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LOCAL EXISTENCE OF SOLUTIONS OF A FREE
BOUNDARY PROBLEM FOR EQUATIONS OF
COMPRESSIBLE VISCOUS HEAT-CONDUCTING FLUIDS

Abstract. The local existence and the uniqueness of solutions for equa-
tions describing the motion of viscous compressible heat-conducting fluids in
a domain bounded by a free surface is proved. First, we prove the existence
of solutions of some auxiliary problems by the Galerkin method and by regu-
larization techniques. Next, we use the method of successive approximations
to prove the local existence for the main problem.

1. Introduction. This paper is concerned with the local motion of
a drop of a viscous compressible heat-conducting fluid. Let 2, € R? be
a bounded domain of the drop at time ¢t. Let v = v(z,t) (v = (v1,v2,v3)) be
the velocity of the fluid, o = o(z,t) the density, 6§ = 0(z,t) the temperature,
f = f(z,t) the external force field per unit mass, r = r(z,t¢) the heat
sources per unit mass, § = 0(z,t) the heat flow per unit surface, p = p(o, )
the pressure, ¢, = ¢,(p, @) the specific heat at constant volume, p and v the
constant viscosity coefficients, « the constant coefficient of heat conductivity,
and po the external (constant) pressure. Then the motion of the drop is
described by the following system of equations (see [3], Chs. 2 and 5):

o[vr + (v - V)v] —div T(v,p) = of in 07T,
ot + div(ov) =0 in 7T,
(1.1)  ocy(0p +v-VO) — KAO + Opg div v

l\Dlt

3
Z Viay + vju)? — (v — p)(dive)? = or i 07,
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T -n=—pon on §T,
v-n=—¢¢/|V on §T,
(11) )
[cont.] @ =0 on ST,
on

Olt=0 = 00, Vlt=0 =vo, Oli=o =10y in 2,

where 27 = Useo, )2 x {t}, ST = Useo,1)St x {t}, St = 042, ¢(z,1) =0
describes Sy, m is the unit outward vector normal to the boundary, i.e.
n=Vo¢/IVo|, 2 = |0 = 2. By T = T(v,p) we denote the stress
tensor of the form

T(v,p) = {T3j}ij=1,2,3 = {—pdij + Dij(v)}i j=1,2.3,
where
(1.2)  D(v) = {Dz‘j (U)}i,j=1,2,3 = {M(Uixj +Vjz;) + (v— )55 div U}i,j:1,2,3

is the deformation tensor. Moreover, in view of the thermodynamic consi-
derations we assume that ¢, >0, x >0, v > %,u > 0.
Let the domain (2 be given. Then by (1.1)s,

% ={r e R o= a(&,t), € ),

where x = z(&, t) is the solution of the Cauchy problem

ox
(13) E :’U(.%',t), x‘t:[) :ge “(27 5: (51762753)'
Integrating (1.3) we obtain the following relation between the Eulerian x
and Lagrangian £ coordinates of the same fluid particle:

t
v=E+ \uE t)d = X, (&, 1),
0
where u(§,t) = v(X,(&,t),t). Moreover, by (1.1)5, S; = {z : z = z(§,1),
£eS=00}.
By the continuity equation (1.1)2 and the kinematic condition (1.1)5 the
total mass is conserved, i.e.

| o(@,t)do = | 00(€) d¢ = M,
2 9]

where M is a given constant.

The aim of the paper is to show the local existence theorem for problem
(1.1). In order to prove the local-in-time existence of solutions of (1.1) we
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rewrite it in Lagrangian coordinates as follows:

nue — divy Tu(u, p) = ng in 27 = 2% (0,7),
n +ndiv,u =0 in 27,
neo(n, )y — KV + vpy (0, 7) divy, u
3
g a2yl Vet Ve
— (v — p)(div, u)? = nk in 27,
Tu(u,p) - Ny = —ponu on ST =8 x (0,7),
My - Vuy =7 on ST,

Nt=0 = 00, Ult=0 =vo, Y|t=0 =06p in £,
where 7(£,t) = o(Xu(&,1),1), 7(&,t) = 0(Xu(§,1),1), p = p(n,7), 9(&,t) =

f(Xu(f,t),t), k(éat) = T(Xu(gat)’t)a 7(£,t) = G(Xu(g,t)’t)’ Vi = gil‘a&la
T, (u,p) = —pI + Dy (u), I = {0i;}i =123 is the unit matrix, D,(u) =
{Dm;j (u)},;7j:17273 = {,u((?rl £k85k U +81‘3 £k85k u,) + (I/ — ,u)éu div,, u}, div, u
=V - u = 0,,&,0¢,u;, div, T(u,p) = {8%. Ek0¢,, Tuij(u, p) ti=1,2,3 (O, &k are
the elements of the matrix &, which is inverse to z; = I+ SBui(é, t')dt") and
summation over repeated indices is assumed.

Let S be determined (at least locally) by the equation ¢(x,t) = 0. Then

S is described by ¢(z(&,1),t)]i=0 = ¢(£) = 0. Thus, we have
_ Ved(, 1) o

" — Xu ,t ,t == d = =
| X T

The proof of the existence of solutions of problem (1.4) is divided into
a few steps. First, we examine the auxiliary problem (3.1) and the problem

Ved(€)

new(n, B)ve — KVEY

3
H 2 T
=K+ 521(5931 : ngj +§mj : ngl) in {2 s
)=
n-Vey=% on ST,
Yt=0 = o in §2,

where n > 0, > 0 and w are given functions, &, = &;,(w). We prove the
existence of solutions of problems (3.1) and (1.5) by the Galerkin method
and by some regularization techniques.

Next, by using the Schauder—Tikhonov fixed point theorem we obtain
the local existence of solutions of problems (3.40) and (3.76) (see Lemmas

3.5 and 3.6).
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Finally, applying the method of successive approximations we prove the
local existence and the uniqueness of a solution (u,~,7) of problem (1.4)
such that u,vy € Ay, n € By, where T < T, T, > 0 is a certain constant;
Ar and By are given by (2.1) and (2.2) (see Theorem 4.2).

We have already considered problem (1.1) in papers [7]-[11]. In [7] we
proved by using potential techniques from [5] the local existence of solu-
tions of (1.4) in Sobolev—Slobodetskii spaces, i.e. we obtained (u,7y,n) €
W2 (02T) x W2(QT) x C(0,T; T'*3/2(2)) for T < T,, where T, > 0 is
a certain constant. We cannot apply potential theory in the present paper
because this theory is singular in the case of H3(§2) regularity (with respect
to the space variable £) considered in the paper.

Papers [8] and [9] are concerned with conservation laws and a differential
inequality, respectively, used in [10]-[11] to prove the global existence the-
orem for problem (1.1) in the case of a special form of the internal energy
per unit mass ¢ = €(p,6). The main result of the present paper, i.e. The-
orem 4.2, will be used in [12] to examine the global motion of the viscous
compressible barotropic fluid in the general case, i.e. without assuming any
conditions on the form of the pressure p.

In this paper we use some results of paper [6], which is concerned with
the local existence of solutions of a free boundary problem for the equations
of compressible barotropic viscous self-gravitating fluids.

Moreover, local existence theorems for free boundary problems for equa-
tions of compressible viscous heat-conducting and self-gravitating fluids are
proved in [2] and [4].

2. Notation and auxiliary results. We use the following notation:

o |[ulls,o = ||lullgs(@), s > 0, s rational, Q = (2,5, S = 942,

o |ulp.q = llullz,(2), p € [1,00];

o [[ullspger = lullL,orws2) pa € [L,od], 0 < s € Z, QT = 2 x
(0,7);

o ||lullspqs7 = HuHLq(UyT;W;(S)), p,q € [1,00], s > 0, s rational, ST =
S x (0,7T).

Moreover, we introduce the spaces:
(2.1)  Ar ={ue C(0,T; H*(2)) N Ly(0,T; H*(2)) :
uy € C(0,T; HY(2)) N Ly (0, T; H*(£2)),
uge € C(0,T; L2(92)) N Lo (0, T3 H'(12))}
and
(2.2)  Br={ucC0,T;H*(2)) :us € C(0,T; H(2))NLy(0, T; H*(£2)),

uge € C(0,T; L2(92)) N L2(0,T; H' (12))}
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with the norms

(23)  Nullay = (sup [Jull3 o + [[ull3 55 0r + sup Jlulli o
0<t<T 0<t<T

Flluel3 000 + sup Nuell§ o + el o0 0r)'
0<t<T
and
(2.4) Julls, = ( sup ull3 o+ sup |Juellf o+ [luell3 20 07
0<t<T 0<t<T

+ sup |lulls o + HuttH%,Q,Q,QT)l/Q
0<t<T

Finally, define
ko =Y. 0fulli-iz22.0;
0<i<l—k
where | > k, k € Z, U{0}, Q = 2¢,S" and
lulike =Y [0juli-ie.
0<i<l—k

where | > k, k € Z, U {0}.
We denote all positive constants in estimates by the same letter c. We
also use the following lemmas.

LEMMA 2.1. The following imbedding holds:
W) c Ly(02) (2cC R3, 12 satisfies the cone condition),

where either

3 3
KZM+———<1 and 1<r<p<oo or
l Ir Ip

k=1 and 1<r<p<oo,
and Ly(£2) is the space of functions u such that |Dgul, o < 00;
W) C LY(S) (S=02, 2CR?),
where either
_lof 3

2
k=—+———<1 and 1<r<g<o or
l Ir g

k=1 and 1<r <gqg< oo,

and Lg (S) is the space of functions u such that |Dgulys < oo. Moreover,
the following inequalities hold:

|Dgulp,0 < ce'"|Diulr,o + ce " |uly 0,
where

Kk=—+———<1, 1<r<p<oo,
p
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€ is a parameter and ¢ > 0 is a constant independent of u and &;
‘D?u’qﬁ < CEl_H’Déu’r,Q + e " |ulr, o,
where
of 3

2
k=—+———<1, 1<r<qg<oo,
l Ir g

€ is a parameter and ¢ > 0 is a constant independent of u and . =

Lemma 2.1 follows from Theorem 10.2 of [1].

