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LEAST-SQUARES TRIGONOMETRIC
REGRESSION ESTIMATION

Abstract. The problem of nonparametric function fitting using the com-
plete orthogonal system of trigonometric functions ey, k = 0,1, 2, ..., for the
observation model y; = f(zi,) +1:, ¢ = 1,...,n, is considered, where n; are
uncorrelated random variables with zero mean value and finite variance, and
the observation points z;, € [0,27],i = 1,...,n, are equidistant. Conditions
for convergence of the mean-square prediction error (1/n) Y 1 | E(f(zmn) —
fN(n) (7in))?, the integrated mean-square error E||f—fN(n) |? and the point-
wise mean-square error E(f(z) — ]/”\N(n)(gn))2 of the estimator ]/”\N(n)(x) =
Zivz(g) crex(x) for f e C[0,27] and ¢, ¢y, ..., CN(n) Obtained by the least
squares method are studied.

1. Introduction. Let y;, i = 1,...,n, be observations at equidistant
points z;, = 27(i—1)/n, i =1,...,n, which follow the model y; = f(z;,) +
n;, where f : [0,27] — R is an unknown function satisfying appropriate
conditions characterized in the sequel and n;, ¢ = 1,...,n, are random
variables satisfying the conditions E'n; = 0 and En;n; = 07275”-, where 072] >0
and d;; denotes the Kronecker delta.

The functions

(1) eo(z) =1, eq_1(z) = V2sin(lx), ey (z) = V2cos(lz), 1 =1,2,...,
constitute a complete orthogonal system in the space L?[0,27], normalized

so that

27

1

ﬁxei(s)ds:l, k=0,1,2,...
0
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In consequence, any function f € L?[0,27] has the representation

o] 1 2
f= chek, where ¢ = o S f(s)ex(s)ds, k=0,1,2,...
k=0 0
We consider estimators of the Fourier coefficients ¢, k = 0,1,..., N, having
the form
1 n
(2) Crn = EZyiek(gcm), k=0,1,...,N.
=1
It is well known that in the case of equidistant observation points z;, =
2r(i — 1)/n, i = 1,...,n, the above defined estimators are for N = 2m,
2m + 1 < n, least squares estimators of the Fourier coefficients ¢, k =
0,1,..., N, which is a consequence of the relations (see [1])

1 n
3 = > er(Tin)el(Tin) = O
3) PITCRZEN
for k,1=0,1,...,N, N =2m,2m+1 <n.

Observe that if the regression function f is continuous the estimators
Cin Of the Fourier coefficients ¢, k = 0,1,..., are asymptotically unbiased
and consistent in the mean-square sense. Indeed, for fixed k, 0 < k < N,
N =2m,2m+1 <n,

E(/C\kn — Ck)2 = E(/C\kn — E/C\kn)2 + (E/C\kn — Ck)2
and taking into account (2) we immediately obtain

2 n
A~ 1~ A~ 1~ U
E(Ckn - Eckn)(cln - Ecln) — ’I’L_g E ek(xin)el(xin)a
i=1

1 n
Exq, n — - — n in) — 5
Cr Cr - ;1 f(@in)ex(xin) — i

which in view of (3) yields
~ 2 0727 ~ 2
E(Ckn — Ck) = ; + (Ec;m — Ck) R

n 27

> Fwin)er(@in) — % | F(s)er(s)ds.
=1 0

4
() 1 27
2r n 4

EC, —cp =
The above equalities and continuity of f and e imply that

lim E¢y, — ¢, =0 and lim E(Gr, —cx)? = 0.
n—o0o n—o0o
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In the sequel we shall examine the asymptotic properties of the projection
estimator of the regression function

N

E Cknek

k=0

According to the Jackson theorem [6] for any 2m-periodic continuous func-
tion (i.e. for f € C|0,2n] satisfying f(0) = f(27)) there exists a trigono-
metric polynomial of degree [

l
= Z ay, cos(kz) + by sin(kz)),

where a? + b7 # 0, such that
sup |f(s) = Ti(s)| < 12w(1/1, f),

0<s<2r

where w(9, f) (for 6 > 0) denotes the modulus of continuity of f.

