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STOCHASTIC ORDERING
OF RANDOM £TH RECORD VALUES

Abstract. Let X1, X5,... be a sequence of independent and identically
distributed random variables with continuous distribution function F(x).
Denote by X(1,k),X(2,k),... the kth record values corresponding to
X1, Xs, ... We obtain some stochastic comparison results involving the ran-
dom kth record values X (N, k), where N is a positive integer-valued random
variable which is independent of the Xj.

1. Introduction. Let X, Xs,... be a sequence of independent and
identically distributed (i.i.d.) random variables with continuous distribution
function F(z) = P(X; < z). Denote by X; ,, <... < X, , the order statis-
tics of X1,...,X,. For a fixed integer k > 1, we define the corresponding
kth record times, {L(n,k),n > 1}, and kth record values, {X (n,k),n > 1},
by setting
L(l,k) =k, L(n + 1,]{?) = mll’l{] > L(?’L,k) : XJ > Xjfk,jfl} for n > 1,
and

X(TL, k‘) = XL(n,k)7k+1,L(n,k) for n > 1.

The study of kth record values and kth record times was initiated by
Dziubdziela and Kopociriski [2] (see e.g. Deheuvels [1] and Nevzorov [11]
and the references therein). In the literature there are numerous results
concerning partial ordering in the case of order statistics and record values.
Interesting results for the latter are stated in Gupta and Kirmani [5], Kochar
[10] and Kamps [6].

Let N be a positive integer-valued random variable which is independent
of the X;. The random variables X (N, k) are called the random kth record
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values. The exact and limit distributions of X (N, k) have been studied
in the literature (see Freudenberg and Szynal [3], Grudzien [4]). The pur-
pose of the present note is to obtain stochastic comparison results involving
X (N1,k) and X (No, k), where N7 and Ny are two positive integer-valued
random variables which are independent of the X;. The case when k = 1 was
considered in Kirmani and Gupta [9]. We are concerned with the following
stochastic relations: the likelihood ratio ordering and the hazard rate order-
ing. Convenient references for further properties and uses of these stochastic
orders are Shaked and Shanthikumar [12], Shanthikumar and Yao [13], and
the references therein.

2. Preliminaries. Let U and W be continuous random variables with
densities fy(+) and fyy (), respectively. Let Fy(-) and Fyy(+) be their respec-
tive distribution functions, and let F;(-) = 1—Fy(-) and Fy (-) = 1—Fy (+)
be their respective survival functions. Throughout, 4 denotes equality in
distribution; “increasing” and “decreasing” are used in the non-strict sense.

First recall the following definition and known results concerning the
likelihood ratio ordering (>),) and the hazard rate ordering (>y).

We say that

U>, W if Ju(@) is increasing for all x,
fw(z)
F

U>n W oif _U(x) is increasing for all x.
Fy ()

It is well known (see for instance Shaked and Shanthikumar [12]) that
U >, W implies that U >y, W.

The following results regarding the preservation of the order >). under
monotone transformations is proved in Keilson and Sumita [8].

THEOREM 1. If U >, W and v is any increasing [resp. decreasing|
function, then Y(U) >y, [<yi] p(W).

Recall that a random variable U has the PFy (Pdlya frequency of order
2) property, denoted as U € PFy, if fy(x)/fu(z + a) is increasing in z for
any given a > 0 (Karlin [7]).

The following version of the closure properties of random sums will be
useful for our needs.

THEOREM 2. Let Uy, Us, ... and Wy, Ws, ... be two sequences of indepen-
dent random variables such that for alli: U; > 0 (a.s.), U; >1, Wy, and either
U; € PFy or W; € PFy (or both). Forr = 1,2,..., let S, and T, be two

independent random variables such that S, 4 S Ui and T, 4 S Wi
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and let fs,. and fr,. denote their respective density functions. If for allu > v
and m > n,

(1) fs,. () fr, () = fs, () fr,(v) > fs, () fr, (u) = fs, (u) f1,, (v),
then

M N
Z Ui 21 Z Wi,
i=1 i=1
where M and N are any two positive integer-valued random variables which
are independent of the {U;} and {W;}, respectively, and M >}, N.
Proof. See Shanthikumar and Yao [13].

