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GLOBAL EXISTENCE AND BLOW UP OF SOLUTIONS
FOR A COMPLETELY COUPLED FUJITA TYPE SYSTEM
OF REACTION-DIFFUSION EQUATIONS

Abstract. We examine the parabolic system of three equations
uy — Au = 0P,
vw—Av=w!, zeRY t>0,
wy — Aw =u",
with p, q,r positive numbers, N > 1, and nonnegative, bounded continuous
initial values. We obtain global existence and blow up unconditionally (that
is, for any initial data). We prove that if pgr < 1 then any solution is global,

when pgr > 1 and max(a, 8,7) > N/2 (where a, 3, v are defined in terms
of p, q, ) then every nontrivial solution exhibits a finite blow up time.

1. Introduction and main results. In this paper we consider the
system

up — Au = 0P,
(1.1) vy — Av = w,
wy — Aw =u",
fort >0, z € RY with N > 1, p,q,r > 0 and
w(0,7) = o (x),
(1.2) v(0,2) = vo(z), x€RY,
w(0,z) = wo(x),

where ug, v, wo are nonnegative, continuous, bounded functions.
Let us recall that the system (1.1)—(1.2) has a nonnegative classical so-
lution in Sz = [0,T) x RY for some T > 0 (cf. for instance a related
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argument in [EH]). Our primary concern is to describe two cases: T = oo,
when the system has bounded solutions for any S;, ¢ > 0 (global solutions),
and T' < oo, when solutions are unbounded beyond T' (they blow up in
a finite time 7). In this paper, we discuss these cases in terms of p, ¢, r and
N only. Some additional dependence on the initial data ug, vg, wy (which
implies that both situations coexist) will be considered in another paper.
The Cauchy problem
up — Au = uP, t>0, zeRY,
u(0,z) = ug(z), =z eRY,
has been analyzed by several authors (see [F1], [F2]).
Also the system of two reaction-diffusion equations has been dealt with
in case of coupled systems.
For instance, in [EH| and [AHV] global existence and blow up results
were discussed for the problem

up — Au =P, (z,t) € RN x (0,T),
v — Av=u?, (z,t) € RN x (0,7),
u(0,2) = ug(z) > 0,
v(0,2) = vo(x) >0,
while in [EL] a more general system was studied:
g — Au = uPro?,  (x,t) € RN x (0,T),
v — Av = uP20®,  (z,t) € RN x (0,T),
u(0,z) = up(z) >0,
v(0,2) = vo(x) > 0.

Our goal is to extend Fujita type global existence-nonexistence theorems
to systems of three equations.
Let

(1.3) A=

=S OO
[N ek
oK O

We denote by (a, 3,7)! the solution o
easily find that

(A-—1X = (1,1,1)*. We can

1+p+pq 1+q+gqr 14+r+rp
(1'4) Q= 7’ 5:77 7:77
pgr — 1 pqr — 1 pgr — 1
where
(1.5) det(A —1I) =pqr —1.

We formulate
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THEOREM 1. Suppose det(A—1) < 0. Then every solution of (1.1)—(1.2)
1s global.

THEOREM 2. Suppose det(A — I) > 0. If max(wa,B,7) > N/2 then
(1.1)—(1.2) never has nontrivial global solutions.

We prove Theorem 1 in Section 3; Theorem 2 is proved by contradiction

in Section 4. Section 2 contains some auxiliary tools.

2. Preliminaries. As we have mentioned, solutions of (1.1)—(1.2) are
classical in some Sr (that is, (u,v,w)(z,t) € C>Y(RYN x (0,T))). Such
solutions satisfy the formulas

(2.1) u(t) = S(t)vy +

~

w(t) = S(t)wo + | S(t — s)u(s)" ds,
0

where S(t) is an operator semigroup and S(t)& is the unique solution of
gt - Af = 0’ 5(0) = 50('1:)’ where

S()éo(a) = | (4mt) N/ exp <_%

RN

>§0(y) dy.

