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INFORMATION INEQUALITIES FOR THE MINIMAX RISK
OF SEQUENTIAL ESTIMATORS (WITH APPLICATIONS)

Abstract. Information inequalities for the minimax risk of sequential es-
timators are derived in the case where the loss is measured by the squared
error of estimation plus a linear functional of the number of observations.
The results are applied to construct minimax sequential estimators of: the
failure rate in an exponential model with censored data, the expected pro-
portion of uncensored observations in the proportional hazards model, the
odds ratio in a binomial distribution and the expectation of exponential
type random variables.

1. Introduction. Let X, X5,... be a sequence of independent iden-
tically distributed random vectors (i.i.d. r.v.’s) in R! each with probability
distribution Py with 6 € @, where © is an open interval of reals. Assume
that the family {Py : § € ©} is dominated by some o-finite measure p on
R! and let pg(x) denote dPy/du at the point z € R

In this paper we consider minimax estimation of the parameter 0°, where
s # 0 is a given real number, under squared error loss L with a weight h(6):

L(1,0) = (1 — 6°)*h(6).

We shall investigate estimators T of 8° under a sequential sampling scheme
with the random variable N denoting the number of observations. Let c(6)
denote the average cost of a single observation. Usually it is assumed that
¢(#) does not depend on €, but it is more natural to assume that the cost
of observing each X; is a function of X;, say £(X;). Then the average cost
of observing the whole sample X;,..., Xy, where N is a stopping time, is
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equal to

Eq [ig(xi)] =EgN - Ep{(X1)

by the Wald lemma. Hence the total risk of the sequential procedure Ty is
(1) R(Tn,0) = Eg[L(Tn,0)] + c(0)EsN,

where ¢(0) = Eg&(X1).

The main aim of this article is to provide general information inequalities
for the minimax value when the risk of sequential estimators is of the form
(1) and when the parameter space is © = (0,6;) for some 0 < §; < oo or
O = (62,00) for some 0 < #3 < oo (see Theorem 2.1 in Section 2). These
bounds are applicable to a wide range of estimation problems.

First we use the results obtained to estimate the exponential mean life-
time in the model with censored data under the risk defined by (1). There
are several proposals of sequential procedures in the above model. Gardiner
and Susarla (1984) and Gardiner, Susarla, and van Ryzin (1986) proposed
sequential asymptotically risk efficient procedures. Some asymptotic distri-
bution results for the procedures introduced in Gardiner, Susarla and van
Ryzin (1986) can be found in Gardiner and Susarla (1991). Bayesian se-
quential estimation with censored data was investigated in Tahir (1988).
However, very few papers concern minimax estimation from censored data.
In particular, minimax estimation in the exponential failure time model un-
der the presence of a censoring mechanism was considered by Gajek and
Gather (1991) for the case of fixed sample size. They gave a lower bound
on the minimax risk but a minimax estimator was not found. The problem
of minimax sequential estimation in the model considered by Gajek and
Gather (1991) was investigated in Mizera (1996) under some additional re-
strictions on the expected number of observations. One of the motivations
for the present paper is to construct a minimax estimator in the same model
provided that the sample size is randomly chosen and that the risk function
incorporates the cost of observations (see Section 3).

In Section 4 we investigate the problem of estimating the expected pro-
portion of uncensored observations in the proportional hazards model. Re-
call that subject to this model the distribution function G of the censoring
random variable Y satisfies the equation

1-G(y)=[1-F(y)* forally,

where F' denotes the distribution function of the censored r.v. X and d > 0
is the censoring parameter. The expected proportion of the uncensored
observations, 6, is then equal to 1/(d+1). In Section 4 we propose a simple
sequential estimator of 6 and prove its minimaxity by applying the bounds
proven in Section 2.
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In Section 5 we apply Theorem 2.1 to the problem of minimax estimation
of the expectation of a one-parameter exponential type family of probability
distributions. Bayesian sequential estimation in an exponential family was
considered e.g. by Mayer Alvo (1977). Using Bayesian methods Magiera
(1977) investigated minimax estimation with the cost function depending
only on time for an exponential class of processes with continuous time.
He showed that under some additional assumptions the fixed-time plan is
minimax. We consider discrete time exponential processes under the condi-
tion that the cost is some real function possibly depending on an unknown
parameter.

Finally, we consider the problem of estimating the odds ratio 6 in a
binomial distribution. In Section 5 we propose a simple sequential estimator
of 6 and derive its minimaxity from the information inequality of Theo-
rem 2.1.