LEMMA 2.2. Assume that n € C(0,T;H?*(R2)), n, € C(0,T; H*(£2)),
e € La(27), n >0, 8 € Ar, B >0, ¢, € C*(R%), ¢, > 0. Then

nes(n, B) € C(0,T; H*(£2)), dy[ney(n, B)] € C(0,T; H'(£2)), 0F[ney(n, B)] €
C(OvT; LQ(Q))7 1/(77011(777/8)) S C(‘Q X [OvT]) and

(2.5) SltlpHnCv(T/a/B)Hg,Q
< clleyl|zz 5y sup (113, 0 f1 (sup I9]]3, o, sup 18115, )
= vllc2(V) tp Miz2,nJ1 tp Ml2,02; tp 2,02
where fi(x1,72) =1+ 31 + 9 + 23 + 23 + 21272 and ¢ > 0 is a constant;
(2.6) Sttlpll(?t[ncv(n,ﬁ)]\lin
< 2 2 2 2 2
< el gy atoup 113 50 151 o500 e sup 15115 ),

where fo(x1,22,23,24) = T1(x3+ 103+ 20x3+ 2124+ Tomy) +a3(1+20+24)
and ¢ > 0 is a constant;

@7 sup |7 [ne,(n, B)I6.0 < cllelloa ) fa(sup nll3 0. sup lme[13 o,
sup B2 g5 e s el ),

where f3(x1, T2, T3, T4, T5) = 1 (23 4+ xows + 24 + 23 + 25) + Tox3 + T4 and
c > 0 15 a constant;

(2.8) sup[ney (0, )] < llevlle vy supm;
T 0T
1 1
(2.9) sup ——— < || — sup —.
nT 77011(7775) Cy c(w) 2T n

In (2.5)—(2.9), V C R? is a bounded domain such that (n(&,t),B(€,t)) € V
for any (&,t) € 2T,

The proof of the above lemma is obtained using Lemma 2.1.
Now, consider the continuity equation (1.4)s. Integrating it we have

t

(2.10) n(&,t) = oo(&) exp [— Sdivuudt'}.
0

By direct calculations we obtain the following lemma.
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LEMMA 2.3. Let oo € H?(£2), 00 > 0, u € Loo(0,T; H*>(£2)) N Ly(0, T}
H3($2)), uy € Loo(0,T; HY(2)) N Lo(0,T; H2(£2)). Then n given by (2.10)
belongs to Br and the following estimates hold:

Sup1) < lleollz, 291 (a(u, 1)),
sup [[nll3, < llooll3, ed2(au, 1)),
SngmHig < llooll3,0¢3(a(u,t), ao(ut, 1), [|u(0)]3 o),
Sngth%ﬂ < looll3,p¢a(alu,t),ao(us, t), [[w(0)[3 o, lus (01} o),

176113 2,2,00 < tlooll3,ods(alu,t), ao(us, t), [u(0)]3 o),
1613 < tllool3, @baalu,t), ao(ue, t), [w(0)]13 0. [lue (0)IIF ),

17122220 < N0oll3 2 lll3 22,0 05 (¢, 1 ull3 22,0

196t]13 22,00 < ll0oll3, 206 (alu, )7 (alu, ), b(t, u,e3)) + [uell3 2.2, 0],
where t < T, ¢; (i =1,...,7) are positive increasing continuous functions
of their arguments, a(u,t) = thHuﬂgg dt’, ag(ug,t) = thHutH%Q dt’, b is
given by (3.46) and a; > 0 is a constant. Moreover, 1/n € Br and
2

1 H 1
sup — + || =
ot 1 B:
where t <T and ¢g is a positive increasing continuous function of its argu-
ments. m

< Os(llulls 20,005 ully s lluel 2 2,00 5uP 3 ),

3. Existence of solutions of auxiliary problems. In order to prove
the local-in-time solvability of problem (1.4) we have to consider a few aux-
iliary problems. First, we consider the problem

nuy — divD(u) = F  in 027,
(3.1) D(u)-ng =G on ST,
uli=o = o in £2,
where D(u) is defined by (1.2) and 7 is a given function. Moreover,
(3.2) 0<p.<n<p" <o,
where ¢, and p* are constants.

DEFINITION 3.1. By a weak solution of problem (3.1) we mean a function
u € C(0,T; Ly(£2)) N Ly(0,T; HY(2)) with uy € Lo(£27) which satisfies the
integral identity

(3.3) | [mm + gS(u)S(qﬁ) + (v — p) divudiv ¢ — F(ﬁ} d¢ — | Gode, =0
2 S
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for all ¢ € H'(£2) and the initial condition

U\tzo = Vo;
here fo =320 fii, [ =u, F, G, S(u) = {uig, + uje, }i j—1,2,3 and
3
S(u)S(¢) = > (wig, +uje,)(Pie, + bse.)-
ij=1

In order to prove the existence of a weak solution to problem (3.1) we
shall apply a Galerkin procedure. Choose a sequence of functions ¢, ¢o, . ..
such that: ¢; € H(£2) for all i; ¢1,..., ¢, are linearly independent for each
n; the set of all linear combinations of the functions ¢; is dense in H*(£2).
For any n we define an approximate solution of problem (3.1) by

Uy = Z cin(t)9i(8),

(3.4) S |:77unt¢i + gS(un)S(@) + (v — p) divu, div ¢; — F¢i} d¢
: 2

—|Ggide, =0,
S

Unp (O) = Uno,

where u,o — vo in H(£2), un:(0) = u(0) in HY($2), unt:(0) — ug(0) in
Ly($2) and [unollr.e < cllvolle; lun(0)l1.2 < cllur(0)]|10; [uni(0)]2,0 <
clu(0)]2,0; ui(0) and uy (0) are calculated from (3.1); ¢ > 0 is a constant.

LEMMA 3.2. Let assumption (3.2) be satisfied. Let n € C(2x[0,T]), n: €
Ly(0,T; HY(02)), ne € Lo(027), F € H*(0,T; Ly(R2)), G € H*(0,T; Ly(5)),
vo € H'(2), u(0) € H (), ut(0) € Lo(£2). Then there exists a unique
weak solution of problem (3.1) such that u € Lo (0,T; H'(£2)), us € Loo (0, T}
HY($2)), uyy € Loo(0,T;5 La(2))NL2(0,T; H(£2)) and the following estimate
1s satisfied:

(35) i o+ lluellf o + lueelld o + 1wl 22,00 +uellf 22,00 + lueellf 2.2,
<UL/ 04, 0"t l0elIF 22,00 12t 18 )N FIIG 0 + I1FEIIG o
+er]| Felld o + IG5 s + G250

+erlGullg s + lvoll¥ o + lue (0T @ + [l (0)5 0]

where t < T, ¥y is a positive increasing continuous function of its arguments
and €1 € (0,1) is a sufficiently small constant.
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Proof. First, multiply (3.4) by ¢;, and sum up over i from 1 to n.
Using the Korn inequality and Lemma 2.1 we get

d c
7 S nug, dé + cllun|lf o < 0—(1 + Ine? ) S nug, d§
? * )

+ c(IFII5.o + 1G113.5) + ellunl? o
where we have also used the fact that
B 18P de + (v — mlldiv a0 > e | [8(wa)|? de.
Q Q

Hence, integrating with respect to time, taking € > 0 sufficiently small and
using the Gronwall inequality we have

(3:6)  \mu e+ unlf o200 < Pa(1/04, 0"t el 22,000)
2

% (§n(0)0f g+ 1713 o + G150 ).
9}

where W5 is a positive increasing continuous function.
Next, multiplying (3.4) by ¢;, and summing up over ¢ we obtain
1d .
B0 [ {mir g B8P + - )i ] - Fune e
0
— | Guy dé, = 0.
S
Integrating (3.7) with respect to ¢ and using the Korn inequality yields
(38) | nup, dgdt' + ||unlf o < ellwnil 20,00 + cllunlf e
Qt
+e(|F1I, 20 + GG s + llvol ).

Differentiating (3.4) with respect to ¢, multiplying by ¢;, and summing
up over i from 1 to n we get

d c
(3.9) — V2, dé + cllunl? o < ellund} o + Q—(l +Imell3 o) § ru, de
N * N

+ (| El o + 1Gell5.s)-
Integrating (3.9) with respect to time gives

(310)  § nud, d€ + [lunslf 22,00
02

<0100, 0", Il 2.2.00) (1 1(0)03(0) e + BB e + 1G5 )-
2
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Next, differentiate (3.4) with respect to t, multiply the result by é;, and
sum up over 7 from 1 to n. We obtain

1d W .
rglnufm dE + 5= é [E\S(unt)P + (v = p)(divun)? | dg
< ellunullf.o + i ollunellf.o + 1F 5.0 + 1GlE.s)-
Hence
(3.11) | nud, dédt + [lun o

nt

< ellwncell 22,00 + elllmelly 22,00 5up a6 0

+IFIG o + IGeIE 5 + lluntll§ e + llunte (O 2)-
Finally, differentiating twice (3.4) with respect to ¢, multiplying by &,

and summing up over ¢ we have

d c
(3.12) pT S g, dé + C”untt”i(z < Q_(”WtH%,Q +1) S s, dé
o} * o}

+cllnel§ e llundli o + e Fullf 0
+e1l|Guellg,s)-
Therefore, integrating (3.12) with respect to time yields

(313)  § mudyy d€ + llunse} 22,00
2

< W(1/ex, 0% 1, IIUtII?,Q,Q,m)( ) 1(0)u (0) dé + e1 | Furllf e + 21| Guelf s
9}

+sup e [ Il 0 )-

Using inequality (3.11) in (3.13) and assuming that eWs||nu||3 ¢ is suffi-
ciently small we obtain

(3.14)  § mudyy d€ + llunseF 20,00
02

< Ws(1/ 0w, 0"t [mellf 2.2, H??ttl!%,m)( ) 1(0)u; (0) dé + [luse (0)]13
02

el el o + €1l Gulldse + IF B 00 + 1G5
e g+ s0p e )

where W3 is a positive increasing continuous function of its arguments.
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Now, taking into account inequalities (3.6), (3.8), (3.10), (3.11) and
(3.14) we get the estimate

¥ 0 + lnellf o + lluneell§ o + lunl 22,00 + luneli 22,00 + ltneeli 22,0
<UL (1/ 0w, 0 0l 22,005 et 15 20) [IIFllg,m + I EE o
+erlFulld o + IGI5 s + 1G5 e

+e1l|Gullf g0 + | n(0)08 dg + | n(0)u? (0) de
(93 (P4

+ | n(0)uf,(0) dé + [lwollf o + IIUtg(O)Hg,n}-
0}

Choosing a subsequence and letting n — oo we obtain the existence of a
solution of (3.1) and estimate (3.5). Uniqueness follows from (3.5). This
concludes the proof. =

LEMMA 3.3. Let assumption (3.2) be satisfied. Let n € C(0,T; H?*(12)),
Nt € C(OaTa Hl(“o))’ 1/77 € C(OaTv HQ(‘Q))’ (1/77)t € C(OaTa Hl(‘Q))’ Nt €
Ly(27), F € H?(0,T; Ly(2)) N Ly(0,T; H(2)), G € Lo(0,T; H3?(S)),
Gy € Ly(0,T; H/2(S)), Gy € Lo(ST)), S € HY?, vy € H*(12), u,(0) €
HY(£2), uy(0) € La(£2) (where uy(0) and uy(0) are calculated from (3.1)).