REMARK 2.1. If (u,v,w) is a nontrivial solution of (1.1)—(1.2) on [0,T],
then there exists to € (0,T) such that uw(xz,7)>0, v(z,7)>0 and w(z,7)>0
for (z,7) € RN x (to,T).

Proof. Let (z;,t;), i = 1,2,3, be such that u(zy,t1) > 0, v(xa,t2) >0
and w(zs,t3) > 0. Let tg = max(ty,t2,t3). From formula (2.1); for 7 €
(tl,T— t1),

T—11

u(r) = S(r —t)u(t) + | S(r—t1 = n)v(n)? dy
0

> S(1 —t1)u(ty),

and since S(7) > 0 we get u(r) > 0 on RY for 7 > t;. Similarly, v(7) > 0
on RY for 7 >ty and w(r) > 0 on RY for 7 > t3. =

We also need
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LEMMA 2.1. Let (ug,vo,wp) # (0,0,0) and (u,v,w) be a solution of
(1.1)~(1.2). Then we can choose T = T(ug, vy, wo) and constants c,a > 0
such that min(u(t),v(r), w(r)) > ce~ =

Proof. We use the same argument as in [EL] or [EH]. Let, for instance,
ug # 0. We can assume that for some R > 0,

v = inf{ug(z) : |z| < R} > 0.

From (2.1); we have

u(t) > S(t)ug > v(4mt) N 2 exp (-%) | exp <—M> dy.

4t
lyl<R
Defining
u(t) =u(t+ 1) for some 79 > 0,
_ b _ N/2 P
ap = , ¢ =v(drTy) S exp dy
4’7’0 47’0
lyl<R
we have

%(0) = u(7y) > ¢ exp(—ay |z|?).
In the same way we obtain
B(0) > ez exp(—aslzf2),  W(0) > e exp(—aslaf?).
Finally, we have to choose o and ¢ suitable for u, v, w to ensure
(u(z,m0),v(x, T0), w(x, 70))* > cexp(—alz|?)(1,1,1)"

and this concludes the proof. m

3. Global existence. In this section we prove Theorem 1, considering
separately the cases det(A — I) = 0 and det(A — 1) <0.

(a) det(A —I) =0 (by (1.5), this is equivalent to pgr = 1). We want to
find a global supersolution to system (1.1)—(1.2) of the form

u Ae*t
(3.1) v | = | Bt |,
w Cent

where, for given ug, vg, wy, we

B 2 H’l}oHLoo and C Z H’U}OHLOO.

that

(3.2) Uy — At > TP,

Uy

choose A, B, C so large that A > |jug||r=,
Let ay, B1, 71 be positive constants such

—Av>w!, w-Aw >,
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for all x € RY and ¢ > 0. Then (3.1) satisfies (3.2) for all ¢ > 0 if

ay > A7 BP exp((pfr — an)t),
(3.3) B > B~ C%exp((g71 — Bi)t),

1 > O A" exp((ray — y1)t).
If we take 81 = a1 /p and v = a1 /(pq) = ra; (the last equality follows from
pgr = 1), then (3.2) holds for a; large enough. m

(b) det(A — 1) < 0 (by (1.5), that means pgr < 1). We are looking for
a global supersolution of the form

u At +to)™
(3.4) v | = Blt+t)H |,
w C(t+to)m

for some positive constants A, B, C, a1, 1,71 such that the inequalities (3.2)
with (@,v,w) given by (3.4) hold for all x € RY and ¢t > 0. We have to
choose tq sufficiently large to satisfy

(3.5) u(x,0),v(z,0),w(x,0)) > (ug, vo, wp)
for z € RV,

Substituting (3.4) into (3.2) we obtain the following conditions:
(3.6) ar—ph =21, pr—gn=>1, v—rag>1l

Let us remark that (3.6) has the form (A—1)(—aq, —fB1, —71)" > (1,1,1)*
with A given by (1.3). Set (a1,01,71) = —(o, B,7) for «, 5, v defined
by (1.4). Since pgr < 1 we see that (aq,51,71) are positive. Thus, (3.4)
satisfies (3.2) and (3.5) provided that

Aal 2 Bpa B/BI 2 Cq, C’Yl 2 Ar?

and t¢ is large enough. Then every nonnegative solution of (1.1)—(1.2) with
bounded initial values is global. m

4. Blow up (proof of Theorem 2). Without loss of generality we
assume henceforth » < ¢ < p. Thus, by (1.4), max(«, 3,7) = « for pgr > 1.

