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MINIMUM DISTANCE ESTIMATOR FOR A HYPERBOLIC
STOCHASTIC PARTIAL DIFFERENTIAL EQUATION

Abstract. We study a minimum distance estimator in Lo-norm for a class
of nonlinear hyperbolic stochastic partial differential equations, driven by a
two-parameter white noise. The consistency and asymptotic normality of
this estimator are established under some regularity conditions on the coef-
ficients. Our results are applied to the two-parameter Ornstein—Uhlenbeck
process.

1. Introduction. In recent years, there has been a growing interest
in parameter estimation based on the minimum distance technique. For
instance, Dietz and Kutoyants (1992, 1997) studied the problem of esti-
mation of a parameter by the observations of an ergodic diffusion process.
The Ornstein—Uhlenbeck process with small diffusion coefficients was treated
by Kutoyants (1994), Kutoyants et al. (1994), Kutoyants and Pilibossian
(1994) and Hénaff (1995). Models for random field diffusions were consid-
ered by Kutoyants and Lessi (1995) for the distance defined by Hilbert-type
metrics.

The purpose of this paper is to extend their results to a more general
class of random fields. More precisely, we deal with the following nonlinear
hyperbolic stochastic partial differential equation: for any (¢!,#%) € R? |

DX g2

(1) ior SY (B, t1,12) == 4§26y, £, 12) :

+ S3(00, 1,12, X) 4+ Wi 2,

with the initial condition X1 ;2 = x on the axes, z € R.
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The coeflicients are mesurable functions
SO x[0,T'] x[0,T?] = R, i=1,2,
S3:0x[0,TY x[0,T!] x C = R,

where © C R¥ and C stands for the set of all continuous real-valued functions
defined on [0,T] x [0,T?]. {Wy 2 : (t',%) € [0,7"] x [0,7?]} is a one-
dimensional two-parameter white noise. Equations of this kind appear, for
example, in the problem of constructing a Wiener sheet on manifolds (see
Norris (1995)) and in nonlinear filtering theory for two-parameter processes
(see Korezlioglu et al. (1983)). Their solutions are called two-parameter
diffusion processes and there are two different approaches to solving them.
The first one was introduced by Farré and Nualart (1993). By a solution
they mean a random field {th,tQ C(tht?) € [O,Tl] X [O,TQ]} adapted to
the natural filtration associated with the Wiener sheet W and satisfying

th 2
X2 =x+ S S S'(0o, s*, 5%) X (s, ds?) ds*
00

2,1

t°t

+ S S S%(0o, s',5%) X (ds', s?) ds?
00

~
—

~
N

+ 1 | 8200, 5, 52, X) ds" ds? + Wi .
0

Oty

The other one is due to Rovira and Sanz-Solé (1995, 1996) who used a
method based on the Green function 7 42(6p, s', s?) associated with the
second order differential operator
*f of of
Lf(tHt?) = th,t2) =S (0, t*, 7)== (¢, %) = S? (0o, t1, 1) == (1, £2).
f( ’ ) 8t16t2( ’ ) (07 ) )8752( ’ ) (07 ) )8751( ) )

Note that ;1 42 (90, st 32) is the solution to the partial differential equation

82’%1,1‘/2 (9 51 52) + 8(51(90’81552)%1,1‘/2(90,81,82))
0s19s2 7 0s?
8(52(90’81552)%1,1‘/2(90,81,82)) o
+ 95l =0,

OVer 2 1 .2 1 1 .2 1 .2 e 2 2
881’ (Bo,s7,5°) + S (00,5, 5% )2 12(00,5,57) =0 if s* =17,
01 42

r(‘;t 27t (90551552) + 52(90,Sl,sg)wtl,t2(90551552) =0 if st = tla

s

Y42 (0g, 8t 8%7) =1 if s =t * =%
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The solution to (1) is defined by

th 2

Xppp=a+ S S ’yt17t2((90781782)53(00,Sl,SQ,X) ds! ds?
00

t2

tl
+ e S Vet g2 (6o, s*, %) W (ds', ds?).
0

O

These two apparently different ways of solving equation (1) can be shown
to be equivalent (see Rovira and Sanz-Solé 1996, Proposition 2.4).

Now, we state the problem. The coefficients S* are supposed to be known
but the value of the parameter 6y is unknown. Our aim is to estimate 6y by
an Lo-minimum distance estimator (MDE) 6. The case S? = 0 was treated
by Kutoyants and Lessi (1995).