Moreover, let the compatibility condition be satisfied:
D(vg) - ig = G(0) on S.

Then the solution u of problem (3.1) belongs to Ar and for t < T the
following estimate holds:

(3.15)  lullyy, < %a(l/ox, 0" t, h(t,m,e2))IF |12 22,00 + I EIG o0
+e1|[Fulld o + sup IE115,00 + IG115 /22,2, 50

+ G2 20050 +EllGulld s + 1u(0)]% 0 0],

where g; € (0,1) (i = 1,2) are sufficiently small constants, ¥y is a positive
increasing continuous function of its arguments depending also on Hsﬁ”% P
(where @ is a transformation which straightens locally the boundary of (2)
and

(316) h(t.m.22) = [l 2,00 + el o0 + 22500 [l
+cle2)sup [, + £25up [} + ) sup [,

Proof. In [6] it is proved that the solution u of problem (3.1) be-
longs to La(0,T; H3(£2)), so in view of Lemma 3.2 it suffices to prove that
u € C(0,T; H?(2)) with w, € C(0,T; H*(£2)) N Ly(0,T; H2(£2)), uy €
C(0,T;La(£2)) and that the estimate (3.15) holds. In order to do it con-
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sider as in [6] a covering {{2;}/_; of {2 and associate with this covering a
partition of unity {¢;}7_;, i.e. Y7 ¢ = 1, supp(; C 25, 5 € Cg°(R?).
Denote by 2 an arbitrary set of the covering {(2;} such that 2ns =40
Denote by ¢ a function of the partition of unity {¢;} such that supp( C Q.
Since the identity (3.3) is satisfied for any test function ¢ it is also fulfilled
for (¢. Then we have

(3.17) S [nuth§ + gS(u)S(C(ﬁ) + (v — p)divudiv(¢e) — ngﬁ] dg

0
- | Gepdg =0
sSnR=35
Now, apply the transformation & : 2 — £ which straightens locally the
boundary of 2. Then (3.17) takes the form

19) | {imd+ SE@EE +5@BiC.3) - Ba(@.OB@) |

0

+ (v - pldivadivé + diviig- VC —a- VCdiv o) — FeplJ dz

e Q)

@Z&f\/g dzs =0,

S
where 23 ¢ — &) =z¢€ Q. i=uod L u= ﬂa J is the Jacobian of the
transformation ¢ = &~ 1(2) = (21, 22,23 + ¥(2)), ¥ is an extension to 2 of
a function v such that S is described by {5 = ¥(£1,&2), g =1+ 1/)31 + 92

o
Ve in S, ]151, etc. is replaced by V= VeP(&)|e=p-1(2) - V2, and ]151(6, w) =
{@ﬁj@— ’l/ljj%iz\}i,j:lﬂ,?) (w=¢,u; V= (6)1:1,2,3)-

Moreover, we need that 0= {zeR3: |5 <d i=1,2 0< 23 <d},
S=d(S)={z€R3:|z|<d, i=1,2, 23 =0}. Since the first integral in
(3.18) vanishes on 982\ S it can be extended by zero onto R} ={z e R3:
23 > 0}

Assume in (3.18) (as in [6]) ¢ = 6 16,,4, where

opu(z) = %[u(z' + hyz3) —u(2)], 6 u(z) = %[u(z’ — hyz3) — u(2)],

2 = (21, 22).
Then the first term in (3.18) can be rewritten as (see (A.7) in [6])
(3.19) \ Ao g dz = — \ Sniednuit dz — \ s oy J dz
1
2

9}

9}

\ Alontl*J dz + 5 | 7lontl*J dz

9} 2

SIS
N | —



Equations of compressible heat-conducting fluids 191

and by Lemma 2.1 the first two terms in (3.19) are bounded by
16472 -+ e ElTIE g + e I ) Tl 5,

where € € (0,1) and &5 € (0,1). Hence in the same way as in [6] we obtain
(cf. inequality (A.8) of [6]) the estimate

d ¢ .~ oo ~
(3.20) Vlonal* s dz + 5 |onall? 5

24t )

(9}

< clealAl2 5 + )2 )T 5 + el 5 lonal2

T ell8nall? , +ellall? o+ eIFI2 5 + 1G12 , 5)

Integrating (3.20) with respect to time, going back to the old variables,
summing over all neighborhoods of the partition of unity, using the fact
that ¢ is sufficiently small and letting h tend to 0 we get

(3.21) S nu d§ + :U'HUTH%,ZZ(N
Q

< §n(0)05, d¢ + (e sup 1113, + c(e2) sup 1113 ) el 2,2, 00
0}

el oz 0o sup fulli @ + ellulizp o + 116 o0 + 1C/2,2.250),

where u, denotes the tangent derivatives to the boundary and the constant
¢ depends on ||®]) .
To calculate the normal derivatives we use the equation

—divD(u) = F — nuy.
Hence we have
(322) luall o < c(I1F I 0+ - 1.0) + clea i gelelnl o) s .0
Now, inequalities (3.21) and (3.22) imply

(3.23)  \nuZdg + ||ull3 55 o
0

< | n(0)v3, d + (e sup [[nll3, + c(e2) sup Il @)lluslly 2.2,
2

+ cllnellf 2,2, sup [ullf o + e(lullf 2.2 00 + 1FII6 o0 + G j2.2.2,50);

where ¢ < T and the r.h.s. of (3.23) is bounded in terms of the estimates
for the weak solution (see Lemma 3.2).
Now, we obtain estimates for sup, [|u[|3 , and [Ju¢|3 5 5 ;¢ To do this we

put ¢ = &, 0,1 in (3.18).
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Using the Holder and Young inequalities and Lemma 2.1 we obtain

d

.24 1) d
G20 (AsalId ;g

o

S[ S + (v — p)(dive,a)? | J dz

< ellntiell; 5 + cll@el} 5(e2llnll; 5 + cle2)0nTll; 5)
+ [} 5 (el +C(62)H77H A)H(ShJHiﬁ“'HaHiﬁ

+H77”;§H5hJH 5 FIFNG o+ IGIE , 5l

Integrating (3.24) with respect to time and using the Korn inequality yields
(3:25) | Alona* T dzdt’ + |6n1]} 4
0t

< elldntell] , 5 g + clllell , , 5 (e2 sup 16k 7113 5 + c(e2) sup 16,7115 &

+ (82)SHPH?7H o) Tl o 51215 (€QSHPH?7H

+ (62)SUP 19118,02) + 117 5 5 50 + 1215 SlITl , 5 50
12 2
+ HFHO,_Qt + ||GH1/222 St + HUUHQ,_@]’

Now, since by Lemma 3.2, (nu¢); = nus + nue € Lo(2') and Fy €
Ly ($2%) we have [divD(u)] ; = divD(us) € Lo($2"). Therefore, differentiating
(3.1); and (3.1)2 with respect to ¢ we obtain the problem

nuy — divD(uy) = F, — nuuy — in 27
(3.26) D(uy) - g = Gy on ST,
ut’t:() = ut(O) in Q

Problem (3.26) is, with respect to v = wuy, of analogous form to problem
(3.1), so to get an estimate for [[v]|2 5, ¢ = ||utl|2 55 or We use the same

argument as in the case of the estimate for ||ul|3 , 5 5. Thus, (3.20) is now
replaced by

ld ~ 12 Fis ~ 2
(3.27) §d_ S n|onue|”J dz + §||5hut‘|1,§
19
(2l 5 + cle) 712 Rl

+cllellf pllontielly 5 + ellontell¥ o + cllell? 5

+e(IFIG 6 + G 5+ 17T 5l )-
Integrating (3.27) with respect to time gives
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¢
(3.28)  \Al0na* T dz + | |onTi? , dt’
O 0
< (e Sltlp ||ﬁ||§§ + c(e2) Slzp ||ﬁ||§f))||ﬂtt”?22f}t

2 -~
1,2,2,0¢

2

+ | .

(sup 172, + sup [l ) + el

+e(IBI2 g+ 1GH 50 + | MO0, (0) d)-
0
Adding inequalities (3.25) and (3.28), next going back to the old variables,
summing over all neighbourhoods of the partition of unity, using the fact
that ¢ is sufficiently small and letting h tend to 0 we get

(3.29) S N[ dE dt’ + S nfuir | dé + ||UTH%,Q + [[uerll1,2,2,00
(o 2

< c([l2]3 ) [IIUtH?,Q,z,m (€1 sup 3. + c(e1) sup In3.¢)
= luatlly 22,00 (2 sup [l 0 + c(e2) sup [nll5.2) + llullz 2,00

+ el 2,2, 00 + 10el15 22,00 sup el o + IF15 o0 + I EG o

G 2.5+ 1GR o20,50 + ol + | n(O)]uer (0) de]
2
In order to calculate the normal derivatives of u; we use the equation

— leD(’LLt) = Ft — NU¢t — MUt
Hence, we have

(3.30) uenllf 22,00 < cll N5 00 + ler 1% 22,00 + el 2,2, 00 sup luell? 2
+ (e25up 17]13,¢2 + c(e2) sup 17118, 2) luaee 15, 0]
Taking into account inequalities (3.29), (3.30) and the inequality
sup lunli o < c(sup 1713, + sup lurllf )
+ el sup|Inli o + cler) sup [Inllg o) sup fluel o,

which follows from (3.22), and using estimate (3.5) we find that v € L (0, T}
H?($2)), us € L2(0,T; H*(£2)) and

