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LOCAL EXISTENCE OF SOLUTIONS OF A FREE

BOUNDARY PROBLEM FOR EQUATIONS OF

COMPRESSIBLE VISCOUS HEAT-CONDUCTING FLUIDS

Abstract. The local existence and the uniqueness of solutions for equa-
tions describing the motion of viscous compressible heat-conducting fluids in
a domain bounded by a free surface is proved. First, we prove the existence
of solutions of some auxiliary problems by the Galerkin method and by regu-
larization techniques. Next, we use the method of successive approximations
to prove the local existence for the main problem.

1. Introduction. This paper is concerned with the local motion of
a drop of a viscous compressible heat-conducting fluid. Let Ωt ⊂ R

3 be
a bounded domain of the drop at time t. Let v = v(x, t) (v = (v1, v2, v3)) be
the velocity of the fluid, ̺ = ̺(x, t) the density, θ = θ(x, t) the temperature,
f = f(x, t) the external force field per unit mass, r = r(x, t) the heat
sources per unit mass, θ = θ(x, t) the heat flow per unit surface, p = p(̺, θ)
the pressure, cv = cv(̺, θ) the specific heat at constant volume, µ and ν the
constant viscosity coefficients, κ the constant coefficient of heat conductivity,
and p0 the external (constant) pressure. Then the motion of the drop is
described by the following system of equations (see [3], Chs. 2 and 5):

̺[vt + (v · ∇)v]− div T(v, p) = ̺f in Ω̃T ,

̺t + div(̺v) = 0 in Ω̃T ,

̺cv(θt + v · ∇θ)− κ∆θ + θpθ div v

− µ

2

3∑

i,j=1

(vixj
+ vjxi

)2 − (ν − µ)(div v)2 = ̺r in Ω̃T ,

(1.1)
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T · n = −p0n on S̃T ,

v · n = −φt/|∇φ| on S̃T ,

∂θ

∂n
= θ on S̃T ,

̺|t=0 = ̺0, v|t=0 = v0, θ|t=0 = θ0 in Ω,

(1.1)
[cont.]

where Ω̃T =
⋃

t∈(0,T )Ωt ×{t}, S̃T =
⋃

t∈(0,T )St ×{t}, St = ∂Ωt, φ(x, t) = 0
describes St, n is the unit outward vector normal to the boundary, i.e.
n = ∇φ/|∇φ|, Ω = Ωt|t=0 = Ω0. By T = T(v, p) we denote the stress
tensor of the form

T(v, p) = {Tij}i,j=1,2,3 = {−pδij +Dij(v)}i,j=1,2,3,

where

(1.2) D(v) = {Dij(v)}i,j=1,2,3 = {µ(vixj
+ vjxi

)+ (ν −µ)δij div v}i,j=1,2,3

is the deformation tensor. Moreover, in view of the thermodynamic consi-
derations we assume that cv > 0, κ > 0, ν > 1

3µ > 0.

Let the domain Ω be given. Then by (1.1)5,

Ωt = {x ∈ R
3 : x = x(ξ, t), ξ ∈ Ω},

where x = x(ξ, t) is the solution of the Cauchy problem

(1.3)
∂x

∂t
= v(x, t), x|t=0 = ξ ∈ Ω, ξ = (ξ1, ξ2, ξ3).

Integrating (1.3) we obtain the following relation between the Eulerian x
and Lagrangian ξ coordinates of the same fluid particle:

x = ξ +

t\
0

u(ξ, t′) dt′ ≡ Xu(ξ, t),

where u(ξ, t) = v(Xu(ξ, t), t). Moreover, by (1.1)5, St = {x : x = x(ξ, t),
ξ ∈ S = ∂Ω}.

By the continuity equation (1.1)2 and the kinematic condition (1.1)5 the
total mass is conserved, i.e.\

Ωt

̺(x, t) dx =
\
Ω

̺0(ξ) dξ =M,

where M is a given constant.

The aim of the paper is to show the local existence theorem for problem
(1.1). In order to prove the local-in-time existence of solutions of (1.1) we
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rewrite it in Lagrangian coordinates as follows:

(1.4)

ηut − divu Tu(u, p) = ηg in ΩT = Ω × (0, T ),

ηt + η divu u = 0 in ΩT ,

ηcv(η, γ)γt − κ∇2
uγ + γpγ(η, γ) divu u

− µ

2

3∑

i,j=1

(ξxi
· ∇ξuj + ξxj

· ∇ξui)
2

− (ν − µ)(divu u)
2 = ηk in ΩT ,

Tu(u, p) · nu = −p0nu on ST = S × (0, T ),

nu · ∇uγ = γ on ST ,

η|t=0 = ̺0, u|t=0 = v0, γ|t=0 = θ0 in Ω,

where η(ξ, t) = ̺(Xu(ξ, t), t), γ(ξ, t) = θ(Xu(ξ, t), t), p = p(η, γ), g(ξ, t) =
f(Xu(ξ, t), t), k(ξ, t) = r(Xu(ξ, t), t), γ(ξ, t) = θ(Xu(ξ, t), t), ∇u = ξix∂ξi,
Tu(u, p) = −pI + Du(u), I = {δij}i,j=1,2,3 is the unit matrix, Du(u) =
{Duij(u)}i,j=1,2,3 = {µ(∂xi

ξk∂ξkuj +∂xj
ξk∂ξkui)+(ν−µ)δij divu u}, divu u

= ∇u · u = ∂xi
ξk∂ξkui, divuT(u, p) = {∂xj

ξk∂ξkTuij(u, p)}i=1,2,3 (∂xi
ξk are

the elements of the matrix ξx which is inverse to xξ = I+
Tt
0
uξ(ξ, t

′) dt′) and
summation over repeated indices is assumed.

Let St be determined (at least locally) by the equation φ(x, t) = 0. Then

S is described by φ(x(ξ, t), t)|t=0 ≡ φ̃(ξ) = 0. Thus, we have

nu = n(Xu(ξ, t), t) =
∇xφ(x, t)

|∇xφ(x, t)|

∣∣∣∣
x=Xu(ξ,t)

and n0 = n0(ξ) =
∇ξφ̃(ξ)

|∇ξφ̃(ξ)|
.

The proof of the existence of solutions of problem (1.4) is divided into
a few steps. First, we examine the auxiliary problem (3.1) and the problem

(1.5)

ηcv(η, β)γt − κ∇2
ξγ

= K +
µ

2

3∑

i,j=1

(ξxi
· ∇ξwj + ξxj

· ∇ξwi)
2 in ΩT ,

n · ∇ξγ = γ on ST ,

γ|t=0 = θ0 in Ω,

where η > 0, β > 0 and w are given functions, ξxi
= ξxi

(w). We prove the
existence of solutions of problems (3.1) and (1.5) by the Galerkin method
and by some regularization techniques.

Next, by using the Schauder–Tikhonov fixed point theorem we obtain
the local existence of solutions of problems (3.40) and (3.76) (see Lemmas
3.5 and 3.6).
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Finally, applying the method of successive approximations we prove the
local existence and the uniqueness of a solution (u, γ, η) of problem (1.4)
such that u, γ ∈ AT , η ∈ BT , where T ≤ T∗, T∗ > 0 is a certain constant;
AT and BT are given by (2.1) and (2.2) (see Theorem 4.2).

We have already considered problem (1.1) in papers [7]–[11]. In [7] we
proved by using potential techniques from [5] the local existence of solu-
tions of (1.4) in Sobolev–Slobodetskĭı spaces, i.e. we obtained (u, γ, η) ∈
W 4,2

2 (ΩT ) ×W 4,2
2 (ΩT ) × C(0, T ;Γ 3,3/2(Ω)) for T ≤ T∗, where T∗ > 0 is

a certain constant. We cannot apply potential theory in the present paper
because this theory is singular in the case of H3(Ω) regularity (with respect
to the space variable ξ) considered in the paper.

Papers [8] and [9] are concerned with conservation laws and a differential
inequality, respectively, used in [10]–[11] to prove the global existence the-
orem for problem (1.1) in the case of a special form of the internal energy
per unit mass ε = ε(̺, θ). The main result of the present paper, i.e. The-
orem 4.2, will be used in [12] to examine the global motion of the viscous
compressible barotropic fluid in the general case, i.e. without assuming any
conditions on the form of the pressure p.

In this paper we use some results of paper [6], which is concerned with
the local existence of solutions of a free boundary problem for the equations
of compressible barotropic viscous self-gravitating fluids.

Moreover, local existence theorems for free boundary problems for equa-
tions of compressible viscous heat-conducting and self-gravitating fluids are
proved in [2] and [4].

2. Notation and auxiliary results. We use the following notation:

• ‖u‖s,Q = ‖u‖Hs(Q), s ≥ 0, s rational, Q = Ω,S, S = ∂Ω;
• |u|p,Q = ‖u‖Lp(Ω), p ∈ [1,∞];

• ‖u‖s,p,q,ΩT = ‖u‖Lq(0,T ;W s
p (Ω)), p, q ∈ [1,∞], 0 ≤ s ∈ Z, ΩT = Ω ×

(0, T );
• ‖u‖s,p,q,ST = ‖u‖Lq(0,T ;W s

p (S)), p, q ∈ [1,∞], s ≥ 0, s rational, ST =

S × (0, T ).

Moreover, we introduce the spaces:

(2.1) AT = {u ∈ C(0, T ;H2(Ω)) ∩ L2(0, T ;H
3(Ω)) :

ut ∈ C(0, T ;H1(Ω)) ∩ L2(0, T ;H
2(Ω)),

utt ∈ C(0, T ;L2(Ω)) ∩ L2(0, T ;H
1(Ω))}

and

(2.2) BT = {u ∈ C(0, T ;H2(Ω)) : ut ∈ C(0, T ;H1(Ω))∩L2(0, T ;H
2(Ω)),

utt ∈ C(0, T ;L2(Ω)) ∩ L2(0, T ;H
1(Ω))}
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with the norms

‖u‖AT
= ( sup

0≤t≤T
‖u‖22,Ω + ‖u‖23,2,2,ΩT + sup

0≤t≤T
‖ut‖21,Ω(2.3)

+ ‖ut‖22,2,2,ΩT + sup
0≤t≤T

‖utt‖20,Ω + ‖utt‖21,2,2,ΩT )
1/2

and

‖u‖BT
= ( sup

0≤t≤T
‖u‖22,Ω + sup

0≤t≤T
‖ut‖21,Ω + ‖ut‖22,2,2,ΩT(2.4)

+ sup
0≤t≤T

‖utt‖20,Ω + ‖utt‖21,2,2,ΩT )
1/2.

Finally, define

|u|l,k,Q =
∑

0≤i≤l−k

‖∂itu‖l−i,2,2,Q,

where l ≥ k, k ∈ Z+ ∪ {0}, Q = Ωt, St and

u l,k,Ω =
∑

0≤i≤l−k

‖∂itu‖l−i,Ω ,

where l ≥ k, k ∈ Z+ ∪ {0}.
We denote all positive constants in estimates by the same letter c. We

also use the following lemmas.

Lemma 2.1. The following imbedding holds:

W l
r(Ω) ⊂ Lα

p (Ω) (Ω ⊂ R
3, Ω satisfies the cone condition),

where either

κ =
|α|
l

+
3

lr
− 3

lp
< 1 and 1 ≤ r ≤ p ≤ ∞ or

κ = 1 and 1 < r ≤ p <∞,

and Lα
p (Ω) is the space of functions u such that |Dα

ξ u|p,Ω <∞;

W l
r(Ω) ⊂ Lα

q (S) (S = ∂Ω, Ω ⊂ R
3),

where either

κ =
|α|
l

+
3

lr
− 2

lq
< 1 and 1 ≤ r ≤ q ≤ ∞ or

κ = 1 and 1 < r ≤ q <∞,

and Lα
q (S) is the space of functions u such that |Dα

ξ u|q,S < ∞. Moreover ,
the following inequalities hold :

|Dα
ξ u|p,Ω ≤ cε1−κ|Dl

ξu|r,Ω + cε−κ|u|r,Ω,
where

κ =
|α|
l

+
3

lr
− 3

lp
< 1, 1 ≤ r ≤ p ≤ ∞,
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ε is a parameter and c > 0 is a constant independent of u and ε;

|Dα
ξ u|q,S ≤ cε1−κ|Dl

ξu|r,Ω + cε−κ|u|r,Ω ,
where

κ =
|α|
l

+
3

lr
− 2

lq
< 1, 1 ≤ r ≤ q ≤ ∞,

ε is a parameter and c > 0 is a constant independent of u and ε.

Lemma 2.1 follows from Theorem 10.2 of [1].

Lemma 2.2. Assume that η ∈ C(0, T ;H2(Ω)), ηt ∈ C(0, T ;H1(Ω)),
ηtt ∈ L2(Ω

T ), η > 0, β ∈ AT , β > 0, cv ∈ C2(R2
+), cv > 0. Then

ηcv(η, β) ∈ C(0, T ;H2(Ω)), ∂t[ηcv(η, β)] ∈ C(0, T ;H1(Ω)), ∂2t [ηcv(η, β)] ∈
C(0, T ;L2(Ω)), 1/(ηcv(η, β)) ∈ C(Ω × [0, T ]) and

(2.5) sup
t

‖ηcv(η, β)‖22,Ω
≤ c‖cv‖2C2(V̄ ) sup

t
‖η‖22,Ωf1(sup

t
‖η‖22,Ω , sup

t
‖β‖22,Ω),

where f1(x1, x2) = 1 + x1 + x2 + x21 + x22 + x1x2 and c > 0 is a constant ;

(2.6) sup
t

‖∂t[ηcv(η, β)]‖21,Ω
≤ c‖cv‖2C2(V̄ )f2(sup

t
‖η‖22,Ω , sup

t
‖β‖22,Ω , sup

t
‖ηt‖21,Ω , sup

t
‖βt‖21,Ω),

where f2(x1, x2, x3, x4) = x1(x3+x1x3+x2x3+x1x4+x2x4)+x3(1+x2+x4)
and c > 0 is a constant ;

(2.7) sup
t

‖∂2t [ηcv(η, β)]‖20,Ω ≤ c‖cv‖2C2(V̄ )f3(sup
t

‖η‖22,Ω , sup
t

‖ηt‖21,Ω,

sup
t

‖βt‖21,Ω , sup
t

‖ηtt‖20,Ω , sup
t

‖βtt‖20,Ω),

where f3(x1, x2, x3, x4, x5) = x1(x
2
2 + x2x3 + x4 + x23 + x5) + x2x3 + x4 and

c > 0 is a constant ;

sup
ΩT

[ηcv(η, β)] ≤ ‖cv‖C(V̄ ) sup
ΩT

η;(2.8)

sup
ΩT

1

ηcv(η, β)
≤

∥∥∥∥
1

cv

∥∥∥∥
C(V̄ )

sup
ΩT

1

η
.(2.9)

In (2.5)–(2.9), V ⊂ R
2 is a bounded domain such that (η(ξ, t), β(ξ, t)) ∈ V

for any (ξ, t) ∈ ΩT .

