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NONSTATIONARY MARANGONI CONVECTION

Introduction. In this paper we are concerned with a free boundary
problem for the Navier—Stokes system.

Imagine a volume of fluid bounded by a free surface with surface tension.
As an example we may think of a drop of a molten substance in outer space.
The fluid inside is driven by the Navier—Stokes equations. We also have a
temperature distribution inside, described by the heat equation. The only
coupling of the fluid with the temperature is via the surface tension, which is
assumed to be temperature dependent. Fluctuations in the surface tension
cause tangential stress and lead to an onset of motion inside. This is what
we call Marangoni convection.

The boundary of the drop is also an unknown. Its shape is determined
by the stress tensor and the variable surface tension, and it moves with the

fluid.
We will be concerned with the following system:
ov—PrAv+v-Vo+Vp=f,
V-v=0,
00 —A+v-VO=g
in Up<i<p 20 x {t} together with the boundary conditions

T(v,p)v —Ma Prvg =2Cr ' Pr Hy,
U'V:at777
v-Vo=nh

in Up<jer 02¢ x {t} and initial values v(-,0) = v, 6(-,0) = 6o and
77('7 0) = To-
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NOTATION. v denotes the velocity field, p the pressure of the fluid, 6
the temperature, and 7 represents the boundary of the domain, written as
a graph over S?: 002y = {(&,1 +n(&,t)) : € € S?}; v will always denote
the outer normal vector on 0f2;. These are the quantities which have to be
determined by the above system. Moreover,

T(’U,p)ij = _péz] + Pr(&;vj + ajvi)

denotes the stress tensor, whose divergence is the Stokes operator. H de-
notes the mean curvature of 92;.

The forces are denoted by f, g and h. They will always have to satisfy
the compatibility condition

| fdz=0, {gdz= | hds
2 2 02
for all time.

The system is written in dimensionless form.

The Prandtl number Pr measures the importance of diffusion relative to
heat conductivity. In low Prandtl number fluids, heat diffuses significantly
faster than vorticity, a typical situation in a liquid or in molten metals.

The Marangoni number Ma gives the ratio of surface tension tractions
generated by temperature inhomogeneities at the surface to the dissipation
and heat conduction. The word “temperature” may be replaced by “chem-
ical concentration”. Fixing dissipation and heat conduction implies, in the
case of low Ma numbers, that the surface tension changes only a little if the
temperature changes.

The meaning of the Crispation number Cr can be seen if it tends to zero.
This corresponds to the case of a stress free surface. The number always
appears as the inverse Cr™ 1.

The equations in the interior of the unknown domain represent the trans-
port of momentum, of mass and of internal energy. We always assume the
density to be constant; as a consequence, the Navier—Stokes equations do
not contain any buoyancy terms.

The boundary conditions consist of one vector equation and two scalar
equations. The vector equation is a balance equation for the stress tensor
T(v,p)v. In its simplest form (v = § = 0) it expresses the fact that the
mean curvature of an interface is determined by the pressure difference in
the two media (Laplace law).

The first scalar equation is a transport equation for the free boundary.
To see this assume for a moment that the free boundary is represented by
the level set of a function ¥: 02, = {(z,t) : ¥(x,t) = 0}. Then the motion
of ¥ is given by the transport equation

BtW—l—UVW:O
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Since V¥ points in the normal direction, the difference between the two
equations is the normalisation: v = V¥ /|V¥|. However, since we will only
work locally in space and time the difference does not affect the result.

The second scalar equation is a Neumann condition for the heat equation.

We wish to use energy methods to prove existence of a solution. However,
since we do not have any information about the free boundary a priori, tools
like Green’s formula or Korn’s inequality cannot be applied. To get around
this difficulty we have to parametrise all quantities over a known smooth
manifold. In particular the free boundary will be a graph over this reference
manifold. As a consequence, we will only obtain results that are local in
space and time: the free boundary might loose its property of being a graph
after short time.

We proceed as follows: We assume that for given forces we have found a
solution. We linearise around this solution and obtain estimates for the cor-
responding stationary problem. Existence and regularity for the stationary
problem will be the central point of the paper. With the help of the method
of Rothe these estimates carry over to estimates for the nonstationary linear
case. The nonlinear problem is then solved with the help of a fixed point
argument. While the solution of the linear nonstationary problem exists for
all time, we only expect to get short time existence in the nonlinear case:
The nonlinearity of the Navier—Stokes operator may cause singularities for
the velocity field in finite time and the transformation from the reference
manifold to the free boundary may loose its bijectivity after short time. We
do not know what happens first.

Our work is closely related to that of V. A. Solonnikov. In a series of
papers he considered the incompressible nonstationary Navier—Stokes equa-
tions as a free boundary problem with constant surface tension and without
surface tension. In [Soll] the solvability of that problem (without surface
tension) on a finite time interval has been established in the class of Holder
spaces. In [Bealel] and [Beale2] a related problem describing the unsteady
motion of a fluid over an infinite bottom has been described, both without
surface tension in [Bealel] and with surface tension in [Beale2].

In [Sol2] the problem with surface tension was investigated and the ex-
istence of a solution on a finite time interval was proved in Sobolev spaces.

In [Sol3] the long time behaviour of the above problem was studied under
the condition that there are no external forces and that the initial data are
close to the equilibrium data. For the two-dimensional case it can be shown
that the limiting domain as t — oo is a circle [Sol4]. In [Sol5] forces between
particles were added to the system, again with constant surface tension. The
unique solvability was proved for a finite time interval.

In later work with A. Tani the compressibility condition was dropped and
similar results to those mentioned above were obtained (see e.g. [Sol&Tan]).
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Heat conducting fluids with and without surface tension were considered
by Zadrzyriska and Zajaczkowski in a series of papers [ZZ1]-[ZZ7].

The techniques in most of those papers are based on the transformation
to lagrangian coordinates, while we use the eulerian coordinates.