(331)  ull3.o + lluel3 20 00
< Us(1/ 04, 0t Iml|T 00,00 1[G - 2 sup Inll3.0 + c(e2) sup In115.2)
X [1FN5. ¢ + 1FelIg. o + €1l Feellg, o +SlipHFH3,n
+ HGH?/Q,Q,Q,S‘ + ||Gt‘|%/2,2,2,st + €1||GttH(2],S‘ + 1w (0)1%,0. o),

where W5 is a positive increasing continuous function.
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It remains to find an estimate for ||u||3 5, .. Using the same argument
as in [6] and after similar calculations to those for (A.16) of [6] we get
1d

32
832 3@

2 Hipa2. ~n2
S 002 jsul®J dz + 5 19775} &

[HnHQ,ﬁHjtSﬂtHiﬁ + (e2llTell} 5 + cle)ellg o) 10755T5 5
+ 115 @l 5+ a5 5+ 1FN2 o + G , 5 +el0r-dsally ),

where js is the Friedrichs mollifier operator. Integrating (3.32) with respect
to time yields

(333) (Ao dz + pl0Zsil 5 , o
2
< {113 5 5, 00 1
+ (e2sup ]} g + o) sup [ ) 1 5 g+ 181 5.5

+ 2l020rjsll2 o + | A(0)[O2(0)2 T dz|.
0

+ |1 FII3 +IGII3

122!2’5 3/2225"

Next, (A.18) of [6] is now replaced by

2
30 [0 st~ |1 - o (@ - ) [at) |
3,z 0,82t
< AN 0 D TIE g+ 110235712 g+ NI+ €l 51 0

where ws is the smooth kernel of the mollifier operator js. Estimates (3.33)
and (3.34) imply

261 ~
(335) [ S | j5u|2JdZ+Cl|| ]5””122915

9}

2
2661

7)) - % } iy dy

0,02t

1

< {113 5., s 17
+ (e2sup ]} g + o) sup [ ) 313, 5 5

+ 1l + |1 FI13 +1IGII3

222(2t 122(2t 3/2225’5

+ ellgforisil g + § A0)/7(0) 7 dz].
Q
Using the fact that @3, is close to one and 3 , — ¢§7y is close to zero for

T,y € 2 and for sufficiently small, we obtain from (3.35), after taking the
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limit as § — 0,

(3.36)  \7lozalsdz + |07l + 1107 0|

2
1,2,2,02 0,0t

2
< {113 5., sup ]
+ (2 5up 7117 5 + c(e2) sup 17!l T3 5 5 50

1A 0+ IFI2 5y 0+ 1G5+ § WO OZTO)T d2].

9}

Next, from equation (A.13) of [6] we have

(3.37) 0332 5, < (020,12, . + 10,0272, 5,
2 50+ 175 0590 T2 5+ IFIE )

Taking into account (3.36) and (3.37) we see that u € Lo (0,T; H3(£2))
and

(3.38) lull3 02,0t < C[HUH%Q,Q,(N Sgp\lw\lin
+ (&2 sup 1113, 2 + e(e2) sup 1115, ) [4]13,2,2, 00
+ ||u‘|3229t + ||F||%229f

+GI3 j2,20,50 + | 0(0)07u(0)[ dz|.
Q

Adding inequalities (3.31), (3.38) and (3.5) we obtain estimate (3.15).

To complete the proof notice that from u € Lo (0,T; H?(£2)) N Ly(0,T;
H3(2)) and u; € Loo(0,T; HY(2)) N Lo(0,T; H?(£2)) it follows that u €
C(0,T; H?(£2)). Next, since u; € Loo(0,T; HX(£2)) N Ly(0,T; H?(£2)) and
Ut € Loo(0,T; Lo(£2)) N La(0,T; HY(£2)) we have u; € C(0,T; H(£2)).

In order to prove that uy € C(0,T; L2(§2)) differentiate (3.1); with re-

spect to ¢, multiply by ¢ € H'(£2) and integrate over {2, using the boundary
condition (3.1)2, to get

Vuode = | (— E % - w%)D(ut))ws
| W) G de + | Styde, voe HU(D),
2 S N

where D(u;) Vo = Z?,jleij (u¢)@iz; . Hence,
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(3.39) % (S)utgbdg = | [— v((%) J)]D(ut) - v(%)m(utt)

0

1 F 1
_M_M_<_> mut+g+pt<_> ]M
n n nJ) + n UV

=
(;2 g ) )¢dss

o+ (92,9 V¢€H1(~Q)

= <gly
Identity (3.39) implies

[t ||%2(0,T;(H1(9))*)

T T
<cl sup [gr @)l dt+c| sup [(g2 0)s|”dt
o llell,e<t 0 llelle<1

< Ts(Inllz 11/005, lwell3 5.0, 07 lueell; 55,0 1Geellg g7
1Gell1 22,257 |1 Fiellg ors | Fellg or )

where Wy is a positive increasing continuous function of its arguments. Hence
ug € C(0,T5 Lo(82)). This completes the proof of the lemma. =

Now, consider the problem
nuy — divy, Dy (u) = F in 07T,
(3.40) Dy (u) - iy = G on ST,
uli—o = Vo in (2,

where 7 and w are given functions, 7, = 7i(Xy (£, 1),t), Dy (u) = Sy (u) +

(v =) I dive u, Su (0) = {0r, £k, 5+ 0, Ex0g, it j=1,2,3, 1= {0ij }i,j=1,2,3-
We assume that 7 satisfies (3.2) and w = w(§,t) is such that
¢

r =&+ Sw(§,s) ds = X, (&,t) = x(&,t)

0
and z¢ = {0x,;/0&; }i j=1,23, & = {0&/0x;}i j=12,3 are matrices with de-
terminants close to 1 for ¢ € [0,7].
In order to prove the existence of solutions of (3.40) consider first the

problem

nuy — divD(u) = divy, Dy (u*) — divD(u*) + F in 27,
(3.41) D(u) - np =D(u*) - g — Dy (u*) - Ty + G on ST,

u’tzo = Vo in Q,

where u* is a given function.
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LEMMA 3.4. Let the assumptions of Lemma 3.3 be satisfied and let w, u*
€ Ar, where Ar is given by (2.1). Moreover, assume that

(3.42) sup sup [I —z¢| <6
te[0,T] €02

and

(3.43) sup sup |I — &;| <4,
tel0,T) £€82

where § is sufficiently small and I is the unit matrix. Then there exists
a unique solution u € Ar of problem (3.41) and for t < T the following
estimate holds:

(344)  lullly, <7 (1/0s, 0"t Mt e2))IF 1T 22,00 + 1 FIG 0
+e1]| Fellg o + Sup IF15. @ + 1G13/2,2,2,5¢

+ ||Gt‘|%/2,2,2,st + 51||Gtt‘|(2),st + [u(0) 22,0,9
+ C(t? u* ) 64)@8(0(1(], t)a b(t’ w, 63))]5

where
t

(3.45) a(w,t) =t ||lw|3 o dt’

0
t

(346)  b(t,w,e3) = | (eswl3 o + e(es)|[wl]lg ) dt’

o

t
+{ Eallwell3.q + elea)lwelf o) dt’
0

+ (e3 sup w||3, + c(es) sup w|3.c)
+ (e3 sup [wellf o + cles) sup lwellf. ),

~+

(347)  c(t,u"seq) = (eallu’ |5 0 + clea)u”|ff ) dt

0
t t
+ el 1,0 + clea) i 13,0) dt’ + ¢ [lu”|I3,o dt',
0 0
g; € (0,1) (i = 1,...,4) are constants, W7 and Wg are positive increasing

continuous functions of their arguments (¥r also depends on ||®[3 ) and
h(t,n,e2) is given by (3.16).

Proof. In the case of smooth functions w,u* and @ the existence of a
unique solution u € Ay of problem (3.41) follows from Lemmas 3.2 and 3.3.
Estimate (3.44) is obtained in the same way as (3.5) and (3.15). We shall
show for example how to obtain an estimate for sup, [|u||3 (. Differentiating
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the system (3.40) with respect to ¢t we get
nug — divD(u) = —npue + divy, Dy, (uy)

(3.48) —divD(u}) + Fy + F} in T,
D(ug) - g = D(u}) - fig — Dy (] ) - iy + G1 + Gy on ST,

where F} and G are functions satisfying

t
(349) IR < |fallwelfugel + o llwel] §eoee [ fug | + |l jweel ],
0
t
(350)  [Gal < lgallwelug| + lga llwel| §e |1l
0

and f; (1 =1,2,3) and g; (i = 1,2) are C* functions of I + Sgwg at’.

Now, multiplying (3.48); by u;J,, (where J,, is the Jacobian of the trans-
formation z = X, (&, t)), integrating over 2!, using the boundary condition
(3.48)5 and the Korn inequality yields

(3.51) g nug, Jy d€dt' + cl|u)3 o
_Qt
< elluge||F 0.9,00 + €b(t, w,e3) Sup l[uellF, 2

+cllnellf 22,00 sup luell§, 2 + luells 2.2, 00 + 1FLIE o + 1Gell§ s)

et § 18uui)Su ) ~ )5 de
Qt
+ (v —p) S |divy, uj divy, uy — divug divug| d€ dt’
Qt
+o | [Fiugldedt + ¢ | |Gruyl dés dt’ + [lue (0)]13 -
0t St
By (3.49)-(3.51) and Lemma 2.1,

(3.52) | [Frugldgdt’ + | |Grugd, dt’
0t St
< ellun ¥ 90,00 + c(e)(e3 sup [wl3,0 + +c(es) sup w3, 0)

t

t
x (1§l 1. '+ eea) § w13, )
0 0
t

t t
x (145wl g dt') + (@) (=s {1l o dt' + clzs) § 1wl o )
0 0 0

X (asup |u” |30 + e(ea) sup [, ¢)
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and

(3.53)

VIS

| 1Suw(uf)Suw () — S(up)S(u )| dé dt’
Qt

+ (v —p) S |divy, uf divey, uy — divuf divug| d€ dt’
Qt

< dc(ea)llueelli e + eallur |7 e

In view of (3.52)—(3.53) inequality (3.51) gives

(354) S nufth dg dt’ + ”utH%,Q
0t

< eslluge |3 5.0, 00 + b(t, w, e3) Sup [l
+ c(|Fell3 00 + 1Gellf g0 + luell? 20,00 + 10613 2.0, 00 sup [ue3,2)

+ Hutf (0) H(Q),Q + C(t? u” ) 64)@9(&(1{], t)a b(t’ w, 63)),

where 5 > 0 is sufficiently small, and ¥y is a positive increasing continuous
function.

