﬂ) t (K1, ka) € R

d+1 d+1

Zki =1, (x1,...,Za41) = Zkzp?(s)}

i=1
or equivalently
d+1 d+1

(:El?' . -,fl‘d) = Zk‘i’U?(S), La+1 = Zk‘@(vg(s)»s)
=1 =1

We claim that H(s) € Huo(s)(8)-
Since ¢o(s) € C% there exist coordinates (\;i(co(s)))i=1,...da+1 that sum

to 1 and
d+1

r= Z Ai(co(s))vl(s).

Therefore due to the definition of ¢y(s) we have
d+1

uo(s) = f(co(s)) = Z i(eo(s)P(v7 (s), 5)-

Consequently, (r, ..., ug(s)) € H(s) and (5) is satisfied.
We now show that H(s) satisfies (6). Let J(s) be the interval in RZ+!
defined as follows:

J(s)={(x1,...,xa41) € D(s) :x; =rfori=1,...,d}.

Moreover, let

gl

= ma
(s) pfenjé) Ta+1(p)

where 7441 is the natural projection onto the (d + 1)st coordinate. Since
the point (r,...,7muo(s)) belongs to J(s) we clearly have ug(s) < u(s).
On the other hand, the point p(s) = (r,...,r,u(s)) is on Fr(D(s)) and

therefore it belongs to a d-dimensional polyhedron P(s) C Fr(D(s)). If
P(s) is determined by the vertices P, (s) = (01(s), B(01(s),5)), .-, Dgr1(s) =
(Tas1(8),P(Tas1(s), s)) then it is easy to see that the combination ¢(s) =
{v1(8),...,U4+1(s)} is admissible. Consequently,

d+1

u(s) = Z Ai(c(s))p(ils)) = f(c(s), s)

and by the definition of ug(s) we obtain ug(s) > w(s). This means that
up(s) = u(s) and the d-dimensional polyhedron with vertices pJ(s),...
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., P, 1(s) is contained in Fr(D(s)). Therefore the hyperplane H (s), span-

ned by the same points, is tangent to D(s). Consequently, H (s) satisfies
condition (6) and H(s) € Huo(s)(5)-

To complete the proof of the theorem it remains to show (8). When
u < ug(s) we have (r,...,r,u) € int(D(s)), and every hyperplane containing
(ry...,r,u) crosses D(s) and hence (6) is not satisfied. Thus we have (8)
and the proof is complete. m

REMARK 2. The vector « of optimal controls may not be unique, which
means that it is possible that the seller has several alternative ways to invest
his money to super-hedge the option.

2.2. The case of bounded noises. In this section we relax the assumption
on the distribution of disturbances of the stock prices. Namely, we only
assume that the support of the distribution is bounded, i.e.

where
a; = inf supp QZ > —1, b; = supsupp g}; < 00,
forallk=1,...,Tandi=1,...,d.

Moreover, we additionally assume that the contingent claim function ¢
is convex. Many popular options (e.g. European call and put) have convex
contingent claim functions. One can see that in this new model, due to the
convexity of p, the construction of the set X_; is also equivalent to solving
the system (3), and we obtain the same formula for the transformation Q.

However, to iterate this algorithm we have to verify that Q(¢) is a convex
function of s.

COROLLARY 1. The function Q(y) is of the form

d+1
Qle(s)) = 1 +r c€%§ Z Ploiss
where ¢ = {v1,...,v441}, and is a convex functwn of s.

Proof. The above form of Q(¢) is clearly a straightforward conclusion
from Theorem 1.

Since ¢ is a convex function of s, for any s, s’ € R? and any combination
c={v1,...,v441} € C¥ we have

d+1 d+1
Z(p vi,as + (1 — ) ) < Z ap(vi, s) + (1 — a)p(vi, 8'))Ailc).
=1

The set Cf, does not depend on s so taking the maximum over the set of
admissible combinations on both sides of the above inequality we obtain the
convexity of the function Q(y). =
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REMARK 3. Notice that the bounds a;,b;, i = 1,...,d, of the distur-
bances may also depend on time & = 1,...,7. More precisely, the con-
struction of ) and all arguments above are still valid when we assume that
(aLk)k:l .7 and (b; x)k=1,. .1 are predictable processes on ({2, F,P) for
i=1,.. d

3. Analytic approach. It turns out that to get an explicit formula for
the option price in the multidimensional case is difficult. We managed to
find it only in the two-dimensional case. In the case when d > 3 the pricing
of an option can be reduced to a certain optimization problem which can be
solved numerically.