2. Lower bounds on the minimax value. Let N be a random variable
defined on the same probability space (£2,S,Py) as the sequence X1, Xo,.. .,
where Py is the product measure generated by Py. Let o(Xj,..., X,,) denote
the o-algebra generated by the finite sequence Xi,..., X,,. If the r.v. N is
integer-valued and

() {we:Nw)<n}eo(Xy,...,X,) forn=1,2,...,
(i) Pog({w € 2: N(w) < o0}) =1,

then N is called a stopping time (see e.g. Chow, Robbins and Siegmund
(1971)) or a proper stopping time (see Woodroofe (1982)). Let T,, =
Tn(X1,...,X,,) be an estimator of 0%, s # 0, based on n observations
X1,...,X,. Having a sequence (T,,, n = 1,2,...) of statistics and the
stopping time N, we construct a sequential estimator 7. Throughout the
paper we assume that the following Cramér—Rao—Wolfowitz inequality holds
(see e.g. Wolfowitz (1947)):

[s6°" + V' (9)]
1(0)EoN

(2) E¢[Ty — 6°)% > b%(0) + for all 6 € O,
where b(6) = EqTy — 6° and 1(0) = Vary [ log ps(X1)].

Let h(-) be a positive weight function and ¢(-) be a positive cost function.
Then we have the following

THEOREM 2.1. Assume that (2) holds and © = (0,0;) for some 0 < 07 <
0o (resp. © = (03,00) for some 0 < 0y < 00).

(i) Assume that 0 < c() < s720%T21(0)h(0) for all @ € O such that
0 <9, for some 6 >0 (resp. 8 > K, for some k > 0). If the limits as § — 0
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(resp. 0 — 00) of h(0)02%° and 0=2c(0)/1(0) exist and are finite, then

limsup{E¢[Tn — 6°]>h(0) + c(§)E4N}
0—0
(0—0)

, o1 [c()h(0) 5] c(9)
> gl_l% |s|0 <2— >

(0—0)

(ii) Assume that c(0) > s=20%T21(0)h(0) for all § € O such that 6 < J,
for some 6 > 0 (resp. 0 > K, for some k > 0). If the limit as 6 — 0 (resp.
0 — o) of h(0)0% exists and is finite, then

limsup{E¢[Tn — 0°]>h(0) + c(0)EgN} > lim h(0)6%.
0—0 0—0
(6—00) (6—00)

In the proof we shall need the following three lemmas.

LEMMA 2.2. For all A, B,z > 0, we have
A
— +Bz>2VAB.
z

LEMMA 2.3. For all D > 0 and z € R, we have

2
2 > JD-D*/4 for0<D <2,
i +D|1+Z|_{1 for D > 2.
LEMMA 2.4 (extended L’Hospital rule). Let zg € [a,b] and D = (a,b) \
{zo}. Assume that f,g: D — R are differentiable. If ¢'(x) # 0 for every
xz €D and

lim f(z) = lim g(x) =0, 400 or —oo,

T—T0o T—xTo
then
/ /
lim inf f, (2) < lim inf f(z) < lim sup f(z) < limsup / (35)
z—zo g () z—zo g(T) ez 9(x) e—zo 9 ()

We omit the proofs of Lemmas 2.2 and 2.3 as they are elementary. The
proof of Lemma 2.4 can be found in Gajek (1987).

Proof of Theorem 2.1. (i) The proof is somewhat similar to the proofs
of Theorem 2 in Gajek (1987) and Theorem 2.7 in Gajek (1988). First, we
prove the bound as # — 0. Observe that the lower bound given in (i) is equal
to 0 if limgg 62°h(#) = 0, so without loss of generality we can assume that
this limit is positive. Applying (2) and Lemma 2.2 we obtain for all § € O,
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(3)  Eg[Tn — 0°)?h(0) + c()EgN

- [(52) Sl o o

(R, 2 [, v
[(52) - () Jeeo

Since for some § > 0 we have 0 < ¢(6) < s72025T2[(0)h(0) for all < 6,
therefore

92%(9)

0<

2ls| [_ ()
<2 forall <o
o1\ T(@)n(ey == T U SO

and from Lemma 2.3 and (3) we have
(4)  Eg[Tn — 6°12h(0) + c(0)EogN

w1 [elORO) (sl [_cl6)
> |s|6 1(6) (2_95+1 I(G)h(9)>

+ Kbéf)>2 - (Sbelga_{)z] 6°°h(0) for all 0 < 4.

