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ON GLOBAL MOTION OF A COMPRESSIBLE
BAROTROPIC VISCOUS FLUID WITH
BOUNDARY SLIP CONDITION

Abstract. Global-in-time existence of solutions for equations of viscous
compressible barotropic fluid in a bounded domain 2 C R3 with the bound-
ary slip condition is proved. The solution is close to an equilibrium solution.
The proof is based on the energy method. Moreover, in the Lo-approach
the result is sharp (the regularity of the solution cannot be decreased) be-
cause the velocity belongs to H2t®1+2/2(() x R,) and the density belongs
to H't®l/2+a/2(0) x R,), a € (1/2,1).

1. Introduction. In this paper we prove the existence of global-in-time
solutions to the following problem (see [5, 10]):

o(vg +v-Vov) —divT(v,p) = of in 27 = 2 x(0,T),
ot +div(pv) =0 in T,

(1.1)  olt=0 = 00, V|t=0 =10 in {2,
n-T(,p) Ta+70 -Ta=0, a=1,2, on ST =8 x (0,7),
v-m=0 on ST,

where v = v(z,t) is the velocity of the fluid, ¢ = o(z,t) the density, f =
f(x,t) the external force field, 7 the unit outward vector normal to S, 7,
a = 1,2, tangent vectors to S, 0 < = the constant slip coefficient, and
S = 012, where 2 C R? is a bounded domain. By T(v,p) we denote the
stress tensor of the form

(1.2) T(v,p) = {1(0p,vj + Or,vi) + (¥ — p)ds; dive — 855p}i j—1,2,3,
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where pu, v are constant viscosity coeflicients satisfying the thermodynamic
restrictions
(1.3) v>gpu>0.

Moreover, we consider the barotropic motion,

(1.4) p = p(o).
From (1.1)a5 it follows that the total mass of the fluid in {2 is conserved,

(1.5) S odr =M = S 00 dz.
2 2

In this paper we prove existence of global-in-time solutions which are
close to the equilibrium solution
M
(1.6) ve =0, Qe 2] )
where |2 = vol £2.
The proof is based on a local existence result from [3] and on the prolon-
gation technique from [12]. To recall the result from [3] we have to introduce

the Lagrangian coordinates which are initial data to the Cauchy problem
ox
(1.7) — =ov(x,t), x|li=o =& € .
ot
Integrating (1.7) we obtain a relation between the Eulerian z and the La-
grangian £ coordinates:

(1.8) x:£+xu(£,7)d75xu(£,t) = z(§,1),
0

where u(&,t) = v(x(&,t),t). Moreover, we introduce n(§,t) = o(z(&,t),1),
q(&;t) = p(n(&; 1)), and (&, 1) = f(x(&, 1), 1),

THEOREM 1.1. Assume that g € H/2(0Q7), vo € H'TY(2), 0o €
H't*(2), 1/00 € Lo(£2), S € C?*T, « € (1/2,1). Then there exists a
time T > 0 such that for t < T there exists a solution (u,n) to problem
(1.1) with u € H2¥F/2(Q1) n € HYF1/2+a/2(08) and the following
estimate holds:

(1.9)  Nullaya,0r + [1ll140.00 < @1(T: [[Slle2e v (T lvoll140,0
+lleollita.e + llglla,e], ¢ <T,
/Moot < a(T,[[S][ 2t 7(T))[1/ 00] 00,2,

where 1(t) = [volli1a.o + 101100 + gl and @1, @y are increasing
positive functions of their arguments.

To prove global existence we have to control the variation of the solu-
tion in a neighbourhood of the equilibrium solution. For this purpose we
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introduce

(1.10) 0o = 0= Qc; Do =P — Pe,

where p. = p(0.). Then (1.1) implies
o(vy +v-Vov) —divT(v,p,) = of in N7,
05t +v-Vo, +podive =0 in 7,

(1.11) D) Toa+70 -Ta =0, a=1,2, onS7,
v-n=20 on ST,
Vlt=0 = V0, 0Qolt=0 = 0o0 = 00 — 0c  in {2,

where

D(v) = {u(via; + vja,) + (v — p)dij divulij—1,23.

Sometimes instead of (1.11); we use the following equation for the pressure:
(1.12) Pot + V- Vps + poodive = 0.

Applying Theorem 1.1 to problem (1.11) yields

THEOREM 1.2. Let the assumptions of Theorem 1.1 hold. Let 0,9 €
HT2(§2). Then for solutions of the problem (1.11) we have the estimate
(L13)  ullzta,er + 110 ll14a.00 < @3(T [Sllczte s YT llvoll14a, 2

+lleoollira2 + llgllael, £ <T,

where @3 is an increasing positive function of its arguments and ~y(T) is
defined in Theorem 1.1.

Since the local existence of solutions to problem (1.1) was proved in
spaces such that u € H2>To1+a/2(QT) n e HI+1/242/2(QT) we have to
formulate problem (1.11) and (1.12) in Lagrangian coordinates. Hence we
have

nuy — divy, Ty, (u,q5) = ng in T,
qot +pyndiv,u =0 in 7,
(1.14) Ty - Dy (1) - Tua + YU - Tua =0, a=1,2, on ST,
UMy =0 on ST,
ult=0 = Vo, qolt=0 = go0 = qo — Pe n {2,

where ¢, = ¢ — p., and
+ndivyu=0 in 027,
(1‘15) 77t 77 u .
N|t=0 = Vo in £2,

where V,, = &,0¢,, Ty(u,q,) = —qo1 + Dy (u), I is the unit matrix and
the operators D,,, div, are obtained from D and div by replacing V by V,,.
Finally m,,(§,t) = n(z(&,t)) and Ty (€, 1) = Ta(z(E, 1)), a = 1,2.
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Moreover, in view of the local solvability the Jacobi matrix with de-
terminant Jy¢ ) of the transformation x = x(§,t), with elements a;; =
8ij + Sg O, ui(§,7)dr, is invertible.

We have to underline that the use of the Lagrangian coordinates is not
natural for problem (1.1) because the domain (2 is fixed. However in [3]
and also in this paper the Lagrangian coordinates have to be used because
otherwise the nonlinear term v - Vg in the continuity equation cannot be
estimated in the proofs for v and g such that v € H?*t®+a/2(QT) o €
Htel/24a/2(0T o € (1/2,1).

Moreover, we have not been able to show the invariance of the norm
of H?>tol+a/2(T o € (1/2,1), under the transformation (1.8), where
u € H>+el+a/2(QT) More precisely we examine the following problem. Let
the transformation (1.8) be generated by w € H?>T*1+2/2(QT) o € (1/2,1).
Then we have x = x,,(&,t). Let v = v(x,t) and u(&,t) = v(xy, (€, t),t). We
want both u, v to belong to H?T®1+2/2(QT) We can easily show that

(1.16)  crllvllLyo,msm2+e(2)) < ullpyo,rm2+0(2)) < c2llvllLyo,m;m2+e(2))

where ¢, ¢ are positive, nonvanishing and depend on ||w||34.4, o7
However, we are not able to show (1.16) for v and u in H2+1+a/2(QT)
under the assumption that c¢;, ¢y depend on ||w||ay4 o7 only. We can only
show this if w is more regular but this is not appropriate for us.
Now we formulate the main result.

THEOREM 1.3. Assume that the equilibrium solution is defined by (1.6)
and the total mass of the fluid is determined by (1.5). Assume the thermo-
dynamic restrictions (1.3) and that the barotropic motion with state equa-
tion (1.4) is considered. Assume that the bounded domain 2 is not ro-
tationally symmetric and S € C?*tY g9,v9 € H*TY(£2), 1/0y € Loo($2),
g € H¥/2(QT), p € C?, a € (1/2,1), g = g(&,t) = f(zu(£,1),t) and
x = xy,(&,t) defined by (1.8) determines the transformation between the Eu-
lerian and Lagrangian coordinates. Assume that ||vo||14+a.0, |00 — cll14a,02
ll9lla,0t, t € Ry are sufficiently small, where oo = M/|$2|. Then there exists
a global solution to problem (1.1) such that

= H2+a,1+a/2(9t)’ ne H1+a,1/2+a/2(9t),
t

te Ry, where u(€t) = v(wu(€,6),1), n(E,t) = o(wa(&,1),t) and u deter-
mines the transformation (1.8).