3.1. Two-dimensional case. The two-dimensional case has an interesting
interpretation in the market of derivatives of foreign securities. Namely,
options on foreign securities depend both on the value of the asset as well as
on the current exchange rate, which are random. This corresponds exactly
to the two-dimensional case which we solve below.

For d = 2 the system (3) is of the form

(L+7r)z+v" (a1 —r)s' +7%(az — r)s® Z@(al,az,S),
© (14 7)z +~1(by —7)s' + 73 (ag — r)s?
(L+7)z +7 (a1 —7)s' ++*(bg — 1)s

(L+7)x+7" (b —r)s' +72(ba — 1)5° > B(b1, by, ).
Multiplying the first and third inequalities by b; — r and the second and
fourth by r — a; and adding the first inequality to the second and the third
to the fourth we get two inequalities without the component ! from which

we obtain a lower and an upper bound for v2. Analogously we can eliminate
the component v? and obtain bounds for v!. We have

(2L 0(b1, az, 8) + =22 5(b1, ba, 8)) — (1 +7)

>p

1 > ba—az ba—asz
’E (by —r)st ’
1. (1+7r)x— (bbz—azso(ahaz, 5) + 1 by a2¢(a1’b2, ))
T (r—ap)st )
and
2 > (bbll:aﬁ@(ajl,bz’ ) + b1 a1 (b17b27 )) - (1 + T)QZ'
7= (by —1r)s? J
2 < (1+T)x_ (bbllialgo(al’aa’ )+ brl 17(61704278))
= (r —ag)s? :

From the bounds on «! or ¥ we can obtain the same formula (in both cases)



Option pricing 63

for the lower bound of z, namely

1 (by —7)(bp —7) _
= 1+7r (bl—a1)(bz—az)w(aha%S)—i_

(by —7)(r—az2) _
ai,bo,s
(b1 — a1)(bs — a2)<ﬂ( 1,b2,5)
(r—ay)(by —r) (r—ay)(r—az) B(by.bs, 5) .
(b1 — a1)(ba — a2) (b1 —a1)(b2 — az)
Let G,(s',s?) be the expression in brackets on the right side of the above
inequality and let L,(s) be a nonnegative number such that: if
1
1+7r

then there exist strategies v, 72 satisfying system (9).
Denote by L7 (s) the infimum of the set {L,(s)}. Clearly,

QUp(st,52) = —

T 147
Furthermore, we have

@(blv az, S) +

T = (G¢(81,82)+L¢;(31732))

(Gq,(sl, 52) + L;(sl, 82)).

THEOREM 2. If
A(s) := (b1, b2, 8) — P(ay, ba, s) — @(by, a9, s) + p(a,az,s) =0
then L7 (s) = 0 and we have perfect replication.

Proof. Let 4! be a linear combination of its lower and upper bound
with coefficients a and 1 — « respectively, for a € [0, 1], and similarly for ~?
with coefficients 3 and 1 — 8 for 3 € [0,1]. Substituting 4* and 42 in the
left hand sides of (9) and using the formula for « with L, (s) = 0, we obtain
(14 7)z +~ (ar —7)s' +~v*(ag — 1)s* = B(a1, as, 5)

(r—ay)(r—as) Als)
(b1 —a1)(bz —az) "
(1+7r)x 4+~ b —r)s' +7*(ag — r)s* = B(b1, az, )
(by —7)(r —az)
+ Als),
(b1 — a1)(bz — az) ®)
(1+7r)x+~ a1 —r)st + 7% (ba — r)s* = B(a1, bz, )
(r—aq)(by — 1)
(b1 — a1)(bz — az)
(1+7r)z 4+ by —7r)st + 92 (by — 7)s* = B(by, ba, 5)

A(s),

B (bl — T)(bg — 7“) A(S)
\ (b1 - a1)(b2 - az)
Since A(s) = 0 by assumption, we have equalities in (9), which means

perfect replication. Consequently, L% (s) =0. =
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THEOREM 3. The smallest Ly, for which there exist strategies (v',~?)
such that (9) holds is