LEMMA 4.1. Let (u(t),v(t),w(t)) be a bounded solution of (1.1)—(1.2) in
some strip St with 0 < T < oco. Let pqgr > 1 and r > 1. Then there exists
a positive constant C' such that

(4.1) t*Stuollee < C,  te€][0,T),

where C' depends on p,q,r only and « is given by (1.4);.
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Proof. Using (2.1); in (2.1)5 we get
w(t) > | S(t — 5)(S(s)uo)" ds
0

and by the Jensen inequality for r > 1,

(4.2) w(t) >\ (S(t — 5)S(s)uo)" ds = | (S(t)uo)" ds = t(S(t)uo)".
0 0

We substitute (4.2) in (2.1)2 (ignoring the first term on the right-hand
side) and by the Jensen inequality we obtain

t t
(4.3) v(t) > | S(t — 5)(s(S(s)uo)")"ds > | s7(S(t)uo)™ ds
0 0
> L (S(ug)rae .
T qg+1
Using (4.3) in (2.1); we can write
1 p
(44) U(t) > S(t — S) [m(S(S)uo)Tqu"rl] ds
1 \? S - pla+1)+1
> | — t .
- <q+1> (Stt)eo) plg+1)+1
Using again the lower bound (4.4) in (2.1)3 gives
A 1 rp S qr? 1 trp(q+1)+7"+1
5 > (—— F)up)Pa" . ,
(49wl = <q+1> N S S 7 R R
Continuing this procedure gives
() > 1 1 1
’l) . .
(gD (plg+ 1)+ 1) (rp(g+ 1) +r+1)
@+ DrpatD+ra(§(4)yq)pa’r”
(¢+1)(rpg+1) +rq
(46) u(t) > ! 2,2 ! : !
~ g+ 1) (pg+p+ 1) (rpg+rp+r+1)P
1 1

X .
((g+1)(rpg+1) +rq) (rpg+1)(p(qg+1)+1)
x (S(t)ug)? O ¢rpat D (patptl)

Iterating this scheme, we obtain, using (1.4),

(47) u(t) > AkBka(S(t)uo)(qu)kta5(1+7“pq+---+(rpq)k*1)7
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where

(rpg)* 2
1 1
Ay = k—1

@) | rpg + )ad

)k*f?)

1 (rpq
X
[((qu)2 +rpg + 1)045}
1

((rpg)*=1+ ... +7rpg+ 1)ad’
1 1

(q + 1)ptrpg)*~t ' (rad + 1) @)t
(4.8) « L
(rad(rpg + 1) + 1)=(7r9)
1
>< 7
(rad(1 +rpg+ ...+ (rpg)+—2) + 1)p4
1
(rqad + q + 1)714(“”1
1
(rqad(rpg+1) + q + 1)ﬁ(7’pq)k72
1
(rqad(1 +pqr+ ...+ (pqr)*=2) + ¢+ )7

X ... X

By =

Cr =

)k—l

X

X ... X

Setting pgr = z we can rewrite (4.8); as

Zk:72 Zk:73
1 1 1 1
A = 21 \1+2 142422 T l4z4 2R
(O[(S) —]

S0
k—1 Zh=i=t
1 z—1
(4.9) A= — < Z- )
() =T j=1 #+ -1
Using ad(1 + 2+ ... +27) > 1+ ¢ for j > 0 we can estimate:
1 1 1
4.10) By > — — =
0 B2 G o e [t Daa(1 + o
1
X ..o X