1. The model

1.1. We consider the nonstationary model for the Marangoni convection

(1) ov—PrAv+v-Vo+Vp=f,

(2) V-v=0,

(3) 040 — A0 +v-VO =g

in Uy<rer §2¢ x {t}, together with the boundary conditions
4) T(v,p)v —MaPrve =2Cr ' PrHv,

(5) vV =0m,

(6) v-VO=h

in Uogth 002 x {t}.

The surface moves as the fluid starts to move. This is indicated by the
subscript in {2, and 942;.

As initial data we choose 7(0) = 0,v(0) = 0 and 6(0) = 0 in £2(0) = (2.

We look for solutions close to the equilibrium given by zero forces. This
is not the most general case. We could ask for solutions close to any known
stationary or nonstationary solution given at ¢ = 0. However, this would
require a rather complicated discussion of “compatibility conditions”. We
wish to avoid this and we will assume that all the forces vanish together
with all time derivatives at t = 0.

1.2. We assume we have found a smooth stationary solution o, é\, n.
Linearisation around this solution gives

(7) Ov—PrAv+v-Vo+v-Vo+Vp =],
(8) V-v=0,
(9) 80— A)+7T-VO+v-VO=g
in 2 x (0,T), together with the boundary conditions

(10) T(v,p)v —MaPrve =2Cr ' Pr PNI(n)I/),
(11) v - ]//\ = atn,

(12) v-VO=h

in 692 x (0,T), with zero initial values. H (n) denotes the linearised mean



Nonstationary Marangoni convection 199

curvature operator on 002
H(n) = H() + A™n— 21

where A* denotes the Laplace-Beltrami operator on 3(3, H(7) is the mean
curvature of 902 = {(£,1+7(£,t)) : € € S?} and U is the outer normal vector
on 912.

We wish to point out again that the linearised system is now defined on
a space time cylinder 2 x (0,7") where {2 is a smooth domain.

1.3. We introduce the spaces we will work in. Their properties are
extensively described in [L&M], thus we only give the most important ones.
For r > 0 we define

K"(22x (0,T)) = H"/22((0,T), H*?(2)) n H*2((0,T), H™2(12)).

We recall some properties:

900k e Km=191=2k (0 % (0,T)), la| + 2k <,
000ulpn € K"7191=12(00 % (0,T)), a+1/2<r,
OFu(-,0) € H"271(0), 2k+1<r

(see [L&M], Prop. 4.2.3, Theorem 4.2.1). The corresponding extension
theorems also hold.
Furthermore we have an imbedding

K"(2 x (0,T)) < C*0,T; H2~12(2)), 2k<r—1.

1.4. We decompose our system: v = v1 4 vq, where (v1,¢,0) and (v, p—
q) solve two different systems:

(13) Oy — PrAvy +70-Vuy +v1 - Vo+ Vg = f,
(14) V.-v =0,
(15) 00 — A0 +7T- VO + (v1 +v2) - VO = g,
in 2 x (0,T), together with the boundary conditions

(16) 7, T(v1,q)v —MaPr7, - VO =0, i=1,2,
(17) v -V =0,

(18) v-VO=h

in 82 x (0,T), and

(19) Opvo — Pr Avg +0-Vuy + v - Vu+V(p—¢q) =0,
(20) V-vg=0

in 2 x (0,7T), together with the boundary conditions
(21) T T(ve,p—qv=0, i=12,
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(22) Vg - U = Oy,
(23) ©-T(va,p—q)0 —MaPrh = —0-T(vy,q)0 +2Cr ' PrH(n)

in 902 x (0,T).

The first system (13)—(18) of this decomposition simply contains the
Navier—Stokes equations and the heat equation in the domain 2 x (0, 7).
They are coupled via the boundary condition (16), where we find the
“Marangoni term” MaPr7; - V6. The analysis of the first system will con-
centrate on the behaviour of this term.

The second system (19)—(20) consists of the Navier—Stokes system in
2 x (0, T) with four (1) boundary conditions in 82 x (0,T), containing the
unknown graph of the free boundary. Thus we may try to use one boundary
equation as an equation for the graph.

Both systems satisfy the complementing boundary conditions as formu-
lated in [ADN] while the system (7)—(12) does not.

2. Stationary estimates

2.1. A prerequisite for estimates for the two systems are estimates for
the two corresponding stationary systems:

(24) A —PrAv +9-Vog +v1 - Vo+ Vg = 1,
(25) V-m:O,
(26) A — A)+T-VO+ (v, +vy)-VO=g

in (/j, with the boundary conditions

(27) 7i-T(v1,q)U —MaPr7; - VO=0, i=1,2,
(28) v -V =0,

(29) v-VO=h

in 02

(3 ) )\02—PYAUQ-F@-VUQ-H)Q-V@—i—V(p—q):O,
(31) V-vy=0
in (/j, with the boundary conditions

(32) 7i-T(vg,p—q)0 =0, i=1,2

(33) v2 -7 = A+ h),

(34) U-T(vy,p—q)0 —MaPrh= —-T(vy,q)0 +2Cr* Pr H(n)

in 0. Here h is a prescribed function on 012 with Safgﬁdg =0and A > 0.
The introduction of this function will become clear when we consider the
nonstationary problem.
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Recalling the definition of H () we consider equation (34) as a Laplace
equation for 7 on the closed surface 052:

—2Cr 'PrA*n +2n = —0-T(v,p)V + MaPrh.

Conditions for the solvability of such an equation can be found in [Aubin];
see in particular Theorem 4.7, p. 104. Observe that the right hand side of
the above equation can always be modified to have zero mean value, since
the pressure is only determined up to a constant. n also has mean value
zero as we will see below. Thus there are no extra compatibility conditions
coming up.