(r—ay)(bg —r) r—a r— ag
% i (bl - al)(bQ - GQ)A(S) Zf by —a1 = by — az’
L‘p(s)_ (by —r)(r — az) Als) if r-am o r—a
(bl—al)(bg—ag) bl—al - b2—CL27
when A(s) > 0, and
(b1 —r)(b2 — 1) Lr—ay _ by—r
« . (b1 - al)(bz - az) |A(S)| Zf b1 — a1 = by — G2’
Fols) = )

(r—ay)(r—az)
(b1 — a1)(b2 — a2)
when A(s) < 0. The replicating strategies v*,~* are

r—ar _ by — 1

[Als)]if

by —ar ~ by —ay’

1

’y =
(1+7)z — (bbzraz@(alyaza )+ ¢ by az@(alab% )) Lr—a T — ay
if < ;
(r—ap)s! by —ar ~ by —a
(bb;_;aza(bla a2, 5) + bTQ:ZQQ@(bla b27 8)) - (1 + T)IE f r—ay > T — as
1
(by —7)st bi —a1 ~ by —ay’
v =
b_aspalv 2 1:27 1,02,8)) — r)x L. T—ap T —as
( bll - ( b )_|_1 11 (b b )) (1+) i <
(b —1)s? b1 —ai ~ by —ay’
(1477 — (2=L(a1, a2, 8) + £=20(b1,a,5))  r—a; _ r—as
if > ;
\ (7“ — a2)32 b1 — al bz — Qs

when A(s) > 0, and

’y =
(bbgz aQ (blaaz, )+ b2 ag (bl,bg, )) — (1+T)1‘ Zf r—a - by — 1
(by —7)st bi —a1 — by —ay’
(1+7)z— (fjﬁ@(al, az, s) + —=p(ar, by, s) o r—a by — 71
if < ;
(r—a1)s! b1 —ar — by —a
v =
(bblralgp(abbz, s) + B ‘lef(bl,bg,s)) —(1+nrz if r—ar by — 7
(by —1)s? by —ar ~ by —ap’
(1 + T).T - (bbll_;;l@(aha% S) + %@(blvabs)) Zf r—ap b2 -r

(r — az)s? by —a1 ~ by —ay’
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when A(s) < 0. Furthermore, for A(s) # 0 we do not have perfect replica-
tion.

Proof. We prove the case A(s) > 0 only, since the proof in the case
A(s) < 0 is based on similar considerations. Substituting, in the left hand
sides of (9), v!, 72 as convex combinations of their bounds with coefficients
a, 1 —a and 8, 1 — [ respectively, and letting (1 + )z = G,(s',s?) +
L, (s, s?) we obtain the expressions

B B (r—a1)(r —az) .
@(al,a?as) (bl — al)(bz — GQ)A( )

+ L, (s) <a
(bl - T)(T - (12) A(S)

(b1 — a1)(b2 — a2)
+L¢(s)<b1_r _abl—al + bg—dg)

T —ay r—aj by —r
(r—aq)(by —r)

bl—al b2—a2
-1
blfT—’_ bgf’l“ )’

@(bl, as, S) +

7 7b7 + A
P(az, ba, s) 1 —a) (b — a) (s)
by —aq bo —r by — as
+L¢(s)<a by —r +r—a2_ﬁr—a2)
_ (br —7)(ba =)
b1,b2,8) — A
QD( 1,02 8) (bl _a1)<b2 _a2) (S)
b —a by —r by —a
+L¢(s)<(1—a) o o —ﬁ:a;).

Comparing the first and fourth lines to the corresponding right hand
sides of (9) we see that we should have

by — ay by — as B (r—ay)(r—az) s
L«p(S)(a bi—r Py 1) = —al)(bz—@)A( )

by —ay by—r by — a9
10 L 1-— _
1) { L=ty 2ol g
(b1 —7)(ba — 1)
A(s).
_(bl—al)(b2—a2) ()
Let
Ay =< (z1,22) €0 1]2'xbl_a1+x 62_a2—1>0
1 1,42 ) . lbl—’r 262—7' )
by — by — by —
Agz{(a;l,xQ)e[o,u?:(l—xl)1 “mo2mr 22 “2>0},
T —ap T —as T — ag

A=A,NAs.
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The set A is nonempty since it contains the pairs (0, 1) and (1,0). Moreover,
A is a convex and open subset of R? as the intersection of convex and open
sets A1, Ag. Therefore the diagonal {(«, 3) € [0,1]? : a+3 = 1} is contained
in A together with its open neighbourhood.