2. Asymptotic mean-square prediction error. Consider first the
mean-square prediction error of the estimator fy, defined by

Dpn = ZE xm - (xm))2

In view of the orthogonality relations (3) the standard squared bias plus
variance decomposition yields

1 & ~ o N+1
(5) Dy = — ;(f(ﬁﬂm) — Efy(@n)? + oy ——.
It can be easily seen that for N = 2m, 2m + 1 < n, the inequality

~ 1 &
— Z (Tin) — Efn(2in))? < o Zl(f(xm) — Ty(2in))?

holds for any trigonometric polynomial T; of degree [ < m. Consequently,
using (5) and applying the Jackson theorem we immediately see that for a
2m-periodic function f € C[0, 27] we have lim,, ;o D),y () = 0 on condition
that lim,, o, N(n) = co and lim,,_,o, N(n)/n = 0.

From the equality (5) we see that for any regression function f the con-
dition lim,, o N(n)/n = 0 is also necessary for lim, ,oc Dyn(n) = 0. For a
continuous regression function f which is not a trigonometric polynomial of
any finite order lim,, ;o Dy n(n) = 0 also implies that lim,, N(n) = oc.
Indeed, if we assume that there exists a subsequence my, k =1,2,..., such
that the sequence N (my,) is bounded, then there also exists a subsequence n;
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such that N(n;) = M,l =1,2,... In consequence, putting fy; = Zﬁio Crek
we would have

nll Z(f(xzm) - E-]/C\N(m)(xim))Q
=1

= nil Z(f(xml) — far(wing))? + E Z(fM(xml) — E]?N(nl)(xim))2
i=1

n
Uiz

423 (i) = Bt @) (Fim) ~ Fa@in)

and since the functions f and f; are continuous the second and third terms
on the right-hand side would converge to zero because by the Schwarz in-
equality and (3),

1 ng R M
n_lZ(fM(xznl) _EfN(nl)(xznl)) < _ZZ Ck _Ecknl 226 xznl
i=1 k=0

i=1 k=0
(M +1) Z — ECpn,)?
k=0

Consequently, we would have

ng 27
i 3 (i) = B (oin) = o | (F5) = Far(s))? ds >0,
=1 0

so the sequence D), n(,) would not converge to zero.
The above conclusions allow us to formulate the following theorem.

THEOREM 2.1. If the regression function f is continuous, 2m-periodic
and not a trigonometric polynomial of any finite order, then the projection
estimator fy(,) is consistent in the sense of the mean-square prediction
error, i.e.

nh—>H<}o % Z E(f(xm) - J/c\N(n)(-%'m))2 =0,
=1

if and only if the sequence of natural numbers N(n), n =1,2,..., satisfies
nh_}ngo N(n) = oo, nh_)rrolo N(n)/n =0.

Furthermore, since for a function f satisfying the Lipschitz condition
with exponent 0 < a < 1 we have w(d, f) < L%, where L > 0, it is easy to
see that the following corollary holds.

COROLLARY 2.1. Assume that the regression function f is 2mw-periodic
and satisfies the Lipschitz condition with exponent 0 < o < 1. If the
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sequence of even natural numbers N(n), n = 1,2,..., satisfies N(n) ~
nt/(+20) (e r <n~VOAF2IN(n) < ry for ri,ry > 0), then

LS B(f@in) P (@in))? = On 2/ 0420),
i=1

The above results complement the ones presented in [2] which were
proved for a more general fixed point design under more restrictive assump-
tions on the smoothness of the regression function.

3. Convergence of the integrated mean-square error. The for-
mula for the bias of the estimator ¢y, (see (4)) can be rewritten in the

form
27

E/C\kn — C — S fek d(Fn — F),
0

where F' denotes the uniform distribution function on [0,27] and F), the
empirical distribution function of the “sample” x;,, i = 1,...,n. If f is
absolutely continuous, then integrating by parts gives

27

E¢yp — ¢ = S (f'ex + fei)(F, — F),

0

and since sup |F' — F,,| < 1/n this yields

27 2m

. 1
(Etion — ex] < — (§ [Fenl + | 1fehl)
R 0

and finally in view of definition (1) we obtain

. 1
(ECo — c0)* < ;Hf’”?,

" 4
(Bekn = c)* < 5 (IF1IF + ZIFI),
fork=20—-1,2l,1=1,...,m, 2m+1 < n, where | x|, denotes the L?[0, 27]

norm.
Now consider the integrated mean-square error of the estimator fy,

(6)