2.2. In what follows, the bilinear form

K(v,v) = S D(v): D(v)dx = Z S(@ﬂ)j + 9;0") (007 + 9;v") dx

19 i 0

will play a crucial role. It was studied by many authors, e.g. [Sol&Shch],
[Beml1], [Olej] and others.

Two facts will be used in the sequel:

1) If 0 is rotationally symmetric w.r.t. some axis 8 lying in Q, then the
bilinear form has a kernel, consisting of all rotations around this axis. Thus
we make the following definition.

~

DEFINITION 2.1. Let L(f2) denote the closure of the divergence free
C>-vector fields with vanishing normal component on the boundary, with
respect to the H'2-norm.

If the domain is rotationally symmetric define LJ-((AZ) = L((AZ) J{u :
u(z) =tp ANz, t € R}

E((AZ) then denotes—according to the properties of the domain—the cor-
responding space.

~

2) On L(£2) we have Korn’s inequality, provided the domain is smooth
enough:

LEMMA 2.1. Let 2 be a Lipschitz domain. There exists a constant cg
such that

K(v,v) 2 collv] 3205, Vv € L(2).

For a proof see [Sol&Shch] (Lemma 4 p. 191) or [Beml] (Corollary to
Lemma 2, p. 249). In particular K (v,v) defines a norm on £({2) which is
equivalent to the H'2-norm.

We will treat (24)—(29) and (30)—(34) as two coupled systems. Conse-
quently, we define a weak solution (v1, 6, vs,n) of (24)—(34) as an element in
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L(2) x H3’2((/}) x L(2) x H3’2(§) which satisfies the integral equations
(35)  A\v1-¢1de+Pr|D(v): D(¢y)da
9} 0
— S MaPr¢1 -7 - VO + MaPI‘¢1 S ToTy V6d§
o0
+ S@Vvlgbld:c—l— Svl-V@gbldﬂ:: Sf¢1d$
0 2 2
and
(36) A\ 6vdr+ | VO-Vyde+ |7 VO da
0 19} 0
+ {1 +v2) VO do = { gypda — | hpda
9} 19} a0

for all ¢, € £(2),¢ € HY*(2), and
(37) A w2 gode+Pr| D(wa): D(¢)da

(9} (9}
— MaPr | ¢y 9hdS+ | 6200 T(vy,q)0dS

00 80

—2Cr ' Pr | o DH(n)dS + |7 Vuags da

o0 2
+ {02 Vo da =0

(9}

for all ¢, € L(£2). Here the space Hy?(£2) denotes the functions in H-2(£2)

with zero mean value. Note that we have Poincaré’s inequality for such

functions.

REMARK. We wish to point out that n has zero mean value as a function
over 0f2. This is a consequence of the condition that the volume is preserved:
Let {2 be a surface, parametrised over Q2 and enclosing the same volume. A
point in {2 is denoted by zq, and a point in {2 by . Then

1 1 ~
12| = {1de== {2 vdS== | (z0+np) 0dS
n n
02 o0 00
1 o~ 1 ~ N 1 ~
:—Xxo-udS—i——SndS:\QH-—SndS.
n Y. n 2. n 2.
082 082 082

This implies {,57 ds = 0.
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2.3. We derive an a priori bound for v; and 6 if we set ¢1 = v; and
1 = 6 in the first two integral equations.

Since
‘ S MaPrm . ?17/:1 -V + MaPrvl . ?2?2 . V9d§
o0

IN

MaPr HU1HH1/2,2(6§) ||V*9HH*1/2(6.(A2)

IN

MaPr HU1HH1/2,2(3_§) ”0HH1/2’2(8§)
< MaPr C%HU1HH1,2(§)HHHHL?((A))

where V* denotes the tangential gradient on 912 (Vi =7,-V6), we obtain
the following inequality (c; will always stand for the constants connected
with trace theorems):

Ao de + o Prlon]3,. 5,

2
< MaPr C%HUIHHL?((A)) HHHHLQUA?)

+ 18 (V9] - 0810000 + Loz 1ot oy

On the other hand, for the heat equation we have

A 10 o+ o612,

9}

< (HgHHo,Q(ﬁ) + Cl||hHH1/2,2(af)))HHHHM((})

4 max | 99] (ol 02 + 22l o3 216l s

where ¢; is the constant in the inequality {5 [V6|? dz > CQHGH?LIM@).
Combining the two estimates gives us
C2
A S ’Ul,Q dx + A S ’0‘2611' + C3HU1H21,2(§) + 5”0‘@112(_@)

2 2
< 04{”](.”?{0,2((}) + Hg”?{(m(ﬁ) + HhH?{I/Q,Q(aﬁ) + HUQHiIO,z(_(})}'

The constants c3 and ¢4 can be computed as

1 5|V
3 = ¢o Pr — max | V5| — Ma® Pr? C%M
0 C2
Co max ; |V§|(1 + max g |V§|)
A(1 + max, |V0)) ¢ ’

1+ maxg Vo)
- -

4 max(1, ¢7, max |V6)).
o
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We see that the Pr number has to be chosen large enough, while the Ma
number has to satisfy a smallness condition.

By choosing v, as a test function the pressure term dropped out. We
may rediscover it by standard methods (see e.g. [Lad], [Tem]). Adding the
pressure estimate to our inequality then gives us the desired a priori esimate.

LEMMA 2.2. For the first system let f,g € HO’Q((/}), h € H1/2’2(8(/})

and let 2 be of class C>“. For sufficiently small Marangoni numbers and
sufficiently large Prandtl numbers we have the a priori estimate

A (o1 da + X {107 dz + csjn|

(9}

2
H1:2(0)
“ 2 €212
+ Hq - QQHHO,Q((}) + EHHHle(ﬁ)
< C6{Hf”i{0,2(ﬁ) + HgH?{o,z(fz) + Hh||?_[1/2,2(af3) + Hv?H?{o,z(ﬁ)}

with cg = ¢4 + c5 where c5 is the constant in the pressure estimate.