[(r+1)ad(l+z+...4 2F2)re

B 1 1 [“< -1 ) }
- 21 1.zk—2 i+1 _ )
N O M=

J]=
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1 1
[(rg + 1)ad] 7q# ! [(rq + 1)ad(z + 1)]%}21%—2
1
(rg + D)ad(l+2z+...+ zF=2)p

(4.11) Cp >

X ... X

k—j—1

() |
((rq + 1)as) 7 5= -1

j=1
Substituting (4.9)—(4.11) into (4.7) we get

2k_1
u(t) > (S(tyug)? to0 5 — L L

k

N e
1 1

(rq_i_ 1)%(1'2;6—712 (aé) 25—711 (1+%+7‘Lq)7%(1+%)
R L e
Ao e

Jj=1

X

We infer that

ad k1 k_

1T D S(ug < (g + D) E(r + 1)7F =1

L.—zk—z k1
X (Tq _|_ 1) rq zk(zfl) (a(;)j[ z—1 (1+%+%q)_%(1+%)]

k=2 P4l g 1/2"
z—1 rire (28 —1 1)z
A0GE=) | TES) e

7j=1

Letting k — oo and using ||u(t)||« < co we obtain in the limit
(o]l < ¢ < o,
where ¢ = ¢(p,q,r) only. m

LEMMA 4.2. Assume that pgr > 1, p>1 and r < g < 1. Let (u(t),v(t),
w(t)) be as in Lemma 4.1. Then there exists a constant C' such that

(4.12) t" NS ug o < C and C =C(p,q,7).

Proof. By the Jensen inequality for » < 1 we have

w(t) > tS(t)uf and wv(t) > ——S(t)ui?t?t
q+1
Repeating the iteration as in Lemma 4.1 we obtain
(4.13) u(t) > AkBka(S(t)USQ)%q(PQT)k’ta6(1+...+(pqr)k—1)

and Ay, B, Ci are given by (4.9)—(4.11). So we estimate as before and
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letting £ — oo we conclude that
NSy o < C. m
We complete the result by considering the case r < 1 < gq.

LEMMA 4.3. Let pgr > 1 with p > 1 and r < 1 < q, and let u, v, w be
as in Lemma 4.1. Then

(4.14) S (gl < C.
where the constant C depends on p, q, v only.

Proof. We argue as in the previous lemma, starting from w(t) > tS(t)ug
and

olt) = — (S(e)u) 4!

S0
w(t) > ApBrCi(S(tyup)+ Par)" ged(tpart...+(par)* )
and we get (4.14) as before. m
LEMMA 4.4. Let pgr > 1, and let (u(t),v(t),w(t)) be a bounded solution

of (1.1)—(1.2) (as in Lemma 4.1). Then we can find a constant C > 0,
C =C(p,q,r), such that fort >0,

t*|S(t)u(t)]|eo < C <00 if 1<r<q<p,
(4.15) 9 S(u(t) oo < C <00 if r<qg<1<p,
IS () u(t) oo < C < 00 if r<1<gq<p.

Proof. For 7,t > 0 we can rewrite (2.1)3 in the form

t+T1
w(t+7) =S+ T)ug + S S(t+1—s)u(s)" ds
0

= S(t)u(r) + SS(t —s)u(t+s)"ds

and similarly for v and u. Hence we can replace ug by u(7) in (4.1), (4.12)
and (4.14); setting t = 7, we get the conclusion. m

LEMMA 4.5. Suppose that o > N/2 and pgr > 1. Then every nontrivial
solution of (1.1)—(1.2) blows up in finite time.