To estimate |uw|?,, o differentiate (3.48); twice with respect to t,
multiply the result by uJ,, and integrate over §2. Using the boundary
condition (3.48)2 and the Korn inequality we obtain

(355)  \ nudy T d€ + |lugl|? .2, 00
02

< Wio(1/ 04, 0", [el15 2,2,00) |E1 | Fetl§ e + €11 G5 o0

+ | n(0)uz; (0) dg + Sup el ll7ee 15, ¢
9}

+ HuttHg,Q‘ + C(t’U*a64)wll(a(w’t)’b(tawagi’))) s

where U1 and ¥;; are positive increasing continuous functions.

In the same way we get the estimate

(3.56)  \nuiJu €+ [[wlf? 5.0 00
(93

< W1a(1/ 0, 0% 1 16112 22,00 ) I FE G o0 + 1G5 50
+ Hut(O)Hg,Q + C(t’U*’€4)W13(a(w’t)’ b(t’w’g?)))]’

where W15 and W3 are positive increasing continuous functions.
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Now, taking into account (3.54)—(3.56) we have

lueclld @ + leel 2,0, 00 + 1uellf @ + luellf 2,00

1494y 1Ly Ly

< Wa(1/ 06, 0" 1nelIF 2,2, 00 )IIFENG 0 + 1| Feel[§ e

1Ly Ly

+ |GG g + e1llGuellg.se + N1ue(0)]15. 0 + [luee (0132
+c(t,u”, eq)¥15(a(w, ), b(t, w,e3))],

where ¥4 and W5 are positive increasing continuous functions.

Estimates for Hu||§72727m, [ull3,0, Hutug,z,z,m are obtained by using sim-
ilar considerations to those above and in Lemmas 3.2-3.3. Hence, estimate
(3.44) holds.

In the case when u*,w € Ar and & € H3(§2) we get the existence of
a solution v € Ap of problem (3.41) and estimate (3.44) by using the density
of smooth functions in Az and in H?(§2), respectively. This completes the
proof of the lemma. m

LEMMA 3.5. Let the assumptions of Lemma 3.3 and (3.42)—(3.43) be
satisfied. Let w € Agp (where Ar is given by (2.1)). Then there exists
T, > 0 (depending on the arguments of W1¢ and on the expression in square
brackets on the right-hand side of (3.57)) such that for T < T, there exists
a unique solution u € Ap of problem (3.40) and for t < T the following
estimate holds:

(357) Hu”i\t S wlﬁ(l/g*a Q*7t7 h(t7n7€2)7a(w7t)7 b(t7w7€3))
< 1FI 22,00 + 1 EellS 0 + 1l Feell e + sup 1713,

1Ly Ly

+ ||G||§/2 22,5t T HGtH?/Q,Q,Q,S‘

1Ly Ly

+e1]|Gellg s + sup G135 + 1u(0)I%,0,0],

where Wig is a positive increasing continuous function of its arguments and
g; € (0,1) (i =1,2,3) are sufficiently small constants.

Proof. Let H be the mapping defined by H(u*) = u, where u* € Ar is
a function appearing on the right-hand sides of (3.41) and w is the solution
of (3.41) satisfying estimate (3.44). We shall prove that there exists a fixed
point of H. Set a(t) = [Ju*[|%, and ag = [[u*(0)[§ , + [|uf (0)[|, - Assuming
g4 = t* (where a > 0 is a constant) we have
(3.58) c(t,u*,eq) < c(ta+ ap),

where ¢ = ¢(t) is a positive increasing continuous function of . Now, using
(3.58) in (3.44) we get

(3.59) [ull%y, < Gi(t,d,e) + Ga(t, e, ta, ap),
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where
d=|F|} 99,0t + [ FelI3 00 + €1l Faelld 0 + sup IF13,0

=+ ”G”§/2,2,2,S‘ + HGt”%/Q,Q,Q,S‘ + El”Cll‘if”g,.S‘t + Iu(0)|22,0,97
1
e=+ 0" + h(t,n,€2) + a(w,t) + b(t, w, e3),

and G; and G4 are positive increasing continuous functions of their argu-
ments. There exist constants K7, Ko > 0 such that

(3.60) d<K;, e<Ky fort<T.

Let A > 0 be a constant such that

(3.61) a(t) <A fort<T

and

(3.62) G1(0, K1, Ks) + G (0, K>, 0, a0) < A.

Then by (3.60)—(3.62) there exists T, > 0 such that

(3.63) Gi(t,d,e) + Ga(t,e,t"a,a0) < A fort <T,.

Thus, in view of (3.59) and (3.63) we have proved that if a(t) < A then
(3.64) [ul%, <A fort <T.,

where T is sufficiently small.
Now, it remains to prove that if u; = H(u}) and us = H(u3), then

(3.65) sup Juy — uallf o + sup [(u1 — u2) ¢ [l§ 02
+ [Jur — U2H§,2,2,Qt + [[(ur — u2)¢”%,2,2,9f

< sup fuj — u |} o +sup | (uf = u3)al 0

+ [Jui — ué”%zz,m + [ (uy — uz),tH%z,zm-
Define U = u; —ug and U* = u] —u3. We see that U is the solution of the
problem

nU; — divD(U) = divy, Dy, (U*) — divD(U*)  in 27,
D(U) - fig = D(U*) - ig — Do (U*) - g on ST,
Uly—o = 0.
First, we obtain
(3.66) | nU?J dgdt'—l—sngUHiQ
ot
< E”UtH%,Q,ZQf + 6W17(1/ 04, ”77tH%,2,2,m)HU*”iz,z,nh
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where § is the sufficiently small constant from (3.42)—(3.43), ¢ > 0 is a con-
stant, and W7 is a positive increasing continuous function. Next, we have

(3.67)  sup UG, + 1027 2.2,

< Uis(1/ 04,1, ”771‘/H%,2,2,Qt)[5”U*”%,2,2,(% +4(1 + Slzp ”w”gn

+tsup 1wll3, e w113 2.2, ) 1T [IF 2,2,

where Wig is a positive increasing continuous function and € > 0 is a suffi-
ciently small constant. Adding inequalities (3.66) and (3.67) yields

(3.68) sup UG 0 + U3 22,00 + sup U117,
< W9(1/ 04, t, Hnt”iz,z,m)[ngU*“3,2,2,(% + 4[|U; ”iz,z,m

801+ sup [l + 5 ol ol 20 010 )
To obtain an estimate for \|U||§72727m we use estimate (A.12) of [6]. We have
(3.69) (U3 22,000 < c(sup 112,010 117 2,2,00 + sup 7el15, 2 NUI 2,2,

+ U1 20,00 + IIF NG a0 + IGI3 /2,2,9,50)»
where
F =div, D, (U*) —divD(U*), G =DU*)-7ig—Dy(U*) - N,

SO

’

t t
(3:70) PR o < § (] wee at”
0 2 0

2
U1 de + { l€, — T12|Ugel? de) at
2

< CtHwH%,Q,Q,Qt ||U*Hg,2,2,m + 662HU*||§,2,2,(N
and
(3.71) ”GH%/Q,Q,Q,S’f < C”U*”%,z,z,m (tkugzz,m + t2H¢”H§,2,2,m +67%).
By (3.70)—(3.71) we get
(372)  sup |UIR o +5up Uil 0 + U1 2500 + NVl 2,0

< o (1/ 00,1500 [l o, sup 1], )
x [6(1 +sup [w])3 o + tsup w3 ollwl3 20,0 U1} 2.2, 00
tp 2,0 1tp 2,02 3,2,2,02 1,2,2,02

+ (et tlwliaze + Plwls oo + U3 22.00 + OIU T 22,00
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For e, § and T, sufficiently small inequality (3.72) gives
(3.73)  sup IU11%, + sup U8, + 1U113 22,00 + 102 ]1% 2,2, 000

< HU*H%,Q,Q,(% + HUt*H%,Q,Q,Qt for t < T..

Since (3.62) implies (3.64) for ¢ < T, and (3.73) holds, by the Schauder—
Tikhonov fixed point theorem we obtain the existence of a solution v € A
of problem (3.40). The uniqueness of the solution follows from estimate
(3.57), so to complete the proof it remains to show this estimate. Since u is
a fixed point of H by Lemma 3.4 it satisfies

(B74)  ulh, < @21/ e, 0" 8 bt eI FIE 22,00 + 15
+ et Fellg o + sup 1713,
+ ||G||§/2,2,2,St + HGtH%/Q,Q,Q,Sf + 51||Gtt||(2),st
+1u(0)l%,0,0 + c(t, u,e)Ps (a(w, ), bt, w, €3))].
Moreover, in [6] (see Lemma 3.7) the following estimate is proved:
(3.75)  lulli o + luelld o + lullf 22,00 + lluell§ 22,00
<Y (tv 1/9*7 a(w7 t)v b(t7 w, 53)7 ”771‘/H%,2,2,Qf)

x| § eovd ds + § eou? (0) € + ol o + 1 F213
2 2

+ Gl 51+ sup | Fllo2 + sup |G 5]

Now, taking into account notation (3.47) and inequalities (3.74)—(3.75), for
t < T, we get estimate (3.57) if e4¥7(a(w,t),b(t, w,e3)) and T, are suffi-
ciently small. This completes the proof of the lemma. =

Next, consider the problem

UCU(U,B) — KV, w = K+ = £ Z éxl ngg +£x vng)

z ,j=1
(3.76) + (v = 1) (Ve -w)?  in 27,
Ny - Vuy =7 on ST,
7|t:0 = 90 in Q,

where &, = {;(w) is the inverse matrix to z¢ = I + S we(&,t')dt’. The
following lemma holds.

LEMMA 3.6. Let n > 0, n € C(0,T;H*(2)), . € C(0,T; 1(Q)),
e € Lo(02T), w € Ar, B € Ar (where Az is given by (2.1)), 8 > 0,
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0 <0, <ney(n,B) < o* (0. and o* are constants), K € H*(0,T; L2(£2)) N
Ly(0,T; H'(2)), 7 € Lo(0,T; H¥2(S)), 7, € La(0,T; H'/?(S)), 7y €
Ly(ST), S € H%2, ¢, € C?(R%), ¢, > 0, g € H?(£2), %(0) € H (1),
7:4(0) € La(£2), (where v(0) and v:(0) are calculated from (3.76)). More-
over, let assumptions (3.42)—(3.43) and the following compatibility condition
be satisfied:

no - Vg@g = é(f, 0) on S.