REMARK. 1) In the above estimate we assumed v, py, é\, 2 to be suffi-
ciently smooth. This is a useful assumption though not necessary. The least
we need is 7 € HY2(2), pe H*2(2), 6 € H'2(2) and 882 € CL,

2) If we had linearised the system around the solution ¥ = 0, py = const,
b = 0,2=8B (0) the heat equation would have been decoupled from the
rest of the system. We could solve this equation in advance. In that case
no smallness condition on the Ma number would appear—only the Prandtl
number would have to be sufficiently large.

3) In some sense the condition on the Ma number can be considered as a
consequence of the free boundary. If we look at the fixed boundary problem
Ow—PrAv+v-Vo+Vp=f,

V.v=0,
00 —A+v-VO=g
in 2 x (0,7), together with the boundary conditions
7. T(v,p)v —MaPrr,Vo=0 =12,
v-v =20,
v-VO=h
in 02 x (0,T) (with 02 sufficiently smooth), we observe that no condition
on the Ma or Pr number is required to obtain existence of a weak solution.

2.4. For the third integral equation we work similarly by setting ¢o = vg
to obtain
A X |vg|? dz + Pr X D(v2) : D(ve)dx — MaPr X vy - DhdS

19} 2 o0
+ X vg-ﬁﬁ-T(vl,q)ﬁdg—2Cr_1Pr X vg-l/)ﬁl(n)dg—Fng-Vﬁvgdx:O.

o8 o5 9}
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The only difference in comparison to the first system are the boundary
integrals. It is sufficient to consider these terms only and to carry over all
the other estimates from the v;-system.

Thus we have to estimate the integrals

—MaPr S vy - UhdS + S vy - 00 -T(vy,q)vdS —2Cr~ ! Pr S vy - UH(n) dS.

o1 o8 o8

The first two integrals can be estimated straightaway:

(Mapr | v2-ﬁhd§‘ < MaPre[[vall oy 0l /22 o)

a0
‘ S Uz'W‘T(UhQ)ﬁdg‘ :‘ S 02'W'T(01,q—(m)ﬁd§

o1

< C%HU2||H1,2(§){||U1HHl,Q(ﬁ) +lla - QQHHOJ(Q)}-

The integral —2 Cr~' Pr $op 02 UH (n) dS requires more care. We insert

the boundary condition for v, - 7 and the expression for H to obtain

—2Cr ' Pr S vy - DH(n)dS = —2Cr ' Pr S vy - D(H (7)) — 2n) dS

os2 o002
—2Cr ' Pr S A + h)A*ndE.

o8

Thus the curvature term gives us a positive term. We obtain the inequality

A S [ug|? dxz +2Cr ™ PrA S In|? dz + (co Pr—mgxlvm - E)vaﬂf{m(ﬁ)
2 o0
+Cr ' Pra | VP de
o0
< Ma?Pr? C?thlilm(a@) +2Cr ! Pr)\\\h\@w(aﬁ)

+ C%”UQ”Hla(ﬁ){Hvl”Hm(fg) +[lg — quHHmz(ﬁ)}

+CrtPr C%HH(ﬁ)H?{oz(aﬁ)'

We insert the estimate for the v;-system and rearrange terms. Including the
pressure we summarise our results:

LEMMA 2.3. For the second system let h € H3/%2(882). Then we have
the a priori estimate
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A Joaf? dx + Cr ™t Pr | + cg vzl

(9}

2 . 2 R
H12(002) H1.2(0)

+ Hp —q— (p - Q)ngiIO,z(ﬁ)
< CQ{HinIo,Q(aQ) + HgHiIo,z(af)) + HhHip/z,z(aﬁ)

We can compute cg = ¢ Pr—maxg [V0| — € — ¢7, where ¢; = ¢1/2 +
¢5/min(1, ¢q). Thus we have an additional condition on the Prandtl number
to obtain a positive cg. ¢9 can be computed from the other constants.
No constant depends on A and no constant vanishes or blows up if Ma —
0,Cr~! — 0 or if one of the = quantities tends to zero. This statement
holds true for the rest of the paper.

We add the estimates in Lemmas 2.2 and 2.3 to obtain an existence
theorem for the weak solution of the linearised problem.

THEOREM 2.1. Let f,g € H2(2), h € HY22(30), h € H“2(d02) and
let the boundary of the domain be of class C*%. Let X > 0 and let the
compatibility conditions sz gdr = Safz hdS and sz fdx =0 hold. For small
Marangoni numbers and large Prandtl numbers there exists one and only
one weak solution

(v,p — pp,0,m) € HY2(2) x H*2(2) x HY2(2) x H“?(09).
Furthermore the solution satisfies the estimate

A ol da + X (02 da + o]

2 9}

2 ~
HI,Z(Q)

+ Hp _pﬁH?{O,Q(ﬁ) + HGH?{lQ(ﬁ) + HnHip,z(aﬁ)
< c{”f”?{OQ(ﬁ) + HgH?{O,Q(ﬁ) + HhHip/z,z(aﬁ)
MBI o+ TH @ 0205

The constant does not depend on \.

3. Regularity of the stationary solution

3.1. We now turn to the question of regularity of the weak solution. We
restrict ourselves to the more complicated case of the boundary regularity.
For that we will use cut-off functions x with support in a small tube around
the boundary of 2. We extend the coordinate system given on the boundary
by the normal and tangential vectors smoothly into the interior of the tube.
In that sense we may speak about a tangential (resp. normal) vector at an
interior point.
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The cut-off functions y are always assumed to be constant in tangential
directions in the tube and furthermore we assume the estimates |Vy| < ¢/¢
and |Ay| < ¢/8? for § > 0.