Finally, we want to add some historical remarks and comments concern-
ing global-in-time existence for viscous compressible fluids. The first results
concerning global-in-time existence for the Cauchy problem for equations
of viscous compressible and heat conducting fluids were obtained by Mat-
sumura and Nishida [6, 7]. The corresponding result for an initial boundary
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value problem for the same equations was also shown by Matsumura and
Nishida [8, 9]. They considered only a half space and they assumed that
the initial density, velocity and temperature are from H? and the external
force has a gradient form. They assumed the Dirichlet boundary conditions
for velocity and the Neumann boundary conditions for temperature. Valli
[15] improved the results for the barotropic case showing global-in-time exis-
tence for an arbitrary bounded domain 2 C R?, general small external force
field and for initial density and velocity from H?({2). The result of [15] was
extended to general viscous compressible heat-conducting fluid equations
by Valli-Zajaczkowski [16]. The global-in-time existence results from [6-9,
15, 16] follow from some a priori estimate whose proof depends heavily on
the Lo-approach. However, the results are not sharp in the Lo-framework,
where sharpness means that the existence result cannot be proved with
less regular data. In the L,-framework global-in-time existence of solutions
for equations of viscous compressible heat-conducting fluids with Dirichlet
boundary conditions was proved by Strohmer in [13, 14]. However his results
are not sharp because he imposed too much regularity on data functions.

Our result is sharp for the Ls-approach and this is the reason why the
fractional derivative spaces have been used. However this forced us to use
the Lagrangian coordinates which are not appropriate for problems in fixed
domains. Unfortunately in general our result is not sharp because then the
L,-approach is necessary.

Our result can be extended to the Dirichlet and Neumann problems and
also to equations of viscous compressible heat-conducting fluids.

2. Notation and auxiliary results. First we introduce a partition of
unity ({£2;},{¢}), 2 =, £2;. Let 2 be one of the £2;’s and ((§) = ¢;(&) the
corresponding function. If {2 is an interior subdomain, then let w be such
that & C {2 and C_(f) =1 for { € w. Otherwise we assume that 2ns £ (),
wNS£0,oc R Let fewnScNnS, S=S8nLN. Introduce local
coordinates {y} connected with {{} by
(2.1) yp = o (& — Bi),  asp =ni(B), k=123,

where ay; is a constant orthogonal matrix, such that S is determined by
Y3 = F(yl,yg), F e H3/2+a and

Q={y: |yl <d i=12 F@)<ys<F@)+d, v = (y1,12)}-
Next we introduce functions v’ and ¢’ by

(2.2) ui(y) = cijuj(§)le=e), 4 Y) = a()le=¢(w)

where & = {(y) is the inverse transformation to (2.1). Further we introduce
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new variables by

(2.3) zi=vy, 1=12 z3=y3s—F(y), yE (~2,

which will be denoted by z = P(y), where F is an extension of F' to 2 with
F € H2~+°‘(Q). Let 2 =0(2) ={z: |z <d i=1,2, 0< 2z <d} and
S = @(S5). Define

(2.4) U(z) = U Y)ly=e-1z),  (2) = W)ly=2-1(»)-

Introduce 6’%‘ = glxkzifl in|£=x*1(z), where X(&) = @(%(5)) and y = ¢0(£)
is described by (2.1). Introduce also the notation

(25) @(&) = u(€)C(E), @) =4 (€)(E), e RnS=1,
(26) @(x) =8(=)), G(x) =6 ()),  2€2=28(2), 205+,

where ((2) = ((&§)le=x-1(2)-
Under the above notation problem (1.14) has the following form in an
interior subdomain:

N — ViTi;(U, §o) = 19 — Vi Buij(u, () — Tuij (U, 4o ) Vi
= (V;T35(t,Go) = Vi Tuij(U, 4o)) = ngs + ki, i=1,2,3,
Got TP1V U =pru-Vyu(+ (p1 —¥(n)Vu - uC
+p1(V-u—V, 1) = ks,

(2.7)

where ¥(n) = p,(n)n, p1 = ¥(0.), and in a boundary subdomain:

A~ o~

My — V,Tij(W,G5) = 7gi — V;Bij(@,C) — Ti;(@, 3»)V,;C
(v sz(u qa') v E(a7aU))Eﬁ§l+k3za Z‘:172737

(2.8) L
+p1(V ﬂ—V-ﬂ)_k:4,
A-D@) T =7 -B@,C) - Ta — YU - T = ke, =12,
n-u=0,

where the summation convention is assumed,
(2.9) Buij(u,¢) = p(ui V¢ + u;j V() + (v — p)diju - Vi,

and '/]f', B indicate that the operator V,, is replaced by v. Finally the dot -
denotes the scalar product in R3.

Let ¢(y) = y3 — F(y) = 0. Then 7 = V¢/|Vy|, 71 = (0,1,0) x A
7o = (1,0,0) x n. Moreover, in the next considerations we denote zy, 2o
by 7, and z3 by n. From [11] we recall the Korn inequality. For vectors
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u,v € H'(§2) we introduce

(2.10) E(u,v) = {(0p,uj + 00, u:) (00, vj + O, v;) da.
2

The vectors which satisfy E(u,u) = 0 have the form
(2.11) u=A+ B xx,

where A, B are arbitrary constant vectors.

We define H(£2) = {u: E(u,u) < oo, u-7=0on S} If 2is a domain
obtained by rotation about the vector B we set H(f2) = {u € H(£2) :
§{ou- B xxdr =0} Otherwise we set H(2) = H({2).

LEMMA 2.1 (see [11]). Let S € C?. Then for u € H(£2),

(2.12) ullf.0 < coB(u, u).

Finally, we introduce the notation. By HF+ek/2+e/2(QT) | ¢ NU {0},
a € (1/2,1), we denote the Hilbert space with the norm

lalZisssssarzory = S 10200l qm
|8]+2i<k
T B / 2
|08 u(z,t) — 0, u(x',t)] ,
+ > (0 ’x_x,‘mfl dx da’ dt
18]=k 0 2 2

a[k/Q] 1 —(9[56/2] |2
+SH|t (z,t) o Cu(z, )|

_ t’|1+a+k‘—2[k/2] dx dt dt’.

2200 |

Similarly we introduce the spaces H¥T<(§2), HF+k/2+a/2(GT) Moreover,
we use the notation

Hu”H’““"’k/?ﬂl/?(QT) = [[ullkta,07:
”uHH"+a(9) = |lullkta,2, ”uHHk+a(U,T) = Hu”k—i-a,(O,T)7
lullz,2) = lulpe, pell,
lull s o7y = |lulls,0r, s € NU{0}

The spaces H*+k/2+2/2()T) are Sobolev-Slobodetskii spaces and are de-
noted also by W§+a’k/2+a/2(QT). They are particular cases of Besov spaces.
First we recall some properties of isotropic Besov spaces which are fre-
quently used in this paper; next we define anisotropic Besov spaces and
formulate some imbedding theorems which we need.
Let us introduce the differences

A;(h)u(z) = u(z + he;) — u(x),
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where x € R™ and e;, ¢ = 1,...,n, are the standard unit vectors. Then we
define inductively the m-difference

AT (hyu(x) = Ay(R) (A7 (hu(@) =Y (=) ejmule + jhe;),

m) _ m!

where Cim = (J = W

Moreover, we introduce the difference

A f(z) = fle+y) - f(z), x,yeR,
and inductively

A™(y) f(z) = Aly) (A" (y) f(2))-

Since
Az —y)f(y) = f(z) — f(y)
we have
A™ (@ —y) f(y) = Z A™((z—y) e)fly) = Z AT (h) f(y),

where the last equality holds for (z — y) - e; = h.