Then there exists T, > 0 (depending on the arguments of Was and on the
expression in square brackets on the right-hand side of (3.77)) such that for
T < T, there exists a unique solution v € Ar of problem (3.76) satisfying,
fort <T,

317 %,
S W22(1/0*70*7t7 dl(t777)7dQ(t757€5)7h(t777786)7a(w7t)7b(t7w7€3))
X (IKNT 22,00 + 1Kel3 00 + 1| Kaell5, o0 + sup K115,

+ ||7||§/2,2,2,St + ||7t”%/2,2,2,$t + 51H7tt||3,st + Slzp HVH%,S

+17(0)15,0,0 + b(t, w,e3) P23 (a(w, 1), b(t, w, e3)))],

where Wao, W3 are positive increasing continuous functions of their argu-
ments, €; (i = 3,5,6) are sufficiently small positive constants; a,b,h are
given by (3.45), (3.46) and (3.16), respectively, and

(BT8) dutBe5) = (o5 + 1) up 18180+ 5up 113 -+ 5up 8l ),
(3.79) da(t,m) = 1 (sup Inll3.0 + sup Inell3 o + sup nell,2)

(a2, az > 0 are constants).

Proof. We prove the lemma by using the methods of Lemma 3.5,
Lemmas 3.2-3.4 and Lemma 2.2. In particular, setting o = nec,(n,3) by
Lemma 2.2 we get

h(ta g, 52) < W24(d1 (ta 77)7 d2 (t7 57 85)7 h(ta 7, 56))

(this is used in the proof of estimate (3.77)), where Wy, is a positive increas-
ing continuous function of its arguments. m

4. Existence of solutions of problem (1.1). In order to prove the
existence of a solution of problem (1.1) we apply the method of successive
approximations. We consider the problems
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M Optim41 — UV o U1 — YV, VU1

= =V, 0(m; Ym) + Nmgm in 07,
NmCo(Mms Ym )0t Ym+1 — HVim’ymH

= ~YmP~y (N Ym) Vi, * Um

3
K v v 2
(4‘1) 9 E ( gthmyj 3 )

i,j=1

+ (V= 1)V, tm)® + nkim in 027,
Nmt + NmVa, * Un =0 in T,
Du,, (Um+1) * u,, = [P0, Ym) — Po)iu,, on ST,
Ny * Vg, Ym+1 = T on ST,

Um+1]t=0 = V0, Ym+1ilt=0 =00, Nmlt=0 =00 in 2,

where £, is the inverse matrix to z¢ = I + Sgumg(g, t') dt" and

9on (€:1) = F(Xu (6,6),8) = F €+ Jum (&, ) dt' 1),

0
¢
km(fat) = 7“( Um (67 7 = < §+ Sum dt, >
0
¢
T (6:8) = 0(Xa, (6,8),8) = ( + +Junle ) t).
For ug we take a function which is a solutlon of the problem
ugr — divD(ug) =0 in 27,
(4.2) D(ug) - o = (p(0,00) — po)ig  on 57,
g t=0 = vo in 2.

By the methods of Lemmas 3.2-3.3 one can prove the following estimate:

(43)  Juoll%, < Cr(®)Ill[p(00,00) = polfioll3 /2,5 + luo(0)l3,0,0] = Fi(2),
where (] is a positive increasing continuous function of ¢.
Similarly, for vy we take a function which is a solution of the problem

Yot —kVer =0 in 07,
(4.4) o Ve =%  onS’,
Yolt=0 = O in (2,

where 7, (&,t) = 0(Xy, (€,1),t) = 0(€ + Stu(](g t')dt',t). Assume that 0 €
L2(0 T Hl%)c( 3))m (O T leoc( 3)) Ht S LQ(O T leoc( 3))7 étt € L2(07T’
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H} _(R3)). By the methods of Lemmas 3.2-3.4 we get the estimate
(4.5) ollZ, < C2OFoll3/2.2.2.50 + Morllt 22,250

= 2 2
+ 51”70&”0,31& + |70(0) 2,0,9],
where Cs is a positive increasing continuous function of ¢.
Let A; > 0 be a constant such that

Define

t
Qor = {5 +{uo6,t)dt' < € € Q}

0
If @ = £+ {uo(&,') dt’, then by (4.6) we have
(4.7) det{ze} > 1—3t1/247/% — 6tA, — 6£3/243/2.
Let Ty > 0 be so small that
(4.8) 1-3T) /%A% — 6Ty Ay — 6T32A3? > 0.

Then if T' < Tj estimates (4.3), (4.5), (4.7) and (4.8) imply
Doy C Do = {& = (w1, 29, 23) : & — T, 2 A)? <y < &+ T2 A%,
i:152,3’ 52(51552,53)60} fOI'tST
and
49 7oll3/2,2,2,5t + [Toelli2.2,2,50 + €1 1Torell5, ¢
< s (fill e A1 OVFB o gy + 5up 618 ) for ¢ < T,
where Ws5 is a positive increasing continuous function of its arguments,
det&, = fl(I—i-Sguog dt’), f1 is a continuous function, Dy = {z = (2;)i j=1,2,3 :
0ij —TOI/QA}/2 < zij < 045 —i—Tol/zA}/Q, i =1,2,3}, 0;; is the Kronecker delta,
and D§ = Dy x (0,t). By (4.5) and (4.9) we have
(420)  |ol%, < Zeo(lfrllepyy: Arnt)
x [IVOI30 pg + sup 19113, 5, + 10 (0)I3,0,0] = F2(2).
Finally, ng is a solution of the problem
Mot + 10V, - uo =0 in 027,
Molt=0 = Qo n £2.
Now, we prove the following lemma.

LEMMA 4.1. Assume that vo € H2(2), 0o € H*(£2), 6y € H*(2) and
there exist positive constants o«, 0*, b4, 0* (0. < 0*, 0, < 0%) such that

(4.11) 0« < 00 < 0", 0, <0y<8b".
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Moreover, assume that us(0),7:(0) € H(82), u(0), v (0) € Lo(82) (where
u(0), ut(0), 1(0), 7:¢(0) are calculated from system (1.4)), uo:(0),70:(0) €

H'(£2), u0t¢(0),706(0) € L2(£2), (where uo:(0), uor(0), v0:(0), 'YOtt(O) are
calculated from systems (4.2) and (4.4)). Let f,r € Ly(0,T; HE (R?)), fi, 7
€ Ly(0,T; Hlloc( ))s fee,ree € La(0,T LQIOC(R?’)) 0 e L2(0 T; HIQOC(R?’)) N
C(0,T; H? (R3)), 0; € Ly(0,T; HE (R3)), 0 € Lo(0,T; Hlloc( 3), S €

loc loc

H52 pe C3(R2), ¢, € C*(R% ), ¢y > 0 and assume the following compati-
bility conditions are satisfied:

D(vo) - o = (p(00,00) —po)Tio on S
and
no - Vebo = 0(€,0)  on S.
Define

i (t) = luml, + mll, -
Let A > 0 be a constant satisfying (4.31) and

(412) Fl(t) + Fg(t) <A fOT’ t<Tj,

(where Fy(t) and Fy(t) are defined in (4.3) and (4.10), and Ty is given by
(4.8)). Then there exists 0 < T\, < Ty such that if T < T, we have
(

4.13) am(t) <A fort<T and m=0,1,2,...
Proof. By (4.12) we have
ap(t) <A fort <Ty.

Now, we assume that for some m > 0 there exists 0 < T, < Tj such that if
T < T, then

(4.14) am(t) <A fort <T.
We shall prove that au,11(t) < A for t <T. In order to do this define

(415) L=~V 2(msYm) + TmGm — YDy s Y ) Ve, * U + Tk

and introduce the set
t

Oyt = {5 +Jum(e t)dt ¢ Q}

0
Ifez=¢+ Sgum(é, t')dt’, then by (4.14) we have
(4.17) det{ze} > 1 —3t1/2AY2 — 6tA — 6t3/2 A%/2.

Let T, > 0 be so small that
(4.18) 1— 3T 2AY? — 6T, A — 6T2/% 432 > 0.



208 E. Zadrzynska and W. M. Zajaczkowski

Then for T' < T, estimates (4.14), (4.17), (4.18) imply
Pt C Dy ={z = (x1,22,23) : & — T}/ A2 <z <&+ T*l/QAl/Q’
i=1.2.3, €= (61.62.65) € Q) fort<T
and
(@19)  lgmo o + 50 lgm IR + oo an + 500 Pl

2
2,0,DI*>

< ar(lill ey £ g 590 118 . I

Sltlp HTH?J,D* ) a(um’ t)’ b(t’ Um 63))’

(420)  Wmll5 22250 + el /2.2.2,50 + [Foneell6.se + sup o 13,5

< w28(Hf1H0(ﬁ*)7 ’vg‘;al)fwsgp ”m’%,D*va(um?t)? b(t,um,gg)) for ¢ <T,

where DI* = D, x (0,T,), fi = det&, is a continuous function of I +
Sf)umg dt', D, = {z = (2ij)i,j=1,2,3 : 0ij — T2 A2 < zij < 05 + T/?AV/2,
i,7 = 1,2,3}, W7 and Wyg are positive increasing continuous functions of

their arguments.
By (4.15), (4.16), (4.19) and (4.20) we have

(4.21)  |ILIF 20,00 + L4150 + 1l Leell3 e + sup IL13,0
+ HM||§/2,2,2,Sf + HMtH?/Q,Q,Q,Sf + 51||Mtt‘|(2),st + Sltlp ||M||gs

S !p29(w*a e(tanm)a a(umat)a b(t’um’gi’))’ b(t,ym,gg))
+ 51(|77mt|§,1,m + |7mt|§,1,m + H'Ymtt”iQ,Q)

X W30(e(t7 77m)7 b(ta U, 53)7 b(ta Yms 88))7

where Wy and W3q are positive increasing continuous functions, e; > 0 is a
sufficiently small constant and