As in Section 2 we use the decomposition of our system. In particular
we write (24)-(34) as

38) Al wigrde+ (= PrAv + Vg)prda + |7 Voi¢ da
) ) )
+ w1 Vg de = | fo da,
) )
39) A owde -\ Agypde+ T VO da + {(v1 +v2) - VOY dov
0 15 0 15
= | g da,
5

(40) A X Voo dx + X( PrAvy + V(p — q))p2 dx + X

Q Q Q2
+SU2'VEJ\¢2d$:0,

Q

for suitable test functions ¢1, ¢o, 1.

Our aim is to find an H2 2 bound for vy, v and 6 on (2 an H%2 bound
for Vg and V(p — q) on 2, and an H5/22 bhound for 7 on (9(2

We proceed as follows: By choosing a right test function we find a bound
for the tangential derivatives of Vuv; close to the boundary. By another
choice of the test function we find an H%? estimate for the tangential deriva-
tives of the pressure gq. The corresponding bounds for the normal derivatives
are then given by the system itself. As in Section 2 we concentrate on the
estimates where the Marangoni term is involved.

For the vo-system we work similarly. The difference is that we can only
bound the H?? norm of vy (resp. the H%? norm of V(p — ¢)) by the H3/?
norm of  on 2. Equation (34) then gives a bound of the H%/%2 norm of
n by the H??2 norm of vy (resp. the H%2 norm of V(p — ¢)). Arranging the
estimates in the right way we obtain the regularity result.

We wish to point out that the arrangement of the arguments cannot be
changed. Thus knowing the existence of a weak solution of our system, we
do not see any possibility to gain regularity for the fluid variables from the
geometrical operators.

3.2. We first define the test function ¢, as
$1 = —A*(v1x?).
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Basic calculations give the inequality

A IV )P de + [V (1)l

(9}

2 ~
HY2(02)
T A 7

2
FMaPr| S0 § A% 7R VOS]4 100 )

=190

To obtain this inequality we have to keep in mind that the test function is
no longer divergence free (this explains the pressure term) and that inter-
changing euclidian derivatives with V} (= 7, - V) causes the appearance of
additional terms of lower differentiability order in v;.

We estimate the Marangoni term:

2
MaPr Z S A*vy -1 - VOdAS

=1 o0

< MaPr”A*Ul”H*l/?(af))”V*HHHU?,?(af))
< ¢ MaPr||V” (UlX)||H1/2,2(af2)||V9HH1,2(§)

< ¢ MaPr ”V*(UlX)”Hw(fg) HGHH2,2(§)-
Thus we end up with a local estimate for the tangential derivatives for V.

INTERMEDIATE RESULT 1.
AV 001020 + 190012120,
< C{Hlei{l,Q(ﬁ) + llg — C]QHiIO,g(Q)
+ MaPr [V 01| 1.2 10 52 + 1 o2 3y -

The “Marangoni term” Ma Pr [|V*v1 [ 1.2 () |0 2.2 () Will be estimated
later.

We are now left with the problem of finding a bound for the second
derivatives of v; in the normal direction, and a bound for the pressure.
Following [Sol&Shch], p. 197, we briefly sketch the procedure. First we
obtain an estimate for the tangential derivatives of the pressure.

As a test function we choose A*®y?, where @ is the solution of

V-d=gq inf), ®- =0 in 0.
For this @ we have the estimates

HV@HHOQ(@) < ch”Hoz(ﬁy ”V*VQB”HOJ(()) < CHV*Q”HOJ((})
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(see (9) and (13) in [Sol&Shch], pp. 188, 189). Inserting this test function
into the integral equation (38)—(40) we obtain the integral equation

A S vy - A*O\Pdx — Pr S Avy - APy dx + S Vq- A*Px? dx

Q Q Q
+ S vy - VOA* O dx + S V-V A* Oy de = S f- Ay dx.

0 2 °2
The estimates are done as before. Observe that now the Marangoni term is
estimated as
2
MaPry " | A*® -7 - VOAS < MaPr || A G|, 102090 [V Ol 122000
=190
< cMaPr ||V*<I>||H1/2,2(a§)||9HH3/2,2(8§)
< cMaPr ||V*@||H1v2(f2)H9||H2’2(§)
< cMaPr ||V*V@||Ho,2(f))HHHH?’?((AZ)'
The last inequality follows from the fact that interchanging V* and euclidian

derivatives produces terms that can be estimated by ||[V*V®|| ;. (D) We
obtain an estimate for the tangential derivatives of the pressure:

INTERMEDIATE RESULT 2.
IV (@) goz oy < AV WXl grzay + Avill oz ay + 11 | o2
+ Ha”hﬂz(ﬁ) + ”UIHHLQ((}) +1lq — qﬁ”Hoz(fg)}-

REMARK. In the estimate the term )\HleHo,Q(ﬁ) appears. It was not
estimated before. However, if in the weak formulation (35)—(37) in Section 2
we choose ¢ = Avy resp. ¥ = A0 we obtain an estimate for this term. There
will be no additional condition for the Ma or Pr number. We will not give
the computations in detail, since no new estimates for the Marangoni term
will be required.

Later we will see that the estimate for )‘HWHHOJ((?) corresponds to the
estimate for the first time derivative of v.

Now we add up the two “tangential estimates” to obtain:
INTERMEDIATE RESULT 3.
NIV 0020 + 197 00012125 + 19 (@005

< efllvr gy + 12— 90200 + 101200

+ MaPr [V @00 120y 18l 2y + 1020 -
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The missing estimates are given by the system itself: We transform the
Navier—Stokes system near the boundary (i.e. in the support of x), where
the new coordinate system is generated by (71,72, V).

We write down the new system:

. , . 1 A ,
AV? — Prgik0,0, Vi + ~ 3" 0,Q + MI(Vy,VV) = FI,
det D@
V-V =0.
We wish to point out that we transformed the velocity field as

_ 9P'(7(X))
o oxI
This transformation has the property that

ViX) v (@7(X)) - (det DO(® (X))~

3 4 3 4
oV’ . ov*
X 0 if g i 0.

i=1 i=1

Choose the enumeration of the vector components in such a way that Vi', V2
give the components of the velocity field in the tangential directions and V33
gives the component in the normal direction. M always contains at most
first derivatives in V7.