The proof of the above lemma is obtained using Lemma 2.1.
Now, consider the continuity equation (1.4)2. Integrating it we have

(2.10) η(ξ, t) = ̺0(ξ) exp
[
−

t\
0

divu u dt
′
]
.

By direct calculations we obtain the following lemma.
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Lemma 2.3. Let ̺0 ∈ H2(Ω), ̺0 > 0, u ∈ L∞(0, T ;H2(Ω)) ∩ L2(0, T ;
H3(Ω)), ut ∈ L∞(0, T ;H1(Ω)) ∩ L2(0, T ;H

2(Ω)). Then η given by (2.10)
belongs to BT and the following estimates hold :

sup
Ωt

η ≤ ‖̺0‖2,Ωφ1(a(u, t)),

sup
t

‖η‖22,Ω ≤ ‖̺0‖22,Ωφ2(a(u, t)),

sup
t

‖ηt‖21,Ω ≤ ‖̺0‖22,Ωφ3(a(u, t), a0(ut, t), ‖u(0)‖22,Ω),

sup
t

‖ηtt‖20,Ω ≤ ‖̺0‖22,Ωφ4(a(u, t), a0(ut, t), ‖u(0)‖22,Ω , ‖ut(0)‖21,Ω),

‖ηt‖21,2,2,Ωt ≤ t‖̺0‖22,Ωφ3(a(u, t), a0(ut, t), ‖u(0)‖22,Ω),

‖ηtt‖20,Ωt ≤ t‖̺0‖22,Ωφ4(a(u, t), a0(ut, t), ‖u(0)‖22,Ω , ‖ut(0)‖21,Ω),

‖ηt‖22,2,2,Ωt ≤ ‖̺0‖22,Ω‖u‖23,2,2,Ωtφ5(t, t
a1‖u‖23,2,2,Ωt),

‖ηtt‖21,2,2,Ωt ≤ ‖̺0‖22,Ωφ6(a(u, t))[φ7(a(u, t), b(t, u, ε3)) + ‖ut‖22,2,2,Ωt ],

where t ≤ T , φi (i = 1, . . . , 7) are positive increasing continuous functions

of their arguments, a(u, t) = t
Tt
0
‖u‖23,Ω dt′, a0(ut, t) = t

Tt
0
‖ut‖22,Ω dt′, b is

given by (3.46) and a1 > 0 is a constant. Moreover , 1/η ∈ BT and

sup
Ωt

1

η
+

∥∥∥∥
1

η

∥∥∥∥
2

Bt

≤ φ8(‖u‖23,2,2,Ωt , sup
t

‖u‖22,Ω , ‖ut‖22,2,2,Ωt , sup
t

‖ut‖22,Ω),

where t ≤ T and φ8 is a positive increasing continuous function of its argu-

ments.

3. Existence of solutions of auxiliary problems. In order to prove
the local-in-time solvability of problem (1.4) we have to consider a few aux-
iliary problems. First, we consider the problem

(3.1)

ηut − divD(u) = F in ΩT ,

D(u) · n0 = G on ST ,

u|t=0 = v0 in Ω,

where D(u) is defined by (1.2) and η is a given function. Moreover,

(3.2) 0 < ̺∗ ≤ η ≤ ̺∗ <∞,

where ̺∗ and ̺∗ are constants.

Definition 3.1. By a weak solution of problem (3.1) we mean a function
u ∈ C(0, T ;L2(Ω)) ∩ L2(0, T ;H

1(Ω)) with ut ∈ L2(Ω
T ) which satisfies the

integral identity

(3.3)
\
Ω

[
ηutφ+

µ

2
S(u)S(φ) + (ν − µ) div udiv φ− Fφ

]
dξ −

\
S

Gφdξs = 0
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for all φ ∈ H1(Ω) and the initial condition

u|t=0 = v0;

here fφ =
∑3

i=1 fiφi, f = ut, F , G, S(u) = {uiξj + ujξi}i,j=1,2,3 and

S(u)S(φ) =

3∑

i,j=1

(uiξj + ujξi)(φiξj + φjξi).

In order to prove the existence of a weak solution to problem (3.1) we
shall apply a Galerkin procedure. Choose a sequence of functions φ1, φ2, . . .
such that: φi ∈ H1(Ω) for all i; φ1, . . . , φn are linearly independent for each
n; the set of all linear combinations of the functions φi is dense in H1(Ω).
For any n we define an approximate solution of problem (3.1) by

(3.4)

un =

n∑

i=1

cin(t)φi(ξ),\
Ω

[
ηuntφi +

µ

2
S(un)S(φi) + (ν − µ) div un divφi − Fφi

]
dξ

−
\
S

Gφi dξs = 0,

un(0) = un0,

where un0 → v0 in H1(Ω), unt(0) → ut(0) in H1(Ω), untt(0) → utt(0) in
L2(Ω) and ‖un0‖1,Ω ≤ c‖v0‖1,Ω , ‖unt(0)‖1,Ω ≤ c‖ut(0)‖1,Ω , |untt(0)|2,Ω ≤
c|utt(0)|2,Ω ; ut(0) and utt(0) are calculated from (3.1); c > 0 is a constant.

Lemma 3.2. Let assumption (3.2) be satisfied. Let η ∈ C(Ω×[0, T ]), ηt ∈
L2(0, T ;H

1(Ω)), ηtt ∈ L2(Ω
T ), F ∈ H2(0, T ;L2(Ω)), G ∈ H2(0, T ;L2(S)),

v0 ∈ H1(Ω), ut(0) ∈ H1(Ω), utt(0) ∈ L2(Ω). Then there exists a unique

weak solution of problem (3.1) such that u ∈ L∞(0, T ;H1(Ω)), ut∈L∞(0, T ;
H1(Ω)), utt ∈ L∞(0, T ;L2(Ω))∩L2(0, T ;H

1(Ω)) and the following estimate

is satisfied :

(3.5) ‖u‖21,Ω+‖ut‖21,Ω+‖utt‖20,Ω+‖u‖21,2,2,Ωt +‖ut‖21,2,2,Ωt +‖utt‖21,2,2,Ωt

≤ Ψ1(1/̺∗, ̺
∗, t, ‖ηt‖21,2,2,Ωt , ‖ηtt‖20,Ωt)[‖F‖20,Ωt + ‖Ft‖20,Ωt

+ ε1‖Ftt‖20,Ωt + ‖G‖20,St + ‖Gt‖20,St

+ ε1‖Gtt‖20,St + ‖v0‖21,Ω + ‖ut(0)‖21,Ω + ‖utt(0)‖20,Ω ],

where t ≤ T , Ψ1 is a positive increasing continuous function of its arguments

and ε1 ∈ (0, 1) is a sufficiently small constant.
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P r o o f. First, multiply (3.4) by cin and sum up over i from 1 to n.
Using the Korn inequality and Lemma 2.1 we get

d

dt

\
Ω

ηu2n dξ + c‖un‖21,Ω ≤ c

̺∗
(1 + ‖ηt‖21,Ω)

\
Ω

ηu2n dξ

+ c(‖F‖20,Ω + ‖G‖20,S) + ε‖un‖21,Ω,
where we have also used the fact that

µ

2

\
Ω

|S(un)|2 dξ + (ν − µ)‖div un‖20,Ω ≥ c
\
Ω

|S(un)|2 dξ.

Hence, integrating with respect to time, taking ε > 0 sufficiently small and
using the Gronwall inequality we have\

Ω

ηu2n dξ + ‖un‖21,2,2,Ωt ≤ Ψ2(1/̺∗, ̺
∗, t, ‖ηt‖21,2,2,Ωt)(3.6)

×
( \

Ω

η(0)v20 dξ + ‖F‖20,Ωt + ‖G‖20,St

)
,

where Ψ2 is a positive increasing continuous function.

Next, multiplying (3.4) by ċin and summing up over i we obtain

(3.7)
\
Ω

{
ηu2nt +

1

2

d

dt

[
µ

2
|S(un)|2 + (ν − µ)(div un)

2

]
− Funt

}
dξ

−
\
S

Gunt dξs = 0.

Integrating (3.7) with respect to t and using the Korn inequality yields\
Ωt

ηu2nt dξ dt
′ + ‖un‖21,Ω ≤ ε‖unt‖21,2,2,Ωt + c‖un‖20,Ω(3.8)

+ c(‖F‖20,Ωt + ‖G‖20,St + ‖v0‖21,Ω).
Differentiating (3.4) with respect to t, multiplying by ċin and summing

up over i from 1 to n we get

d

dt

\
Ω

ηu2nt dξ + c‖unt‖21,Ω ≤ ε‖unt‖21,Ω +
c

̺∗
(1 + ‖ηt‖21,Ω)

\
Ω

ηu2nt dξ(3.9)

+ c(‖Ft‖20,Ω + ‖Gt‖20,S).
Integrating (3.9) with respect to time gives

(3.10)
\
Ω

ηu2nt dξ + ‖unt‖21,2,2,Ωt

≤ Ψ2(1/̺∗, ̺
∗, t, ‖ηt‖21,2,2,Ωt)

( \
Ω

η(0)u2t (0) dξ + ‖Ft‖20,Ωt + ‖Gt‖20,St

)
.
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Next, differentiate (3.4) with respect to t, multiply the result by c̈in and
sum up over i from 1 to n. We obtain\

Ω

ηu2ntt dξ +
1

2

d

dt

\
Ω

[
µ

2
|S(unt)|2 + (ν − µ)(div unt)

2

]
dξ

≤ ε‖untt‖21,Ω + c(‖ηt‖21,Ω‖unt‖20,Ω + ‖Ft‖20,Ω + ‖Gt‖20,S).
Hence

(3.11)
\
Ωt

ηu2ntt dξ dt
′ + ‖unt‖21,Ω

≤ ε‖untt‖21,2,2,Ωt + c(‖ηt‖21,2,2,Ωt sup
t

‖unt‖20,Ω

+ ‖Ft‖20,Ωt + ‖Gt‖20,St + ‖unt‖20,Ωt + ‖untξ(0)‖20,Ω).

Finally, differentiating twice (3.4) with respect to t, multiplying by c̈in
and summing up over i we have

d

dt

\
Ω

ηu2ntt dξ + c‖untt‖21,Ω ≤ c

̺∗
(‖ηt‖21,Ω + 1)

\
Ω

ηu2ntt dξ(3.12)

+ c(‖ηtt‖20,Ω‖unt‖21,Ω + ε1‖Ftt‖20,Ω
+ ε1‖Gtt‖20,S).

Therefore, integrating (3.12) with respect to time yields

(3.13)
\
Ω

ηu2ntt dξ + ‖untt‖21,2,2,Ωt

≤ Ψ2(1/̺∗, ̺
∗, t, ‖ηt‖21,2,2,Ωt)

( \
Ω

η(0)u2tt(0) dξ + ε1‖Ftt‖20,Ωt + ε1‖Gtt‖20,St

+ sup
t

‖unt‖21,Ω‖ηtt‖20,Ωt

)
.

Using inequality (3.11) in (3.13) and assuming that εΨ2‖ηtt‖20,Ωt is suffi-
ciently small we obtain

(3.14)
\
Ω

ηu2ntt dξ + ‖untt‖21,2,2,Ωt

≤ Ψ3(1/̺∗, ̺
∗, t, ‖ηt‖21,2,2,Ωt , ‖ηtt‖20,Ωt)

( \
Ω

η(0)u2tt(0) dξ + ‖utξ(0)‖20,Ω

+ ε1‖Ftt‖20,Ωt + ε1‖Gtt‖20,St + ‖Ft‖20,Ωt + ‖Gt‖20,St

+ ‖unt‖20,Ωt + sup
t

‖unt‖20,Ω
)
,

where Ψ3 is a positive increasing continuous function of its arguments.
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Now, taking into account inequalities (3.6), (3.8), (3.10), (3.11) and
(3.14) we get the estimate

‖un‖21,Ω + ‖unt‖21,Ω + ‖untt‖20,Ω + ‖un‖21,2,2,Ωt + ‖unt‖21,2,2,Ωt + ‖untt‖21,2,2,Ωt

≤ Ψ1(1/̺∗, ̺
∗, t, ‖ηt‖21,2,2,Ωt , ‖ηtt‖20,Ωt)

[
‖F‖20,Ωt + ‖Ft‖20,Ωt

+ ε1‖Ftt‖20,Ωt + ‖G‖20,St + ‖Gt‖20,St

+ ε1‖Gtt‖20,St +
\
Ω

η(0)v20 dξ +
\
Ω

η(0)u2t (0) dξ

+
\
Ω

η(0)u2tt(0) dξ + ‖v0‖21,Ω + ‖utξ(0)‖20,Ω
]
.

Choosing a subsequence and letting n → ∞ we obtain the existence of a
solution of (3.1) and estimate (3.5). Uniqueness follows from (3.5). This
concludes the proof.

Lemma 3.3. Let assumption (3.2) be satisfied. Let η ∈ C(0, T ;H2(Ω)),
ηt ∈ C(0, T ;H1(Ω)), 1/η ∈ C(0, T ;H2(Ω)), (1/η)t ∈ C(0, T ;H1(Ω)), ηtt ∈
L2(Ω

T ), F ∈ H2(0, T ;L2(Ω)) ∩ L2(0, T ;H
1(Ω)), G ∈ L2(0, T ;H

3/2(S)),
Gt ∈ L2(0, T ;H

1/2(S)), Gtt ∈ L2(S
T )), S ∈ H5/2, v0 ∈ H2(Ω), ut(0) ∈

H1(Ω), utt(0) ∈ L2(Ω) (where ut(0) and utt(0) are calculated from (3.1)).
Moreover , let the compatibility condition be satisfied :

D(v0) · n0 = G(0) on S.