We define 6} by
0z = arg inf [|X — 2(6)[|2(),

which means that 07 is a solution to the equation
1X = 2(02)l[ 22 () = fnf X = 2(0)l 2 ()

where || - || £2(,) denotes the L?(p)-norm associated with a finite measure p
and {zp 42(0) : (¢',¢?) € [0,7"]x[0,T?]} is the solution of equation (1) when
6y is replaced by 0 and € = 0. Let us remark that z,1 ;2(0) is a deterministic
function.

The rest of the paper is organized as follows. In Section 2, we intro-
duce notations and state some conditions on the coefficients which will be
used throughout. We also recall some properties of the Green function
Y1 42(6p, s', s?) and give some preliminary lemmas. Section 3 is devoted to
the study of the asymptotic behavior of 8} as e — 0 through its consistency
and asymptotic normality.

As usual, all constants appearing in the proofs are called C, although
they may vary from one occurrence to another.

2. Notations and preliminaries. Let R, i=[0,00) and T=(T",T?)€
RR; stands for the rectangle [0,¢!] x [0,#%]. The set © of the parameters is
a bounded open subset of R, and € € (0, 1].

Now, we state the conditions on the coefficients.

e (H1) For any 0 € O, Si(0,-), i = 1,2, is uniformly bounded and has
uniformly bounded derivatives.
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e (H2) There exists a constant C' > 0 such for that for any (z,y) € C xC,
te Rrand 0 € O,
’53(9,t,1’) - S3(e7tay)’ < C‘xt - yt‘7
15%(0,t,2)| < C(1+ |24]).

e (H3) For any t € Ry, S'(-,t), i = 1,2, has uniformly bounded first
order and mixed second order partial dervatives.

Let 52 denote the vector function of the derivatives of S i = 1,2, with

respect to 6:
5500, = (Gor 0.0, 5o 0.0

061 " 06k
where A’ stands for the transpose of the matrix A.
If S3(0,t,2) = S3(0,t,x;), we denote by S3(6,t,2;) the derivative of S
in x, ie. S3(0,t,x;) = %(ﬂ,t,xﬂx:m. We let S3(-,t,2;) be the vector
function of the derivatives of S(-,¢,z) in 6.

o (H4) Forany x € C, § € © and t € Ry, we have S3(0,t,x) = S3(0,t,x4)
and:

(i) S%(0,t,-) is differentiable with uniformly bounded derivatives,
S3(0,t,-) is continuous and there exist constants C' > 0, a € (0,1] and
b € (0,1] such that for any (z,y) € C x C, (61,602) € ©% and t € Ry,

‘Sg(alatht) - 52(‘927@%)‘ < C(‘xt - yt’a + ’61 - HQ‘b);

(ii) S3(-,t,2;) is differentiable, S3(-, ¢, ;) is continuous and for any com-
pact subset K of R there exist constants Cx > 0, ¢ € (0,1] and d € (0, 1]
such that for any (z,y) € K2, (61,602) € ©2 and t € Ry,

1S3(61,t,x) — S3(02,t,)| < Cic(|z — y|° + 01 — B2]%).

Now, we recall the existence and uniqueness result for solutions to equa-
tion (1) and some properties of the Green function which will be needed.

THEOREM 1. Under (H1) and (H2), there exists a unique continuous
random field X = {X; : t € Ry} which is a solution of (1).

Proof. See Rovira and Sanz-Solé (1995), Proposition 2.1, or Farré and
Nualart (1993), Theorem 2.1. m

LEMMA 2. Under (H1) and (H2), we have:

(i) For any 0 € © and t € Ry, the function s — (0, s) has uniformly
bounded derivatives of first order and mized partial derivatives of second
order on {s € Ry : 0 < s! <t 0<s? <2},
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(ii) There exists C > 0 such that

sup sup sup |y(0,s)] < C.
0€O teRr sE€R,
Proof. This follows immediately from the boundedness of S%,i = 1,2,
and techniques developed in the proofs of Propositions 3.1 and 3.2 of Rovira
and Sanz-Solé (1995). m

LEMMA 3. There exists C > 0 such that for any t € Ry,

sup | § (6, ) W(ds)| < C sup W]
O Ry SERy

Proof. In view of Lemma 2(i), for any § € © and t € Ry, the function
s+ (0, s) has uniformly bounded first order derivatives and mixed second
order derivatives. Therefore, we have

tl
§ 30,5 W(ds) = W, — | 20, 5%, )W, o 5"
Ry 0 9%
e 0y 02y
t 1 .2 2 t
_ § @(H,t 87 )W g2 ds —}§ 951952 (0,5)Wsds.