It is easy to check that for («, 3) € A, (10) can be rewritten equivalently
as
(r—az)(bs —r)(r —ai)(bs — )

(b2 — az)(b1 — a1)

where k1 (a, 3), ka2(a, B) are fractions of the form

L,(s) > A(s) - max {k1 (o, B), ka(a, )}

1
ki(a, 8) = a(by —a1)(by — ) + Blba — az)(by —r) — (by —r)(by — 1)’
1
520 0) = ) — ) —a2) + (b = )0 — an) = Blba — a2)(r — 1)
Let
(11) M = inf max{ki(a,f),k2(c,)}.

(a,8)€A

Comparing the denominators of k; and ko, after algebraic transformations
we obtain

a(by —ay)(ba — 1)+ B(by —az)(by — 1) — (by — r)(by — 1)
> (1 —a)(by —ar)(r —az) + (ba —7)(r —a1) — B(b2 — a2)(r —a1)
for
a+p>1.
Therefore, when the infimum in (11) is achieved for « + 3 > 1 we have
M = M; with
M1 = inf k‘g(a,,ﬁ)

(a,B)EA
a+p>1

and the form of ks implies that the infimum is attained for o + 8 = 1.
Consequently,

Ml: inf 1
agl0,1] (by — r)(r —az) — af(by — a1)(r — az) — (b — az)(r — a1)]
1 LT —ay r — as
B (bl—T)(T—CLg) if by —a1 — b2_a2’
1 L. r—aq T — as

i :
(r—a)(ba—r) ~ bi—ar = br—az
If the infimum in (11) is achieved for a + 3 < 1 we have M = M, with
inf L

(a,lﬁ)EA a(bl - al)(bQ - 7‘) + 5(52 - az)(bl - 7“) - (bl - T)(b2 - 7')
a+B<1

My =
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and the infimum is also attained when o 4+ 8 = 1, which means that M =

My = M.

Let L,(s) be the lower level for which there exist strategies v, v such
that the first and fourth inequalities of (9) are satisfied. Then

(r—ai)(bs —) g @ r—a
To(s) = (b1 —a1)(by — az) by —a; ~ by —ay’

(by — r)(r — ag) g @ T — ag

(b1 — a1)(ba — a2) by —a1 — by —as’

and the corresponding strategies are linear

with coefficients:

combinations of their bounds

L. rT—a r—a
0 1fb ! =3 2,
—a —a
1 if L > 2
b1—a1 bg—ag
for ~1, and
r—a r—a
1 if L < 2
3= b1 —ay by — as
. T —ap r—as
0 if > ,
bl—al bg—ag
for ,.

Furthermore, notice that for &« = 0, 8 = 1 we have a strict inequality in
the second line and equality in the third line of (9), while for a« =1, =0
we have equality in the second line and strict inequality in the third line of
(9). Hence, L% (s) = Ly(s). The proof for A(s) > 0 is thus complete. m

3.2. Multidimensional case. In this section we present some analytical
results obtained for the general case d > 1.

We now leave the geometric language and denote the vertices (i1, ... ,%4)
by £. Let
E={=(&,...,8a) : & € {a;,b;} for j € I}
where I = {1,...,d}.

DEFINITION 2.