Observe that (i) holds if the left hand side of (3) is unbounded on each inter-
val (0,47). So assume the opposite. Then the condition limg_,o 02°h() < co
and the first inequality in (3) imply together that limg_,o b(#) = 0. In order
to prove (i) it is enough to show that

® e [(F) - (2) ] =0

and next to combine it with (4). Suppose that (5) is not satisfied. Then, for
some € > 0, (b(0)/6%)% — (' (0)/(s6°~1))? < 0 for § < e. Hence V'(6) # 0 for
0 < e and by Theorem 5.12 of Rudin (1976), either &'(f) > 0 for all § < ¢
or the reverse inequality holds on (0,¢). In the first case we have for s > 0

and 0 € (0,¢),

©) s < <

Since

sfs—1 05
from (6) it follows that b(0)/0° is increasing on (0,¢) and so the limit of
b(0)/0° exists as # — 0. Hence, from Lemma 2.4 and (6), we obtain

sl -]



90 L. Gajek and B. Mizera-Florczak

/ /
lim inf v(0) = lim inf @ = lim sup _b(@) < lim sup —b ) .
00 s@s—1 6—0 s 6—0 § 90 SO5—1

When s < 0 the opposite inequalities in (6) hold but b(#)/6° is still increasing
n (0,¢). Hence the limit of b(#)/0° exists and b(f) — oo as § — 0, and by

Lemma 2.4,

20 8O

b'(0 b0
lim inf ) < limin msup —- = lim sup L
950 s@s—1 90 s 050 s 00 80571

In each case if limg_, b(#)/6° is finite, then (5) is satisfied, a contradiction;
if not, then (i) follows directly from (3). The case b'(f) < 0 for 6 € (0,¢)
can be treated in the same way. The proof of the theorem for § — oo is a
bit more complex though quite similar. m

Theorem 2.1 shows that the minimax risk of each estimator which sat-
isfies inequality (2) depends neither on the estimator nor on the stopping
time. Now consider the scale family of Lebesgue densities

(7) F = {f@ : f@(.%') = (1/(9)f1(.%’/6), z >0, RS @},

where f; is a given Lebesgue density. Assume that f; is differentiable. Let
I(#) denote the Fisher information of a single observation X, which has
Lebesgue density fy € F. It is easy to show that

(8) I(0) =072 A,
where

S ) P
?) A= 1+ | nw

Let X1, X5,... be iid. r.v.’s each with Lebesgue density fy, where
fo € F. Let V denote the minimax value in estimating 6°, s # 0, under the
risk given by (1) and the weight function h() = 072 i.e.

V= 1nfsup{E9[TN —0°12072° 4 c(0)E4N}.
TN gco

Then the following result holds.

PROPOSITION 2.5. Assume that © = (0,01) for some 0 < 61 < oo (resp.
O = (03,00) for some 0 < 0y < 00). Let Ay be defined by (9).

(i) If 0 < ¢(0) < s72A; for all € O such that 6 < &, for some § > 0
(resp. 0 > kK, for some k > 0), then

V> hm |5|1/ ||\/
(9—)00)

provided that the right-hand side exists.
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(ii) If c(0) > s72A;y for all 0 € © such that § < &, for some § > 0 (resp.
0 > Kk, for some k > 0), then V > 1.

Proof. The result follows from Theorem 2.1 for h(f) = 672 and I(0)
defined by (8). m

Proposition 2.5(ii) implies that if the cost of collecting observations is
too large then trivial estimators may be both minimax and admissible. To
be more precise, define Ty to be a given constant C*® € R and assume that
c(9) > s72A;. Then the lower bound on V is equal to 1 provided that
E¢yN > 0. If EgN = 0 for some 6 € O, then Ty = T a.s. [Py]. Moreover,
if s >0 and © = [f3,00), where 0 < #3 < oo, then

éré% Zgg R(Ty,0) = 1.
If s < 0and © = (0,6,] for some #; > 0, then the same holds. So V' > 1 no
matter what E¢V is, provided @ is a properly truncated parameter space.
On the other hand, the estimator Ty = C*® makes the supremum of the risk
equal 1, for every C € [2Y/%6,,60;] when © = (0,6;] and s < 0. Hence it
is a minimax (and admissible) estimator of #° in this case. If s > 0 and
O = [0, 0) for some f > 0 the estimator Ty = C*® with C € [92,21/562]
is minimax and admissible (to prove admissibility, it is sufficient to notice
that Ty = C* is the unique locally optimal estimator at the point § = C).