Then the solution u of problem (3.1) belongs to AT and for t ≤ T the

following estimate holds:

‖u‖2At
≤ Ψ4(1/̺∗, ̺

∗, t, h(t, η, ε2))[‖F‖21,2,2,Ωt + ‖Ft‖20,Ωt(3.15)

+ ε1‖Ftt‖20,Ωt + sup
t

‖F‖20,Ω + ‖G‖23/2,2,2,St

+ ‖Gt‖21/2,2,2,St + ε1‖Gtt‖20,St + u(0) 2
2,0,Ω],

where εi ∈ (0, 1) (i = 1, 2) are sufficiently small constants, Ψ4 is a positive

increasing continuous function of its arguments depending also on ‖Φ‖23,Ω
(where Φ is a transformation which straightens locally the boundary of Ω)
and

h(t, η, ε2) = ‖ηt‖21,2,2,Ωt + ‖ηtt‖20,Ωt + ε2 sup
t

‖η‖22,Ω(3.16)

+ c(ε2) sup
t

‖η‖20,Ω + ε2 sup
t

‖ηt‖21,Ω + c(ε2) sup
t

‖ηt‖20,Ω .

P r o o f. In [6] it is proved that the solution u of problem (3.1) be-
longs to L2(0, T ;H

3(Ω)), so in view of Lemma 3.2 it suffices to prove that
u ∈ C(0, T ;H2(Ω)) with ut ∈ C(0, T ;H1(Ω)) ∩ L2(0, T ;H

2(Ω)), utt ∈
C(0, T ;L2(Ω)) and that the estimate (3.15) holds. In order to do it con-
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sider as in [6] a covering {Ωj}nj=1 of Ω and associate with this covering a

partition of unity {ζj}nj=1, i.e.
∑n

j=1ζj = 1, supp ζj ⊂ Ωj , ζj ∈ C∞
0 (R3).

Denote by Ω̃ an arbitrary set of the covering {Ωj} such that Ω̃ ∩ S = ∅.
Denote by ζ a function of the partition of unity {ζj} such that supp ζ ⊂ Ω̃.
Since the identity (3.3) is satisfied for any test function φ it is also fulfilled
for ζφ. Then we have

(3.17)
\̃
Ω

[
ηutζφ+

µ

2
S(u)S(ζφ) + (ν − µ) div udiv(ζφ)− Fζφ

]
dξ

−
\

S∩Ω̃=S̃

Gζφdξs = 0.

Now, apply the transformation Φ : Ω̃ → Ω̂ which straightens locally the
boundary of Ω. Then (3.17) takes the form

(3.18)
\̂
Ω

{
η̂ũtφ̂+

µ

2
[Ŝ(ũ)Ŝ(φ̂) + Ŝ(ũ)D̂1(ζ̂ , φ̂)− D̂1(û, ζ̂)Ŝ(φ̂)]

}
J dz

+
\̂
Ω

{(ν − µ)[d̂iv ũ d̂iv φ̂+ d̂iv ûφ̂ · ∇̂ζ̂ − û · ∇̂ζ̂ d̂iv φ̂]− F̂ ζ̂φ̂}J dz

−
\̂
S

Ĝζ̂φ̂
√
g dzs = 0,

where Ω̃ ∋ ξ → Φ(ξ) = z ∈ Ω̂, û = u ◦Φ−1, ũ = ûζ̂, J is the Jacobian of the

transformation ξ = Φ−1(z) = (z1, z2, z3 + ψ̃(z)), ψ̃ is an extension to Ω̂ of

a function ψ such that S̃ is described by ξ3 = ψ(ξ1, ξ2), g = 1 + ψ2
z1

+ ψ2
z2
,

∇ξ in S, D̂1, etc. is replaced by ∇̂ = ∇ξΦ(ξ)|ξ=Φ−1(z) · ∇z, and D̂1(ζ̂ , ŵ) =

{ŵi∇̂j ζ̂ + ŵj∇̂iζ̂}i,j=1,2,3 (w = φ, u; ∇̂ = (∇̂)i=1,2,3).

Moreover, we need that Ω̂ = {z ∈ R
3 : |zi| < d, i = 1, 2, 0 < z3 < d},

Ŝ = Φ(S̃) = {z ∈ R
3 : |zi| < d, i = 1, 2, z3 = 0}. Since the first integral in

(3.18) vanishes on ∂Ω̂ \ Ŝ it can be extended by zero onto R
3
+ = {z ∈ R

3 :
z3 > 0}.

Assume in (3.18) (as in [6]) φ̂ = δ−1
n δnũ, where

δhu(z) =
1

h
[u(z′ + h, z3)− u(z)], δ−1

h u(z) =
1

h
[u(z′ − h, z3)− u(z)],

z′ = (z1, z2).

Then the first term in (3.18) can be rewritten as (see (A.7) in [6])\̂
Ω

η̂ũtφ̂J dz = −
\̂
Ω

δhη̂ũtδhũJ dz −
\̂
Ω

η̂ũtδhũδhJ dz(3.19)

− 1

2

d

dt

\̂
Ω

η̂|δhũ|2J dz +
1

2

\̂
Ω

η̂t|δhũ|2J dz



Equations of compressible heat-conducting fluids 191

and by Lemma 2.1 the first two terms in (3.19) are bounded by

ε‖δhũ‖20,Ω̂ + c(ε)(ε2‖η̂‖22,Ω̂ + c(ε2)‖η̂‖20,Ω̂)‖ũt‖
2
1,Ω̂

,

where ε ∈ (0, 1) and ε2 ∈ (0, 1). Hence in the same way as in [6] we obtain
(cf. inequality (A.8) of [6]) the estimate

(3.20)
1

2

d

dt

\̂
Ω

η̂|δhũ|2J dz +
µ

2
‖δhũ‖21,Ω̂

≤ c(ε2‖η̂‖22,Ω̂ + c(ε2)‖η̂‖20,Ω̂)‖ũt‖
2
1,Ω̂

+ c‖η̂t‖21,Ω̂‖δhũ‖
2
0,Ω̂

+ ε‖δhû‖21,Ω̂ + c‖û‖2
1,Ω̂

+ c(‖F̃‖2
0,Ω̂

+ ‖G̃‖2
1/2,Ŝ

).

Integrating (3.20) with respect to time, going back to the old variables,
summing over all neighborhoods of the partition of unity, using the fact
that ε is sufficiently small and letting h tend to 0 we get

(3.21)
\
Ω

ηu2τ dξ + µ‖uτ‖21,2,2,Ωt

≤
\
Ω

η(0)v20τ dξ + (ε2 sup
t

‖η‖22,Ω + c(ε2) sup
t

‖η‖20,Ω)‖ut‖21,2,2,Ωt

+ c‖ηt‖21,2,2,Ωt sup
t

‖u‖21,Ω + c(‖u‖21,2,2,Ωt + ‖F‖20,Ωt + ‖G‖1/2,2,2,St),

where uτ denotes the tangent derivatives to the boundary and the constant
c depends on ‖Φ‖23,Ω .

To calculate the normal derivatives we use the equation

− divD(u) = F − ηut.

Hence we have

(3.22) ‖un‖21,Ω ≤ c(‖F‖20,Ω + ‖uτ‖21,Ω) + c(ε2‖η‖21,Ωc(ε2)‖η‖20,Ω)‖ut‖21,Ω .
Now, inequalities (3.21) and (3.22) imply

(3.23)
\
Ω

ηu2τ dξ + ‖u‖22,2,2,Ωt

≤
\
Ω

η(0)v20τ dξ + (ε2 sup
t

‖η‖22,Ω + c(ε2) sup
t

‖η‖20,Ω)‖ut‖21,2,2,Ωt

+ c‖ηt‖21,2,2,Ωt sup
t

‖u‖21,Ω + c(‖u‖21,2,2,Ωt + ‖F‖20,Ωt + ‖G‖21/2,2,2,St),

where t ≤ T and the r.h.s. of (3.23) is bounded in terms of the estimates
for the weak solution (see Lemma 3.2).

Now, we obtain estimates for supt ‖u‖22,Ω and ‖ut‖22,2,2,Ωt . To do this we

put φ̂ = δ−1
h δhũt in (3.18).
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Using the Hölder and Young inequalities and Lemma 2.1 we obtain

(3.24)
\̂
Ω

η̂|δhũt|2J dz +
1

2

d

dt

\̂
Ω

[
µ

2
|Ŝ(δnũ)|2 + (ν − µ)(d̂ivδnũ)

2

]
J dz

≤ ε‖δhũt‖21,Ω̂ + c[‖ũt‖21,Ω̂(ε2‖δhη̂‖
2
1,Ω̂

+ c(ε2)‖δhη̂‖20,Ω̂)

+ ‖ũt‖21,Ω̂(ε2‖η̂‖
2
2,Ω̂

+ c(ε2)‖η̂‖20,Ω̂)‖δhJ‖
2
1,Ω̂

+ ‖û‖2
1,Ω̂

+ ‖ũ‖2
2,Ω̂

‖δhJ‖21,Ω̂ + ‖F̃‖2
0,Ω̂

+ ‖G̃‖2
1/2,Ŝ

].

Integrating (3.24) with respect to time and using the Korn inequality yields

(3.25)
\̂
Ωt

η̂|δhũt|2J dz dt′ + ‖δhũ‖21,Ω̂

≤ ε‖δhũt‖21,2,2,Ω̂t
+ c[‖ũt‖21,2,2,Ω̂t

(ε2 sup
t

‖δhη̂‖21,Ω̂ + c(ε2) sup
t

‖δhη̂‖20,Ω̂

+ c(ε2) sup
t

‖η̂‖2
0,Ω̂

) + ‖ũt‖21,2,2,Ω̂t‖Φ‖23,Ω̂(ε2 sup
t

‖η̂‖2
2,Ω̂

+ c(ε2) sup
t

‖η‖20,Ω) + ‖û‖2
1,2,2,Ω̂t

+ ‖Φ‖2
3,Ω̂

‖ũ‖2
2,2,2,Ω̂t

+ ‖F̃‖2
0,Ω̂t

+ ‖G̃‖2
1/2,2,2,Ŝt

+ ‖v0‖22,Ω̂ ].
Now, since by Lemma 3.2, (ηut),t = ηtut + ηutt ∈ L2(Ω

t) and Ft ∈
L2(Ω

t) we have [divD(u)],t = divD(ut) ∈ L2(Ω
t). Therefore, differentiating

(3.1)1 and (3.1)2 with respect to t we obtain the problem

(3.26)

ηutt − divD(ut) = Ft − ηtut in ΩT ,

D(ut) · n0 = Gt on ST ,

ut|t=0 = ut(0) in Ω.

Problem (3.26) is, with respect to v = ut, of analogous form to problem
(3.1), so to get an estimate for ‖v‖22,2,2,Ωt = ‖ut‖22,2,2,Ωt we use the same

argument as in the case of the estimate for ‖u‖22,2,2,Ωt . Thus, (3.20) is now
replaced by

(3.27)
1

2

d

dt

\̂
Ω

η̂|δhũt|2J dz +
µ

2
‖δhũt‖21,Ω̂

≤ c(ε2‖η̂‖22,Ω̂ + c(ε2)‖η̂‖20,Ω̂)‖ũtt‖
2
1,Ω̂

+ c‖η̂t‖21,Ω̂‖δhũt‖
2
0,Ω̂

+ ε‖δhũt‖21,Ω + c‖ût‖21,Ω̂
+ c(‖F̃t‖20,Ω̂ + ‖G̃t‖21/2,Ŝ + ‖η̂t‖21,Ω̂‖ũt‖

2
1,Ω̂

).

Integrating (3.27) with respect to time gives
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(3.28)
\̂
Ω

η̂|δhũt|2J dz +
t\
0

‖δhũt‖21,Ω̂ dt
′

≤ c(ε2 sup
t

‖η̂‖2
2,Ω̂

+ c(ε2) sup
t

‖η̂‖2
0,Ω̂

)‖ũtt‖21,2,2,Ω̂t

+ c‖η̂t‖21,2,2,Ω̂t
(sup

t
‖δhũt‖20,Ω̂ + sup

t
‖ũt‖21,Ω̂) + c‖ût‖21,2,2,Ω̂t

+ c
(
‖F̃t‖20,Ω̂t

+ ‖G̃t‖21/2,2,2,Ŝt
+
\̂
Ω

η(0)|δhut(0)|2 dξ
)
.

Adding inequalities (3.25) and (3.28), next going back to the old variables,
summing over all neighbourhoods of the partition of unity, using the fact
that ε is sufficiently small and letting h tend to 0 we get

(3.29)
\
Ωt

η|utτ |2 dξ dt′ +
\
Ω

η|utτ |2 dξ + ‖uτ‖21,Ω + ‖utτ‖1,2,2,Ωt

≤ c(‖Φ‖23,Ω)
[
‖ut‖21,2,2,Ωt(ε1 sup

t
‖η‖22,Ω + c(ε1) sup

t
‖η‖20,Ω)

+ ‖utt‖21,2,2,Ωt(ε2 sup
t

‖η‖22,Ω + c(ε2) sup
t

‖η‖20,Ω) + ‖u‖22,2,2,Ωt

+ ‖ut‖21,2,2,Ωt + ‖ηt‖21,2,2,Ωt sup
t

‖ut‖21,Ω + ‖F‖20,Ωt + ‖Ft‖20,Ωt

+ ‖G‖21/2,2,2,St + ‖Gt‖21/2,2,2,St + ‖v0‖22,Ω +
\
Ω

η(0)|utτ (0)|2 dξ
]
.

In order to calculate the normal derivatives of ut we use the equation

− divD(ut) = Ft − ηutt − ηtut.

Hence, we have

‖utn‖21,2,2,Ωt ≤ c[‖Ft‖20,Ωt + ‖utτ‖21,2,2,Ωt + ‖ηt‖21,2,2,Ωt sup
t

‖ut‖21,Ω(3.30)

+ (ε2 sup
t

‖η‖22,Ω + c(ε2) sup
t

‖η‖20,Ω)‖utt‖20,Ωt ].