We define the isotropic Besov spaces by introducing the norm (see [2,
Sect. 18])

n ho m 1/p
AT (h) 0z, ul”
213 ulaggany = ol + 3 (1 dn § do SRE0E)
i=1 0 R™

where m > 1 —k, m,k e NU{0},l € R} and | ¢ Z.

It was shown in [4] that the Besov spaces defined by (2.13) all coincide
and have equivalent norms for all m, k satisfying m > 1 — k.

Next we define the L,-scale of Sobolev—Slobodetskil spaces by introduc-
ing the norm

n h

’ |Ai ()AL [P\ 1P
214)  ullwige) = lullo,@y + < J dn § dov =T ’
i=1 0 R™

where | ¢ Z, [l] is the integral part of I. We frequently write | = k + «,
ke NU{0}, a €(0,1),s0 k=[] and aa =1 —[I].

By the Golovkin theorem [4] the norms of the spaces Bll, (R™) and Wé(R”)
are equivalent.

We also define the norms

|A™ (x — y)3§U(y)lp>1/p

(2.15)  [full g1 oy = llullz, @) + (g dr | dy PR

R™ R
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k, —
for any m > 1 —k (here 9ju = 3", _; Dyu) and

- A = )0y u)lP\
(2.16) ||UH{7V117(R71) = llull, @ + (JRXR deSn dy |z — y|nte=[D) '

Using Lemma 7.44 of [1] we can show that the spaces Ezl, (R™) and B} (R™)
(with hy = o0) and WIZ,(R") and Wé(]R") (with hg = oo) all coincide and
have equivalent norms.

Therefore all norms (2.13)—(2.16) are equivalent. Now we recall some
imbedding theorems for Besov spaces (see [2, Sect. 18]):

o nl n n
(2.17) D?B,(R™) C B¢[R") forn/p—n/q+o+o<I
For »x=1— %(% — % + 0 + ) > 0 we have the interpolation inequality
(2.18) 107 ull pe (rny < 51_””““35(}1@@ +ce7 7 ||ull L, ®n)s

with pg > 1, € € (0,1). In the above notation B}(R™) with [ € Z4 is a
Sobolev space and Ly (R") = WQ(R").

All the above remarks can be applied to spaces of functions defined on
a bounded domain {2 C R™. Moreover by using a partition of unity we can
define spaces of traces on the boundary of {2 and formulate the corresponding
trace theorems.

Now we introduce some anisotropic Sobolev—Slobodetskii and Besov
spaces which are necessary for our considerations. First we define

T p2/p1y 1/p2
||UHLP1,,,2(QT) = < S dt < S dx |u(m,t)|l’1) )
0 Q

and

T p2/p1\ 1/P2
lulz,, ,ym = (§ do (§ defutnp )™ )
2 0

where p; € [1,00], i =1,2.
We need imbedding theorems between the above spaces and ng’l/ 2(QT),

l € Ry, 2 C R™ We apply the results from [2, Sect. 18]. Since Wé’l/z(QT)
is isotropic with respect to the power of integration we have, for 2 < pq,ps
< 00,
2 2
(2.19) 921922 WH2(QT) € Ly, oy (27) if g S - —+ai+2m <,
p1 P2

_ 2 2
(2.20) 92192 WIV2(QT) € Lpy o (27) if 2 = L4 2 = ) + 200 < 1,
2 pp 2 @
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(2.21) 921822 Wy *(QT) € L,(0,T; BS(12))

.m on 2 2
if - ——+-—=Fm+2m+0<],
2 ¢ 2 p

and finally

(2.22) 92052 Wy'P(07T) € Ly(2; BJ(0,T))
2 2
i S 4 42 +20<], 2<pq<c.
2 p 2 gq

Moreover, the corresponding interpolation inequalities hold.

3. Inequality for global existence. First we obtain an energy type
inequality:

LEMMA 3.1. Assume that (v, 0,) is the solution to problem (1.11) deter-
mined by Theorem 1.2. Let the assumptions of Lemma 2.1 hold. Then

d (1 P2
(3.1) %§<2@ +5 >dm+co\|v\|19—|—wzx|v To|?dS
] Pol a=18

< ¥1(|oloo,0rs [1/0lo,0r) DI o + | of v d,
9]

where 1 is an increasing positive function.

Proof. Multiplying (1.11); by v, integrating over {2, using the boundary
conditions and the continuity equation we obtain

d1 9
(3.2) 73 (S)Q’U dx + (S)]D)(U) -Vudz

2
—Xpddivvdx—k Zx|v-?a|2dS:ng-vdx.
Q a=18 Q

In view of the Korn inequality (see Lemma 2.1), using (1.12) in the third
term on the Lh.s. of (3.2) yields

d1
33) 22 {ow?d ., Vp,) d
(3.3) dtzxgv x+@0\|v\|m+(§lpg(p ¢+ v Vp,)

2
—l—’yZS]v-?a]Qng ng-vdm,

15 0}

where ¢q is the constant from the Korn inequality.
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Continuing calculations in the third term on the Lh.s. of (3.3) we get

Sl( + v Vp2)de §[<p3>+ v(;ﬁ)]d
pa Ps = 0 ov - Xr
2 2000 " 5 L\ 2007/, 2p,0°

1 1
_X§Qp3< 2> (pat—FU‘VPa)Cm
o} Pel” /p
d P2
= = g d.%'+N1,
dt (Xl 2p,0
where
1 1 .
Nl = 5 Spgg2 <—2> pg le’de,
Q Pol™/p
SO

INi| < el divollg o + @1 (1/e, [oloo, 07, [1/ 0lo,0m) 1P I1 o

where (7 is an increasing positive function. Using the above considerations
n (3.3) we obtain (3.1). This concludes the proof.

Now we show

LEMMA 3.2. For the local solution determined by Theorems 1.1, 1.2 we
have

(34) ot 2) + lull3 a0 + ol Tra.or < clllullf o + laoll5 o)
+ cllgllZ o0 + X7 + ©(0,92),

where t < T, T is the time of local existence, and ¢(t,§2) and X, are defined
by (3.62) and (3.64), respectively.

Proof. First we obtain the inequality for interior subdomains. Assume
that & € (2, where {2 is an interior subdomain, and ¢ € Cs°(R3) is the
corresponding function from the partition of unity such that ¢(§) = 1 for
£ € Bx(o) = {§ € R 1 [€ — &l < A} and ((§) = 0 for § € R®\ Bay(éo)-
Denote by A%(z)f(x) the sth finite difference of f such that

S

A%()f () = 3 (=1 F f (o 4 k),
k=0
where cf = (2) = ﬁlk)'

In this proof, functions ¢;, ©;, j € NU {0}, are increasing continuous
positive functions of their arguments. Applying A®(z) to (2.7)1, multiplying
the result by A®(z)u;, integrating over By (§p) and integrating with respect
to z over R? with the weight 1/|z[>72(0+®) we obtain
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UAS (Z)ﬁltAS (z)'dz
(3.5) X dz S dg 2[3+20+a)
R3 Bax(&0)

Ve, (A%(2)T55 (u, 4o )) A* (2)u;
_ S dz S d§ 2
R3 B2x(&o0)

(A% (2)(uir) — nA®(2)u;) A®(2)u;
= — S dz S d§ Z[Fraa)
R3 B2x(&o0)

A%(2)(ngi + k1) A% (2)u;
+ S dz S d§ ’z‘3+2(1+0‘) :Il —|—IQ

R3 B2 (o)

Using the continuity equation (1.15); in the first term and integrating by
parts in the second with the use of the boundary condition u|sp,, &) = 0
we obtain

1d 1| A°(2)ul?
(36) 55 X dZ X d§ ’Z‘3+2(1+a)
R3 Bax(&0)
D(A%(2)) - VA*(2)d
+ S dz S d¢ PHEED

R3 Bax($0)

A%(2)qy div(A*(2)u)
— S dz S d¢ |z|3+2(1+a)
R3 B2 (§0)

ndiv, u| A% (z)u|?
|2[3+20ta)

