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ON ADAPTIVE CONTROL OF MARKOV
CHAINS USING NONPARAMETRIC ESTIMATION

Abstract. Two adaptive procedures for controlled Markov chains which
are based on a nonparametric window estimation are shown.

1. Introduction. Assume on a probability space ({2, F, P) we are given
a discrete time controlled Markov process X = (z;) with values in a finite
state space £ = {1,...,k} and with an unknown transition matrix p*(i, )
depending on a control parameter v € [0,1]. Assume furthermore that for
i,7 € E the mapping [0,1] 3 v — p“(4, ) is continuous.

Our purpose is to minimize the following average cost per unit time
functional:

n

(1) Jz (V) = lim sup %EX{ Z c(xq, vz)}

n— 00 ;
=1

over all sequences V' = (v;) of [0, 1]-valued o{zy, ..., z; }-measurable random
variables, where EY stands for conditional expected value given that the
controlled process (x;) starts from the state x and the control V is used,
and c: E x [0,1] — R is a continuous function which measures the running
cost.

An element u = [u1, . .., u] of the set U = [0, 1]* will be later interpreted
as a Markov control in the sense that we shall use a control parameter equal
to u; when the state process x; is in the state j.
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Given a nondecreasing sequence {b, },en of positive integers such that
b, — oo as n — 00, define the set

gﬁ({bn}nEI\O = {(azl)v t=1,...,n; n=12,...: a? = {071}7 Za? > bn}
i=1

The following auxiliary result will be used to justify the control proce-
dures introduced in Sections 2 and 3.

PROPOSITION 1. Let Y; be a sequence of real-valued random wvariables
such that E[Y;y1 | Y1,...,Y;] =0 and M = sup,; E{Y?} < co. Then

" oanyY.

8 ap Rt B
(a)eB({bn}) 2oiz1

in probability as n — 0.

Proof. Assume contrary to (2) that
n ny.
P(Ziil aiz/l > 5)
D im0
does not converge to 0 asn — oo for (al') € &({b,,}). Then by the Chebyshev
inequality
i1 0 Yi B[, afYi)?] _ i, (af)*(EY:)®
P 271 Zn ze) = 21_” ln2 - l; ;L n)2
D i1 O e (Xiz107) e (Xim1 ay)

M M

< — 0
T2y al T bye?
and we have a contradiction. m
Let u* € U, i = 0,1,..., be a sequence equidistributed in U. Given a
sequence h, \, 0, for u = [uy,...,ux] € U and E; being the jth coordinate

of u* define
n k
(3) Fo(w) =Y [T L, —ati<na-
i=0 j=1
In what follows we shall assume that h,, is chosen such that
(4) fn = 1316151 F,(u) — o0
as n — oo. In particular, we can choose for @’ successively the centers

of cubes with edges of length 1/27 which cover the set U = [0,1]¥ for
j=0,1,... and consider the sequences @’ and h; of the form
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~0 _ [1 1 _1
w=[5.-.,3), ho =3,
~1 _ 11 1 1 _ _ _ 1
u —[1,17 a1]7 hl—---—h2k—§,
~2 _ 131 1
- [Z?Z?' ’ﬂ?
~ok " r3 3 3
u *[@17- az]7
~2k41 11 1 1 _ _ _ 1
u = [g,g,. ,g], h2k+1 —...—h2k+4k = 1
~okyak " r7 o7 7
u = [gv@ ’g]v
~okqpak41 111 1 _ _ _1
u = [rﬁ; 16> ,EL hortgryr = ... = hortgryge = 5
g2t rarst [g 15 g}
— 160167 " 716>

and so on.

In the theory of adaptive control of Markov processes the number of fea-
sible procedures is very limited (see the papers [2], [4] and [5]). A recursive
self-tuning algorithm proposed in [2] is based on asymptotic properties of
ordinary differential equations and requires differentiability of the transition
operator with respect to an unknown parameter. Other methods, in which
discretized MLE ([4]) or the theory of large deviation ([5]) are used, require
the construction of a finite class of e-optimal controls, which is usually a
hard problem.

In this paper we propose an alternative approach based on a window
nonparametric estimation used for multiarmed bandit problems in [1]. As-
suming that our model is uniformly ergodic (assumptions (5) and (13)),
although we do not know the transition probabilities, it appears that we are
able to construct an adaptive procedure for which we obtain self-optimality.

The paper consists of three sections. In Section 2 we introduce an adap-
tive procedure based on nonparametric estimation of the cost functional. In
Section 3 another procedure that is based on nonparametric estimation of
the transition kernel is considered.