Taking into account inequalities (3.29), (3.30) and the inequality

sup
t

‖un‖21,Ω ≤ c(sup
t

‖F‖20,Ω + sup
t

‖uτ‖21,Ω)

+ c(ε1 sup
t

‖η‖21,Ω + c(ε1) sup
t

‖η‖20,Ω) sup
t

‖ut‖21,Ω,

which follows from (3.22), and using estimate (3.5) we find that u ∈ L∞(0, T ;
H2(Ω)), ut ∈ L2(0, T ;H

2(Ω)) and

(3.31) ‖u‖22,Ω + ‖ut‖22,2,2,Ωt

≤ Ψ5(1/̺∗, ̺
∗, t, ‖ηt‖21,2,2,Ωt , ‖ηtt‖20,Ωt , ε2 sup

t
‖η‖22,Ω + c(ε2) sup

t
‖η‖20,Ω)

× [‖F‖20,Ωt + ‖Ft‖20,Ωt + ε1‖Ftt‖20,Ωt + sup
t

‖F‖20,Ω
+ ‖G‖21/2,2,2,St + ‖Gt‖21/2,2,2,St + ε1‖Gtt‖20,St + u(0) 2

2,0,Ω],

where Ψ5 is a positive increasing continuous function.



194 E. Zadrzyńska and W. M. Zaja̧czkowski

It remains to find an estimate for ‖u‖23,2,2,Ωt . Using the same argument
as in [6] and after similar calculations to those for (A.16) of [6] we get

(3.32)
1

2

d

dt

\̂
Ω

η̂|∂2τ jδu|2J dz +
µ

2
‖∂2τ jδũ‖21,Ω̂

≤ c[‖η̂‖2
2,Ω̂

‖jδ ũt‖21,Ω̂ + (ε2‖η̂t‖21,Ω̂ + c(ε2)‖η̂t‖20,Ω̂)‖∂
2
τ jδũ‖20,Ω̂

+ ‖η̂‖2
2,Ω̂

‖ũt‖21,Ω̂ + ‖û‖2
2,Ω̂

+ ‖F̃‖2
1,Ω̂

+ ‖G̃‖2
3/2,Ŝ

+ ε‖∂2n∂τ jδũ‖20,Ω̂ ],
where jδ is the Friedrichs mollifier operator. Integrating (3.32) with respect
to time yields

(3.33)
\̂
Ω

η̂|∂2τ jδũ|2J dz + µ‖∂2τ jδũ‖21,2,2,Ω̂t

≤ c
[
‖η̂‖2

2,2,2,Ω̂t
sup
t

‖ũt‖21,Ω̂
+ (ε2 sup

t
‖η̂t‖21,Ω̂ + c(ε2) sup

t
‖η̂t‖20,Ω̂)‖û‖

2
2,2,2,Ω̂t

+ ‖û‖2
2,2,2,Ω̂t

+ ‖F̃‖2
1,2,2,Ω̂t

+ ‖G̃‖2
3/2,2,2,Ŝt

+ ε‖∂2n∂τ jδũ‖20,Ω̂t
+
\̂
Ω

η̂(0)|∂2τ ũ(0)|2J dz
]
.

Next, (A.18) of [6] is now replaced by

(3.34)

∥∥∥∥∂τ∂2n
\
ωδ(x− y)

[
1− 1

Φ2
3,x

(Φ2
3,x − Φ2

3,y)

]
ũ(y) dy

∥∥∥∥
2

0,Ω̂t

≤ c‖η̂‖2
2,2,2,Ω̂t

sup
t

‖ũt‖21,Ω̂ + c1‖∂2τ jδũ‖21,2,2,Ω̂t
+ c‖û‖2

2,2,2,Ω̂t
+ c‖F̃‖2

1,2,2,Ω̂t
,

where ωδ is the smooth kernel of the mollifier operator jδ . Estimates (3.33)
and (3.34) imply

(3.35)
2c1
µ

\̂
Ω

η̂|∂2τ jδ ũ|2J dz + c1‖∂2τ jδ ũ‖21,2,2,Ω̂t

+

∥∥∥∥∂τ∂2n
\
ωδ(x− y)

[
1− 1

Φ2
3,x

(Φ2
3,x − Φ2

3,y)−
2εc1
µ

]
ũ(y) dy

∥∥∥∥
2

0,Ω̂t

≤ c
[
‖η̂‖2

2,2,2,Ω̂t
sup
t

‖ũt‖21,Ω̂

+ (ε2 sup
t

‖η̂t‖21,Ω̂ + c(ε2) sup
t

‖η̂t‖20,Ω̂)‖û‖
2
2,2,2,Ω̂t

+ ‖û‖2
2,2,2,Ω̂t

+ ‖F̃‖2
1,2,2,Ω̂t

+ ‖G̃‖2
3/2,2,2,Ŝt

+ ε‖∂2n∂τ jδũ‖20,Ω̂t +
\̂
Ω

η̂(0)|∂2τ ũ(0)|2J dz
]
.

Using the fact that Φ2
3,x is close to one and Φ2

3,x − Φ2
3,y is close to zero for

x, y ∈ Ω̂ and for Ω̂ sufficiently small, we obtain from (3.35), after taking the
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limit as δ → 0,

(3.36)
\̂
Ω

η̂|∂2τ ũ|2J dz + ‖∂2τ ũ‖21,2,2,Ω̂t
+ ‖∂2n∂τ ũ‖20,Ω̂t

≤ c
[
‖η̂‖2

2,2,2,Ω̂t
sup
t

‖ũt‖21,Ω̂

+ (ε2 sup
t

‖η̂t‖21,Ω̂ + c(ε2) sup
t

‖η̂t‖20,Ω̂)‖û‖
2
2,2,2,Ω̂t

+ ‖û‖2
2,2,2,Ω̂t

+ ‖F̃‖2
1,2,2,Ω̂t

+ ‖G̃‖2
3/2,2,2,Ŝt

+
\̂
Ω

η̂(0)|∂2τ ũ(0)|2J dz
]
.

Next, from equation (A.13) of [6] we have

‖∂3nũ‖20,Ω̂t
≤ c(‖∂2n∂τ ũ‖20,Ω̂t

+ ‖∂n∂2τ ũ‖20,Ω̂t
(3.37)

+ ‖û‖2
2,2,2,Ω̂t

+ ‖η̂‖2
2,2,2,Ω̂t

sup
t

‖ũt‖21,Ω̂t
+ ‖F̃‖2

1,2,2,Ω̂t
).

Taking into account (3.36) and (3.37) we see that u ∈ L2(0, T ;H
3(Ω))

and

‖u‖23,2,2,Ωt ≤ c
[
‖η‖22,2,2,Ωt sup

t
‖ut‖21,Ω(3.38)

+ (ε2 sup
t

‖ηt‖21,Ω + c(ε2) sup
t

‖ηt‖20,Ω)‖u‖22,2,2,Ωt

+ ‖u‖22,2,2,Ωt + ‖F‖21,2,2,Ωt

+ ‖G‖23/2,2,2,St +
\
Ω

η(0)|∂2τu(0)|2 dz
]
.

Adding inequalities (3.31), (3.38) and (3.5) we obtain estimate (3.15).

To complete the proof notice that from u ∈ L∞(0, T ;H2(Ω)) ∩ L2(0, T ;
H3(Ω)) and ut ∈ L∞(0, T ;H1(Ω)) ∩ L2(0, T ;H

2(Ω)) it follows that u ∈
C(0, T ;H2(Ω)). Next, since ut ∈ L∞(0, T ;H1(Ω)) ∩ L2(0, T ;H

2(Ω)) and
utt ∈ L∞(0, T ;L2(Ω)) ∩ L2(0, T ;H

1(Ω)) we have ut ∈ C(0, T ;H1(Ω)).

In order to prove that utt ∈ C(0, T ;L2(Ω)) differentiate (3.1)1 with re-
spect to t, multiply by φ ∈ H1(Ω) and integrate over Ω, using the boundary
condition (3.1)2, to get\

Ω

uttφdξ =
\
Ω

(
− ηtut

η
+
Ft

η
−∇(

1

η
)D(ut)

)
φdξ

−
\
Ω

D(ut)

η
∇φdξ +

\
S

Gt

η
φ dξs ∀φ ∈ H1(Ω),

where D(ut)∇φ =
∑3

i,j=1Dij(ut)φixj
. Hence,
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d

dt

\
Ω

uttφdξ =
\
Ω

[
−∇

((
1

η

)

,t

)
D(ut)−∇

(
1

η

)
D(utt)(3.39)

− ηttut
η

− ηtutt
η

−
(
1

η

)

,t

ηtut +
Ftt

η
+ Ft

(
1

η

)

,t

]
φdξ

−
\
Ω

[
D(utt)

η
− D(ut)

(
1

η

)

,t

]
∇φdξ

+
\
S

(
Gtt

η
+Gt

(
1

η

)

,t

)
φdξs

≡ 〈g1, φ〉Ω + 〈g2, φ〉S ∀φ ∈ H1(Ω).

Identity (3.39) implies

‖uttt‖2L2(0,T ;(H1(Ω))∗)

≤ c

T\
0

sup
‖φ‖1,Ω≤1

|〈g1, φ〉Ω |2 dt+ c

T\
0

sup
‖φ‖1,Ω≤1

|〈g2, φ〉S |2 dt

≤ Ψ6(‖η‖2BT
, ‖1/η‖2BT

, ‖ut‖22,2,2,ΩT , ‖utt‖21,2,2,ΩT , ‖Gtt‖20,ST ,

‖Gt‖1/2,2,2,ST , ‖Ftt‖20,ΩT , ‖Ft‖20,ΩT ),

where Ψ6 is a positive increasing continuous function of its arguments. Hence
utt ∈ C(0, T ;L2(Ω)). This completes the proof of the lemma.

Now, consider the problem

(3.40)

ηut − divw Dw(u) = F in ΩT ,

Dw(u) · nw = G on ST ,

u|t=0 = v0 in Ω,

where η and w are given functions, nw = n(Xw(ξ, t), t), Dw(u) = µSw(u) +
(ν−µ)I divw u, Sw(u)= {∂xi

ξk∂ξkuj+∂xj
ξk∂ξkui}i,j=1,2,3, I= {δij}i,j=1,2,3.

We assume that η satisfies (3.2) and w = w(ξ, t) is such that

x = ξ +

t\
0

w(ξ, s) ds ≡ Xw(ξ, t) = x(ξ, t)

and xξ = {∂xi/∂ξj}i,j=1,2,3, ξx = {∂ξi/∂xj}i,j=1,2,3 are matrices with de-
terminants close to 1 for t ∈ [0, T ].

In order to prove the existence of solutions of (3.40) consider first the
problem

(3.41)

ηut − divD(u) = divw Dw(u
∗)− divD(u∗) + F in ΩT ,

D(u) · n0 = D(u∗) · n0 − Dw(u
∗) · nw +G on ST ,

u|t=0 = v0 in Ω,

where u∗ is a given function.
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Lemma 3.4. Let the assumptions of Lemma 3.3 be satisfied and let w, u∗

∈ AT , where AT is given by (2.1). Moreover , assume that

(3.42) sup
t∈[0,T ]

sup
ξ∈Ω

|I − xξ| ≤ δ

and

(3.43) sup
t∈[0,T ]

sup
ξ∈Ω

|I − ξx| ≤ δ,

where δ is sufficiently small and I is the unit matrix. Then there exists

a unique solution u ∈ AT of problem (3.41) and for t ≤ T the following

estimate holds:

‖u‖2At
≤ Ψ7(1/̺∗, ̺

∗, t, h(t, η, ε2))[‖F‖21,2,2,Ωt + ‖Ft‖20,Ωt(3.44)

+ ε1‖Ftt‖20,Ωt + sup
t

‖F‖20,Ω + ‖G‖23/2,2,2,St

+ ‖Gt‖21/2,2,2,St + ε1‖Gtt‖20,St + u(0) 2
2,0,Ω

+ c(t, u∗, ε4)Ψ8(a(w, t), b(t, w, ε3))],

where

a(w, t) = t

t\
0

‖w‖23,Ω dt′,(3.45)

b(t, w, ε3) =

t\
0

(ε3‖w‖23,Ω + c(ε3)‖w‖20,Ω) dt′(3.46)

+

t\
0

(ε3‖wt‖22,Ω + c(ε3)‖wt‖20,Ω) dt′

+ (ε3 sup
t

‖w‖22,Ω + c(ε3) sup
t

‖w‖20,Ω)

+ (ε3 sup
t

‖wt‖21,Ω + c(ε3) sup
t

‖wt‖20,Ω),

c(t, u∗, ε4) =

t\
0

(ε4‖u∗‖23,Ω + c(ε4)‖u∗‖20,Ω) dt′(3.47)

+

t\
0

(ε4‖u∗t ‖22,Ω + c(ε4)‖u∗t ‖20,Ω) dt′ + t

t\
0

‖u∗‖23,Ω dt′,

εi ∈ (0, 1) (i = 1, . . . , 4) are constants, Ψ7 and Ψ8 are positive increasing

continuous functions of their arguments (Ψ7 also depends on ‖Φ‖23,Ω) and

h(t, η, ε2) is given by (3.16).

P r o o f. In the case of smooth functions w, u∗ and Φ the existence of a
unique solution u ∈ AT of problem (3.41) follows from Lemmas 3.2 and 3.3.
Estimate (3.44) is obtained in the same way as (3.5) and (3.15). We shall
show for example how to obtain an estimate for supt ‖ut‖21,Ω . Differentiating
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the system (3.40) with respect to t we get

(3.48)

ηutt − divD(ut) = −ηtut + divw Dw(u
∗
t )

− divD(u∗t ) + F1 + Ft in ΩT ,

D(ut) · n0 = D(u∗t ) · n0 − Dw(u
∗
t ) · nw +G1 +Gt on ST ,

where F1 and G1 are functions satisfying

|F1| ≤ |f1||wξ||u∗ξξ |+ |f2||wξ|
∣∣∣
t\
0

wξξ dt
′
∣∣∣|u∗ξ |+ |f3||wξξ||u∗ξ |,(3.49)

|G1| ≤ |g1||wξ||u∗ξ |+ |g2||wξ |
∣∣∣
t\
0

wξ dt
′
∣∣∣|u∗ξ |,(3.50)

and fi (i = 1, 2, 3) and gi (i = 1, 2) are C∞ functions of I +
Tt
0
wξ dt

′.