The first and second equations give us a bound for the second nor-
mal derivatives of Vi! and V2. The second radial derivatives of V3 can
be bounded if we differentiate the equation Z?zl OVi/0X* = 0 in the nor-
mal direction. Finally, we can rewrite the first equation as an equation for
the normal derivative of the pressure. In that way the full second derivatives
of V; and the full gradient of the pressure are bounded in the H%? sense.

For the above considerations the temperature equation does not play
any role, because the coupling is only via the boundary terms, but we never
integrated by parts.

We now transform back and obtain inequalities for v; and g. These
inequalities are valid locally but with a covering argument they may be
extended all over the domain.

The regularity considerations for the heat equation are omitted. The
necessary arguments for bounding the second and higher derivatives can be
found e.g. in [GT], Chapter 8.

Rearranging terms and using the smallness condition on the Marangoni
number, we obtain the final estimate, recorded as a lemma.

LEMMA 3.1. Under the assumptions of Theorem 2.1 the solution to (24)—
(34) is regular, i.e. vy € H*%(2), Vg € H%%(2), 0 € H*2(2). The
following estimate holds:
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)‘Hvlqu 2(0) + )‘H9HH1 2(02) + ||v1HH2 2(£2) + HHHH? 2(02) + Hq qQHHl 2(0)

< C{HUlHHl 2(0) + H1)2HH1 2(£2) + ||9HH1 2(£2) + Hq - QQ||H0,2(§)

+ ”f”Ho 2(0) + Hg”Ho,Q(ﬁ) + ”hHHl/z,z(aﬁ)}'

We wish to point out that there is no additional condition on the pa-
rameters. Higher regularity now follows from the [ADN] theory.

3.3. We work similarly for the vy-system (48)—(49). We choose ¢o =
—A*(vax?) as a test function. The only difference compared to the v;-
system are the different boundary integrals after using Green’s formula:

MaPr | A*(vy-D)hdS — | A*(vy - D)0 - T(v1,q)7 dS

o o1
+2Cr ' Pr S A*(vo)H () dS.
092

As in the vy-system, the first two integrals can be estimated immediately:

MaPr | A%(v; - 9)hdS — | A*(vz-ﬁ)ﬁ-T(vl,q)ﬁdg"
o0 o0
< [V (0x) | gz {10l g1z 06y + 101l gz o) + 1Vl o2y}

The remaining boundary integral gives us a positive term:

2Cr™' Pr | A*(v20)H(n)dS

80
=20 ' Pra | A*(n+ h)(H(®H) + A™n — 2n) dS
80
> Cr 'Pr S (|A*n* +|V*n|?) dS
a0

- C{HV*v?HHl 2(9) + >‘||77HH3/2 2(6.(2) + )\HhHHS/Q 2(9) + HH( )H o, 2(8(})}'
In analogy to the first intermediate result above, for the vs-system we obtain:
INTERMEDIATE RESULT 1’:

MV

HO.2() +20r71 PI‘ )‘”77“

+ [V [}

H.2(0) H22(802)

<cllp-q- (- Q)fJHHO,z(ﬁ) + ”hHHl/z(aﬁ)
+ Hvl”?{QQ(ﬁ) + ”77Hi13/2’2(89) + )‘HhHH5/2 2(§2)

F Va0 + 1021200, + IH @ B0}
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In order to bound the tangential gradient of the pressure term V*(p — q)
we choose A*@y? as a test function and obtain the integral equation

~Vo—a-(-9p)V A\ dz

Q

= - S v A*Px* dx — Pr X D(vs) : D(A*®x?) dx + MaPr S A*® - ThdS

9 0 a0
— S A*® D0 - T(v1,q)0dS +2Cr ! Pr? S A*® - DH(n)dS
o0 an
— S V- Vo A* S\ da — X vy - VOA* &Y dx = 0.
Q Q

Again only the boundary integrals are under consideration. We point out
that

A Uv=A%(Q - V) -V - VU —-AV- D
and the first summand vanishes identically because of the boundary condi-
tion @ - U = 0. Thus all boundary integrals can be estimated:

(MaPr | a*@-0ndS- | A*®-0D-T(v1,q)PdS+2Cr " Pr | A*®-DH(n) dS
o0 o0 o0
< eMaPr Al 172200 IV VB 020 + [Vl 020 IV VBl 102
20 Pr Il s 00 (50 |V V8 0 ) -
We are now able to write down the second intermediate result:
INTERMEDIATE RESuULT 2'.
IV = D)l o253
< c{Pr HV*WHHl,z(ﬁ) + ||U1||H2,2(§) + HVQHHOQ((AZ)
+ AMaPr HV*UQHHM((})HhHH1/2,2(a§) + HUQHHl,z(ﬁ)
+2Cr Pr ||77HH3/272(3(§) +lp—a—(p- Q)QHHOJ(Q)}-

We combine the two intermediate results using the estimates obtained
before:

INTERMEDIATE RESULT 3'.
)‘HV*UQHHO Q(Q) + ||V*U2HH1 Q(Q) + ||V (p Q)HHO 2(9) + >‘||77HH2 2(69)
< c{HfHHOQ(_(}) + HgH?{O,Q(ﬁ) + Hh”Hl/Q,Q(aﬁ) + ”77HH3/2’2(8(A2) + )‘”h”Hs/Q,Q(ﬁ)

+ HH( )HHO 2(90) + HUQHHl 2(02) + Hp —4q- (p B q>§‘|i1072(ﬁ)}'
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The second normal derivatives are obtained in the same manner as be-
fore. We write down the result.
INTERMEDIATE RESULT 4'.
M2l + 102l + IV = D302 0 + A0 00
H1.2(D) H22(0) H-2(0) H22(082)

< c{”f”?{(m(ﬁ) + Hg”ioa(ﬁ) + ”hHip/z,z(aﬁ)
+ )‘”h”?{3/2,2(§) + Hn”?{3/2,2(8§) + HUQHip,z(ﬁ)

o =g 0= Dallons + IH®Is 00 )
We get higher regularity for the free boundary. The equation for 7 is
2Cr ' PrA*n=0-T(ve,p— q)U — MaPrh+7-T(vi,q)D.