2. Adaptive control with cost estimation. Assume there exists a
uniformly positive recurrent state e € E of the Markov process X in the
sense that

(5) sup B {r?} < oo,
uelU

where

(6) T=1inf{i > 0:z;, =e}.
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Note that the above property holds in particular when

inf inf p“(4,e) > 0.
ponf dnfp (j,e)

Let
(7) TL="Ty, ooy Tn41 =Tn+7 61,

with 7 defined in (6) and ©, being the Markov shift operator. In other
words 7,, are the moments of successive returns to the recurrent state e.

Assume now that in the time interval [7;,7;4+1) we use a Markov con-
trol u'. For u € U define

n k Tit1—1
(8) Gn(u) =Y ] Ly~ | <hn) > cla, W (xy)
=0 j=1 r=T;
and
n k
) Hy(w) = > 1T Vjuy—atj<nny (Tirn = 72)-
i=0 j=1

Notice that G,,(u) is the total cost incurred in the time interval [0, 7, 11),
when the control u* from the closed ball with center u and radius h,, is used.
Similarly H,,(u) is the total time during which the control from the sequence
(@?) lies in the closed ball with center u and radius h,,.

PROPOSITION 2. We have

Gl i f N et e Y|
(10) 21615 Fo () - F {;C(%,U(wz))}‘ 0
and
= [y 2=

in probability as n — oo, and consequently

Gn(u u
ol 3 coutas | 0

(12) sup
uelU

in probability as n — oo, where " is the unique invariant measure corre-
sponding to the Markov process X with Markov control u.

Proof. Let

I
-

Ti—l T

Yi= o elon @)~ EX{ D elen @)},

T=Ti-1

with 7, = 0. Clearly E[Y;41 | Y1,...,Y;] = 0 and from the boundedness of
c(+,+) and (5) we have sup; E,Y;? < oo.

ﬁ
Il
=)
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Consequently, from Proposition 1,

i I gt <hy (o ey, W () — B2 (i Zgclzr, @(z,)})]
Fn(u)

converges to 0 in probability as n — oo, uniformly in v € U.
Note that under (5), by continuity of p¥(e,j) with respect to v, the
mapping

T—1

Usur Eg{ Z c(mr,ﬂi(xT))}»

r=0

where U is endowed with the Euclidean norm, is continuous. Therefore,
since h,, — 0, we obtain

6ot

r=0

sup
uelU

in probability, which completes the proof of (10). The proof of (11) is similar.
We simply let ¢(-,-) = 1 in the previous considerations. The convergence
(12) follows directly from (10) and (11) upon noticing that

EY Tp, (T, w
B elentt) = 5 o utyet o,

nek

where the existence of a unique invariant measure 7" and its form are guar-
anteed by assumption (5). m

We are now in a position to formulate our first control procedure:
For a given € > 0 find a positive integer n. such that

Grn(u) €
P{sup| 208 - 5™ a2 e} < o5
| o) ~ 2 e
for n > n. with || - || standing for the supremum norm.

For the first n. cycles, i.e. until time 7,_11, test controls from the se-
quence u' using the Markov controls @’ in the time intervals [7;, 7;11). At
time 7,_41 find a control us that is J-optimal for G,,_¢,)/Hp, (u), ie. such
that

H,_(us) ~— uweU Hy_(u)

and use this control function for each ¢ > 7,_41. Denote the above control
procedure by V..

+9,
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THEOREM 1. We have

Jo(Ve) < inf [ 37 etn,um)r(n)] + 3¢ + 4.

uelU
nekr

Proof. Because of the form of the cost functional (1) and boundedness
of the cost function ¢, only controls after time 7,,_4; have an effect on the
value of the cost functional J and therefore

Jo(Ve) = By | Y cln us(m)a™ (n)].

nek
Let
o <)
B =1 su e _ c(n, u(n))m" el
{ueg o u) ~ 2 cmum)T ()
ne
For w € B have
u Gns u . Gng U
S clmutmri) < e G <eva s i g
nek ne \ U Ne
< inf [ > e, u(n)r ()| + 2 + 6.
nek
Consequently,

Jo(Ve) < inf | D7 e(n,uln)a” ()] + 22 +6 + inf PlLpelel]

nek
< inf [;ﬂcm,u(n))w ()] + 32+,

which completes the proof. m

3. Adaptive control procedure with transition probability es-
timation. In this section we estimate the transition probability function
p“(i,7). Assume now that the Markov process X = (x;) is controlled using
the sequence @’ at time 4. For [,I’ € E let (cf. (3) and (8))

n k
G (w) = 3 [T Yjuy - <y @) L (i)
i=0 j=1
and

n k
Flw=> 1] Ly~ <hy L (20).-

i=0 j=1
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Assume now that there is x > 0 such that for ,I’ € E,