Now, multiplying (3.48)1 by utJw (where Jw is the Jacobian of the trans-
formation x = Xw(ξ, t)), integrating over Ωt, using the boundary condition
(3.48)2 and the Korn inequality yields

(3.51)
\
Ωt

ηu2ttJw dξ dt
′ + c‖ut‖21,Ω

≤ ε‖utt‖21,2,2,Ωt + εb(t, w, ε3) sup
t

‖ut‖21,Ω
+ c(‖ηt‖21,2,2,Ωt sup

t
‖ut‖20,Ω + ‖ut‖21,2,2,Ωt + ‖Ft‖20,Ωt + ‖Gt‖20,St)

+ c

[
µ

2

\
Ωt

|Sw(u∗t )Sw(utt)− S(u∗t )S(utt)| dξ dt′

+ (ν − µ)
\
Ωt

|divw u∗t divw utt − div u∗t div utt| dξ dt′
]

+ c
\
Ωt

|F1utt| dξ dt′ + c
\
St

|G1utt| dξS dt′ + ‖utξ(0)‖20,Ω .

By (3.49)–(3.51) and Lemma 2.1,

(3.52)
\
Ωt

|F1utt| dξ dt′ +
\
St

|G1utt| dξs dt′

≤ ε‖utt‖21,2,2,Ωt + c(ε)(ε3 sup
t

‖w‖22,Ω ++c(ε3) sup
t

‖w‖20,Ω)

×
(
ε4

t\
0

‖u∗‖23,Ω dt′ + c(ε4)

t\
0

‖u∗‖20,Ω dt′
)

×
(
1 + t

t\
0

‖w‖23,Ω dt′
)
+ c(ε)

(
ε3

t\
0

‖w‖23,Ω dt′ + c(ε3)

t\
0

‖w‖20,Ω dt′
)

× (ε4 sup
t

‖u∗‖22,Ω + c(ε4) sup
t

‖u∗‖20,Ω)
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and

(3.53)
µ

2

\
Ωt

|Sw(u∗t )Sw(utt)− S(u∗t )S(utt)| dξ dt′

+ (ν − µ)
\
Ωt

|divw u∗t divw utt − div u∗t div utt| dξ dt′

≤ δc(ε4)‖utt‖21,Ωt + ε4‖u∗t ‖21,Ωt .

In view of (3.52)–(3.53) inequality (3.51) gives

(3.54)
\
Ωt

ηu2ttJw dξ dt
′ + ‖ut‖21,Ω

≤ ε5‖utt‖21,2,2,Ωt + εb(t, w, ε3) sup
t

‖ut‖21,Ω

+ c(‖Ft‖20,Ωt + ‖Gt‖20,St + ‖ut‖21,2,2,Ωt + ‖ηt‖21,2,2,Ωt sup
t

‖ut‖20,Ω)

+ ‖utξ(0)‖20,Ω + c(t, u∗, ε4)Ψ9(a(w, t), b(t, w, ε3)),

where ε5 > 0 is sufficiently small, and Ψ9 is a positive increasing continuous
function.

To estimate ‖utt‖21,2,2,Ωt differentiate (3.48)1 twice with respect to t,
multiply the result by uttJw, and integrate over Ω. Using the boundary
condition (3.48)2 and the Korn inequality we obtain

(3.55)
\
Ω

ηu2ttJw dξ + ‖utt‖21,2,2,Ωt

≤ Ψ10(1/̺∗, ̺
∗, t, ‖ηt‖21,2,2,Ωt)

[
ε1‖Ftt‖20,Ωt + ε1‖Gtt‖20,Ωt

+
\
Ω

η(0)u2tt(0) dξ + sup
t

‖ut‖21,Ω‖ηtt‖20,Ωt

+ ‖utt‖20,Ωt + c(t, u∗, ε4)Ψ11(a(w, t), b(t, w, ε3))
]
,

where Ψ10 and Ψ11 are positive increasing continuous functions.

In the same way we get the estimate

(3.56)
\
Ω

ηu2tJw dξ + ‖ut‖21,2,2,Ωt

≤ Ψ12(1/̺∗, ̺
∗, t, ‖ηt‖21,2,2,Ωt)[‖Ft‖20,Ωt + ‖Gt‖20,St

+ ‖ut(0)‖20,Ω + c(t, u∗, ε4)Ψ13(a(w, t), b(t, w, ε3))],

where Ψ12 and Ψ13 are positive increasing continuous functions.
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Now, taking into account (3.54)–(3.56) we have

‖utt‖20,Ω + ‖utt‖21,2,2,Ωt + ‖ut‖21,Ω + ‖ut‖21,2,2,Ωt

≤ Ψ14(1/̺∗, ̺
∗, t, ‖ηt‖21,2,2,Ωt)[‖Ft‖20,Ωt + ε1‖Ftt‖20,Ωt

+ ‖Gt‖20,St + ε1‖Gtt‖20,St + ‖ut(0)‖20,Ω + ‖utt(0)‖20,Ω
+ c(t, u∗, ε4)Ψ15(a(w, t), b(t, w, ε3))],

where Ψ14 and Ψ15 are positive increasing continuous functions.

Estimates for ‖u‖23,2,2,Ωt , ‖u‖22,Ω , ‖ut‖22,2,2,Ωt are obtained by using sim-
ilar considerations to those above and in Lemmas 3.2–3.3. Hence, estimate
(3.44) holds.

In the case when u∗, w ∈ AT and Φ ∈ H3(Ω) we get the existence of
a solution u ∈ AT of problem (3.41) and estimate (3.44) by using the density
of smooth functions in AT and in H3(Ω), respectively. This completes the
proof of the lemma.

Lemma 3.5. Let the assumptions of Lemma 3.3 and (3.42)–(3.43) be

satisfied. Let w ∈ AT (where AT is given by (2.1)). Then there exists

T∗ > 0 (depending on the arguments of Ψ16 and on the expression in square

brackets on the right-hand side of (3.57)) such that for T ≤ T∗ there exists

a unique solution u ∈ AT of problem (3.40) and for t ≤ T the following

estimate holds:

‖u‖2At
≤ Ψ16(1/̺∗, ̺

∗, t, h(t, η, ε2), a(w, t), b(t, w, ε3))(3.57)

× [‖F‖21,2,2,Ωt + ‖Ft‖20,Ωt + ε1‖Ftt‖20,Ωt + sup
t

‖F‖20,Ω
+ ‖G‖23/2,2,2,St + ‖Gt‖21/2,2,2,St

+ ε1‖Gtt‖20,St + sup
t

‖G‖20,S + u(0) 2
2,0,Ω],

where Ψ16 is a positive increasing continuous function of its arguments and

εi ∈ (0, 1) (i = 1, 2, 3) are sufficiently small constants.

P r o o f. Let H be the mapping defined by H(u∗) = u, where u∗ ∈ AT is
a function appearing on the right-hand sides of (3.41) and u is the solution
of (3.41) satisfying estimate (3.44). We shall prove that there exists a fixed
point of H. Set α(t) = ‖u∗‖2At

and α0 = ‖u∗(0)‖20,Ω+‖u∗t (0)‖20,Ω . Assuming
ε4 = ta (where a > 0 is a constant) we have

(3.58) c(t, u∗, ε4) ≤ c̃(taα+ α0),

where c̃ = c̃(t) is a positive increasing continuous function of t. Now, using
(3.58) in (3.44) we get

(3.59) ‖u‖2At
≤ G1(t, d, e) +G2(t, e, t

aα,α0),
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where

d = ‖F‖21,2,2,Ωt + ‖Ft‖20,Ωt + ε1‖Ftt‖20,Ωt + sup
t

‖F‖20,Ω
+ ‖G‖23/2,2,2,St + ‖Gt‖21/2,2,2,St + ε1‖Gtt‖20,St + u(0) 2

2,0,Ω,

e =
1

̺∗
+ ̺∗ + h(t, η, ε2) + a(w, t) + b(t, w, ε3),

and G1 and G2 are positive increasing continuous functions of their argu-
ments. There exist constants K1,K2 > 0 such that

(3.60) d ≤ K1, e ≤ K2 for t ≤ T.

Let A > 0 be a constant such that

(3.61) α(t) ≤ A for t ≤ T

and

(3.62) G1(0,K1,K2) +G2(0,K2, 0, α0) < A.

Then by (3.60)–(3.62) there exists T∗ > 0 such that

(3.63) G1(t, d, e) +G2(t, e, t
aα,α0) ≤ A for t ≤ T∗.

Thus, in view of (3.59) and (3.63) we have proved that if α(t) ≤ A then

(3.64) ‖u‖2At
≤ A for t ≤ T∗,

where T∗ is sufficiently small.
Now, it remains to prove that if u1 = H(u∗1) and u2 = H(u∗2), then

(3.65) sup
t

‖u1 − u2‖21,Ω + sup
t

‖(u1 − u2),t‖20,Ω
+ ‖u1 − u2‖22,2,2,Ωt + ‖(u1 − u2),t‖21,2,2,Ωt

< sup
t

‖u∗1 − u∗2‖21,Ω + sup
t

‖(u∗1 − u∗2),t‖20,Ω

+ ‖u∗1 − u∗2‖22,2,2,Ωt + ‖(u∗1 − u∗2),t‖21,2,2,Ωt .

Define U = u1 − u2 and U∗ = u∗1 − u∗2. We see that U is the solution of the
problem

ηUt − divD(U) = divw Dw(U
∗)− divD(U∗) in ΩT ,

D(U) · n0 = D(U∗) · n0 − Dw(U
∗) · nw on ST ,

U |t=0 = 0.

First, we obtain

(3.66)
\
Ωt

ηU2
t Jw dξ dt

′ + sup
t

‖U‖21,Ω

≤ ε‖Ut‖21,2,2,Ωt + δΨ17(1/̺∗, t, ‖ηt‖21,2,2,Ωt)‖U∗‖21,2,2,Ωt ,
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where δ is the sufficiently small constant from (3.42)–(3.43), c > 0 is a con-
stant, and Ψ17 is a positive increasing continuous function. Next, we have

(3.67) sup
t

‖Ut‖20,Ω + ‖Ut‖21,2,2,Ωt

≤ Ψ18(1/̺∗, t, ‖ηt‖21,2,2,Ωt)[ε‖U∗‖22,2,2,Ωt + δ(1 + sup
t

‖w‖22,Ω

+ t sup
t

‖w‖22,Ω‖w‖23,2,2,Ωt)‖U∗‖21,2,2,Ωt ],

where Ψ18 is a positive increasing continuous function and ε > 0 is a suffi-
ciently small constant. Adding inequalities (3.66) and (3.67) yields

(3.68) sup
t

‖Ut‖20,Ω + ‖Ut‖21,2,2,Ωt + sup
t

‖U‖21,Ω
≤ Ψ19(1/̺∗, t, ‖ηt‖21,2,2,Ωt)[ε‖U∗‖22,2,2,Ωt + δ‖U∗

t ‖21,2,2,Ωt

+ δ(1 + sup
t

‖w‖22,Ω + t sup
t

‖w‖22,Ω‖w‖23,2,2,Ωt)‖U∗‖21,2,2,Ωt ].

To obtain an estimate for ‖U‖22,2,2,Ωt we use estimate (A.12) of [6]. We have

‖U‖22,2,2,Ωt ≤ c(sup
t

‖η‖22,Ω‖Ut‖21,2,2,Ωt + sup
t

‖ηt‖21,Ω‖U‖21,2,2,Ωt(3.69)

+ ‖U‖21,2,2,Ωt + ‖F̃‖20,Ωt + ‖G̃‖21/2,2,2,St),

where

F̃ = divw Dw(U
∗)− divD(U∗), G̃ = D(U∗) · n0 −Dw(U

∗) · nw,

so

‖F̃‖20,Ωt ≤ c

t\
0

( \
Ω

∣∣∣
t′\
0

wξξ dt
′′
∣∣∣
2

|U∗
ξ |2 dξ +

\
Ω

|ξx − I|2|U∗
ξξ |2 dξ

)
dt′(3.70)

≤ ct‖w‖23,2,2,Ωt‖U∗‖22,2,2,Ωt + cδ2‖U∗‖22,2,2,Ωt

and

(3.71) ‖G̃‖21/2,2,2,St ≤ c‖U∗‖22,2,2,Ωt(t‖w‖23,2,2,Ωt + t2‖w‖43,2,2,Ωt + δ2).

By (3.70)–(3.71) we get

(3.72) sup
t

‖U‖21,Ω + sup
t

‖Ut‖20,Ω + ‖U‖22,2,2,Ωt + ‖Ut‖21,2,2,Ωt

≤ Ψ20(1/̺∗, t, sup
t

‖ηt‖21,Ω , sup
t

‖η‖22,Ω)

× [δ(1 + sup
t

‖w‖22,Ω + t sup
t

‖w‖22,Ω‖w‖23,2,2,Ωt)‖U∗‖21,2,2,Ωt

+ (ε+ t‖w‖23,2,2,Ωt + t2‖w‖43,2,2,Ωt + δ2)‖U∗‖22,2,2,Ωt + δ‖U∗
t ‖21,2,2,Ωt ].
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For ε, δ and T∗ sufficiently small inequality (3.72) gives

(3.73) sup
t

‖U‖21,Ω + sup
t

‖Ut‖20,Ω + ‖U‖22,2,2,Ωt + ‖Ut‖21,2,2,Ωt

< ‖U∗‖22,2,2,Ωt + ‖U∗
t ‖21,2,2,Ωt for t ≤ T∗.

Since (3.62) implies (3.64) for t ≤ T∗ and (3.73) holds, by the Schauder–
Tikhonov fixed point theorem we obtain the existence of a solution u ∈ AT

of problem (3.40). The uniqueness of the solution follows from estimate
(3.57), so to complete the proof it remains to show this estimate. Since u is
a fixed point of H by Lemma 3.4 it satisfies

‖u‖2At
≤ Ψ7(1/̺∗, ̺

∗, t, h(t, η, ε2))[‖F‖21,2,2,Ωt + ‖Ft‖20,Ωt(3.74)

+ ε1‖Ftt‖20,Ωt + sup
t

‖F‖20,Ω
+ ‖G‖23/2,2,2,St + ‖Gt‖21/2,2,2,St + ε1‖Gtt‖20,St

+ u(0) 2
2,0,Ω + c(t, u, ε4)Ψ8(a(w, t), b(t, w, ε3))].

Moreover, in [6] (see Lemma 3.7) the following estimate is proved:

(3.75) ‖u‖21,Ω + ‖ut‖20,Ω + ‖u‖21,2,2,Ωt + ‖ut‖21,2,2,Ωt

≤ Ψ21(t, 1/̺∗, a(w, t), b(t, w, ε3), ‖ηt‖21,2,2,Ωt)

×
[ \
Ω

̺0v
2
0 dξ +

\
Ω

̺0u
2
t (0) dξ + ‖v0‖21,Ω + ‖Ft‖20,Ω

+ ‖Gt‖20,St + sup
t

‖F‖0,Ω + sup
t

‖G‖20,S
]
.