1
:Il+I—§Sdz | de
R3 B2 (§0)

Il
e

To examine the last term on the Lh.s. of (3.6) we use (2.7)2. Applying
A?%(z) to (2.7)2, multiplying the result by A®(z)q,, integrating over Bay (o)
and integrating with respect to z with the weight 1/|z|>2(1+) we obtain

(3.7) 1d S d S dg%

2 dt |z|3+2(1+0a)
R3 B2 (§0)
A%(z)qo div A% (z)u
+p1 dZ d£
O e PR
A% (2)ka A% (2)qy
= Sdz S dg |2]3+20+a) =L

R3 Bax(€0)
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Multiplying (3.7) by 1/p;1, adding to (3.6) and using the Korn inequality we

get
d nAs)ul | 1 ]A%(2)g
2 dt S dz S dg <|Z|3+2(1+a) + P |2]F20Fa)
R3 Bax(&0)

(3.8)

142 (=)} ,Bax(€0)
|2[3+2(1+e) ZI _I4

1

R3

Now we estimate the terms on the r.h.s. of (3.8). Since o € (1/2,1) and
s must be such that s > 1 + « (see [4]) we assume that s = 2. First we
consider

L=\d | dt
R3 Bax(&0)

A%(2)(ngi + ki) - A% (2)w;
|2]3+20+a)

A(2)(ng; + k1i) - A3(2)w;
= — S dZ X dé- |Z|3+2(1+a)
R3 B (o)

|43 (2)al? |A(2)(ng + k1)|?
1 S dz S dg |z[+2(2+a) +cler) S dz S dg 23+
R3  Bax(éo) R3  Bax(éo)

=1+ 12,

IN
™

where

1 ~
Bcld | drmmn (AR +IAEVaBa(u, O
R3 By (&0)

+ |A(2) Ty (1, 4o ) Vul > + | A (VT(@, §) — VuTu(U, §s)) Z[%.
Next we estimate

|A(2)ng|? + InA(2)g?
’Z‘3+20¢

<elds | de
R3  Bax (o)

Al VP 4 E PN
C< X dz X dg 23 +2p(ate/2) X dz X | B
R3 Bax (o) R3 Bax (o)

A(2)a 2
+ il | dz | dg‘(’i)‘gg—g;f)"

R3 Bax (o)
for all p, p’ with 1/p+1/p’ = 1 and & > 0. Using the imbeddings By"*(£2) C
By, *%(92), 2 C R?, valid if 3/2 — 3/(2p) + a +£/2 < 1+ a, and B§(£2) C

2p
Loy (£2), £2 C R3, valid if 3/2 — 3/(2p’) < a, which both hold for suitable p,
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¢ because 3/2 + /2 < 1+ « can be satisfied for a > 1/2, we obtain

Is < clnliya.e 92
where we used the fact that By+T*(2) C Lo (£2) for a > 1/2.
Introducing the quantity «(t) = Sg ug (&, 7) dr we see that

fx—IZOZT/)O(OZ)a gi_I:C“bl(a)a
§aVe&s = Vearha(a) + aVearps(a),

where £,, I are matrices, [ is the unit matrix,

t t
() < T Juel* dr < T | ul3 10,0 dr,
0 0
and
T 1/2
a= cT1/2< S Hu||§+a9 dT)
0
SO
(3'8,) ‘gm - 1’27 ’5920 - 1‘2 < a2¢4(a)7

T
lfxvﬁgm’2 < s5(a) S ‘U55‘2d7'.
0

Using the Holder inequality and the imbeddings B$(£2) C Loy(12),
B,T(£2) C BS,,(£2), 22 C R?, holding for 3/2—3/(2p) < a, 3/2—3/(2p') +
a<l+4+a l/p+1/p =1, we have
S [A(z) VB (up)]

2
’Z‘3+20¢ d§

Ig =c S dz
R3 Bax(§0)

<cldz | de¢

R3  Bax (o)
1
X [ [AE) VP + €V + [Vl (AG)EPIVe?

+&IAR)VC) + [A()u (1€ - VE IV + &IV
+uP(JAR) (& - VE)PIVCE + 1€ - VEPAR) VI
+IARE IV + &1A() V)]

< 6 (@) [ 1ullT 4o, Box (o) + (H%HQng,(BM(gO))
t

llullBg , (Bonceon) § e L, (Ban o)) 47
0
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t t t
X H 1l13. 0, 5o (60 47 + Y el (Ban o)) 47§ lee 2, (an 00y dT]
0 0 0

t

< epo(a) [ulli a0 + 1(@)lul3 a0 | ul3taqdr
0

Similarly, we have

5 < pa(a)(lullya,0 + g0l 0)-
Since qualitatively
VT(@ o) — VuTu(t,Gr) = p3(a) §U£5(T) dr e + ovpa(a)(tee + o),
0
where ;(0) # 0, i = 3,4, we obtain
Iy < ps5(a) § [ull3 40,2 47 ([@l3 40,0 + 11 40,0)-
0

Summarizing the above considerations we have

(39) |l <ellilZ,, 5+es/ena)(lull,, 5+ llal? 5)

t

tor(1/e1,a) {ulBy oo dr (T2, 5+ 1312, 5):

0
where 1 € (0,1).
Now we calculate
(A% (2)nus + 24(2)nA(2)ur) A% (2)u
|2[3+2(1+a)

L=-\d | de
R3 B2 (o)

(A%(2)noty + 2A(2)ns A(2)t) A% (2)u
=—{de | e P :
R3 B2x(&o0)

We have

A2 (), 2\ /2 [ \'*
\11\§c<§dz | dg\zy3+2(1+a> {de | d§|z|378p

R3 B (&o) R3 B2 (o)

[A2(zyup’ \MP
X ( S dz S dg 2|3+ (L) +ep’
R3 B3 (o)

+c Sdz S d¢

|A(2)n, |7 >/
R3 B2 (£0)

2+ /2) (T +a)
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|[A(z)u |

1/p2
x ( Jd= | ds |Z|3+<p2/2><1+a>>
R3  Bax(&o)

[A2)ap \V
x(Sdz S dé_m :Il+117
R3 B2 (o)

for all p, p; with 1/p+1/p' =1/2 and 1/p; + 1/p2 +1/p3 = 1.

Using the imbeddings B (£2) C L,(£2), B3**(£2) C BL™"(£2), valid if
3/2—3/p<a,3/2-3/p+1+4+a+e <2+ «, which both hold for suitable
p, € because 3/2 + & < 1+ « can be satisfied for a > 1/2, we obtain

I < clnolliraellil, gl 5

< eallally, , 5 +cle)lnolya ol 5

Using the imbeddings BiT*(2) ¢ BIT/?(2), B3(2) c BT (0),
B3T*(2) € BYF(92) valid for 3/2—3/p1+ (14 a)/2 < 1+4a, 3/2—3/p2+
1+a)/2<a,3/2-3/ps+ 1+ a <2+ a, which all hold for suitable p;
because 3/2 < 1 + a, we get the same bound as for 17,

1t <l 5+ el ool o

Next we have

2

13| < esllally, , o+ clea)ulliia el , 5

2+o¢,§

Finally, we have

|42(2) 40|
|14 < e4 SS dz S dg§ m + ¢s(1/ea, a) ||u\|?+a(~2
R B2 (&o)

t

Flul2, 5V Nalan dr + a2, Sl . 5

0

t t
a0 gl o g SNl dr 4 a2, VB0 7]
0 0

Summarizing the above considerations we obtain

d n o A%l 1 A% ()6 [
(3.10) o S dz S dg (5 : W + 2p1 ’ |z[3+2(1+a)
R3  Bax(&o)
L g I e
z o)
R3