2 2 2
Wy = Hfl”c(ﬁ*) + ‘f‘Q,O,Df* + Slip HfHO,D* + ‘7" 2707D*T*

2

+ Slzp ||TH(2),D* + |V§|2,0,Df*

+sup 16113 . ,
e(t,nm) = sup [ Dmeell§, 2 + sup 7m0 + sup 1713, -

The functions ¥; in (4.19)-(4.21) also depend on ||p[|cs(v,,), where V;, C R%
is a bounded domain such that (1,,(£,t),vm (€,t)) € V;, for any (€,t) € 07.
Assuming that ¢; = t* (i = 1,3,5,7,8) (where a = min(ay, as,as, 1), a; >0
(1 =1,2,3) are constants from Lemma 2.3, (3.78) and (3.79), respectively),
using the definitions (3.16), (3.45), (3.46), (3.78), (3.79), Lemma 2.3 and
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the estimates
t
2 / 2 2 2 2
up 13,0 < sup || Y |+ ol < tsup el + llolF
O b

sup [Nmellf.0 < tsup [Mmecllf.c + cllooll ellvoll3.

we obtain
(4.22)  di(t,Ym,e5) + do(t,nm) + h(t,Dm, e7) + a(tm, t) + b(t, Up, €3)
+ b(t, Ym,e8) + e(t, mm)
+ 51(|77mt|§,1,m + |7mt|§,1,m + ||umtt||%,2,2,m)
< c(tom + Fo),
where ¢ > 0 is a constant and

Fy = ||U0||§,Q + ||ut(0)”%n + ||90H§,.Q + H'Vt(O)H%Q + HQOH%,Q
(ut(0) and (0) are calculated from (1.4)).
Now, by (4.14) we have

1/2
(4.23) By — (cotA)V? < 0y — /2 \ |9y (,1) |2dt) < ()

(
< 0, +t1/2<

t
0
t
1/2
{10 (6,812 dt')
0
<6y + (CotA)1/2 fort <T,

(where ¢ > 0 is a constant from the inequality |w|. o < collwl[|3,,) and

¢
(4.24) o0 eXp[—(CUtA)l/Q] < 0o exp [tl/Q(S Ve, - U dt/) 1/2]
0

< nm(t) < Qo exp [tl/z <§ ’vum : um’2 dt,) 1/2}
0

< 0o exp[(cotA)l/Q] fort <T.
Let T, be so small that (see assumption (4.11))

(4.25) 0 — (coTL A)? > 0., 6+ (coT.A)Y? < 6*
and
(4.26) 00 exp[—(cUT*A)l/Q] > 04, 00 exp[(cUT*A)l/Q] < o".

Then in view of (4.23)—(4.26) we get
(4.27) 0x < Ym(t) < 0"
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and
(4.28) O <nm(t) <O fort <T <T,.
Denote by o, a constant satisfying
00¢v(0,b0) 2 oxinfe,(1,7) > 0w > 0,
where V = {(1,7) : 0« <n < 0%, 0. <y < 6*}. Then (4.27)—(4.28) yield
(4.29) NinCo(Mims Ym) > 0, for t < T.

Now, in view of (4.21), (4.22), (4.27) and (4.29), Lemmas 3.5-3.6 imply
that if T} is sufficiently small then for 7' < T, there exists a unique solution
Um41 € Ar of (4.1); and a unique solution 7,,+1 € Ar of (4.1), satisfying

(4.30) A1 (t) < Gt (), ws, Hy) for t < T,
where G is a positive increasing continuous function of its arguments,
1 1 N N ~
Ho=——+ o+ +F+ e (O)5.2 + 26 (0)115,.2 < Ho,

and I:TO is a constant. Assume that the constant A is so large that
(4.31) G(0,0, Hy) < A.
Then by (4.14) and (4.30)—(4.31) if T\ is so small that
G(T,,T*A, Hy) < A
we obtain a,,+1(t) < A for t <T < T,. This concludes the proof. m
Now, we prove the main result of the paper.

THEOREM 4.2. Let the assumptions of Lemma 4.1 be satisfied. Then
there exists T, > 0 such that for T < T, there exists a unique solution
(u,v,m) of problem (1.4) such that u,y € Ar, n € By (Ar and Br are given
by (2.1) and (2.2)) and

(4.32) ullZy, + V)%, <A
and
(4.33) Inll5, < ¢(A),

where A > 0 is given by (4.12) and (4.31), and ¢ is a positive increasing
continuous function.

Proof. In view of Lemma 4.1 it remains to show the convergence of the
sequence (U, Ym, m) and the uniqueness. Consider the following system
of problems for the differences U,,41 = Uma1 — Um, Lmat1 = Yma+1 — Tm
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and Hy, = m — Dm—1:

5
77matUm+1 - MvimUm+1 - Vvumvum : Um+1 - ZFZ = F,
=1

3
DUWL(Um+1) : /’TL’U‘WL = ZG'L = é’
i=1

Um+1 |t:0 = Oa

(4.34) ) 7 N
77mcv(77m7 ’Ym)atpm+1 - ﬂvumFm+1 - Z Iz = I7

Tow,, * Vau, Im+1=J1+ Jo = J,
Ferl‘t:U =0,
OtHp, + Hypy divy,, Uy = —p—1(divy,, Uy, — dive,, | Um—1),
Hpli=0 = 0,
where div,,, u; = V,, - u; and
= — H,0iuyy,,
Fo=—pu(Ve —=Vo  Jum =V, V=V s Va1 ),
Vi DMy Ym) = Vi -1 P(1hn—1, Ym—1),
Fy = Hpngm, Fs=nm-1(gm — gm-1),
Gi1= — Dy, (Um)  Tu,, = Duyyy (Un) * Ty, s
G2 = P(1ms Y ), = P(1hm—15 Ym—1)Tup 1
- po(ﬁum - ﬁum—l)?
— Hyco (Nms Y)Y
Iz = Nm—10Ym[co(Mm—1, Ym—1) — o (Nm; Ym)),

3
,u
Iy = 9 Z [(a, - Vetmj + &, - Veum:)?

i,j=1
— (&s - Veum—1,j + &, - Veum—1,)7],
I, = (V - M)[(vum 'um)2 - (vumfl 'Um—1)2]7

Um

3
I

=&
I

15 = - mer(nmalym)vum U, + r)/m—lpr(nm—lyrym—l)vumfl *Um—1,
I6 = Hmkma I7 = nm—l(km - km—l)a
Jl = - (ﬁum . vum’)/m - ﬁum,l . Vum,l’Ym),

Jo = Ym = Ym—1-
Now, multiply (4.34); by Upy1Ju,, (where J,, —is the Jacobian of the
transformation x = £ + Sgum dt’) and integrate over {2. Then integration by
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parts using (4.34), yields

1 d H 2
(439 5§ (g0t + 580 W), )
+ (v = ) \(diva,, Uni1)*Ju,, d€ = \ FUpi1Ju,, d€+ \ GUpir Ju,, dE.
2 2 S

We now estimate each terms on the r.h.s. of (4.35). Using (4.13) we get

(4.36) ‘ V Hottni U1 T, d€
Qt

< ellUmt1l 22,00 + c(e)d(A) sup | Hom 1% 2

ere and in the sequel we denote by ¢ different positive continuous functions
h d in th 1 we denote by ¢ different positi ti functi
of A),

(4.37) ‘ | FoUps1d, dédt’

’

< c< | éUmgdt”
Qt

|umee [|Um+1]|Ju,,, | d€ dt’

t t'
1 | §0me at”|| §umee dt” | el U111, d€ ¥
0 0

’ 7

t
+ § || Une dt”H § o ree A" | [time U] [ Ju, | dE
0 0

’

+ | | | Unee dt”
0t 0

< 5HUm+1”32,2,9t + 0(5)¢(A)t|’UmHg,2,2,m7

(4.38) ‘ | PsUnir T, de dt’
Qt

el (U1, | € ')

< el|Umsallf 22,00 + c(€)d(At(1Un3.2,2,0¢

+ Sljp HHmH%,Q + Sljp HFmH%,Q%

(4.39) ‘ | Palir T, dé dt’
Qt

< elUm+1li 22,00 + cle)p(A)t sup 115, 05
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(4.40) ‘ | U1, de dt’
0t
< 5‘|Um+1||%,2,2,m + 0(5)¢(A)t||Um||i2,2,m,
(4.41) ‘ [ (G1 + Ga)Unii 1 T, dés

St
< 5‘|Um+1||%,2,2,m + 0(5)¢(A)t||Um||§,2,2,m,

(4.42) ‘ | Goliad,, dé, dt
St

< 5HUm+1”%,2,2,Qt + C(E)(ﬁ(A)t(HUm“%,2,2,(%
+ sup [ HomllT 0 + sup 1117 0)-

From (4.35)—(4.42) and the Korn inequality we obtain, for sufficiently
small €,

(443)  Ums1ll 0 + 1Um+1l1 22,00
< t(A)(|Um3 22,00 + Sup 1Homli o + Sup 1T5nl1% 2)-

Multiplying (4.34)1 by Um+1,tJu,,, integrating over 2 and by parts we get

S 77m’Um+1,t‘2Jum d§ + g S Sum(Um+1)Sum(Um+1,t)Jum d§
2 2

+ (V - lu’) S diV'an Um+1 diV'an Um+17tJu77L dé—
2

=\ GUini1.4u,, dés + \ FUni10Ju,, dE.
S Q
Hence, by the same calculations as in [6] (see (3.51)—(3.52) of [6]) we have

(444)  Umsrll6 o0 + 1Ums1ll7 o

< £28Up IG5 s + c(e2) (3| Um+1,¢l15,02 + clea) [Um11 115, )
2 2
+ C||Um+1‘|1,2,2,9t + CHFHO,Qt
+e19(A) (G750 + sup I1GII5.5)e + cllUm 41115,

Using (4.43) and (4.44) yields
(445)  |Umsallf @ + 1Um1.15 00 + 1Umr1l 25,00
< p(A)[e(IGe 3 50 + sup G151 + IF15 e

+t¢(A)(1Um 3 2.2,00 + Sup | Hom 1%, + Sup 1T5nllf2)-
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From the regularity result for the parabolic problem

DUnmi1,e — dive,, Dy, (Uni1) = F in Q7

Dy (Upst) -7, =G on ST,

Untili=0 =0 in (2,
we obtain (see Theorem A.1 and Remark A.2 of [6])
(446)  [Unt1l3 22,00 < cUlFI5 .0 + 1GI3 j22,2.50) + el Umallf -
Using the forms of F and G we get
(447) (G55 < td(A)(|[Unl[3 22,00 + sup 1 H 1% 0 + sup 1113 ),
(4.48)  Gillg 50 < S IUnmll32,2.00 + | HmtllF 22,00 + 1 TmtlIF 2,2,000),
(4.49) |Gl 220,50 + IFIIG,

< AU B0 + 510 [ Hon} 0+ 500 [ T 1)

From (4.34)7 it follows that
(4.50) [ Homellf 22,00 < ¢(A)(tsup 117 0 + 1Unmll3 2,2,00)-
Taking into account (4.45), (4.46)—(4.50) we get

451)  [Umsrllf o + 1Ums1,el5 20 + [1Um1113 2.2,
< (t+e)o(A)(IUm 13 22,00 + sup 1Homlf

+ sup 1713 0 + 1Tt 2.2,000)-

Now, integrating (4.34)7; with respect to ¢ gives

¢
H,(&t) = —exp ( — Sdivum U, dt')
0

t t’

X (S) [nm_l(divum U, — divy,, | Um—1) €XP <§ div,,, um dt”)] dt’.