Proof. Assume that there exists a bounded solution of (1.1)—(1.2) with
(ug, vo,wo) > (0,0,0) and o > N/2, pgr > 1. By Lemma 2.1 we can find
¢,a > 0 such that
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(4.16) ug(x) > ce~ I’

We will also use the following equality:

2
4.1 —alzl® _ (1 L g4qt)N/2 ﬂ ]
(4.17) S(t)e (14 4at) exp | T

First, we consider the case 0 <r <1 < ¢ < p. Using (4.16) in (4.17) we
get

]2
u(t) > S(t)ug > e(1 4 4at) ™M 2 exp <%).
Now, from (2.1)s, the last inequality and (4.17) we obtain

w(t)

v

S S(t— s)u(s)"ds
0

>c"

2
_ 1 4 —Nr/2 —(ZT|$|
S(t—s)(1+ 4as) exp <1 T+ das ds

:CT

Oty O ey

_Nr/2 dar —N/2
(1 + 4as) 1+ (t—s)

—ar|z|?
X exp ds
1+ 4as + 4ar(t — s)
t

=c" S (1 + 4as)"NU=D/2(1 4 das + dar(t — s))~N/?
0

" —ar|x|2 g
ex S.
PA\T 405 + dar(t — s)

We note that f(s) = 1+ 4as + 4ar(t — s) is increasing (because f'(s) =
4a(1 —r) > 0) so that

- —arlz|? i —N(r-1)/2
w(t) > ¢ (1 + 4at) ™M % exp <7> S(l + 4as)"NO=D/2 g,
1+ 4art 5

Integrating, we obtain

(4.18)  w(t)

CT‘

(- N -1/2)

2
—N/2 —ar|z| 1-N(r—1)/2
(1 + 4at) exp <71 At (4at) .

Now, we use (4.18) in (2.1)2 to get (by (4.17))



Reaction-diffusion equations 323

t
cr

"0 = N1

2
—arq|z
x S(t —s)exp <T4|CL’I“|S> ds

14 4as) N2 (445)10-N0=1)/2)

cr

[4a(l — N(r —1)/2)]¢
t

X X (1 +4as) ™ NV2(1 + dars)N/?(4ars) 1N r=1)/2)
0

x (14 4ars + darq(t — s)) "N/ % exp <

—orgleP
1+ 4dar + 4arq(t — s) '

Consider g(s) = 1+4ars+4arq(t — s); as ¢'(s) = dar(1 — q) < 0 we deduce
that

cd
fa(l = NG = 1)/2)]
t
X X (1 +4as) ™ N2(1 + dars)N/?(4as) 13N T=D/2) 4.
0
To integrate, let us remark that (1 + 4ars)™/2 > rN/2(1 4 4as)N/? and
4as > %(1+4as) for s > 1/(4a). Denoting by ¢; the new constant such that

_ 2
v(t) > . (1 + 4arqt) N2 exp <M>

1+ 4art

cr

c] = T’N/2<—
" [4a(l = N(r—1)/2)]¢ 2

)

1>q<11v<r1>/2>

we have
—arq|z|?

v(t) > 1 (1 + darqt) ™ 2 exp < T+ dart

t
) S (1 + 4as)?~Nr=1/2 g
0

and finally

(4.18)  o(t) > e(1 + dargt)~N/2(4at) e Nlar=1)/2 —arg|z]’
. v c ar a oxp [ 4T
B I PLT +4dart )’
where ¢ = ¢(p, q,7, N/2,a) is a constant.
We need a lower bound for u(t), so we substitute (4.19) into (2.1); to get
t
u(t) > ¢ | (1 + dargs) " NP/?(4as)p(+a-Nlar=1/2)

0
—apqr|z|?
t — - - - @
xS 5)exp< 1+ 4ars >
t
— P S (1 + 4arqs)~NP/2(4as)P+a—Nlar—1)/2)
0
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w1+ darpq(t — s) —N/2
1+ 4ars

—apgrlz|®
X exp ds
1+ 4ars + darpq(t — s)
The last equality follows by (4.17). Now, consider h(s) = 1 + 4ars +
4arpq(t — s); note that h'(s) = 4ar(1 — pg) < 0 so as before we get
—apgr|z|?
1+ 4art