< e, 5+ @2, . 5)
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+¢o(1/es,a)(lull?,, 5+ a2 o)

t
+e10(1/e5,0) {ul3 a0 dr (lully,, g +llallf, , 5+lal},, glull3,, )
0

+on(l/es,a)(las 7, gllael? o+ Nl slal7,, 5

+laoll}, o glluly, o 5 + 1912 5)-

Now we want to obtain an energy type estimate for the local solutions
satisfying (2.7). Multiplying (2.7); by w;, summing over i, integrating over
{2 and using the boundary condition
(3.11) uly5 =0,
and employing the continuity equation, we obtain

1d SN ~ ~ - -
312) | 50 e+ | D@)Vade - { G,V - wde = (g + k1) de.
Q2 Q2 Q2 19
Using the continuity equation (1.15); and the Korn inequality we get

d . .
(3.13) agl d§+—uu|y - {2,V ade

< —

er—lb

\ ndiv, uii? d€ + | (ng + k) d€.
7 7

Multiplying (2.7)2 by ¢, and integrating over 19, yields

(3.14) 5 ) Ga A6+ @V - Tdg = | kad dt.
%) 7} %)
From (3.13) and (3.14) we obtain
d¢1 1
15 2 - -
15) G 15 (nt+ az)der Ly,
%)

1 1 ~ ~
—Skgqadf Sndlvuuu d§+§( g+ k1)udg
P13 .Q 17}

= Jl + JQ + J37
where

< el@l?

t

+ou(1/e,a) ([0l 5 + lao 2 gl g + § Nulsan0 dr 1712 ),
0
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| T2| < ellal]? 5+ e1s(L/e a)llull? slEl] 5,

sl < e(l[ull} 5 + llaollg 5)

t
+ouU/e,a) [l 5 + 2 5 dr (12 5 + 13012 5)] + el2,
0
Using the above estimates in (3.15) gives

d
310) G 1 (n+ a2 as+ IR
2

< ellao I g + o15(1/2,0) [IG12 g + 1l 5+l 2
t
laoll? gl 5+ § 1l dt (lul? 5 + llaal? 5)].
0

From (3.10) and (3.16) after using the equivalence of norms for fractional
spaces (see [4]) we obtain

(3.17) jt S (nu + —q(,> d¢

+% S dz S df(n”A (Z)ﬂ| +i |A (Z)(Ajd| >+” ”

3+2(14«) 3+2(14«)
R3 B2x (o) Z‘ b1 ‘Z’

<el@l?,, 5+ clull,, 5+ a2 5)
FellIR g+ ol Tl g+ 2, AR, o

+ anHHa allulls,, 4]
t

+ e luldiaedrlllull, , o+ laol 5+ laoli, o slull, . 5]
0

To examine the second term on the r.h.s. of (3.17) we use the interpolation
inequality
(318) Nl 5+ el 5 < elul?, 5+ lal?,, 5)

T e@)(llul? 5 + a2 5).

From (2.7); we have
(319) 113, 5 < clllel? o +I1l35, . 5+ 1912 5)

bl fulBea odr (32, 5+ 1@, 5)
0

+e(llully, o +llaoll o) +c@lullf 5+ lallg o)-
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From (3.17)—(3.19) we obtain

(3.20) % S <nu + —qg> d¢

Pl | (nw(z)aP L1 \Az(z)aaP)

o ke PO Ty [0

a2, 5+ 132, 5

<ellael? o +cllgl g +ellully, o+ laolls, , g ully 5+ lasl 5)

+ C[Ilqalllm allell? 5+ llul

t

2 o+ el 2, o)

TV lal3pandrllul, , 5+ ol o 5+ laoll, . sl 5l
0

To examine the norm |[u||, 5 from the r.h.s. of (3.20) we use the inter-
polation inequality (see [12])
t t
(32 [l gt <l gt +e(e) § el o
0 0 0

To estimate the last term on the r.h.s. of (3.21) we consider the time differ-
ences

DETIf(Et+5h), k> o

M?r

f(&1) =

7=0
Applying AF(h) to (2.7); we obtain
(3.22) nAfuy — VT (AU, AfGs) = nAfty — AF (i) + AF (ngs + ki)

From (3.22) we have

ho T—kho

dh

(3.23) | TTa [ e dt | nlaka,? e
0 0 &

hO dh T*k’ho

- S hita S ¥(t)dt SV (AR, ARG, Ak, de
0 0 o

hO dh T*k’ho

= Vo ) e [lmAla - Af o)A
0 0 =

+ AF(ng + k1) AR,  dé = I + I,

where (t) is a smooth function vanishing for ¢ < to and equal to 1 for
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t > 2ty. Denote the second term on the Lh.s. of (3.23) by I3. Writing the
tensor T(u,qy) in the form

(3.24) T(u,¢5) = D(u) - g5,
where [ is the unit matrix, we obtain
ho dh T—kho
Iy= — | AEE | vyt | vD(AFw) - Afw, dg
0 0 &
ho dh T—kho
+ | e | wt)dt | VArG A, de = 1y + I.
0 0 &

Integrating by parts in I4 and using the fact that the boundary term vanishes
we obtain

hO T—k}ho
dh ) )
L=\ | w@ad | D'(Afa) D (Afa,) de,

where D’ (v) - D' (w) = §(0z,vj + 0z, vi) (0, wj + O, w;) + (v — p) div v div w.
Continuing we have

ho T—kho

n={gme b vag g § (ISP L@ - v AR de
0 0 o
where
S(v) = {0z,vj + Op,;Vi}i j=1,2,3-
Continuing,
ho
fi= | = i (%wmfw + %mwiﬁiP) e
Y odan T / M k2 VTR k2
_ § e tgo W (t)dté <Z|S(Atu)| + —5— |div A7l >d§.

Now we estimate I5. In view of the Holder and Young inequalities we
have

ho dh T—kho

l<e (e | o@ad 1At
0 0 o

ho dh T—kho

+e(e) | e | vyt | |AFVG, Pde = 13 + I2,
0 0 O
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where to estimate I2 we calculate g, from (1.14)3 in the form

t
(3.25) Go = oo + | W(n)¢ div, udr.
0

It is enough to consider the highest order term. Therefore assuming £ =1
we have the estimate

T T t . 2 ' . 5
2 / | St IVqo| - |divu| dr| |St |V div u| d7|
|I5| Scxdgxdtxdt < ’t-t”l—i—a ’t—t1’1+a

g 0 0
EIE’+I§,

where

© o SUD [V 2t — 0209 (5, |div ul? dr)*/v
t_t/|1+a =5

g 0 0 |
for all p, p’ with 1/p+ 1/p’ = 1. Hence for 2/p’ > o we have

2/p

T
I<ec X d¢ sup |qu|2( S |div u|P d7'>
a 0

1/q 2q2/p\1/p
< csup ( S Vo |?® d{) 1 < S < S |div w|? dT) ’ >
b\ 0
if 1/¢1 +1/q2 = 1. Using the 1mbedd1ngs BS§(£2) C Lag, (£2) valid if 3/2 —
3/(2q1) < a, and DEByT 2 (QT) € Loy, ,(07) valid if 3/2 — 3/(2¢2) +
2/2—2/p < 14a, which both hold for suitable g1, g2 because 1/2+¢ < 1+a,
where we used 2/p’ = a + ¢, € > 0, we obtain

I3 < csup lgoll? o gllul3, o 5r-

Next we consider

— ¢ i 2/p

A e =P, [V divulP dr)?r

I5§cxdgsdtx ‘t_t/’1+a :I5
0 0

for all p, p’ with 1/p+1/p’ = 1. Take 2/p’ > a+ ¢, € > 0. We have

T
. 2/p
<c d£< |1V divap dT) <erllull?, , gr + clen) ul2 oo
0 0

because 3/2 — 3/2 + 2/2 — 2/p < o means 1 — 2/p < «a or equivalently
2/p" — 1 < «, and this holds for suitable p because a4+ ¢ — 1 < a, so the
above interpolation inequality can be applied.
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In the above estimates the constants ¢ depend on T, the time of local
existence.
Now we have to estimate I; and I,. Since kK = 1 we have
ho  p - T—ho