3. Distribution of kth record values. Let X;,X,,... be i.i.d.
random variables with common continuous distribution function F(x) =
P(X; < z). The function R(z) defined by

R(z) = —log(1 — F(x)), —oo<ux < o0,

is called the hazard function corresponding to the distribution function F'.

Let Ey, Es,... be ii.d. exponential with mean one. Denote by Xg(n, k)
the kth record values for {E,,n > 1}. The random variables X (n, k) and
R (Xg(n,k)), where R (y) = inf{s : R(s) > y} is the inverse of R, have
the same distribution which we write as

X(n,k) £ R (Xp(n, k).

It is known that {Xg(n,k),n > 1} are the points of a homogeneous
Poisson process on (0,00) with rate k (see, for example, Deheuvels [1]).
Thus

P(X(n,k) <z)=P(R™(Xg(n,k)) <z)=P(Xg(n,k) < R(x)),
so that

P(X(n,k) < z) = P(iyj < R(x)),

where Y7,Ys, ... are i.i.d. exponential with mean k1.
Note that (Dziubdziela and Kopocinski [2])
kR(x) 1
P(X(n,k) <z)= S u" e du.

) (n—1)!

REMARK 1. It is easy to see that for n > 1 the kth record value X (n, k)
from an i.i.d. sequence with continuous distribution function F'(z) and the
first record value X (n,1) from an i.i.d. sequence with distribution function
1 —[1 — F(x)]* have the same distribution.
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Let N be a positive integer-valued random variable which is independent
of the X,, and let py denote the discrete density function of N. Then the
distribution function of X (N, k) is given by

P(X(N,k) <zx)= P(X(n,k) < z)pn(n)

> P(3 <A@ (o)

J=1

NE

where Y3, Y5, ... areii.d. exponential with mean k~! which are independent
of the N. Therefore

P(X(N,k) < z) = P(in < R(x)),

and

(2) X(N, k) 2 R*(Zyj).

Jj=1

4. Stochastic comparisons of random kth record values. In the
following theorem we obtain some comparison results involving the random
kth record values.

THEOREM 3. Let X1, Xo, ... be a sequence of independent and identically
distributed random variables. Let N1 and No be two positive integer-valued
random variables which are independent of the X;. If k1 < ko and Ny >y,
No, then

3) X (N1, k1) 210 X(Na2, k2).
Proof. From (2) we have

i

j=1
where Yl(i), Yz(i), ... are i.i.d. exponential with mean k; ' and are indepen-

dent of the N;. Note that Yj(i) € PF, for i = 1,2. From kq < ko, it follows

that Y >, VP, Wiiting S, £ Y7 VY and T, £ Y VP, it is
easy to see that S, and T, have the Erlang distributions with parameters
(r,k7*) and (r, ky ), respectively, and that (1) holds. Thus the conditions

of Theorem 2 are satisfied, so that Zf&l Yi(l) >l Zi\fl Yi(2). Finally, by (4)
and Theorem 1, we obtain (3), as desired.
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REMARK 2. Kochar [10] and Kamps [6] have shown that record values
and kth record values are partially ordered in the sense of likelihood ratio.
These results are contained in Theorem 3.

The following result is proven in Kirmani and Gupta [9].

THEOREM 4. Let X1, Xo, ... be a sequence of independent and identically
distributed random variables. Let N1 and No be two positive integer-valued
random variables which are independent of the X;. If N1 >y, Na, then

(5) X(N1,1) > X(No,1).

From Theorem 4 and Remark 2, we obtain the following particular vari-
ant of Theorem 3 for the hazard rate ordering.

COROLLARY 1. Let X1, Xo,... be a sequence of independent and identi-
cally distributed random variables. Let N1 and Ny be two positive integer-
valued random wvariables which are independent of the X;. If Nw >p No,
then

(6) X (N1, k) >pe X(Noy k).
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