The desired result follows immediately. m
LEMMA 4. Under (H1) and (H2), there exists C > 0 such that

sup sup [X¢(0) — z¢(0)| < Ce sup Wyl
0€6 tERT tERT

Proof. We have
1 X:(0) = 24(0)] < | 17s(0,w)[S(0,u, X (6)) — (60, u, 2(6))]| du
Ry
+s‘ [ e (6, w) W (du).

s

By Lemmas 2(ii) and 3, we have

X,(6) —2,(0)] < C | 1538, u, X(6)) — $*(8,u,2(6))| du + =C sup [W,|.
R. uER
Let

gs = Sup sup ’Xu(a) - xu(a)’
6€e® uceR;

In view of (H2), we have

g <C S gu du + eC sup |W,|.
Rt ueRt
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Now, by using the Gronwall Lemma (see Dozzi (1989), p. 91), we deduce
that

gt < eC sup [W,[. =
u€ Ry

Let Y = {Y; : t € Ry} be the solution of the following stochastic partial
differential equation:
Y, )

0%Y, 1 9 .3 .
e S (90775)@ + 5 (%J)W + 8500, t, 2:(60))Y: + W,
with ¥; = 0 on the axes. We denote by 7,(0) the vector function of the
derivatives of z;() with respect to 6 and put

J(0) = | Z(0)F}(0) dp(t).
Rt
Let
€=J00)" | Yi@i(00)du(t) and Z, =e (X, — z4(00)).
Rt

REMARK 5. Y is a centered Gaussian random field. Therefore, £ is a
centered Gaussian random variable with covariance matrix

r=J00) | | BORY)E(00)7,(0) du(t) du(s)] T (60) "
Rt Rt

LEMMA 6. Under (H1)—(H4), there exists C' > 0 such that
(i) sup || < C sup |[Wy,

teERT tERT

(ii) sup |Z, — V3| < Ce® sup [W,|'*,
teERT teR

(iii) sup |74(0) — T4 (6o)]
teERT

< (16— bl + 16 — 00|* + 6 — bo[* + |6 — 6ol + 6 — bo|*).
Proof. (i) In view of Lemma 2(ii), Lemma 3 and (H4), we have

sup |Y| < C S(sup |Y,]) du + C sup |[W,].
sER; R, uER; uE R,

Now, the Gronwall Lemma leads to (i).
(ii) Let g; = |Z¢ — Yi|. We have

gt < S RACIEE]
R;

X’€71[S3(007 SaXS) - 53(007 S,.%'s((gg))] - 52(00, 8,1'3(00))}/8‘ ds.
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By Lemma 2(ii), we have

g <C S le1[S% (60,5, Xs) — S3(Bo, 5, 5(80))] — S2(60, 5, 24(00))Ys]| ds.
R

Therefore, there exists X, = z,(00) + 8(X, — z5(6y)), B € (0,1), such
that

gt S C S |671(XS - ‘IES(HU))SE(HOVS?XS) - S2(90,8,$5(90))Y;| ds

Ry
<C g e~ (X, — 245(6p)) — Yi]S2(60, s, X,)| ds
Ry
+C | [[S3(00, 5, X,) — $3(60, 5, 24(60))]Y: | ds.
R;

By using (H4), we obtain

g <C | (sup gu)ds + C | | X, — 4(60)|"|Y.] ds.
Ry UuER Ry

Now, by Lemma 4, we have

sup go < C | (sup gu)dv + Ce® sup [W,|* sup [Y,|.
seR; Ry ueR, u€ Ry ue Ry

In view of the Gronwall Lemma and (i), we deduce that

sup g < Ce® sup |[Wy|' T
teERT teERT

(iii) First of all, let us prove that for any ¢ € Ry and s € Ry, the function
0 — ~(0, s) has uniformly bounded derivatives. To this end, recall that

’71“(9’ 5) — Z Hn(ey ta 5)5
n=0

where H,, is defined by

H@(@,S,t) = 1,
tl
Hy1(0,5,t) = | S1(0,u',s*) Ho (6,1, (u", 5°)) du’

t2

+ S S2(0, s, u?)H,(0,t, (s',u?))du®, n>0.