L] < S hlta S P(t) dt S |A(n)te| - [Ague| d€
0 0 &

ho
<o | T | e fae|aa
0 0

o) | o | i) d | de | Ay
0

0 0
Denoting the second expression on the r.h.s. by I{ we have

R P G G

2 it — t/[ite
Using (3.25) we obtain
T T £ 9
2 / ‘St’ ’dlvu’dﬂ ~ 12
Q
T T 1T s ~
[t — |27 (\, |divu|P d7)?/P|u|?
/ 0 — 73
chdgédtédt e =13,
Q
If 2/p" > a we obtain
T T 2/p
I <elae| dtw(g \div ul? dT)
g 0 0

<o{ e ) ") (e aarar) ") <

for any Aq, )\2 with 1/A; +1/X\y = 1. We use the imbeddings
3 3 2 2
BEYOTY € Loy, o(QT) if S — 2 42 _Z<
2 T(127) C Lax, 2(027) i 5 otz gs®

(3.26)  D{BITOMT2(QT) € Loy, 5(27)

3 3

f = — 4+ =-—=-4+1<2

5 2)\2+ + + «a,
which both hold for suitable Ay, Ao because%—ﬁga,%—%—%ga

can be satisfied since % — % < 2a, that is, —% + z% < «, can hold. From

(3.26); we have A\; < 3/2 for > 1/2. Choosing \; = 3/2 we have Ay = 3,
0 (3.26)2 holds for p < 4. Choosing p = 4 we have p’ = 4/3 so the condition
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2/p" > « holds for a € (1/2,1). Finally, we have

I < clll? grllully, , gr-

Now we examine I5. First we obtain

ho dh T—ho
L<e | ita Vv de | de 1A + c(e) (1 + sup lgo 117, o N7
0

+e(e) | h‘ffa | w(t)dt | de|ak: .
0

0 2

Denoting the last term by I3 and using the form of k; from (2.7); we get

ho dh T—ho

Beelim | (1) dit § d | Ar(€ouce) + ArlEraale + Eruede)
2

t
AT~ &) ige + e + & uee dr (i + )|
0

Continuing we have

T T

1
_[21 S C S dé_ S dt S dt/ WOA{UJF + |Atqo—|2 + |AtUE|2)
o 0 o0
T T 1 t 9
chéSdtSdt’ 4]t—t’\1+0¢ SuEdT‘ (|u|2+|qg|2+|u5|2
g 0 o0 t
+ [t ” + [doe )
T T t
/ L 2 ~ 12 ~ 12
veldefarfar Su§d7-‘ (| Aviige|? + | Aviivel?)
o 0 o0
T T 1 t
tefae fan{ i e Sude‘ | ufng‘ (e + 13 )
g 0 o0 t
T T 1 t
+CSd§SdtSdtl_yt—t/\—1+a Sugng( (luel? + 1g01%)
0 0 0 t!
T T 1 t
+CSd£SdtSdtl |t—t'|1+a Sufde‘ |Atu§| +|AtQG| )
2 0 0 0

Il
-
£

&
I
—
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Continuing we obtain

Iy <e(llully,, ar +llaoll?, o) + c@ulE 5 + a0l 5r)-
If 2/p’ > o then

T 2/pT
13 < e §de( lucar) ™ S(ul + ool o b+ el + [l
0

<S d£( S|U5V’ T)QAl/p>1/A1

0

(14

X

( (Il + lao|? + el + [iecl” + e )

>\2>1/>\2

Q
=7
= I,
provided 1/p+1/p’ =1 and 1/ + 1/ = 1.

Restricting our considerations to the last two terms in the second factor
of I{, we use the imbeddings

2+a,14+a/2 QT E QT if § _ i — g <
(9§W2 ( ) C P72>\1( ) 1 92 2)\1 p = @,
and
24+a,14+a/2 QT E QT f z i <
85W ( ) C 272>\2( ) 1 2 2)\2 - a’

which are both satisfied for some A1, Ay because —1/2+2/p" < 2« can hold.
We obtain

17 < cllul?,, g (lul2,, 5+ llao12,, 50

Similarly, we have

T
1§ < e\ |lul;
0

24« _Q (HUHQ_HI QT + ”qUH1+a QT)

If 2/p’ > o then

T 2/pT T
1 < e e (§fueldr) ™ | fueel® dr §(fiel + | ) dr
O 0 0 0

< CH“&H p2A1 (_QT)H 55HL2 2 (QT)(H £||L2 223 (27) + HQGHLQ 223 (_QT))
=18

for all A1, Ay, A3 with 1/A; + 1/Aa +1/A3 =1 and 1/p+ 1/p’ = 1. Using
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the imbeddings

« a ~ = ~ 3 3 2
D Wttt el2(QTy € Lo, (2T) if s T, S
« o e = -~ . 3 3
(952W22+ 1+ /Q(QT) C L272)\2(QT) if 5 - Z S «,
3£W22+a,1+a/2(§T) - EQ,QAB,(@T%
W21+a,1/2+a/2(§T) c L, 2/\3(~(~2T) f_ 3 <l+a
’ 2 2\3

which all hold for suitable \; because 2/p’ = 2 — 2/p < 3a can hold, we
obtain

I§ < cllully

If 2/p" > a we get

2+4a, QT(||u||2+a _QT + ||qUH1+a QT)

5 R 20T 2, 1~ 2
13 < e {de ((§Jueel?ar) ™ (el + 1, *) dr
o 0 0

< cllugellz, ., ar)(1elZ, ,, o) + 1T, ,,, @) =

=13,
provided 1/p+1/p’ =1 and 1/A; + 1/A2 = 1. Using the imbeddings
L P
65W2+a1+a/2(QT)CLpQ)\l(QT) lf__i+2__<1+a
’ 2)1 P
85W22+a71+a/2(“6T) - EQ,Q/\Q(‘(ZT%
a [ A T A 3
Wy T2 (OTY € Tyon, (27) if 5 — 5o Sl+a
2
which all hold for suitable \;, p because 1/2+2/p" < 14 2« can be satisfied,
we obtain

I§ < cllulls,, sr(lal;, , 5r + 1G5, 5r)-
Finally, we consider
T TT | , ~ ~
| Atie|? + [Aigo |
1§ <\ de \Juge|?dr | | ‘f_ el
g 0 00
2 ~ 12
< C”u&fH 23 (QT)(H £”L2>\ (£2:B5(0,T)) + ”qUHLmz(fl;BS‘(U,T)))’

for all Ay, Ay with 1/)\1 + 1/X2 = 1. Using the 1mbeddings

24a,14a/2 , 3T 7 OT 3
W, (27) C Loy, (27) lf§—2—)\1<0‘
BeWET I (GT) ¢ Ly, (3 B3(0.1)),
W21+a,1/2+a/2(§T) C LQ,\Q((};BS‘(O,T)) lf 5 — % < 1

2
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which hold for suitable \; because 3/2 < 1+ «, we obtain

18 < cllul?, e (l@2,, 5r + 1312, 50

Applying the above considerations in (3.23) we obtain

ho dh T—ho
(3.27) Shm S Y(t)dt | Ay | dg
0

Q
,U 2 4 2
h1+0l <Z At ’ ’le Atu‘ ) dg

t=T—hy

ho dh 2tg / , )

< S hlta S Y (t)dt S( |S(Au)| +—‘d1VAtu] >d§
to

+e(llully,, gr + a0l o gr) +c@ully 57 + laol} 5r)

+ (1 +sup laoll, o 591l 5

+c(sup lao 17,y o+ luell? e)llully,, or

+ellully, 51+ llully

Using the Gronwall lemma between the second term on the L.h.s. and the
first term on the r.h.s. of (3.27) we obtain

ho dh T—ho
(328) | on | w@d {nlAaf de
0 0 O

dh K ~ V— o _
+ S Pita S<Z|S(Atu)|2 + T|d1VAtU|2> de
2

rraar) s, gr +llaoll?, , 5r)-

t=T—ho

< e(llulll, o or + a1}, ge) +e@ Ul gr + laollg o)
+e(l +sup 90117, o T2 v

+c(sup lgoll? o & + el go)lluly, , 5r

+elully,, gr A+ llully,, ao)(Nully, 5+ laellf,, 50)-

Let us introduce the quantity

(3.29) @1 (t,02) = é(nu + —q0> d¢

e | ae (o SR 4 LITEED),

3r2(1ta) 312(11a)
R®  Bax(f0) 12 Pl
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which satisfies

(3.30) er(@llR,, 5+ @12, 5) < er(t.D) < a2, 5+ 1@l2,, )

where ¢q, ¢o depend on the bound from the estimate for the local solution.