A

2m N
1
Ry = 5—E é(f—fN) =N +k§_%E<ckn — )’

where py = Y77 14 ¢ According to (4) we can write

N

(7) RnN =pnN + Z(E/c\kn - ck)2 + 0'7%
k=0

N+1
-
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For N = 2m, 2m + 1 < n, taking into account (6) we obtain
N 1 m
(8) Y (Etin—a)® < — | Sm+ VIR + 8113 Y 2]
k=0 =1
1 N(N +1)(N +2)
o |+ g SO g

since Y%, 12 = m(m+1)(2m +1)/6. The above estimate together with
(7) allows us to formulate the following theorem.

THEOREM 3.1. If the sequence of even natural numbers N(n), n =
1,2,..., satisfies
lim N(n) =oco, lim N(n)*?/n =0,
n— 00 n—oo
then the projection estimator fN(n) of the absolutely continuous regression
function f is consistent in the sense of the integrated mean-square error,
i.e.

lim E||f — fyl3 = 0.

Rafajlowicz [10] proved that a theorem similar to 3.1 holds in the case
of regression functions for which the error of uniform approximation by
trigonometric polynomials tends to zero as the polynomial degree increases,
i.e. it holds for continuous and 27-periodic regression functions [6]. It should
be noted that our theorem extends the result from [10] since it is true for
nonperiodic regression functions.

In order to obtain a result concerning the convergence rate of the inte-
grated mean-square error we need the following lemma.

LEMMA 3.1. If the function f is absolutely continuous, then for N = 2m,
m=1,2,...,

51712
PN < N
Proof. Integrating by parts gives for [ =1,2,...,
1 27
coi—1 = — | f(0) — f(2m) + '(s) cos(ls) ds|,
1 = [ £(0) = fom) | 1/(s)cont) |

2m

co1 = T (S) f'(s)sin(ls) ds,

and in consequence

£ 11

Col— C
\211!_\[1 ’21‘_\fl
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Hence, for N = 2m,

PN = E k= E 0211+021 1 E —2
k=N-+1 l=m+ l=m+
U S 1 s
. . n
- I(l1-1) 272 m
l=m+1

According to (7), (8) and by Lemma 3.1 we have for N = 2m,

5 f 2 N(N +1)(N +2 o N +1
Ry < LB 4 [+ )1+ TR g 4 027,
which can be rewritten in the form
A DN
RnN<—+—(BN+CN3) + —,
N n

where A, B, C, D > 0 are suitably chosen constants. From the last inequality
it is easy to see that the following corollary holds.

COROLLARY 3.1. If the regression function f is absolutely continuous
and the sequence of even natural numbers N(n), n = 1,2,..., salisfies
N(n) ~n'’? (i.e. 1 <n~Y2N(n) <ry forri,re > 0), then

Ellf = Fxmll3 = O(n='72).

In papers on wavelet methods of nonparametric function estimation (e.g.
[5]) one can find results giving the IMSE decay rate of a wavelet projection
estimator for an equidistant point design.

4. Pointwise mean-square consistency of the estimator. In this
section we derive sufficient conditions for pointwise mean-square consistency
of the projection estimator fn considered.

If the Fourier series of f converges to f(z) at some x € [0, 27|, then

N 2
B(f(2) - Fy(@)? = B( D (ex — Gnen()) +74(x)
k=0

4 QTN($) Z(Ck — E/C\kn)ek(x)7

k=0

where 7y (x) = Y272 v crer(z). From the Cauchy-Schwarz inequality it
further follows that
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N N
E(f(z) = fn(x)* <D Bley — @)’ y_ €i(@) + ()
k=0 k=0
+ 2w (@) (3 (ex — Bain)?) v (S éw) "
k=0 k=0

and according to (4) since Ziv:o ez(x) = N+ 1 for N = 2m, m > 0,
x € [0, 27], we finally have
S o (N +1)?