3. Application to censored data from an exponential distribu-
tion. Assume now that each random variable X7, X5, ... has an exponential
distribution with Lebesgue density

fo(z) =(1/0)exp(—x/0), x>0, 0¢€ 6O,

where © = (0, 6;) for some 0 < #; < oo or © = (3, 00) for some 0 < 0y < 0.
Assume that the data consist of the sequence (71, Ay), (Z2, Asz),. .. defined
by

1 for XZ < Yo,

0 for X; >uyp, D2

Zi = Hlil’l(Xi,yg), Az = {

where yg > 0 is a given censoring time. The average cost of each observation
is denoted by ¢(f). Let a random variable N,, denoting the number of
observations, be described in the following way:

NT:min{m:ZAin} forr=1,2,...,
i=1

where r is a given integer. Define

p=P(A=1)=P(X <yo) =1—exp(—yo/0).
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THEOREM 3.1. Assume that © = (0,61) for some 0 < 6; < oo and
supgeplc(8)/p] = limg_,o[c(0)/p] = 1/(k 4+ 1)%, where k is a positive integer.
The estimator 9~N,€ defined by

k
~ 1
g :———[ X; Ny — k }
Ny k+1 ; 7Nk+( k )Yo
where X; n, is the ith order statistic from Xi,...,Xn,, is a minimax esti-

mator of 6 € © under the loss weighted by 0~2.
Proof. Observe that

Py(Ny =) = (k - 1>pk<1 St m= kL

It can be shown that, under the above conditions, the order statistics
X1,N»---» Xk, N, have a joint conditional density given Nj = n, which is
equal to the joint density of the order statistics from a random sample con-
sisting of k i.i.d. observations from a truncated distribution with density

(10) h(u) = (Op) L exp(—u/f), 0<u <yo.
Note that

k
~ ~ 1
=1

k 1
=E|——E — (N —
Fr U e Mm}
where U has density (10). Since EU = 60 — yoq/p, ENy = k/p, where
p=1—exp(—yo/0), ¢ =1 — p, therefore
~ k

11 Efn, = ——6.
Further, observe that

(12) E(@n, —0)? = Varfy, + (Efy, — )2,
where Varfy, = E[Var(0y, | Ni)]+ Var[E Oy, | Ni)]. As E[Var(6y, | Ni)]
= (k/(k + 1)) VarU = (k/(k + 1)?)(6* — y2q/p*) and Var[E(0y, | Ni)]
= y2k(1 — p)/[p*(k + 1)?], therefore
_k
(k+1)2
From (11)—(13) we obtain E(§Nk —60)?2 =02?/(k +1). Hence and from the
fact that supgeglc(f)/p] = 1/(k + 1) we have

(13) Var Oy, = 62.

~ 2k + 1
14 E(Oy, — 0)%072 NOEN,] = )
(14) Slelg[ (On, — ) + c(0)E Ny CESE
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Since the Fisher information I;(f) of a single observation (Z,A) is equal
to I1(0) = 6~2p and limg_,o[c(0)/p] = 1/(k + 1)?, from Theorem 2.1(i) for
6 — 0 we have the following inequality for a sequential estimator 63, of 6
with stopping time M:

2k +1

(15) Sgg[Eg(GL —0)%072 + c(O)EM] > CESIER

Now (14) and (15) imply the assertion. m

THEOREM 3.2. Assume that © = (03,00) for some 0 < 0y < oo and
supgeplc(8)/p] = limg_,o0[c(0)/p] = 1/(k+1)?, where k is a positive integer.
The estimator Oy, defined in Theorem 3.1 is a minimaz estimator of 6 € 6.

Proof. As in Theorem 3.1, from Theorem 2.1(i) for  — oo we obtain
for a sequential estimator 6, of 9,

y 2k +1
sup[Eg(Or — 0)2072 + c(0)EgM] > ———.
Zgg[ o(0nr — 0)707" + c(0)Eg ]—(k:+1)2

Now the result follows from (14). m

REMARK 3.3. The assumption that ¢(8)/p = const. seems to be quite
natural in life time experiments. Indeed, suppose that the items on test are
observed only for a certain period of time yg and classified afterwards. If
the life time X is greater than g, the item is classified for sale, otherwise
the loss is ¢. Then ¢(0) = cp, where p = P(X < yp).