Then integrating (3.20) with respect to time, using (3.21) and (3.28) we
obtain

(3:31)  u(t, 2) + [all3 + 1113

2+, 2t 1+a,0t
< c(lul,, 5+ 0o, 5)
Al g+ ol ) + 0+ sup o, )2,
+ C(Sltlp H‘Lf”i_a,f) + HutHi7f]t)HuH§+a7ﬁt
el (U Nl s, o+ a2, o)

+801(05 é), tSTa
where T is the time of local existence.

Now, we obtain an estimate in a boundary subdomain. Applying A%(7)
to (2.8)1, where 7 = (21, 22), multiplying the result by A?(7)u;, summing
over i, integrating over £2(&;) and integrating with respect to 7 over R? with
the weight 1/|7]?T2(14%) we obtain

NA%(T)uy - A%(1)u,

L BA)i, - A(r)i

(3.32) | ar | EEEE

R? 2(¢o)

A7)V (T(,q,)) - A2(7)u
|7-|2+2(1+a)

— S dr S dz
R? 2(¢o)

(A%(r) () — RA*(T)uy) - A*(7)u
|7|2+2(+a)

=—\dr | do
B2 (o)

A(7)(7g + ks) - A*(r)u

+ S dr S dz 7 )

R? 2(¢o)

EKl —|—K2

The next considerations are si/{nilar to the case of interior subdomain.
Using the continuity equation in {2,
(3.33) h+nV-u=0,
we write the first term on the L.h.s. of (3.32) in the form

ileT X dzw

|7[2+2(14a) + K,

R? 2(¢o)
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where

Kol < el o +c@lul?,, AT,
The second term on the L.h.s. of (3.32) takes the form

VT(A%(1)a, A%(1)G,) - A%(7)a

- S dr S dz |7 [2H20+e)
R?  92(¢)
[A%(7) (VT (1, G,)) — VT(A*(1)a, A%(1)3,)] - A%(7)i
=Ky + K5.

Integrating by parts in Ky gives
AT(A%(7)a, A%(7)G,) - A*(r)u

Ky=—\dr | dz T
R2 §(Eo)
T(A2(7)u, A%(1)G,) - VA2(T)a
+ S dr S dz 72201+ a) = Ko + K.
R2 ﬁ(&o)

Then in view of the boundary condition (2.8)3 we have

A%(T)ks - A%(1)T

Ke=—\dr | dzg

B2 §(e,) ripe2tee
and
IVAQ( Jul? + | A%(7)al?
|Ke| < ¢ S dTAS EEES Y
R2 2(o)
51]VA2(T)5Z\2 + c(a)\AQ(T)iZ\Q
0

where we recall that V is an operator with respect to z.
Hence repeating the considerations from the internal subdomain we ob-
tain

(o, 1),
d AXMER 12202
WW [ 0o (7 LS00 | LI

@ o | 2+2(+a) " p |r[2t20+a)
0

1A2(r)al? 5
—(llu H X m <X,
R?
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where

(335) X =(+[al2, . @R, + G2 )
t

+ (112, o+ 1812, , o+ a2, o dt ) @2, ,
0

~+

llaol?,, 5 VIal2,, o dt (1 + a2
0

+elals, 5 + 1G5, o) + @l 5 + 1315 5)-
Now, we consider the following artificial problem:

VT(,4,) =it + VB@,C) + T(4,4,)VC — 7§ in 2,

2+a, .Q)

V-u=V-u in 0,
3.36) 7 T(4,4,) 1 = ksq a=1,2 on S
( »q Say 5 4y )
n-u=0 on §,
u=0 on 02\ S.
From (3.36) we obtain the estimate
oy (VA (MR 1A
. ——————dT ——————dr<c
2 | 7|22 ) 7|22 ) |7[2+2e
Applying “;”@i to (2.8)2 and adding to (2.8); gives
+rves o = o S ey s
(3.38) Mp Vilot + ViGo = p(V?U; — ViV - ) = Gy + 1 s
1
tre o -
+ Vil = Y)Y ) + b
where

koi = —V;Bij(@,Q) = To(@,3,)V ;€ + (1 + v)Vi(@VQ),
where the summation over the repeated indices is assumed.
Applying A(T) to the normal component of (3.38), multiplying the result

by A(r )ngd, integrating over 2 and with respect to 7 over R? with the
weight 1/|7]?72% we obtain

d M—}—I/ |A( )V3q0| |A( )V3§a|2
(3-39) 7 82 dr AS dz ” 7222 + 82 dr AS dz 7| 2+2a
B> 9(&) ()
|A(T) ‘2
gcx dTAS dz 7]7’\2‘*‘2“ + cX,
R? 2(&o)

where 2" = (21, 22).
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Writing (2.8); in the form
(3.40) uNV2u; + vV, i = Vg + N — 16 + VB4, )
we obtain the following estimate for the third component:

|A(r) Vs |? [A(T) e ”

(341) {dr | dz <clar | dz

R |7[2+2e R 7|22
R* 02(¢) R?  0(%)
ATV Jo|?
+c S dr S dz|T7_|)27+;Z|+cX.
B2 02(&)
We have
‘A?’(n)ﬁu,]? ‘A(T)am"z
(3.42) Sl dn AS dz 7‘71‘1“& <ec 82 dr AS dz 7’7_‘2“&
RL Q) R (o)
’A(T)ﬁZZ‘Q
+c S dr S dz 7\7‘]2+2a
R2 Q2(&0)

In fact, extending u on R™, applying the Fourier transform and using the
inequality
e < ' + lellg’]e,
which follows from
€€ = (€11 P2 €]~ < e(l€ |12 + (€22 g *22)

for p;, A; such that u1 +pe =1, 1/A1 + 1/ A =1, uh = 14, pods = «,
alo =1,50 A\ = 1/(1—a), Ao = 1/a, 1 = 1 — a?, us = o2, we obtain
(3.42).

Applying Az(n) to the third component of (3.38), multiplying the result
by Ag(ﬂ)%gao-, integrating over 2 and with respect to n over ]Ri_ with the
weight 1/|n|**2% we obtain

M+V\A3(n)§3%’2+x dn X " | As(n) Vs, |2

(3.43) ixdn X dz

dt ~ n|it+2a R n|1+2a
RL  2() h Il RL Q&) i
’A3(n)azz/‘2
SCX d’I’LAX dZW—FCX.
RY £2(&o)
Finally, from (3.40) we have
|A3(7’L)’172323 |2 |A3 (n)azz’ |2
(3.44) dn dz ————==—<c \ dn dz ——————
Sl R S |1+ 20 Sl R S n|i+20
Ry Q) Ry Q()
|A3(n) V3, |?
+ C X d’I’L X dZ W —|— CX.

RY 2(¢0)
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Now we summarize the above considerations. From (3.34) and (3.37) we
have

d 1
45) |\ (722 + =2
(3.45) dt“ (nu +p1q“> dz

2
AP 1|20
s (e *

(HA?(T)anfﬁ laml? , \IA(T)aa\If,(A))

~112
+HUHL§+ S dr |7 [2F2re) |7|2+2 7|2 +2e

R2
HA(T)azsza Hgy_@

c\ dr EEED +cX
RZ

From (3.34) and (3.39) we obtain

IN

A (a1 AR 1A%
(3.46) T [ & <77u +p—1qg>dz+ S dr &dz <77|7_|2+2(1+a) +p_1 |7 [2+2(1+a)
Q k20
p+ v |A(T)V5g, 2
) dr & e |7[3 2
R2 0
laxral? ,

Tl o+ § d < ex.

o, 7 T

|A(T) Vo |
| ar | dz T
(9}

R2
Denote the term under the derivative sign by @a(t, ﬁ) and the other terms
on the Lh.s. of (3.46) by ®4(t, 12).