Now, taking into account notation (3.47) and inequalities (3.74)–(3.75), for
t ≤ T∗ we get estimate (3.57) if ε4Ψ7(a(w, t), b(t, w, ε3)) and T∗ are suffi-
ciently small. This completes the proof of the lemma.

Next, consider the problem

(3.76)

ηcv(η, β)γt − κ∇2
wγ = K +

µ

2

3∑

i,j=1

(ξxi
· ∇ξwj + ξxj

· ∇ξwi)
2

+ (ν − µ)(∇w · w)2 in ΩT ,

nw · ∇wγ = γ on ST ,

γ|t=0 = θ0 in Ω,

where ξx = ξx(w) is the inverse matrix to xξ = I +
Tt
0
wξ(ξ, t

′) dt′. The
following lemma holds.

Lemma 3.6. Let η > 0, η ∈ C(0, T ;H2(Ω)), ηt ∈ C(0, T ;H1(Ω)),
ηtt ∈ L2(Ω

T ), w ∈ AT , β ∈ AT (where AT is given by (2.1)), β > 0,
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0 < σ∗ ≤ ηcv(η, β) ≤ σ∗ (σ∗ and σ∗ are constants), K ∈ H2(0, T ;L2(Ω)) ∩
L2(0, T ;H

1(Ω)), γ ∈ L2(0, T ;H
3/2(S)), γt ∈ L2(0, T ;H

1/2(S)), γtt ∈
L2(S

T ), S ∈ H5/2, cv ∈ C2(R2
+), cv > 0, θ0 ∈ H2(Ω), γt(0) ∈ H1(Ω),

γtt(0) ∈ L2(Ω), (where γt(0) and γtt(0) are calculated from (3.76)). More-

over , let assumptions (3.42)–(3.43) and the following compatibility condition

be satisfied :

n0 · ∇ξθ0 = θ(ξ, 0) on S.

Then there exists T∗ > 0 (depending on the arguments of Ψ22 and on the

expression in square brackets on the right-hand side of (3.77)) such that for

T ≤ T∗ there exists a unique solution γ ∈ AT of problem (3.76) satisfying ,
for t ≤ T ,

(3.77) ‖γ‖2At

≤ Ψ22(1/σ∗, σ
∗, t, d1(t, η), d2(t, β, ε5), h(t, η, ε6), a(w, t), b(t, w, ε3))

× [‖K‖21,2,2,Ωt + ‖Kt‖20,Ωt + ε1‖Ktt‖20,Ωt + sup
t

‖K‖20,Ω

+ ‖γ‖23/2,2,2,St + ‖γt‖21/2,2,2,St + ε1‖γtt‖20,St + sup
t

‖γ‖20,S

+ γ(0) 2
2,0,Ω + b(t, w, ε3)Ψ23(a(w, t), b(t, w, ε3))],

where Ψ22, Ψ23 are positive increasing continuous functions of their argu-

ments, εi (i = 3, 5, 6) are sufficiently small positive constants; a, b, h are

given by (3.45), (3.46) and (3.16), respectively , and

d1(t, β, ε5) = (ε5 + ta2)(sup
t

‖β‖22,Ω + sup
t

‖βt‖21,Ω + sup
t

‖βtt‖20,Ω),(3.78)

d2(t, η) = ta3(sup
t

‖η‖22,Ω + sup
t

‖ηt‖21,Ω + sup
t

‖ηtt‖20,Ω)(3.79)

(a2, a3 > 0 are constants).

P r o o f. We prove the lemma by using the methods of Lemma 3.5,
Lemmas 3.2–3.4 and Lemma 2.2. In particular, setting σ = ηcv(η, β) by
Lemma 2.2 we get

h(t, σ, ε2) ≤ Ψ24(d1(t, η), d2(t, β, ε5), h(t, η, ε6))

(this is used in the proof of estimate (3.77)), where Ψ24 is a positive increas-
ing continuous function of its arguments.

4. Existence of solutions of problem (1.1). In order to prove the
existence of a solution of problem (1.1) we apply the method of successive
approximations. We consider the problems
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(4.1)

ηm∂tum+1 − µ∇2
um
um+1 − ν∇um

∇um
· um+1

= −∇um
p(ηm, γm) + ηmgm in ΩT ,

ηmcv(ηm, γm)∂tγm+1 − κ∇2
um
γm+1

= −γmpγ(ηm, γm)∇um
· um

+
µ

2

3∑

i,j=1

(ξxi
· ∇ξumj + ξxj

· ∇ξumi)
2

+ (ν − µ)(∇um
· um)2 + ηmkm in ΩT ,

ηmt + ηm∇um
· um = 0 in ΩT ,

Dum
(um+1) · num

= [p(ηm, γm)− p0]num
on ST ,

num
· ∇um

γm+1 = γm on ST ,

um+1|t=0 = v0, γm+1|t=0 = θ0, ηm|t=0 = ̺0 in Ω,

where ξx is the inverse matrix to xξ = I +
Tt
0
umξ(ξ, t

′) dt′ and

gm(ξ, t) = f(Xum
(ξ, t), t) = f

(
ξ +

t\
0

um(ξ, t′) dt′, t
)
,

km(ξ, t) = r(Xum
(ξ, t), t) = r

(
ξ +

t\
0

um(ξ, t′) dt′, t
)
,

γm(ξ, t) = θ(Xum
(ξ, t), t) = θ

(
ξ +

t\
0

um(ξ, t′) dt′, t
)
.

For u0 we take a function which is a solution of the problem

(4.2)

u0t − divD(u0) = 0 in ΩT ,

D(u0) · n0 = (p(̺0, θ0)− p0)n0 on ST ,

u0|t=0 = v0 in Ω.

By the methods of Lemmas 3.2–3.3 one can prove the following estimate:

(4.3) ‖u0‖2At
≤ C1(t)[‖[p(̺0, θ0)− p0]n0‖23/2,S + u0(0)

2
2,0,Ω] ≡ F1(t),

where C1 is a positive increasing continuous function of t.
Similarly, for γ0 we take a function which is a solution of the problem

(4.4)

γ0t − κ∇2
ξγ0 = 0 in ΩT ,

n0 · ∇ξγ0 = γ0 on ST ,

γ0|t=0 = θ0 in Ω,

where γ0(ξ, t) = θ(Xu0
(ξ, t), t) = θ(ξ +

Tt
0
u0(ξ, t

′) dt′, t). Assume that θ ∈
L2(0, T ;H

3
loc(R

3))∩C(0, T ;H2
loc(R

3)), θt ∈ L2(0, T ;H
2
loc(R

3)), θtt ∈ L2(0, T ;
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H1
loc(R

3)). By the methods of Lemmas 3.2–3.4 we get the estimate

‖γ0‖2At
≤ C2(t)[‖γ0‖23/2,2,2,St + ‖γ0t‖21/2,2,2,St(4.5)

+ ε1‖γ0tt‖20,St + γ0(0)
2
2,0,Ω],

where C2 is a positive increasing continuous function of t.
Let A1 > 0 be a constant such that

(4.6) F1(t) ≤ A1 for t ≤ T.

Define

Ω0t =
{
ξ +

t\
0

u0(ξ, t
′) dt′ : ξ ∈ Ω

}
.

If x = ξ +
Tt
0
u0(ξ, t

′) dt′, then by (4.6) we have

(4.7) det{xξ} ≥ 1− 3t1/2A
1/2
1 − 6tA1 − 6t3/2A

3/2
1 .

Let T0 > 0 be so small that

(4.8) 1− 3T
1/2
0 A

1/2
1 − 6T0A1 − 6T

3/2
0 A

3/2
1 > 0.

Then if T ≤ T0 estimates (4.3), (4.5), (4.7) and (4.8) imply

Ω0t ⊂ D0 = {x = (x1, x2, x3) : ξi − T
1/2
0 A

1/2
1 ≤ xi ≤ ξi + T

1/2
0 A

1/2
1 ,

i = 1, 2, 3, ξ = (ξ1, ξ2, ξ3) ∈ Ω} for t ≤ T

and

(4.9) ‖γ0‖23/2,2,2,St + ‖γ0t‖21/2,2,2,St + ε1‖γ0tt‖20,St

≤ Ψ25(‖f1‖C(D̃0)
, A1, t)(|∇θ|22,0,Dt

0

+ sup
t

‖θ‖22,D0
) for t ≤ T,

where Ψ25 is a positive increasing continuous function of its arguments,
det ξx = f1(I+

Tt
0
u0ξ dt

′), f1 is a continuous function, D̃0 = {z=(zij)i,j=1,2,3 :

δij−T 1/2
0 A

1/2
1 ≤ zij ≤ δij+T

1/2
0 A

1/2
1 , i = 1, 2, 3}, δij is the Kronecker delta,

and Dt
0 = D0 × (0, t). By (4.5) and (4.9) we have

‖γ0‖2At
≤ Ψ26(‖f1‖C(D̃0)

, A1, t)(4.10)

× [|∇θ|22,0,Dt
0

+ sup
t

‖θ‖22,D0
+ γ0(0)

2
2,0,Ω ] ≡ F2(t).

Finally, η0 is a solution of the problem

η0t + η0∇u0
· u0 = 0 in ΩT ,

η0|t=0 = ̺0 in Ω.

Now, we prove the following lemma.

Lemma 4.1. Assume that v0 ∈ H2(Ω), ̺0 ∈ H2(Ω), θ0 ∈ H2(Ω) and

there exist positive constants ̺∗, ̺
∗, θ∗, θ

∗ (̺∗ < ̺∗, θ∗ < θ∗) such that

(4.11) ̺∗ < ̺0 < ̺∗, θ∗ < θ0 < θ∗.
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Moreover , assume that ut(0), γt(0) ∈ H1(Ω), utt(0), γtt(0) ∈ L2(Ω) (where
ut(0), utt(0), γt(0), γtt(0) are calculated from system (1.4)), u0t(0), γ0t(0) ∈
H1(Ω), u0tt(0), γ0tt(0) ∈ L2(Ω), (where u0t(0), u0tt(0), γ0t(0), γ0tt(0) are

calculated from systems (4.2) and (4.4)). Let f, r ∈ L2(0, T ;H
2
loc(R

3)), ft, rt
∈ L2(0, T ;H

1
loc(R

3)), ftt, rtt ∈ L2(0, T ;L2 loc(R
3)), θ ∈ L2(0, T ;H

2
loc(R

3)) ∩
C(0, T ;H2

loc(R
3)), θt ∈ L2(0, T ;H

2
loc(R

3)), θtt ∈ L2(0, T ;H
1
loc(R

3)), S ∈
H5/2, p ∈ C3(R2

+), cv ∈ C2(R2
+), cv > 0 and assume the following compati-

bility conditions are satisfied :

D(v0) · n0 = (p(̺0, θ0)− p0)n0 on S

and

n0 · ∇ξθ0 = θ(ξ, 0) on S.

Define

αm(t) = ‖um‖2At
+ ‖γm‖2At

.

Let A > 0 be a constant satisfying (4.31) and

(4.12) F1(t) + F2(t) ≤ A for t ≤ T0

(where F1(t) and F2(t) are defined in (4.3) and (4.10), and T0 is given by

(4.8)). Then there exists 0 < T∗ ≤ T0 such that if T ≤ T∗ we have

(4.13) αm(t) ≤ A for t ≤ T and m = 0, 1, 2, . . .

P r o o f. By (4.12) we have

α0(t) ≤ A for t ≤ T0.

Now, we assume that for some m > 0 there exists 0 < T∗ ≤ T0 such that if
T ≤ T∗ then

(4.14) αm(t) ≤ A for t ≤ T.

We shall prove that αm+1(t) ≤ A for t ≤ T . In order to do this define

L̃ = −∇um
p(ηm, γm) + ηmgm − γmpγ(ηm, γm)∇um

· um + ηmkm,(4.15)

M̃ = γm + [p(ηm, γm)− p0]num
(4.16)

and introduce the set

Ωmt =
{
ξ +

t\
0

um(ξ, t′) dt′ : ξ ∈ Ω
}
.

If x = ξ +
Tt
0
um(ξ, t′) dt′, then by (4.14) we have

(4.17) det{xξ} ≥ 1− 3t1/2A1/2 − 6tA− 6t3/2A3/2.

Let T∗ > 0 be so small that

(4.18) 1− 3T
1/2
∗ A1/2 − 6T∗A− 6T

3/2
∗ A3/2 > 0.
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Then for T ≤ T∗ estimates (4.14), (4.17), (4.18) imply

Ωmt ⊂ D∗ = {x = (x1, x2, x3) : ξi − T
1/2
∗ A1/2 ≤ xi ≤ ξi + T

1/2
∗ A1/2,

i = 1, 2, 3, ξ = (ξ1, ξ2, ξ3) ∈ Ω} for t ≤ T

and

(4.19) |gm|22,0,Ωt + sup
t

‖gm‖20,Ω + |km|22,0,Ωt + sup
t

‖km‖20,Ω
≤ Ψ27(‖f1‖C(D̃∗)

, |f |2
2,0,DT∗

∗

, sup
t

‖f‖20,D∗

, |r|2
2,0,DT∗

∗

,

sup
t

‖r‖20,D∗
, a(um, t), b(t, um, ε3)),

(4.20) ‖γm‖23/2,2,2,St + ‖γmt‖21/2,2,2,St + ‖γmtt‖20,St + sup
t

‖γm‖20,S

≤ Ψ28(‖f1‖C(D̃∗)
, |∇θ|2

2,0,DT∗
∗

, sup
t

‖θ‖22,D∗
, a(um, t), b(t, um, ε3)) for t ≤ T,

where DT∗

∗ = D∗ × (0, T∗), f1 = det ξx is a continuous function of I +Tt
0
umξ dt

′, D̃∗ = {z = (zij)i,j=1,2,3 : δij − T
1/2
∗ A1/2 ≤ zij ≤ δij + T

1/2
∗ A1/2,

i, j = 1, 2, 3}, Ψ27 and Ψ28 are positive increasing continuous functions of
their arguments.