9)  E(f(@) = In@) < (N+1) Y (e — Eén)” + 0,
k=0

n

N 1/2
+ 20w (@) (N +1)2( 3 (e = Béin)?) " ).
k=0

If we assume that the regression function f is absolutely continuous,
then since such a function is both continuous and of bounded variation in
[0, 27], its Fourier series converges uniformly to f in (d,27 — d) for 6 > 0
(see Corollary 2.62 [11]), so that lim, oo "n(n)(2) = 0 uniformly for = €
(6,27 — ¢) if lim,,_,oc N(n) = co. Hence, the estimates in (8) and (9) imply
that the following theorem holds.

THEOREM 4.1. If the sequence N(n), n = 1,2,..., of even natural
numbers satisfies
lim N(n)= lim N(n)?/n =
g N =co, L N(m)'/n=0,
then for any & > 0 the projection estimator fN(n) of the absolutely con-
tinuous regression function f is uniformly consistent in the sense of the
pointwise mean-square error in the interval (0,27 —9), i.e.
lim E(f(x)— fN(n) ()2 =0 uniformly for x € (8,27 — ).
n— 00
It should be noted that for an absolutely continuous and 27-periodic
regression function the pointwise mean-square error converges uniformly in
the closed interval [0, 27], which follows from the fact that then the Fourier
series of the regression function converges uniformly in this interval [11].
Let us also remark that Rafajlowicz [10] obtained sufficient conditions for
uniform pointwise mean-square consistency of fx in [0,27] only for 27-
periodic regression functions.

5. Selecting the regression order. In this section we study a method
of selecting a good value of N from the data, namely, the one based on
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Mallows’s C), criterion [7]

1o ~ 2NG?
10 C(N)=— T n 2 )
(10) ) = 3 S~ Bt + 2
where 6 is any consistent estimator of o7 (see [3], [4] for examples of such

estimators). One selects a value N,, by minimizing C(N) over the integers
0<N<n-1.
We obtain results on asymptotic properties of this method for selecting
the trigonometric regression order V. First, we prove the following theorem.
THEOREM 5.1. Assume that

(a) the function f is absolutely continuous and is not a trigonometric
polynomial of any finite order,

(b) there exists a sequence of nonnegative real numbers e, k =0,1,...,
such that the sequence (k + 1)ey, is nonincreasing and

o0
lek| < e, fok < o0,
k=0

(¢) pa = sup En < oo,
(d) EQLU% as n — oo.
If N,, is the minimizer of (10), then

27

V(f =152 =0p(n71V2).

Proof. Under the above assumptions Theorem 2 of [9] holds, which
asserts that for the loss function r,(N) = Siw( [ — fn)? we have

n ]/\\fn
ming< y<p—1n(N)

even if the absolute continuity assumption is not satisfied. If this assumption
is satisfied we have, by Corollary 3.1,

Ll, n — 00,

2m

. )= —1/2
0<1I51i%1E§(f )2 =0m"1?),
and consequently
27
. —fN)?= ~1/2
o, (= TP = 0y ),

The last equality together with (11) implies that r,, (N,,) = O, (n~1/2), which
completes the proof. m
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We can also consider the loss function
n

dn(N) = = 3" (Fwin) — Fr(win)?.

n -
=1

Under the assumptions of Theorem 5.1 (without the absolute continuity
assumption) Theorem 2 of [9] also assures that

dn(N,) p
- — 1
mlnogNgnfl dn(N)

Thus, if the regression function is 27-periodic we can prove analogously

, N — 00.

using Theorem 2.1 that lim,, dn(]/\\fn) £ 0. If the 27-periodic regression
function f also satisfies the Lipschitz condition with exponent 0 < a < 1,
then using Corollary 2.1 we can prove that d,,(N,) = O, (n=2e/(142)),

A sequence of real numbers g, kK = 0,1, ..., which satisfies the conditions
of assumption (b) in the above theorem exists for example when (see [9])

Z|ck|ln...ln(k+1) < 00,
k=0

where In...In(k + 1) denotes a multiple logarithm of k + 1.

Results concerning other asymptotic properties of the estimator consid-
ered, e.g. the limit distribution of its integrated squared error, are obtained
in [8].
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