4. Minimax estimation in the proportional hazards model. Let
X1,Xs,...beiid. r.v.’s with absolutely continuous distribution function F'.
Assume that X1, Xo,... are censored on the right by i.i.d. r.v.’s Y7,Y5,...
which have a common distribution function G, so that the observations
available are the pairs (Z;, 4;), where

a7
L Xi<Yio o,

ZZ:HIIH(X“Y;), AZ:{O X, > Y g Ly
) 2 (2]

Assume that the sequences X1, X5, ... and Y7, Y5,... are independent. Write
P(Z>t)=1—-H(t),teR.

The proportional hazards model is a parametric-nonparametric model in
which there exists a positive constant d, the so-called censoring parameter,
such that

1-Gx)=(1—-F@)?% =zcR.
In this model, the expected proportion p = P(§ = 1) of uncensored obser-
vations satisfies the equation p = (1 +d)~! and

1-F(x)=(1-H(z))?, =ze€kR.
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Note that the special case d = 0 (or p = 1) may be identified with the lack
of censoring.

This model was considered by Koziol and Green (1976), Csorgé (1988),
Csorgd and Mielniczuk (1988) and others (for a more complete list of refer-
ences and a survey of results, see Csorgd (1988)). In this section we consider
minimax estimation of p provided that the form of F' is known. Let r(z) be
the hazard function of X, i.e.

r(x) = f(x)/1 = F(z)], x€5,

where f is the density of X and S = {x € R: 0 < f(z)}. Let T(x) =
—log(l — F(z)), € S, be the cumulative hazard function of X. Obviously
F(z) =1—exp(—T(z)) and f(x) = r(z)exp(=T(x)) a.e. on S.

The aim of this section is to find a minimax sequential estimator of p
under the normalized square error loss function

L(p,p) = (B —p)*/p*,
with constant cost function, ¢(p) = ¢o, per observation. A natural estimator

of p, and to the best of our knowledge the only proposal in the literature, is
based on the statistic

P
(16) pn—ﬁizzlﬂi-

Clearly, p,, is unbiased and Varp,, = p(1 — p)/n.
However, using the statistics (16) does not lead to constructing a mini-
max sequential estimator. In fact, such an estimator is based on the statistic

1 n
y = T(Z;

and, what is quite surprising, does not use any information from the se-
quence (Aq, Ag,...)!

THEOREM 4.1. Assume that p € (0,p) with 0 <p <1. Let 0 < ¢y < 1
and define the stopping time No = 1/\/co — 1 with probability 1. Then the
estimator

1 X
L= T(Z;
pNo NO + 1 ; ( l)

s a minimaz sequential estimator in the proportional hazards model consid-
ered above.

Proof. It is well known that A and Z are independent in the propor-
tional hazards model and hence it is easy to show that the Fisher information
Iz, A1) (p) of a single observation (Z1, A1) is equal to 1/[p*(1 — p)].
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Further, applying Theorem 2.1(i) with h(p) = p~2, ¢(p) = cp, 0 < cg < 1
and p — 0, we get the following lower bound for the minimax value in the
problem of estimating p by a sequential estimator pys:

(17) sup {E Py —p)’p 2+ coEM} > 2\/co — co.
pe(0,1)
Since Z; has distribution function H(t) = 1 — [1 — F(t)]*/?, therefore
P(T(%1) < 1) = P(~log[l — F(Z,)] < 1) = P(1 - F(Z)) > ¢ ™)
— (L — F(Z)]'? 2 /7) = P(1 — H(Z)) = 17
=PH(Z)<1—e/Py=1—¢7tP >0,
because H(Z7) is uniformly distributed. Hence T'(Z;) is exponentially dis-

tributed with scale parameter p, so >, T(Z;) has a gamma distribution.
Therefore

1 = n 1 - n

E T(Z)| = —— d Var|—— T(Z)| = ——=p°.

LH; ( l)] 1’ M ar[nH; ( Z)] (n+ 12"
Since Ny = ng with probability 1 and p}, = (n+1)"! 3" | T(Z;), therefore

* o * 0 2 * 2 _9 1

Epy, = —— Vi =—Q d E — =—.