We observe that the right side is in H/22(32) and thus n € H%/22(12).
We now return to system (24)—(34). As mentioned the linearised subsys-

tems satisfy the conditions formulated in [ADN], p. 78. Thus we may apply

Theorem 10.5 of [ADN] to each of them. Adding the two results then gives

THEOREM 3.1. Let m > 0 and (f,g,h) € H™2(2) x H™2(2) x
H™H1/2.2(90). Then the solution to

AW —PrAv+v-Vo+ov-Vo+ Vp=f,
V-v=0,
N —A+T-VO+v-VO=g
mn ﬁ, together with the boundary conditions
T(v,p)vo — MaPrve = 2Cr~! Pr H(n)7,
v-U=An+h),
v-V h

in 082 and with zero initial values is regular, i.e.
(v,p = pp,0,m) € HM22(Q) x H™T12(Q) x H™22(Q) x H™5/22(90)
and satisfies the estimate
)‘”U”?ﬂmmvz,z(ﬁ) +)‘”‘9Hi1(m+2>/2,2(ﬁ) + HUHiJmHa(ﬁ) + ”p_pfzuifmﬂa(ﬁ)
+ He”?{mu,z(ﬁ) + )‘”77Hi1m+5/2,2(aﬁ)

< C{HfH?LImQ(_(A)) + ||g‘|§{m2(ﬁ) + HhHHM+1/2,2(6§)

+ >‘||h||i[m+5/2,2(a§) + HH(ﬁ)HiIo,Q(@_@)}'
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4. The nonstationary system

4.1. With the help of Sections 2 and 3 we now return to the nonstationary
systems (13)—(18) and (19)—(23). There are different possibilities to obtain
the existence of a solution. We have chosen the method of Rothe, where the
nonstationary system is approximated by a sequence of stationary systems.
The stationary systems are given by the time discretisation of the space-time
cylinder 2 x (0,7") and the equations defined there. As the step size h tends
to zero, uniform estimates of the stationary solutions provide enough com-
pactness to conclude the existence of a solution of the nonstationary system.

In Section 2 we proved estimates for (24)—(29) and (30)—(34) uniformly
in A. If we now set A = 1/h we may use these estimates plus a Gronwall type
argument to obtain the desired estimates for the nonstationary systems.

4.2. We define a weak solution (v1,vs,0,n) of (13)—(18) and (19)—(23)
as an element in H%2(0,T; £(12)) x HO2(0,T; L(2)) x H*2(0,T; Hy* (£2)) x
HQ?(0,T; H2(42)) which satisﬁes the integral equations

T
(41) antvl-gbldx—i—PrXS D(¢y)dzdt
05 05
T T
—MaPrZS S S TiT XS -V dx dt
=10 950 00
T T
+ V{9 Vg dedt =\ | f- ¢1dudt;
05 05
T T T
42)  {Vowydedt+ | VoVydudt+ | |5 Vo dodt
05 05 05
T T T
+ Voo Vopdedt =\ \ gy dudt + | | hpdSdt;
05 05 050
T T
(43) Ssatvg-¢2dxdt+PrS SD(Ug);D((JSg)d:cdt
05 05
T T
—MaPrS X P2 - vhdS X X gbz-ﬁl/)-T(vl,q)/y\dé’\dt
050 060
T T
—20r'Pr| | ¢o-DH(m)dSdt + | | va - Vo dudt
055 05

_|_

Ot

|5 Vuagpdwdt =0
o
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for all (¢1,¢2,1) € L(2) x L(2) x H-2(2). The data will satisfy the

assumptions

f e HO(0,T; H(Q), g€ H(0,T;H (), he KV*(2x(0,T)).
We now cut the space time cylinder Q7 = 2 x (0,T) with planes t =

tr = kh.

NOTATION. We denote by 2, the intersection of QT with the plane
t=tg, k=1,...,[T/h]. For the quantities defined on {2 we introduce the
following notation:

Ul,Q(k) = Ul,Q(xvtk)a p(k) = p(xatk)7 6(/?) = H(xvtk)7 n(k) = W(”Uatk)7

onv12(k) = vr2(k) - Zlﬂ(’f i) 5,0(k) = 0(k) — Z(k; =)

n(k) —n(k —1)

Snn(k) = L 7

1 kh 1 kh
Inlk) = h S flx,7)dr,  gn(k) = h S g(z,7)dr,
(k—1)h (h-1)h
kh

k)=~ 1 e dr

(k—1)h

We now can explain the appearance of h in Section 2. It stands for
n(k — 1) and thus may be considered as a known quantity computed one
time step before. We should have introduced a similar notation for v and 0;
however, this would not have changed the result.