Hence
(4.52) sup IHmllf o < te(A)|Um132,2,0:-
Using (4.52) and (4.51) we get

(4-53) HUm+1H%,Q + HUm+1,tH(2J,m + HUm+1”g,2,2,m
< (t+e)d(A)(|Un 3 ,2,2,00 + sup 1015, + 1 Tomell? 22,00 )-
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In order to estimate \|Um+1||%72727m we differentiate (4.34); and (4.34)
with respect to {. We obtain
(4.54) U1, — [diva, Do, (Ungale = —1miUmsre + B,
(4-55) [Dum (Um—i-l) ’ 7_ﬁbum],t = ét-
Multiplying (4.54) by Upy+1,¢Jy,,, integrating over 2 and using (4.55) we

m)

get
1d 2 H 2
(456) 5 N U1 0 46 + 5 ) [Su,, (Unsr )P, de
9] 9]
+ (v = ) \(dive,, Ung14)? i, d€
2

< e(lUm+1,4l1 2 + Um11l3,02)
+ (@) umll3, 0 (EllUm+1,61% 0 + () Un+1,4ll5,2)

+ e(€)tUm 113, sup i |3, 2 115 2,2, 0

+ V1B Umir il s d€ 4 § 1G] - 1Umgr il - |, | dEs.
2 S

Now, integrating (4.56) with respect to t, using (4.51) and the Korn and
Gronwall inequalities we get

(457)  Umsrlls. + 1Umr1.eli 22,00
< (t+)$(A) (| Unll3 22,00 + Sup IHomllf

+ [ Hintl7 2.2,00 + sup 17513 0 + [Tt 2.2,000)-
Collecting (4.50), (4.52), (4.53) and (4.57) yields

(458)  (Un+1li o + 1Ums1.ll6 0 + 1Ums11132.2, 00 + 1Ums1,l[5 22, 0

< (t+e)e(A)(1Un3 22,00 + Sup Ul 2

+5up [ Fnlli o + 1Tl 2.2.00)-

It remains to find estimates for || Dy 1 1§ o+ 1D 1,65 o+ 1 Tma1ll3 .0 5 0
F Cms1,4llF 2., e - First, we multiply (4.34)4 by Imy1Ju,, and integrate over
{2 to obtain
1 d
(459) 5 S 77mcv(77m77m)_1—131+1t]um d§ + K S ‘vumFerl‘zJum d§

dt
2 [0

= S I~Fm+1Jum d€ + S ijJrlJum dgs,
0 S
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where
(4.60) \ [TTns1u,, [ dEdt < el Dnsallf g0 o + tS(A) U3 22,00
Qt
+ sup 1Umll%.0 + sup | Hmll?,0 + sup 1T l3 )
and
(461)  \ [Jlnsru, | dés dt' < el T3 55 00 + (A |Un 1325 o0

St
Integrating (4.59) with respect to ¢, using (4.60)—(4.61), (4.52) and the Gron-
wall inequality yields

(4.62)  [Tnsalld @ + 11l 22,00
< tp(A)(|Unl3 22,00 + Sup Ul 2 + Sup 1Tl )-

Next, multiplying (4.34)4 by I',+1¢Ju,, and integrating over (2 we get

S nmcv(nm,rym)|Fm+1,t|2Jum df + K S vumFm—i-l : vumFm+1,tJum dé
19) N
=\ Jli1edu,, dés + \ ITmi 4, dE.
S N
Hence

(463) S nmcv(nm77m)‘rm+1,t‘2jum d§
2

d

+ K vumFm—FlE(vumFm—i—l)Jum d£

d
vum Fm+1 % (V'an ) : Fm+1 J'an dé_

— K

Qe D

S jfm+1jum dfs - S jtFm+1Jum dgs
S

S
—\ T diva,, wmdu,, dé+ \ T4, dE.
S 2

Sl

From (4.63) it follows that

d
(4.64) S nmcv(nma'ym)|Fm+1,t|2Jum d§ + ”% S |vumFm+1|2Jum dg§
(9] 2

d ¢~ ~
S VI Tmi1du,, dés + all T3 s + cle) | Dm0
s

+ellms,elld 0 + @G o + exllumll3 ol Ju, 13 ol 715 s

+ cHumHg,Q S ’vuanz+1’2Jum dg.
2
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Integrating (4.64) with respect to ¢ and using the Gronwall inequality yields
(4.65) N Tmr1ell§ o + 1 Tms1 [ 2

< lea Sup 17135 + cle2)(es | Tmt1.l5, 2 + e(es) 1T 15 )
+ () 1mr1ll? 22,00 + Elllmr1,ell3 o + c(©INF o
+er (15 s + ¢(A) Sup 17113.))e™

Now, from the regularity result for the parabolic problem

N Co (M Y ) L mt1,6 — Hvimfm+1 =] in 07T,

7(tm) - Vi, Dong1 = on ST,
Imtili=0 =0 in £2,
we obtain as before (see Theorem A.1 and Remark A.2 of [6])
(4.66) 1Tm411132,2,00 < e(I1G 0 + 17112 j22.2,50 + [T lI5 20)-
Taking into account inequalities (4.62), (4.65) and (4.66) we get
(4-67) HFm+1H%,Q + HFm+1,tH(2J,m + HFm+1Hg,2,2,m

< (A (el elg s + e sup 17135 + 1118, + 17113 /2,2.2,5¢)

AN [Un 2.0 + 500 [Vl o + 50D TR 1)
We estimate the terms on the r.h.s. of (4.67). We have
(4.68) 115 o0 < td(A)(IUml32,2,00 + 5up 1Unl o + sup I Tnllf )
t t

+ 5115, 0 + 14113,

where
t’ 9
(4.69)  [s]l5 o¢ + [114ll3 00 < C< S !umg\z‘ SUma dt"| [umel* d¢ dt’
0t 0
t’ 9
+§ ’umg‘Q‘ | Unnee dt”| de at’
0t 0

’

t
+ S ’umfl,flg‘ S Umﬁt dt”
0t 0

2
de dt’

t

+ S ’umfl,dg‘ S Umg dt”
0t 0

< tS(A) U3 22,00 + 1Unmtll3 2,2,00)-

2
(e |2 dé dt’>
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Next,

(4.70) sup 1713,s < to(A)|Tml13 2.2,00
(4.71) 102,50 < (6 + DA 5,0
(4.72) 17117 )2,2,2,50 < to( AU ]13 2,2, 00

Collecting inequalities (4.67)—(4.72) gives
473) Tl o + 1T ms1,ell6 o0 + 1 Tt 32,2, 00
< (e1 + ) A)(IUnlf3 22,00 + sup Ul 2

+ ||Umt||%72727()t + Slzp ||FmH%,Q)

Finally, we obtain an estimate for ||I},41.4(|? 5 5 - After differentiating
(4.34)4 with respect to t we get

(474) TmCo (nm7 ’Ym)Fm+1,tt - ﬁ(vimFerl),t
= —"NmtCov (nmy ’Ym)Fm+1,t - nm(cvnnmt + cv‘y’)/mt)Fm+1,t + It7
(475) (,’TLUWL : V'anpm"rl)vt = Jt'

Multiplying (4.74) by I'41.4Ju,,, integrating over £2¢, using the bound-
ary condition (4.75) and next the Gronwall inequality and estimates (4.73),
(4.50), (4.52) yields

(4.76) | Tmsalli o + 1mgells o0 + 1 Tma1ellT 20 00 + 1 Tms1ll5 2.0 00
< (e + 0903 2200 + 500 Ul

H 1 UmelIf 22,00 + sup 1Tl )-
Adding (4.58) and (4.76) we obtain
(@77)  sup|Un+lli o + 5P [ Fmsalli o + 1 Umerr.allg
1,15, 26 + 1Umaill3 22,00 + 1Tmt1113 22,00

1 Ums1,6l5 22,00 + 1 Tms1el7 2000

< (e + 06 (1Unl322.00 + +5up [Unli
 WUmelE 22,00 + 1 TmellE 22,00 + 500 [ Tl 0)-

Assume that T, > 0 from Lemma 4.1 is so small that

S(A) (T, +¢) < 1.
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Then for t < T (where T' < T,) estimate (4.77) implies the strong conver-
gence (U, Ym,Nm) to a solution (u,7,n) of problem (1.4) and w,vy € Ar,
n € Br. Moreover, inequality (4.13) implies (4.32) and by Lemma 2.3 we
get (4.33).

The uniqueness follows for sufficiently small 7T, from the inequality

sup U @ + Sup ITIR ¢ + UG 0 + IITIE o0

U3 22,00 + 17112 22,00 + 10T 22,000 + 12T 2.2, 00

144y 144y 1Ly Ly 1Ly Ly

< (e +1)o(A)(IU]3

IRt 1Ly Ly

220t T Sltlp HUH%.Q + 10113 2.2, 00
+ 1 92,00 + sup 1713 )

(where U = uy — ug, I' = v1 — ¥2; (u1,71), (u2,72) are two solutions of
(1.4)), which can be obtained in the same way as (4.77).
This completes the proof of the theorem. m
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