Pn, o + 1p, arpp, (no + 1)217 an (pNO P)°p no+ 1
Hence
(18)  R(pk,.p) = E(pN, —p)*p"* + cENo = + cono.

no —|— 1

From (17), (18) and the fact that ng = 1/\/co — 1, 0 < ¢o < 1, we obtain
the assertion. m

5. Some other applications. In this section we show that Theorem 2.1
is applicable to a variety of problems. First of all we get immediately a result
analogous to that of Magiera (1977), who considered minimax sequential
estimation of continuous time exponential type stochastic processes. What
is more, our method proves minimaxity of the estimator (20) below also in
the case 8 = 0, which was not covered by Magiera (1977). It is also worth
noting that our result concerns discrete time processes and that the cost
function ¢ may depend on 6.

The second example of applications of Theorem 2.1 concerns estimation
of the odds ratio and the inverse of the success probability in a sequence of
Bernoulli trials. It should be stressed that the result does not follow from
the first part of this section.

Minimazx estimation for an exponential type family of distributions. Con-
sider a one-parameter exponential family of probability distributions P,
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6 € © C (0,00), which are absolutely continuous with respect to a o-finite
measure 1 on R, with Radon-Nikodym derivatives

dPg (3:)
du()
where t(x), w(z) denote measurable functions and a(f), n(f) are some real
functions defined on 6.

Let X be a random variable with Radon—-Nikodym density pg(z) defined
by (19) and let I(f) denote the Fisher information of X. Reparametriz-
ing family (19) if necessary, we may also assume that § = E¢(X). Then
I(0) = 1/ Vart(X) (see e.g. Lehmann (1983), Theorem 6.2). Assume that
X, X1, Xs,... are i.i.d. random variables. We are interested in minimax
estimation of the parameter § = E¢(X) under the risk defined by (1) with
weight function h(0) = I(#). For the time being assume that ¢(6) = ¢, where
ceRy.

Consider the following sequential estimator of 6:

(19) = po(z) = w(z) exp[n(0)t(z) + a(f)], =z€R,

N
(20) O =Y t(X)/(N +5)

i=1
where the r.v. N is a stopping time and 8 € R. If N is equal, with
probability 1, to a constant ng, the pair (N, 8y g) is called a fized-time plan
(see e.g. Magiera (1977)). Then we have

E(éNﬁ — 9)2 = Var éNﬁ + (EéNﬁ — 9)2

2
= mngVart(X) + <n niﬁﬂ —9)
0 0
. n0+ﬁ2921(0)

(o +B)21(9)
Hence
no + 8%6%1(0)
(no + B)?

Applying a simple extension of Theorem 2.1(i) and (21) it is easy to check
that under the above assumptions the following result holds:

(21)  R(Onp,N)=E@np—0)*1(0) +cEN = + cng.

PROPOSITION 5.1. Assume that © = (0,601) for some 0 < 61 < oo (resp.
O = (02,00) for some 0 < 0y < 00).

(i) Assume that limg_,o021(0) = oo (resp. limg_,o 821(0) = o0) and
define the stopping time Ny to be equal to 1/+/c with probability 1. Then
On, .0, defined by (20), is a minimax estimator of 6 € O.

(ii) Assume that supgeg0?1(0) = limg_0021(0) = 1/8 (resp.
Supgee 021(0) = limg_,oo 0°1(0) = 1/B) for some B > 0. Let ¢ be such
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that 0 < c < 1/8? and define the stopping time N2 to be equal to 1/\/c—p
with probability 1. Then Oy, g is a minimaz estimator of 6 € 6.

Similar results to Proposition 5.1 can be easily deduced from Theorem
2.1 in the general case when the cost function ¢ depends on the unknown
parameter 6. For example, we have

REMARK 5.2. Assume that © = (0,6;) for some 0 < §; < co (resp. © =
(62, 00) for some 0 < 6y < 00) and limy_,0 21(0) = oo (resp. limg_,o 021(0)
= 00). Let ¢(f) > 0 be such that supycgc(d) = limg_,oc(f) = c (resp.
Supgeg ¢(0) = limg,o ¢(f) = c) for some ¢ > 0 and consider the stopping
time N3 = 1//c with probability 1. Then 6y, ¢ is a minimax estimator of
0eo.

Now we present some examples of probability distributions that satisfy
the conditions of Proposition 5.1.