52

By using (H1) and an induction argument, one can prove that for any n > 0
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and s € Ry,

(2) [Ha(0,t,5)] < O™ > (7;> (t — ,_e,]')(;(t_]_);s g

§=0
Next, let us prove by induction that

oH, L () (¢ = s (= s
3 a— 97 t’S S ncn . - y :
3) ‘ ap O1:%) ]ZO<J> jtn = 3)!
For n = 0, this is obvious. Now,
tl
afggi-l (a,t’ S) = S Hn(a,t, (ul, 32))S€1(9,u1, 52) dul
A oH
+ S 51(9,u1782)8—9n(07t7 (ulasQ))dul
t2 .
+ § Haul0,1, (s ) S50, 5" u?) dus®
¢ OH
+ S 52(9,51,u2)8—9"(9,t, (s',u?)) du?.

By using (H1), (H2), (2) and the induction hypothesis, we deduce that

o] st [ () S
STGIERTEIESE

)

ntl 1 14 (42 2\n+1—j
+ 1Y\ (! — sh)I (1% — )ty
= (n+1)Cc™tt (n . > : .

() JZ::O j gt +1—7)!
and (3) is proved.

It follows that
0H,
gt

o6 1)
Since max;eqo, .1 (1/4!,1/(n — 4)!) is equal to ((n/2)!)~2 if n is even, and
to (((n+1)/2)!((n —1)/2))~ ! if n is odd, we deduce that

>, |0H,,

Y 15 0.t,9)

= 00

1 1
<n2(T' +T*C)* max <f,7_>.
(2 )©) 7€{0,.n} \ J!" (n — j)!

.....

< C < oo,
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which implies that 6 — ~:(0, s) is differentiable and

04 0H,
ap (- )_Z ap (O9)

Therefore

sup sup sup
0cO teRT s€Ry

By (H3), (3) and noting that for any (i, j) € {1,...,k}?,

< 00.

0V
% (9, 8)

32Hn+1 t! 928!
0,t,5) = \ ———(8,u', s>)H, (0, ¢, (u', s*)) du*
00,00, }1 00,00;
tl
st 1 2\ 0H, 1 .2 1
15—91'(6u 8)39 0,t, (u",s%))du
tl
851 1 2 aH 2 1
+ ] 5 O g O )
tl
0*H,
1 1.2 n 1.2 1
+ SIS O,u,s )09i09j(9’t’(u ,8%)) du
t2
0?5?
o § e (0,51 u) Ha (0,8, (5" u?)) du®
52 v
t2 852 1 2 aH 2 2
+§ a0 g0
t2
652 1 a 2
2 82
2p 1 2
+ XQS (6,s",u )aaaa 0., (s",u?)) du?,

one can prove that for any n > 0,0 € ©,t € Ry and s € Rr,

82 . n n (tl _ Sl)l(tQ _ 82)n7l
‘ae 26, <n{n+1)0 ;Q) In—0

0,t,s)

It follows that

sup sup sup sup
1<i,j<k 0€O tERr sER;
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Now, let 44,9 (resp. 49) stand for the vector (resp. matrix) function of
the first (resp. second) order derivatives of 4 in #. We have

Fo(0) = | S3(0,5,2:(0))3.0(0,5)ds
R,
+ S %(9,5)[55’(9,5,3:5(9)) + Sg(H,S,xS(H))fs(H)] ds.
Ry

Therefore

@ (0) — F0(60) < | [[S°(0,5,2.4(0)) — S (00, 5, 24(60))| 4.0 (6, 8)| ds
Ry

+ | 15300, 5,24(00)) [F2,0 (0, 5) — Fe.0(00, 5)]| ds
Ry

+ S "Yt(evs)[sg(ev‘s?xs(e)) - 53(60787'%'8(60))” ds
Ry

+ S |[7t(9’8)_%(90’5)]53(90’5’x5(90))|ds
Ry

+ | 1e(0,9)82(0, 5, 2,(0))(F(0) — Fu(0o))| ds
Ry

+ | (0, 9)F:(00)[S2(0, 5, 25(0)) — S2(00, 5, 5(00))]| ds
Ry

+ | 1S3(00, 5, 25(00))F: () [ (6, 5) — 7¢(00, 5)]| ds.
Ry

By using (H1)-(H4), the boundedness of 4, g, 4,9 and noting that the func-
tion (6,t) — x4(0) is bounded, we deduce that