I =1,...,n, n < d, the projection set =(i]

defined as follows:

For a given sequence (i*

]l,...,zjn), i, € {aj,, b;, } for
Lse-+s0; ) is the subset of =

E(i5,, 05 ) =16 :&, =i, forl=1,...,n}.
Let {Fﬁ7_”7jk :{Jj1,---,Jk} C I} be the family of functions defined by the
formula
2 o &k — 7|
_ ! =
FJf7~~-,jk(£’ S) - H <1 B bkl — a}ﬁ)@(& 5)
=1

where k; € I\ {j1,...

et for 1 =1,...,d — k. Denote F(f by F?.
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REMARK 4. Notice that for any set {ji,...,jx—1} of indices and jj €
I\{j1,...,jk—1} the following identity holds:

Z F]f,...,jk_l(ga S)

E€EZ(ijy srmrisy 1)

b, — T 4
- b-]kﬁ Z FJf7~--yjk(£’ S)
ik K €€E (i, iy hay,)
r—aj ’
+ bijk Z ij,...,jk(g’ 5).
ik Ak

EeE(ih?""iJ'kfpbjk)

LEMMA 1. If 2 and (v, ...,7?%) satisfy the system (3) of 2¢ inequalities
then

(I+re+y(a;—r)s > Y F7(¢),
£e=(ay)

(12) | .
(L+r)z+47 (b —r)s? = > FF( ),

forallj=1,...,d.

Proof. The proof is by induction on d. For d = 1, (12) holds because
then the systems (3) and (12) are identical. Assume that the induction
hypothesis is true for d — 1. We show that (12) is true for any k, 1 < k < d.
Let j be an integer, 1 < j < d, different from k. Assume z and (v!,...,~v%)
satisfy (3). Multiply each inequality in (3) corresponding to the sequence

(t1,...,aj,...,1q) by bj —r > 0, and each inequality corresponding to the
sequence (i1,...,b;,...,1q) by —a; > 0. Adding the inequalities obtained
for every (i1,...,4j-1,4j41---,4q) we find that the coefficient of 77 s7 is equal
to (bj —r)(a; —r)—(r—a;)(b; —r) = 0. Consequently, we obtain a system of
29-1 inequalities with variables z and v',...,7771,49+1 ... ~% Dividing
each inequality by b; — a; we can write the inequality corresponding to the
sequence (i1,...,%j—1,%j41...,%q) in the form

7j—1 d
(13) (1+nr)x+ Zvl(il —r)st + Z A (i —7)s!
I=1

I=j+1
> ¢(/L15 7/L'j—17ij+1 '-‘7id78)
where
. . . . bj_ri . .
(it i1, 041 -, 04, 8) = b D(i1,...,a5,...,14,9)
i~ 4y
r—a;

+

D(i1,...,b5,...,14,5).
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Consider now (13) as a new system of 2971 inequalities with the right
side function 1. Since k # j we can apply the induction hypothesis for k in
the (d — 1)st case. Therefore we have

L+m)z+95ar—r)sF > Y FU(Es),
fef(ak)

L+r)z+"be—r)s" > Y FU(Es),
EeZ(by)

where £ and Z(-) in the system above are from R¢~! because the jth coor-
dinate was omitted. Note that, by the definition of 1) and Remark 4,

_ b, — _ — a; _
S ORE =T Y FLEe+—L Y Fh(Es)

Fe (i) I T e Z(ayin) 77 Y 2 (.in)
= ) F(s)
£€E (ir)

where iy, € {ag, by} and & € R%, so that the induction hypothesis is also true
for d, which completes the proof. m

Using Lemma 1 we formulate necessary conditions for solutions of (3) in
terms of the bounds on z and ~%, ..., 7%

PROPOSITION 1. If x and (v*,...,7%) satisfy the system (3) of 2¢ in-
equalities for given s € R? then

1 _
T > 1+TZFS0(§7S)7

fez

and, for j=1,...,d,

deg(bj) Ff(fa s) _ (I+r)z < i< (I+r)z— deg(a?) Ff(& 3)'
(bj —r)s’ - (r—a;)s’

Proof. The form of the bounds on 7/ is a straightforward consequence
of (12). In fact, dividing the first inequality of (12) by (a; — r)s? < 0 and
changing the sign we obtain the upper bound. Similarly from the second
inequality we obtain the lower bound.