By (4.15), (4.16), (4.19) and (4.20) we have

(4.21) ‖L̃‖21,2,2,Ωt + ‖L̃t‖20,Ωt + ε1‖L̃tt‖20,Ωt + sup
t

‖L̃‖20,Ω

+ ‖M̃‖23/2,2,2,St + ‖M̃t‖21/2,2,2,St + ε1‖M̃tt‖20,St + sup
t

‖M̃‖20,S

≤ Ψ29(ω∗, e(t, ηm), a(um, t), b(t, um, ε3), b(t, γm, ε8))

+ ε1(|ηmt|22,1,Ωt + |γmt|22,1,Ωt + ‖γmtt‖21,2,2)

× Ψ30(e(t, ηm), b(t, um, ε3), b(t, γm, ε8)),

where Ψ29 and Ψ30 are positive increasing continuous functions, ε1 > 0 is a
sufficiently small constant and

ω∗ = ‖f1‖C(D̃∗)
+ |f |2

2,0,DT∗

∗

+ sup
t

‖f‖20,D∗

+ |r|2
2,0,DT∗

∗

+ sup
t

‖r‖20,D∗

+ |∇θ|2
2,0,DT∗

∗

+ sup
t

‖θ‖22,D∗

,

e(t, ηm) = sup
t

‖ηmtt‖20,Ω + sup
t

‖ηmt‖21,Ω + sup
t

‖ηm‖22,Ω .

The functions Ψi in (4.19)–(4.21) also depend on ‖p‖C3(V̄m), where Vm ⊂ R
3
+

is a bounded domain such that (ηm(ξ, t), γm(ξ, t)) ∈ Vm for any (ξ, t) ∈ ΩT .
Assuming that εi = ta (i = 1, 3, 5, 7, 8) (where a = min(a1, a2, a3, 1), ai > 0
(i = 1, 2, 3) are constants from Lemma 2.3, (3.78) and (3.79), respectively),
using the definitions (3.16), (3.45), (3.46), (3.78), (3.79), Lemma 2.3 and
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the estimates

sup
t

‖ηm‖20,Ω ≤ sup
t

∥∥∥
t\
0

ηmt dt
′
∥∥∥
2

0,Ω
+ ‖̺0‖20,Ω ≤ t sup

t
‖ηmt‖20,Ω + ‖̺0‖20,Ω ,

sup
t

‖ηmt‖20,Ω ≤ t sup
t

‖ηmtt‖20,Ω + c‖̺0‖21,Ω‖v0‖22,Ω
we obtain

(4.22) d1(t, γm, ε5) + d2(t, ηm) + h(t, ηm, ε7) + a(um, t) + b(t, um, ε3)

+ b(t, γm, ε8) + e(t, ηm)

+ ε1(|ηmt|22,1,Ωt + |γmt|22,1,Ωt + ‖umtt‖21,2,2,Ωt)

≤ c(taαm + F0),

where c > 0 is a constant and

F0 = ‖v0‖22,Ω + ‖ut(0)‖21,Ω + ‖θ0‖22,Ω + ‖γt(0)‖21,Ω + ‖̺0‖22,Ω
(ut(0) and γt(0) are calculated from (1.4)).

Now, by (4.14) we have

θ0 − (c0tA)
1/2 ≤ θ0 − t1/2

( t\
0

|∂tγm(ξ, t′)|2 dt′
)1/2

≤ γm(t)(4.23)

≤ θ0 + t1/2
( t\

0

|∂tγm(ξ, t′)|2 dt′
)1/2

≤ θ0 + (c0tA)
1/2 for t ≤ T,

(where c0 > 0 is a constant from the inequality |w|∞,Ω ≤ c0‖w‖22,Ω) and

̺0 exp[−(c0tA)
1/2] ≤ ̺0 exp

[
t1/2

( t\
0

|∇um
· um|2 dt′

)1/2]
(4.24)

≤ ηm(t) ≤ ̺0 exp
[
t1/2

( t\
0

|∇um
· um|2 dt′

)1/2]

≤ ̺0 exp[(c0tA)
1/2] for t ≤ T.

Let T∗ be so small that (see assumption (4.11))

(4.25) θ0 − (c0T∗A)
1/2 > θ∗, θ0 + (c0T∗A)

1/2 < θ∗

and

(4.26) ̺0 exp[−(c0T∗A)
1/2] > ̺∗, ̺0 exp[(c0T∗A)

1/2] < ̺∗.

Then in view of (4.23)–(4.26) we get

(4.27) ̺∗ < γm(t) < ̺∗
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and

(4.28) θ∗ < ηm(t) < θ∗ for t ≤ T ≤ T∗.

Denote by σ∗ a constant satisfying

̺0cv(̺0, θ0) ≥ ̺∗ inf
V
cv(η, γ) > σ∗ > 0,

where V = {(η, γ) : ̺∗ < η < ̺∗, θ∗ < γ < θ∗}. Then (4.27)–(4.28) yield

(4.29) ηmcv(ηm, γm) > σ∗ for t ≤ T.

Now, in view of (4.21), (4.22), (4.27) and (4.29), Lemmas 3.5–3.6 imply
that if T∗ is sufficiently small then for T ≤ T∗ there exists a unique solution
um+1 ∈ AT of (4.1)1 and a unique solution γm+1 ∈ AT of (4.1)2 satisfying

(4.30) αm+1(t) ≤ G(t, taαm(t), ω∗,H0) for t ≤ T,

where G is a positive increasing continuous function of its arguments,

H0 =
1

̺∗
+

1

σ∗
+ ̺∗ + σ∗ + F0 + ‖utt(0)‖20,Ω + ‖γtt(0)‖20,Ω ≤ H̃0,

and H̃0 is a constant. Assume that the constant A is so large that

(4.31) G(0, 0, H̃0) < A.

Then by (4.14) and (4.30)–(4.31) if T∗ is so small that

G(T∗, T
a
∗ A, H̃0) < A

we obtain αm+1(t) ≤ A for t ≤ T ≤ T∗. This concludes the proof.

Now, we prove the main result of the paper.

Theorem 4.2. Let the assumptions of Lemma 4.1 be satisfied. Then

there exists T∗ > 0 such that for T ≤ T∗ there exists a unique solution

(u, γ, η) of problem (1.4) such that u, γ ∈ AT , η ∈ BT (AT and BT are given

by (2.1) and (2.2)) and

(4.32) ‖u‖2AT
+ ‖γ‖2AT

≤ A

and

(4.33) ‖η‖2BT
≤ φ(A),

where A > 0 is given by (4.12) and (4.31), and φ is a positive increasing

continuous function.

P r o o f. In view of Lemma 4.1 it remains to show the convergence of the
sequence (um, γm, ηm) and the uniqueness. Consider the following system
of problems for the differences Um+1 = um+1 − um, Γm+1 = γm+1 − γm
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and Hm = ηm − ηm−1:

(4.34)

ηm∂tUm+1 − µ∇2
um
Um+1 − ν∇um

∇um
· Um+1 =

5∑

i=1

Fi ≡ F̃ ,

Dum
(Um+1) · num

=

3∑

i=1

Gi ≡ G̃,

Um+1|t=0 = 0,

ηmcv(ηm, γm)∂tΓm+1 − κ∇2
um
Γm+1 =

7∑

i=1

Ii ≡ Ĩ ,

num
· ∇um

Γm+1 = J1 + J2 ≡ J̃ ,

Γm+1|t=0 = 0,

∂tHm +Hm divum
um = −ηm−1(divum

um − divum−1
um−1),

Hm|t=0 = 0,

where divui
ui = ∇ui

· ui and
F1 = −Hm∂tum,

F2 = − µ(∇2
um

−∇2
um−1

)um − ν(∇um
∇um

· −∇um−1
∇um−1

·)um,
F3 = ∇um

p(ηm, γm)−∇um−1
p(ηm−1, γm−1),

F4 = Hmgm, F5 = ηm−1(gm − gm−1),

G1 = − [Dum
(um) · num

− Dum−1
(um) · num−1

],

G2 = p(ηm, γm)num
− p(ηm−1, γm−1)num−1

,

G3 = − p0(num
− num−1

),

I1 = −Hmcv(ηm, γm)∂tγm,

I2 = ηm−1∂tγm[cv(ηm−1, γm−1)− cv(ηm, γm)],

I3 =
µ

2

3∑

i,j=1

[(ξxi
· ∇ξumj + ξxj

· ∇ξumi)
2

− (ξxi
· ∇ξum−1,j + ξxj

· ∇ξum−1,i)
2],

I4 = (ν − µ)[(∇um
· um)2 − (∇um−1

· um−1)
2],

I5 = − γmpr(ηm, γm)∇um
· um + γm−1pr(ηm−1, γm−1)∇um−1

· um−1,

I6 = Hmkm, I7 = ηm−1(km − km−1),

J1 = − (num
· ∇um

γm − num−1
· ∇um−1

γm),

J2 = γm − γm−1.

Now, multiply (4.34)1 by Um+1Jum
(where Jum

is the Jacobian of the

transformation x = ξ+
Tt
0
um dt′) and integrate over Ω. Then integration by
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parts using (4.34)2 yields

(4.35)
1

2

\
Ω

(
ηm

d

dt
U2
m+1Jum

+
µ

2
|Sum

(Um+1)|2Jum

)
dξ

+ (ν − µ)
\
Ω

(divum
Um+1)

2Jum
dξ =

\
Ω

F̃Um+1Jum
dξ +

\
S

G̃Um+1Jum
dξ.

We now estimate each terms on the r.h.s. of (4.35). Using (4.13) we get

(4.36)
∣∣∣
\
Ωt

HmumtUm+1Jum
dξ dt′

∣∣∣

≤ ε‖Um+1‖21,2,2,Ωt + c(ε)φ(A) sup
t

‖Hm‖21,Ω

(here and in the sequel we denote by φ different positive continuous functions
of A),

(4.37)
∣∣∣
\
Ωt

F2Um+1Jum
dξ dt′

∣∣∣

≤ c
( \

Ωt

∣∣∣
t′\
0

Umξ dt
′′
∣∣∣|umξξ||Um+1||Jum

| dξ dt′

+
\
Ωt

∣∣∣
t\
0

Umξ dt
′′
∣∣∣
∣∣∣
t′\
0

umξξ dt
′′
∣∣∣|umξ||Um+1||Jum

| dξ dt′

+
\
Ωt

∣∣∣
t′\
0

Umξ dt
′′
∣∣∣
∣∣∣
t′\
0

um−1ξξ dt
′′
∣∣∣|umξ||Um+1||Jum

| dξ dt′

+
\
Ωt

∣∣∣
t′\
0

Umξξ dt
′′
∣∣∣|umξ||Um+1||Jum

| dξ dt′
)

≤ ε‖Um+1‖21,2,2,Ωt + c(ε)φ(A)t‖Um‖22,2,2,Ωt ,

(4.38)
∣∣∣
\
Ωt

F3Um+1Jum
dξ dt′

∣∣∣

≤ ε‖Um+1‖21,2,2,Ωt + c(ε)φ(A)t(‖Um‖22,2,2,Ωt

+ sup
t

‖Hm‖21,Ω + sup
t

‖Γm‖21,Ω),

(4.39)
∣∣∣
\
Ωt

F4Um+1Jum
dξ dt′

∣∣∣

≤ ε‖Um+1‖21,2,2,Ωt + c(ε)φ(A)t sup
t

‖Hm‖20,Ω ,
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(4.40)
∣∣∣
\
Ωt

F5Um+1Jum
dξ dt′

∣∣∣

≤ ε‖Um+1‖21,2,2,Ωt + c(ε)φ(A)t‖Um‖21,2,2,Ωt ,

(4.41)
∣∣∣
\
St

(G1 +G3)Um+1Jum
dξs dt

′
∣∣∣

≤ ε‖Um+1‖21,2,2,Ωt + c(ε)φ(A)t‖Um‖22,2,2,Ωt ,

(4.42)
∣∣∣
\
St

G2Um+1Jum
dξs dt

′
∣∣∣

≤ ε‖Um+1‖21,2,2,Ωt + c(ε)φ(A)t(‖Um‖22,2,2,Ωt

+ sup
t

‖Hm‖21,Ω + sup
t

‖Γm‖21,Ω).

From (4.35)–(4.42) and the Korn inequality we obtain, for sufficiently
small ε,

(4.43) ‖Um+1‖20,Ω + ‖Um+1‖21,2,2,Ωt

≤ tφ(A)(‖Um‖22,2,2,Ωt + sup
t

‖Hm‖21,Ω + sup
t

‖Γm‖21,Ω).

Multiplying (4.34)1 by Um+1,tJum
, integrating over Ω and by parts we get\

Ω

ηm|Um+1,t|2Jum
dξ +

µ

2

\
Ω

Sum
(Um+1)Sum

(Um+1,t)Jum
dξ

+ (ν − µ)
\
Ω

divum
Um+1 divum

Um+1,tJum
dξ

=
\
S

G̃Um+1,tJum
dξs +

\
Ω

F̃Um+1,tJum
dξ.

Hence, by the same calculations as in [6] (see (3.51)–(3.52) of [6]) we have

(4.44) ‖Um+1,t‖20,Ωt + ‖Um+1‖21,Ω
≤ ε2 sup

t
‖G̃‖20,S + c(ε2)(ε3‖Um+1,ξ‖20,Ω + c(ε3)‖Um+1‖20,Ω)

+ c‖Um+1‖21,2,2,Ωt + c‖F̃‖20,Ωt

+ ε1φ(A)(‖G̃t‖20,St + sup
t

‖G̃‖20,S)eA + c‖Um+1‖20,Ω .

Using (4.43) and (4.44) yields

(4.45) ‖Um+1‖21,Ω + ‖Um+1,t‖20,Ωt + ‖Um+1‖21,2,2,Ωt

≤ φ(A)[ε(‖G̃t‖20,St + sup
t

‖G̃‖20,S)] + ‖F̃‖20,Ωt

+ tφ(A)(‖Um‖22,2,2,Ωt + sup
t

‖Hm‖21,Ω + sup
t

‖Γm‖21,Ω).
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From the regularity result for the parabolic problem

ηmUm+1,t − divum
Dum

(Um+1) = F̃ in ΩT ,

Dum
(Um+1) · num

= G̃ on ST ,

Um+1|t=0 = 0 in Ω,

we obtain (see Theorem A.1 and Remark A.2 of [6])

(4.46) ‖Um+1‖22,2,2,Ωt ≤ c(‖F̃‖20,Ωt + ‖G̃‖21/2,2,2,St) + c‖Um+1‖20,Ωt .