13 inf p¥(1,1") > k.
(13) véﬂ),up( ) >k

PRrROPOSITION 3. We have

l,l/(u)
su n — (LU, u)| — 0
S| Ty P

in probability as n — oo, where p(1,1',v) := p(l,1").
Proof. Let
Y; = (@) Lo (ziv1) — Li(za)p(, U, ).
Clearly E[Y;|Y1,...,Y;_1] = 0. Therefore by Proposition 1,
(14 sup im0 L= L a1y ¥
ueU F(u)

in probability as n — oo. Using Proposition 1 again with Y/ = 1;(z;4+1) —
p(zi, 1, uz,) we obtain

— 0

k
S0 Tt Loy —ai<n,y Y7
sup

uelU Fn(u)

Therefore by (13) for k > & > 0 we have

n k /

! Zi: H‘: 1 w;—uk n Y;

P inf "(u)>m—£ < P|( sup 02 =1 " {fus —#i;1<hn} >e)] —0
uel F,(u) wel F,(u)

in probability as n — oo, and from (14) we obtain

n k
o > im0 [jm1 Ljuy—ai <,y Y .
uelU FrlL(u)

in probability as n — co. Hence

’ n k ~1
Gﬁ{l (u) Zizo Hj:l 1{\Uj—ﬁ§lﬁhn}1l(xi)p(l’ v, U’l)
sup — — 0
wev | F(u) F(u)

in probability as n — oo and by continuity of p(l,!’,v) with respect to v we
finally obtain

Yico H?:l Ly —ai <hny Li(za)p(L 1, )
Fl(u)

uniformly in v € U as n — oo, which completes the proof. m

- p(la llyul)




150 E. Drabik and L. Stettner

Our second adaptive procedure consists of the following steps:

1. For a given € > 0 find n. such that for n > n. and [,I’ € E,

GLY (u) €
P< sup |—2 — p(l,l,w) >€} < ——.
{ uev | F(u) [lell&?
2. At time n. normalize Gl,;i/ (u)/F!(u), i.e. form a new transition matrix
. GL"
LA —

Tk A :

21 G (u)

3. Then find an invariant measure 7% for the transition matrix p(l,1’, u)
and determine ugs such that

> clnus(m)mls () < inf > c(n, us(m)mt(n) + 6.

4. Starting from time n. use the control function us.

Denote the above control procedure by V,.

THEOREM 2. Under (13) we have

IV < inf, [ 3 ctnutmyat )] + el 5 o,

uelU
nek

where T is the unique invariant measure corresponding to p(l,1',u;).

Proof. If for each [,I' € E,

Gl,l’
oy |5 @)

— l !
vel FTIL(U) p( al vul)

<e

then we have

~0 cov L Fiw) |G () ;N G ()
|p<l,l 7“') —p(l,l 7ul)’ - Zle Gﬁ{r(u)' Frlz(u) —p(l,l 7ul) Z Fl (u)

r=1 " "

2L GEY (w) 1
< <5+p(lvl/7ul) ]'_Z Fl(u) >1—]{3€
I'=1 n
< (1 .
<( +k)€1—ka

From Theorem and Corollary 2 of [7] under (13) we see that for [ € E,
1 (1+k)e

“() — 7D < =+ ——~—~—.
Zggm() Ol <5 1= ke)n

Therefore for w € ﬂle ﬂf,zl By, where
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Gl,l' (u)
By =< sup | —=2——+ — l,l/ﬂl <€}’
v ={ | T —pt v <
we have
) . . 1+ ke
2 clmulm)es (o) < fuf, 3 el um)m" () + Hc”((l—’%))’f o
nekE ner
Consequently,
J(V) = B[ 3 cln, ulm)mt (n)]
nek
‘ ., (1+k)e
) MT ke
< inf 7 el uln)w*(n) + el =+ 0
neE
kok
+lelP(2 N ) Bwr)
I=10'=1
‘ . (1+k)e
§ MTRE
< ;ng c(n, u(n))m"(n) + |l (1 —ke)r tote

nekr

which completes the proof. m

REMARK. The adaptive procedures introduced in Sections 2 and 3 allow
one to determine a nearly optimal control in a finite time. Using forcing
and an increasing decision horizon from Section 3 of [3] for both adaptive
procedures it is possible to construct optimal adaptive strategies.
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