ExAMPLES. (a) Consider the r.v. X with gamma distribution of density

1
jb(x)'_ xa—le—r/e

- I'(a)f
with respect to the Lebesgue measure, where x > 0, « is a given positive
real and 6 € ©. The parameter 6 is estimated under the risk (1) with weight
function h(f) = 1(#). Suppose that © = (0,6;) for some 0 < 6; < oo, or
O = (02,00) for 0 < 03 < co. According to the notation introduced earlier
t(X) = X/a, Et(X) =0, I(§) = /6> Then

0%1(9) = d li 021(0) =
ep IO et g, PO =e

and the conditions of Proposition 5.1(ii) are satisfied for § = 1/a.
(b) Suppose that the r.v. X has probability function

efeax
Py(X =z)= = forz=0,1,2,..., 0 €6
where © = (03,00) for some 0 < #; < oco. Then t(X) = X, EX = 6,
I(f) = 1/6 and limg_,, §%1(9) = co. By Proposition 5.1(i) the estimator
O, .0 is a minimax estimator of § € 6.
(c¢) Suppose that the r.v. X is normally distributed with Lebesgue den-

sity

L 2
folw) = == expl=a"/(20)]

for z € R, 0 € ©, where © = (0,6;) for some 0 < 61 < 00 or O = (f2,0)
for some 0 < 05 < co. Let the parameter 6 be estimated under the risk (1)
with the weight function h(6) = (). We obtain ¢(X) = X2, Et(X) = 0,
I(#) = 1/(26?) and Proposition 5.1(ii) holds for 8 = 2.
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Minimazx estimation of the inverse of the success probability in a se-

quence of Bernoulli trials. Let X1, X5, ... be a sequence of i.i.d. r.v.’s with
P(X; =1) =p1, P(X; =0) = ¢ =1~ p1, where p; € (0,p,) for some
0<p; <1,i=1,2,... The minimax estimation of the function 6 = pl_l,

6 € (1/p;,0), is considered under the normalized squared error loss of es-
timation with weight h(f) = 672, Assume also that the risk incorporates
some average cost K(6) of collecting observations. Suppose that the cost
£(X;) of the observation X; is defined by

o 0 for Xz = 0,
§(Xi) = {cl for X; =1, i=1,2,...,
with fixed constant ¢; € (0,1). Observe that K(0) = E[Zf\il £(X;)], where
M denotes a stopping rule. By the Wald lemma, K(0) = ¢c;EM/6 and the
total risk of an estimator 6, of 0 is

. E(@y — 0?2 ¢EM
R0, 0) = “22 ) 19 .

Consider the stopping time
m
N, :min{m:ZXi :r} forr=1,2,...,
i=1

with fixed r (see also Section 3) and the estimator

N,
22 N, = ——.
( ) N7‘ r _|_ 1
It is easy to check that
r(l—6"1+1
O ,0) =
R( N,.» ) (7"+1)2 +oar
and
(23) sup R(Oy ,0) = + .
0>1/p, ' r+1

Since the Fisher information I*(0) is 1/[0?(6 — 1)], from Theorem 2.1(i)
for § — oo we have

sup R(0ar,0) > /1 (2 — /).
6>1/p,
Now (23) shows that for r = (1—/¢1)//c1, 0} given by (22) is a minimax
estimator of § = p;!, whenever 0 € (1/p,,00).

Minimazx estimation of the odds ratio. Now consider the problem of
estimating the odds ratio § = p;/q1 from a sequence Xi, Xs,... of ii.d.
r.v.’s with P(X; = 1) =p; and P(X; =0) = ¢ = 1 — p1, where ¢; € (0,7)
for some 0 < § < 1. Since § = ¢; ' — 1 and the r.v.’s X/ = 1 — X; are
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two-point distributed with success probability ¢; = P(X! = 1), estimating
0 is formally equivalent to estimating the inverse of the success probability
q; ' (shifted by a constant) from the sequence X/, X5, ... From the previous
section it follows that the statistic

Ne 41

)

where the stopping time is

N/ = min {m : Z(l - X;) = r},
i=1
is a minimax estimator of the odds ratio # = p;/q; under the square error
loss with weight function h(8) = ¢ = (1 + 0)~2 provided that the cost
function is ¢(f) = c1q1 = c1(1 4+ 6)~! and r = (1 — /c1)//c1. The average
cost of observation, ¢(f), is equal to c¢1q; whenever the cost £(X;) of the
observation X; satisfies

N _ Ja for X; =0,
¢(Xo) = {0 otherwise,
fori=1,2,...
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