The discretised integral equations are:

R\ onvi(k) - ¢r(k)de +Prh Y | D(vi(k)) : D(¢1(k)) dz

k=10 k=10

—MaPthi | ¢1(k) - 7imi - VO(K) d§+h§: {vi(k) - Vg (k) do
a

i=1 k=190 k=1
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Ot

[S))

T T
S@tvg ¢2dx+PrS SD ):D(gbz)dx—MaPrS S gbz-ﬁhdg
0 0

Q a0

T T
+\ {6200 T(v1,q)pdS — 20 Pr | | o 9H(n)dS
0503 09

O e Q)

T
+SSUQ-V@¢2dx+ S@\-VUQQEC[&U:O-
05 7]

We now proceed exactly as in Section 2 to arrive at the following a priori
estimate:

LEMMA 4.1. A weak solution of the nonstationary system satisfies the a
priort estimate

[ lo(m)[? dz + § 0P dz -+ 00|20 00 +hz lo®In )

2 0
m m

Z Hl Q(Q)+hz‘|(q_Qﬁ)( H02(9)+h2‘|77 ||H12(8.Q)

=1 k=1

<ch S Uy + IO s

+ Hhh(k)”?{l/Q,Q(aQ) + HH( )H 0 2(3(})}'

Here we have also used a discrete version of Gronwall’s inequality (see
e.g. [Kacur], Lemma 1.3.19(ii), p. 29). Instead of presenting the details we
just mention that we may now extract a subsequence for which we have
weak convergence in the spaces chosen. Furthermore the limit satisfies the
integral equations (41)—(43). Finally we have to recover the pressure.

We write down the result:

THEOREM 4.1. The linearised nonstationary system is uniquely solvable
for any given time interval (0,T) with

ve HY2(0,T; HY*(R2)), p—pse H*(0,T; H**(2)),
9 € H*?(0,T; H*(2)), n € H2(0,T; H2(012)).
We have the estimate
HUHHO’Z(O,T;HL?((AZ)) + ||9HH0,2(0,T;H1,2(§))
+[lp - pﬁHHoz(o,T;HOz(ﬁ)) + ||77HH072(07T;HL2(8(A2))
< C{HfHHo 2(0,T;H0:2({2)) + ||9HH0 2(0,T;H%2({2))

+ HhHHO 2(0,T;H1/2:2(002)) + HH( )HH02(Q)}
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4.3. The regularity problem can be treated as in Section 3. The only
difference is that the estimate for A|vy|| po.2(f) DOW turns info an estimate
for the first time derivative for v;. Similarly for vy and 7.
THEOREM 4.2. For the linearised system
Ov—PrAv+v-Vo+v-Vo+Vp=],
V-v=0,
00— A0+73-VO+v-VO=g

in 02 x (0,T), with the boundary conditions
T(v,p)v —MaPrve = 2Cr~ ! Pr H(n)D,

vV = 0,
V-Vl =h,
assume
FeK'(2x(0,T), geK'(2x(0,T), heKY*d2x(0,T))
and zero initial values. Then the weak solution is reqular, i.e.
v(z,t) € K2(2 % (0,T)), O(z,t) € K2(2 % (0,T)),
Vp € K°(2 x (0,T)), n e K200 x (0,T)).
The quantities are bounded by constants which only depend on the data of
the system.

We obtain higher regularity.

THEOREM 4.3. For the linearised problem let f,g € K’“_Q(ﬁ x (0,7))
and h € K"=3/2(00 x (0,T)). Then

(v, Vp,0,m) € K"(2 % (0,T)) x K""%(2

x(0,T)) x K"(£2 x (0,T)) x K"™"/2(302 x (0,T)).
The quantities are bounded by a constant which only depends on the data of
the system.

4.4. We do not treat the nonlinear system in detail, since it can be done
as in [Beale2]. Instead we just give the main steps, leading to the existence
theorem.

We are now concerned with the fully nonlinear system, transformed to a
ball. On the left side we put the linearisation, while all the terms of higher
order will be written on the right side.

The highest derivatives appearing on the right side are: third spatial
derivatives of the transformation, mixed spatial and time derivatives of the
transformation, second spatial derivatives of the velocity field and of the
temperature and first derivatives of the pressure.
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Terms on the right side are products of such derivatives.
We use the fact that K" is an algebra if r is large enough (see p. 332,
Lemma 5.1 in [Beale2]):

LEMMA 4.2. Let 7 > 5/2. Then elements of K"(2 x (0,T)) are contin-
uous functions on the closure of the domain. R

If fe K°5(£2x (0,T)) withr>s>0 and g € K"(2x (0,T)), then

lg - fllxs < cllgllxrllgllx--

Next we extend 7 in the interior of the domain. For that we use an
extension theorem in [L&M] (Theorem 1.4.2). As a result we gain half a
derivative, thus for the extension we have Vij € K ’“((AZ x (0,T)). Now choose
r>5/2.

As a consequence, for the right side of the Navier—Stokes system (=
Fy(n,v,Vp,0)) and for the right side of the heat equation (= Fy(n,v, Vp,0))
we obtain an estimate
10,1 (0,0, Vp,0)l| cr—2 < e{lInllcrsare + ol + 100 + VDl cr—2 + Ko}

Here K, denotes the norm of the forces. We get the same estimate for the
right side of the boundary equations (= F3, Fy, F5, Fg). This was the first
step.

We now write our system in the form

Lz = F(2)

where z = (n,v,p,0), F = (Fy1, Fy, F3, Fy, F5, Fg) and L denotes the lineari-
sation.

Let X" be the space of all z and Y"~2 the image of L. The estimates
for the F; can now be written as

|F(2)|yr—2 < clz[%
From the system we also have the inequality
|F(z) = F(2)lyr < clz = Zlxr (|2 xr + [2]x7).

Looking at our transformation ¢ and using the fact that r > 5/2 we see that
the transformation is in fact a C'-diffeomorphism (as long as the norm of 7
is small). Thus already because of this observation we may expect existence
only for short time.

In the third step it is shown that the solution operator is a contraction.
We record the final result.

THEOREM 4.4. The free boundary problem
oww—PrAv+ov-Vo+Vp=f,
V-v=0,
O — A0 +v-VO =g,
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with the boundary conditions

T(v,p)v —MaPrvé =2Cr ' PrHy,
V-V = at777
v-V8=h

and sufficiently large Pr number and small Ma number, is uniquely solvable
for f,g € K"(£2x (0,T)), h € K"Y/2(002 x (0,T)) (r > 1/2) and for small
time 0 <t <T' < T, where T" depends on the norms of the forces.
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