In order to get the lower bound on x, we multiply the first inequality of
(12) by bj —r > 0, and the second by r — a; > 0. Adding them together,
dividing the result by b; — a; and using Remark 4 we obtain

bj —r % r—a; @
(1+7“)[IJ2 j_aj Z Fj(gas)—i_bj_aj _Z Fj(§7s)
£e=(ay) £€E(by)
=D F?(&s)
fez

and the proof is complete. m
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The bounds on = and 7!, ..., 7% may not be sharp. Analogously to the
two-dimensional case we shall try to determine a sharp bound for z, i.e. to
find the smallest L,(s) > 0 such that for

(14) (4w = S F2(E,5) + Lo(s)
{ex
there exist strategies v1, ..., v satisfying (3). Let 7° be linear combinations

of their lower and upper bounds for ¢ = 1,...,d and let = be of the form
(14). Consider now the left hand side of the inequality in (3) for fixed
& =(&,.-.,€). We have

V(& )8
[a. Peezv) F(65) = Eeez FP(§5) = Ly(s)

7(bj—7")sj
F1may) B0 L :g)sjzgm) (6 Vg -
=[5 ) Z<€>
(- ) Sre- e ¥ S| GEE!

Let k;(a;) be the affine coefficient of L,. According to Remark 4 we can
rewrite the expression above in the form

¥ (€ —r)s’

o 1—qy a; r—a; 5
= L(s)kz-(a-)+< I+ R J> F?(£,s)
[w b b b b 562(:1”) ’
Oéj 1*04]' bj*’f’ 1*04]' SD
+<bj—aj r—aj bj—aj+r—aj Z: (57)(6 T)
§€Z(ay)
Since
aj 1—aj_ Qj r—aj 1
bj—r bj—aj bj—T bj—aj_bj—aj
and
o 1—a; bj—r l—a; 1
bj—aj r—aj bj—a]‘ T‘—aj_bj—aj
letting

A(g,s) = Z F;'ﬁ(gas)_ Z Ff(f,s)

£eE(by) £€E(aj)
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we obtain

A(j, s)
bj——aj

(& = = [Lola) + 222 g - ).

Consequently, the inequality in (3) corresponding to the noise { = ({1, . . ., &)
is satisfied when

(1) Ly(s)(1+ Skl - )

Jj=1

d
> 5(6,9)— Y ,fj_ LAGs) = Y FH(E )
j=1 ez
The problem to determine the transformation () is then reduced to an op-
timization problem consisting in finding the smallest L (s) for which there
exist (aq,...,aq) satisfying the system of inequalities described by (15) for
each £ € =.
It seems to be difficult to obtain an explicit formula for ). However, it
can be performed using numerical methods.

4. Numerical examples. We present some numerical results for the
case d = 2 basing on an explicit formula for the transformation () obtained
in Section 3.1.

ExampPLE 1. Consider an asset on a foreign stock exchange market with
price at time 0 equal to Sy = 60 in foreign currency. Let Y be a current
exchange rate with initial value Yy = 3. The form of the contingent claim
is o(St,Yr) = (St - Yr — K)*. In the table below we present the prices of
options expressed in domestic currency units for various strike prices K and
maturities 7.

K=170 K =180 K =190 K =200
T=20 50.36 44.48 39.8 35.3
T=30 631 57.26 52.45 48.71
T =40 74.81 69.04 64.97 61.13
T=50 86.11 81.07 76.93 72.82

The volatility of the asset is equal to 10% (i.e. a = —0.1, b = 0.1 for §) and
that of the currency exchange rate is 1%. The effective overnight interest
rate is taken to be 0.03%. One can see that the option prices (i.e. the prices
of the super-hedging position) are in the range of 20% to 45% of the initial
value of the stock in domestic currency.

EXAMPLE 2. We now present numerical results of computation of an
option for a branch index. Let us assume that on Warsaw Stock Exchange
market there exists an option for the brewery index. Let S* denote an asset
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of Okocim Co. and S2 an asset of Zywiec Co. Initial prices of the assets
are S = 16.9 and S2 = 149.5 respectively (quotation of 27.11.96). Let the
contingent claim for such an option be ¢(Sk, S2) = (a1 Sk + a352 — K)™
where oy = 346, as = 50.

K =12800 K =13322 K =13600 K = 14000

T =20 2728 2443 2327 2161
T =30 3247 2967 2847 2674
T =40 3666 3388 3299 3170
T =50 4032 3812 3718 3582

The option prices are given in index points (10 pts = 0.12 PLN). In this
case the volatility of disturbances is equal to 10% so the price of the option
is relatively higher than in the previous example. The effective overnight
interest rate r is 0.048%.
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