(4.19)  w(t)> P (1 + darpgt) =N/ exp <

X § (1+ 4arqs)_Np/2(4as)p(1+q_N(q’"_1)/2) (1+ 4(17°3)N/2 ds.
0
Using again
dat > (1 +4at) for t > 1/(4a),
(1 + 4ars)™N? > rN2(1 + 4as)N/? for r < 1,

and noting that

(1 + 4arqt) ™2 > (1 + dapqrt) =N/ > (pqr)~N/2(1 + 4at)=N/?
holds since p > 1 and pgr > 1, we obtain from (4.20), for ¢t > 1/(4a),

—apqr|z|?

t
1+4art> S (1+ das)ds,

u(t) > e(1 + 4at) N2 exp <
1/(4a)

where
0=—Np/2+p(l+q—N(gr—1)/2) + N/2
=p+pg— N(pgr—1)/2> —1
by the assumption that a > N/2.
So we infer that
— 2 dat + 1
4.20 £) > ¢(1 + dat)~N/? —apgrirl”y |, (Aat+ 1
(4.20) u(t) 2 e(1+4at)™"Fexp { o= 0 Jlog | —

for t > 1/(4a).
It now follows by (4.17) that

(421)  S()u(t)” > e(1 + dat) "N/ exp (ﬂ)

1+ 4art

< (1) [log (1 +24at>]7”

= (1 4 4at) "N"2(1 + dar(1 + rpg)t) N2 + dart)N/?

1+4at\]" —ar?pq|x|?
x |log exp
2 14 4ar(1+rpq)t
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1+ 4dart )N/2
(1 + 4art)(1 + pgr)

1+4at\]" —ar?pq|z|?
x |log exp .
2 1+ 4ar(1+ rpg)t

Putting = 0 in (4.22) we get

> ¢(1 + 4at)~N7/? <

1+4at\]"
1+ 4at)N" 28 (t)u(t, 0)" > ———— |1
(1-+ 40t S (0)ult, 0 > o o (5
and therefore, for ¢ > max(1,1/(4a)) and since a > N/2,
1+4at\]"
(4.22) tmswmumfz%mg<*é“>}.

It remains to notice that as ¢ — oo, the right-hand side of (4.23) diverges,

and so does the left-hand side. But this contradicts (4.15)3. Thus, u(t) must

become unbounded, and by (2.1), v(t) and w(t) also blow up in finite time.
Now, we discuss the remaining cases.

In the case 0 < r < ¢ < 1 < p we argue as before to get, instead of
(4.21),

— 2 4at 41
u(t) > ¢(1 4 4at) "2 exp <M> log <i>

1+ 4darqgt 2
and
2.2 112
S(Hu(t)® > ¢(1 + dat)~Nar/? —argplel”
(Ou(t) > c{1 -+ dat) N/ exp (AL
1+ 4at\ 17
x S(t) [log( +2 a )]
N/2
1+ 4arqt
= c(1 + 4at)~N/2 + 2arg
1+ 4arq(1 + pgr)t
—ar?¢®p|z|? 1+ 4at\1?"
X exp log .
1+ 4arq(1 + pgr)t 2
Thus, for z = 0,

qr
ﬂM&WW+MWW2+%CZMﬂ,

which implies, for t > max(1,1/(4a)), as a > N/2,

(4.23) 1S (H)u(t, 0)7 > c[log (1 +24at>} "

Now, we see that (4.24) is incompatible with (4.15)5 for ¢ large enough.



326 J. Renclawowicz

Finally, we consider the case 1 < r < g < p. Then instead of (4.21) we
infer that

— 2 dat + 1
u(t) > e(1 + dat) ™ exp <%Z|;t|) log (%)
whence
_ ° dat + 1
S(HOu()(1 + 4at)N/? > arpq|z| : dat+1Y
(Du®)(1+4at) "7 2 cexp | To—ra= e ooy Jlos | —5
Setting x = 0 and using a > N/2, we have

(4.24) £ S(tyu(t,0) > clog (4‘“27+1>

which contradicts (4.15); for ¢ large.
Thus, in each case, we have a contradiction and the proof is complete. =
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