In view of (3.41) and (3.46) we have

|A(r)V3us|®
7|7_|2+2a <cX.

(3.47) %@(t, D)+ ou(t,2) + | dr | d
R2 0
Denote the sum of the second and third terms on the lLh.s. of (3.47) by
By(t, 02).
From (3.47) and (3.37) we obtain
d

(3.48) 7 02(6,2) + D5(1,2) < X,

where

_ - 1Al 5 1A ,
(349)  By(t, Q) = Do(t,2) + | < ITIM’;’ ITIMQL >d7

RQ
Using (3.42) in (3.43) and next applying (3.48) we obtain

d ~ ~
(3.50) 77731 92) + @4(t, 2) < X,



190 T. Kobayashi and W. M. Zajaczkowski

where
N ~ Aa(n)Vad. |2
803(t,9):@2(t,9)+ S dnx dZM+V’ 3(7743?23(10" ,
R? 9} b e
(3.51) i Al G 2
Dy(t, 2) = 3(t, 2) + | dn | dz%
R 5 n|
In view of (3.42), (3.44) and (3.50) we get
d . .
where
) ) ‘A3(n)a2323‘2

RY 0
Summarizing the above considerations we have come to
~ s 1 _
(3.54)  ps(t,2) = X <77u2 + p—lﬂ.ﬁ) d¢

9}

A% (nul® 1A% ()G |?
+RS2 de dz <77|7-|2+2(1+a) + p_l |7 [2+20+e)

Q

uw+v ]Ag(n)ﬁgfja\z

+ S dn S\ dz D1 ‘T’1+2a )
RY 0

where for g, we have all directional dervatives 917q,, 9:+%q,, so the other
derivatives can be calculated by interpolation. However for 2 we only have
the tangential derivatives 917w,

Next, we have

a2yl AT
Sy 11112 1,02 7')V?,u3|
(355) @5@, Q) = ||uH17_(A) + S dTW + S dTS dZW
R? R2  §
lAaI2 Ay P
+ ) ar |7-|2+2a7 | dn | dz |n|1+223
R? RL
+
- =12
e N VX AL
+ | dr XA dz 7220 | dr r[22a
R2 0 R2
|45(n) Vs, 2
P W e AUl
R{L (S) |T|1+2a

where for u we have the derivatives 0%, 05U, , SO to complete all highest
derivatives we need 05 u,,, which can be calculated from the interpolation
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inequality (3.42). Concerning ¢,, we have 0%¢yz, 09¢sz,, SO the missing
derivative 0%q,, is calculated from (3.42) where u, is replaced by ¢, -.
Therefore we have shown

(336) a2, o+ (@2, o) < Ps(t. D)

< el , 5+ (@) 0.0)
where c1, ¢; depend on the bound for the local solution and ((w)) ; 5 denotes
that only the highest derivatives 3 of w appear.
To obtain an estimate for |- ||, 5 we use

(3.57) 1o llo,0 < 1250, 5-
To estimate the expression |[u||, 5 which appears in X we use the in-
equality (see [12])
t t
(3.58) SHT%”:@ dt’ < ES HUtHQM 5dt' +c(e) S 12112 /o, 0.1 4,
0 0 0

where to estimate the last integral we repeat the considerations leading to
(3.28). Therefore we get

ho dh T—ho
(3.59) ite P(t)dt \ 7] Asu|* de
hi+
0 0 P
"o dn
+ S nita | <—\S<At )+ —!dw Atu\2> dg
o t=T—hgo
~112 ~ 12
<e(laly, a0 + II%HHQ ar) T c@Uullg or + 12115 o)

+e(l +sup 150117, G 5r + c(sup 1Go 117 1o + N5 )15,

R, o (14T, , )G, gr + 1312, o).
From (1.14) we have
(3.60) ot + WAV - UC =0,
SO
(3:61) V1@otll2 /2,0, 42 < ¢ VIV - 82 2,04 2
Q 7

e R L N 1 1
where the first term on the r.h.s. is bounded by

+c(e)llag

el 2

24+, Q1

Let us introduce a partition of unity such that 2), k € 9, is an interior
subdomain and 2*), k € N, is a boundary subdomain. We denote by yy,



192 T. Kobayashi and W. M. Zajaczkowski

k € M, the transformation y in 2*), k € M. Then we introduce the quantity

kem kemn

where 7 is defined by (3.29) and ¢3 by (3.51).

Integrating (3.52) with respect to time, passing to the old variables
and adding to (3.31) we obtain
(3.63) (t, 2) + [ull 40,0 + 190l 0,00 < c(llullg o + 1o 15,00)

+ellglla, o + Xt +0(0,2),

where t < T, T is the time of local existence,
(3.64) X1 = [lul3sa.00 + 160 10,00
and the constants ¢ depend on the bound for the local solution. This con-
cludes the proof.

2=xk(8)

4. Global existence. From (1.14); we have
(4.1) nuy — divy, Dy, (u) + Vuge = ng.
Let us introduce a function ¢ which is a solution to the problem
divp=gq, in {2,

4.2
(42) wls =0 on S.

Let q, € La(£2). Then ¢ € H'(£2) and

(4.3) lell1.2 < cllgollo,e-

Multiplying (4.1) by ¢, integrating over 2¢ and using the fact that ¢ is a
solution to (4.2) we obtain

(4.4) a0 5,00 < cllluell§ o + luzll§ o + llgli§ o0

< erfull3ya,00 + clen)ullg, o0 + cllgllg, o
where the constants on the r.h.s. depend on the estimate for the local
solution.
Assuming that the data for the local solution are such that

(4.5) [voll1+a,2 + llecolli+a.e +llgllo.or <&, ¢ <T,
T is the time of local existence, we deduce from (1.13) that
(4.6) [ullzra. 0t + 195 ll14a.00 <o, E<T.

Assuming that ¢ is sufficiently small we obtain from (3.36) the inequality
@7 ot 2) + Flul3sa,0 + ol e o)
< c(|lullg, ¢ + llas5,0¢)

+ellgll, o +0(0,02), t<T.
Let us introduce the quantities

(4.8) (t, 2) §<1 24 pg)d
. ,§2) = —ov° + —— | dx
2% ) 5 ngg
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and

Integrating (3.1) with respect to time, adding to (4.7), using (4.8), (4.9) and
the fact that e is sufficiently small we obtain

(410) 9t 2) + 5([[ull3ra,0r + o)1 Tsa.00) < a(lf5,0 + l9lla, o)
+¢(0,02), t<T,
where the constant ¢; depends on T'.
Assume that

(4.11) a1t (lF115,00 + gl 0= ) + (0, 2) < eo.
Then for t <T we have

(4.12) er(IF1I5 o0 + gllz, @) + (0, 2) < eo.
Hence by (4.10) we see for t < T' that

(4.13) ()10, + e )7 10,0 < c220.

Assuming that g is so small that (4.5) holds for v(T'), 0, (T') and ||g|| 2 (7,21
we can prove the local existence in the time interval (7,,27") and also the
inequality (4.10) in the form

(4.14)  o(t,2) + %(”uug—i—a,QX(T,t) + ”qUH%—i—%Qx(T,t))
< ca(lf13,ax e + 1915 0x (1) + »(T, 2)
< cl(HfH(Q),QX(T,t) + HQHZ,QX(T,t)) + Cl(”f”g,QX(O,T) + ngi,nx(o,T))
+ (0, 2)
= c1(|f1I5,00 + l9l2, 00) +9(0,92), ¢ (T,2T).

Continuing in this way, we prove the global-in-time existence of solutions to
(1.1). Thus Theorem 1.3 has been proved.
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