Using the forms of F̃ and G̃ we get

(4.47) ‖G̃‖20,S ≤ tφ(A)(‖Um‖22,2,2,Ωt + sup
t

‖Hm‖21,Ω + sup
t

‖Γm‖21,Ω),

(4.48) ‖G̃t‖20,St ≤ φ(A)(‖Um‖22,2,2,Ωt + ‖Hmt‖21,2,2,Ωt + ‖Γmt‖21,2,2,Ωt),

(4.49) ‖G̃‖21/2,2,2,St + ‖F̃‖20,Ωt

≤ tφ(A)(‖Um‖22,2,2,Ωt + sup
t

‖Hm‖21,Ω + sup
t

‖Γm‖21,Ω).

From (4.34)7 it follows that

(4.50) ‖Hmt‖21,2,2,Ωt ≤ φ(A)(t sup
t

‖Hm‖21,Ω + ‖Um‖22,2,2,Ωt).

Taking into account (4.45), (4.46)–(4.50) we get

(4.51) ‖Um+1‖21,Ω + ‖Um+1,t‖20,Ωt + ‖Um+1‖22,2,2,Ωt

≤ (t+ ε)φ(A)(‖Um‖22,2,2,Ωt + sup
t

‖Hm‖21,Ω

+ sup
t

‖Γm‖21,Ω + ‖Γmt‖21,2,2,Ωt).

Now, integrating (4.34)7 with respect to t gives

Hm(ξ, t) = − exp
(
−

t\
0

divum
um dt′

)

×
t\
0

[
ηm−1(divum

um − divum−1
um−1) exp

(t′\
0

divum
um dt′′

)]
dt′.

Hence

(4.52) sup
t

‖Hm‖21,Ω ≤ tφ(A)‖Um‖22,2,2,Ωt .

Using (4.52) and (4.51) we get

(4.53) ‖Um+1‖21,Ω + ‖Um+1,t‖20,Ωt + ‖Um+1‖22,2,2,Ωt

≤ (t+ ε)φ(A)(‖Um‖22,2,2,Ωt + sup
t

‖Γm‖21,Ω + ‖Γmt‖21,2,2,Ωt).
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In order to estimate ‖Um+1‖21,2,2,Ωt we differentiate (4.34)1 and (4.34)2
with respect to t. We obtain

ηmUm+1,t − [divum
Dum

(Um+1],t = −ηmtUm+1,t + F̃t,(4.54)

[Dum
(Um+1) · num

],t = G̃t.(4.55)

Multiplying (4.54) by Um+1,tJum
, integrating over Ω and using (4.55) we

get

(4.56)
1

2

d

dt

\
Ω

ηmU
2
m+1,tJum

dξ +
µ

2

\
Ω

|Sum
(Um+1,t)|2Jum

dξ

+ (ν − µ)
\
Ω

(divum
Um+1,t)

2Jum
dξ

≤ ε(‖Um+1,t‖21,Ω + ‖Um+1‖22,Ω)

+ c(ε)‖um‖22,Ω(ε‖Um+1,t‖21,Ω + c(ε)‖Um+1,t‖20,Ω)

+ c(ε)t‖Um+1‖22,Ω sup
t

‖um‖22,Ω‖um‖23,2,2,Ωt

+
\
Ω

|F̃t| · |Um+1,t| · |Jum
| dξ +

\
S

|G̃t| · |Um+1,t| · |Jum
| dξs.

Now, integrating (4.56) with respect to t, using (4.51) and the Korn and
Gronwall inequalities we get

(4.57) ‖Um+1,t‖20,Ω + ‖Um+1,t‖21,2,2,Ωt

≤ (t+ ε)φ(A)(‖Um‖22,2,2,Ωt + sup
t

‖Hm‖21,Ω

+ ‖Hmt‖21,2,2,Ωt + sup
t

‖Γm‖21,Ω + ‖Γmt‖21,2,2,Ωt).

Collecting (4.50), (4.52), (4.53) and (4.57) yields

(4.58) ‖Um+1‖21,Ω + ‖Um+1,t‖20,Ω + ‖Um+1‖22,2,2,Ωt + ‖Um+1,t‖21,2,2,Ωt

≤ (t+ ε)φ(A)(‖Um‖22,2,2,Ωt + sup
t

‖Um‖21,Ω

+ sup
t

‖Γm‖21,Ω + ‖Γmt‖21,2,2,Ωt).

It remains to find estimates for ‖Γm+1‖20,Ω+‖Γm+1,t‖20,Ω+‖Γm+1‖22,2,2,Ωt

+‖Γm+1,t‖21,2,2,Ωt . First, we multiply (4.34)4 by Γm+1Jum
and integrate over

Ω to obtain

(4.59)
1

2

\
Ω

ηmcv(ηm, γm)
d

dt
Γ 2
m+1Jum

dξ + κ
\
Ω

|∇um
Γm+1|2Jum

dξ

=
\
Ω

ĨΓm+1Jum
dξ +

\
S

J̃Γm+1Jum
dξs,
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where \
Ωt

|ĨΓm+1Jum
| dξ dt′ ≤ ε‖Γm+1‖21,2,2,Ωt + tφ(A)(‖Um‖22,2,2,Ωt(4.60)

+ sup
t

‖Um‖21,Ω + sup
t

‖Hm‖21,Ω + sup
t

‖Γm‖21,Ω)

and

(4.61)
\
St

|J̃Γm+1Jum
| dξs dt′ ≤ ε‖Γm+1‖21,2,2,Ωt + tφ(A)‖Um‖22,2,2,Ωt .

Integrating (4.59) with respect to t, using (4.60)–(4.61), (4.52) and the Gron-
wall inequality yields

(4.62) ‖Γm+1‖20,Ω + ‖Γm+1‖21,2,2,Ωt

≤ tφ(A)(‖Um‖22,2,2,Ωt + sup
t

‖Um‖21,Ω + sup
t

‖Γm‖21,Ω).

Next, multiplying (4.34)4 by Γm+1,tJum
and integrating over Ω we get\

Ω

ηmcv(ηm, γm)|Γm+1,t|2Jum
dξ + κ

\
Ω

∇um
Γm+1 · ∇um

Γm+1,tJum
dξ

=
\
S

J̃Γm+1,tJum
dξs +

\
Ω

ĨΓm+1,tJum
dξ.

Hence

(4.63)
\
Ω

ηmcv(ηm, γm)|Γm+1,t|2Jum
dξ

+ κ
\
Ω

∇um
Γm+1

d

dt
(∇um

Γm+1)Jum
dξ

− κ
\
Ω

∇um
Γm+1

d

dt
(∇um

) · Γm+1Jum
dξ

=
d

dt

\
S

J̃Γm+1Jum
dξs −

\
S

J̃tΓm+1Jum
dξs

−
\
S

J̃Γm+1 divum
umJum

dξs +
\
Ω

ĨΓm+1,tJum
dξ.

From (4.63) it follows that

(4.64)
\
Ω

ηmcv(ηm, γm)|Γm+1,t|2Jum
dξ + κ

d

dt

\
Ω

|∇um
Γm+1|2Jum

dξ

≤ d

dt

\
S

J̃Γm+1Jum
dξs + ε1‖J̃t‖20,S + c(ε1)‖Γm+1‖21,Ω

+ ε‖Γm+1,t‖20,Ω + c(ε)‖Ĩ‖20,Ω + ε1‖um‖22,Ω‖Jum
‖22,Ω‖J̃‖20,S

+ c‖um‖23,Ω
\
Ω

|∇um
Γm+1|2Jum

dξ.
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Integrating (4.64) with respect to t and using the Gronwall inequality yields

(4.65) ‖Γm+1,t‖20,Ωt + ‖Γm+1‖21,Ω
≤ [ε2 sup

t
‖J̃‖20,S + c(ε2)(ε3‖Γm+1,ξ‖20,Ω + c(ε3)‖Γm+1‖20,Ω)

+ c(ε1)‖Γm+1‖21,2,2,Ωt + ε‖Γm+1,t‖20,Ω + c(ε)‖Ĩ‖20,Ωt

+ ε1(‖J̃t‖20,St + φ(A) sup
t

‖J̃‖20,S)]eA.

Now, from the regularity result for the parabolic problem

ηmcv(ηm, γm)Γm+1,t − κ∇2
um
Γm+1 = Ĩ in ΩT ,

n(um) · ∇um
Γm+1 = J̃ on ST ,

Γm+1|t=0 = 0 in Ω,

we obtain as before (see Theorem A.1 and Remark A.2 of [6])

(4.66) ‖Γm+1‖22,2,2,Ωt ≤ c(‖Ĩ‖20,Ωt + ‖J̃‖21/2,2,2,St + ‖Γm+1‖20,Ωt).

Taking into account inequalities (4.62), (4.65) and (4.66) we get

(4.67) ‖Γm+1‖21,Ω + ‖Γm+1,t‖20,Ωt + ‖Γm+1‖22,2,2,Ωt

≤ φ(A)(ε1‖J̃t‖20,St + ε1 sup
t

‖J̃‖20,S + ‖Ĩ‖20,Ωt + ‖J̃‖21/2,2,2,St)

+ tφ(A)(‖Um‖22,2,2,Ωt + sup
t

‖Um‖21,Ω + sup
t

‖Γm‖21,Ω).

We estimate the terms on the r.h.s. of (4.67). We have

‖Ĩ‖20,Ωt ≤ tφ(A)(‖Um‖22,2,2,Ωt + sup
t

‖Um‖21,Ω + sup
t

‖Γm‖21,Ω)(4.68)

+ ‖I3‖20,Ωt + ‖I4‖20,Ωt ,

where

‖I3‖20,Ωt + ‖I4‖20,Ωt ≤ c
( \

Ωt

|umξ|2
∣∣∣
t′\
0

Umξ dt
′′
∣∣∣
2

|umξ|2 dξ dt′(4.69)

+
\
Ωt

|umξ|2
∣∣∣
t′\
0

Umξt dt
′′
∣∣∣
2

dξ dt′

+
\
Ωt

|um−1,ξ|2
∣∣∣
t′\
0

Umξt dt
′′
∣∣∣
2

dξ dt′

+
\
Ωt

|um−1,ξ|2
∣∣∣
t′\
0

Umξ dt
′′
∣∣∣
2

|umξ|2 dξ dt′
)

≤ tφ(A)(‖Um‖22,2,2,Ωt + ‖Umt‖21,2,2,Ωt).
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Next,

sup
t

‖J̃‖20,S ≤ tφ(A)‖Um‖22,2,2,Ωt ,(4.70)

‖J̃t‖20,St ≤ (t+ 1)φ(A)‖Um‖22,2,2,Ωt ,(4.71)

‖J̃‖21/2,2,2,St ≤ tφ(A)‖Um‖22,2,2,Ωt .(4.72)

Collecting inequalities (4.67)–(4.72) gives

(4.73) ‖Γm+1‖21,Ω + ‖Γm+1,t‖20,Ωt + ‖Γm+1‖22,2,2,Ωt

≤ (ε1 + t)φ(A)(‖Um‖22,2,2,Ωt + sup
t

‖Um‖21,Ω

+ ‖Umt‖21,2,2,Ωt + sup
t

‖Γm‖21,Ω).

Finally, we obtain an estimate for ‖Γm+1,t‖21,2,2,Ωt . After differentiating
(4.34)4 with respect to t we get

(4.74) ηmcv(ηm, γm)Γm+1,tt − κ(∇2
um
Γm+1),t

= −ηmtcv(ηm, γm)Γm+1,t − ηm(cvηηmt + cvγγmt)Γm+1,t + Ĩt,

(4.75) (num
· ∇um

Γm+1),t = J̃t.

Multiplying (4.74) by Γm+1,tJum
, integrating over Ωt, using the bound-

ary condition (4.75) and next the Gronwall inequality and estimates (4.73),
(4.50), (4.52) yields

(4.76) ‖Γm+1‖21,Ω + ‖Γm+1,t‖20,Ωt + ‖Γm+1,t‖21,2,2,Ωt + ‖Γm+1‖22,2,2,Ωt

≤ (ε+ t)φ(A)(‖Um‖22,2,2,Ωt + sup
t

‖Um‖21,Ω

+ ‖Umt‖21,2,2,Ωt + sup
t

‖Γm‖21,Ω).

Adding (4.58) and (4.76) we obtain

(4.77) sup
t

‖Um+1‖21,Ω + sup
t

‖Γm+1‖21,Ω + ‖Um+1,t‖20,Ωt

+ ‖Γm+1,t‖20,Ωt + ‖Um+1‖22,2,2,Ωt + ‖Γm+1‖22,2,2,Ωt

+ ‖Um+1,t‖21,2,2,Ωt + ‖Γm+1,t‖21,2,2,Ωt

≤ (ε+ t)φ(A)(‖Um‖22,2,2,Ωt ++sup
t

‖Um‖21,Ω

+ ‖Umt‖21,2,2,Ωt + ‖Γmt‖21,2,2,Ωt + sup
t

‖Γm‖21,Ω).

Assume that T∗ > 0 from Lemma 4.1 is so small that

φ(A)(T∗ + ε) < 1.
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Then for t ≤ T (where T ≤ T∗) estimate (4.77) implies the strong conver-
gence (um, γm, ηm) to a solution (u, γ, η) of problem (1.4) and u, γ ∈ AT ,
η ∈ BT . Moreover, inequality (4.13) implies (4.32) and by Lemma 2.3 we
get (4.33).

The uniqueness follows for sufficiently small T∗ from the inequality

sup
t

‖U‖21,Ω + sup
t

‖Γ‖21,Ω + ‖Ut‖20,Ωt + ‖Γt‖20,Ωt

+ ‖U‖22,2,2,Ωt + ‖Γ‖22,2,2,Ωt + ‖Ut‖21,2,2,Ωt + ‖Γt‖21,2,2,Ωt

≤ (ε+ t)φ(A)(‖U‖22,2,2,Ωt + sup
t

‖U‖21,Ω + ‖Ut‖21,2,2,Ωt

+ ‖Γt‖21,2,2,Ωt + sup
t

‖Γ‖21,Ω)

(where U = u1 − u2, Γ = γ1 − γ2; (u1, γ1), (u2, γ2) are two solutions of
(1.4)), which can be obtained in the same way as (4.77).

This completes the proof of the theorem.
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