(4)  [z4(0) — z¢(6o)|
< c(ye—eo\+\e—eoyb+\e—aoyd+ [ 125(0) — 2(60)] ds

Ry
+ S |xs(0) — x5(00)|* ds + S |z5(0) — 245(60)|¢ ds
Ry R,
+ S |5s(9)—55(90)|d8>.
Ry

Now, it is not difficult to see that the function (0,t) — Z¢(#) is bounded.
So,

sup |z¢(0) — z¢(00)| < |0 — bp).
teERT
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Hence, from (4) and the Gronwall Lemma, we deduce that

sup [2(6) = 2:(00)] < C(10—00]+10— 0" +10—00|° +10 —0o|°+ |0 —bo|*). m
teERT

Now, since the ingredients for the proofs of the main results are assem-
bled, we can deal with the asymptotic behavior of the estimator 7.

3. Results. Let gg,(6) = infjg_gy>5 [|2(0) — 2(00)|/z2(n) and g(d) =
infg,cx go,(6) where K is an arbitrary compact subset of ©. The following
theorem ensures the consistency of 7.

THEOREM 7. Under (H1) and (H2), there exists a constant C > 0 (in-
dependent of K) such that for any 6 > 0 and ¢ € (0,1],

2
P10 —0p| > 6) < C — .
9?)1;1})( fo (162 ol 20) < eXP( e2C

Proof. The proof is similar to that of Kutoyants and Lessi (1995),
Theorem 3.1, and uses Theorem 1 and an exponential inequality for the
Wiener random field. m

The next result concerns the asymptotic law of 6 as ¢ — 0.
THEOREM 8. Assume that (H1)—(H4) are satisfied and for any 6 > 0,

g(9) >0, ‘i?fl<J(90)u,u> > 0.

Then
Pp,-lim e~ 1(07 — 6p) = €,

e—0

where Py, -lim denotes the convergence with respect to the probability Py, .

Proof. The proof is essentially based on Lemma 6 and follows the
same lines as that of Kutoyants and Lessi (1995), Theorem 4.3. So, we only
point out the minor adaptations needed. We make the change of variable
u=¢e"10 - 6y) and put

Ugye ={u € R” : 6y + cu € O},
~ x(bo + eu) — x(6o)
€

VA

ur = arg inf
u€Uqg,e

L2(p)
We have u? = =162 — ).
Now, set
Ay = €01 X~ 2(l0) gy < Jnf X~ 2089 + el 2}

|[u|>Ae
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where A\, = ¢7%, § € (0,1]. Following Kutoyants and Lessi (1995), we have
ut = J(00) ™ | Z7.(07) dyu(t) — T(00) (T (0=, 02) — T (B0

Ry

Therefore

uz =€l <| 7007 | § (2 = Y0@u(02) du(t)+ § (@0(62) — 7(00))Yi du(t) |
Ry Ry

+ 17 (00) 7 [J (0=, 02) — J (B0)]uZl,
where J(0,07)" is equal to the matrix |, #(62)7}(0:) du(t) and 0. = 0o +
vieu, ¢ € [0,1). By Lemma 6, on A; we have

|u: _ £| SC(&G sup |Wt|1+a + 61—6 4+ 60,—6 + 6b—6 + 60—6 4+ 6d—5)
tERT

4+ 0(6176 + 6(1(175) 4+ 6b(lfé) + 6c(176) + 6d(lfé)) sup |Wt|
teERT

Now, put e =aAbAcAd. Since € € [0,1), we deduce that on A; we have

lul —&| < C(e* sup ]Wt]H“ + 60 4 ge(1-9) sup |[Wq|).
tERT teERT

Let r = a A (e — ) and choose 0 = ¢/(1 4 a). Then on A; we have
’u: _g’ < C€T/2(€a—r/2 sup ‘Wt‘1+a+€e—5—r/2 +€e(1—5)—r/2 sup ’Wt‘)

teERT teRT
Now, set
Ay ={we 2: sup [Wi(w)| <e™?} and A=A1NA,
teERT

where ¢ = min{(a — r/2)(1 +a)~!,e — 3§ — r/2}. Then on A we have

luf — €] < Ce™/?(e™ 4 %2 4 £93)
where
ag=a—0(14+a)—7/2>0, as=e—0—1/2>0, az=e—5—p—1/2>0.
Following Kutoyants and Lessi (1995), one can prove that Pe(f) (A) = 0 as
e — 0 where A = 2\ A, which completes the proof. m

Now, let us apply the above results to the two-parameter Ornstein—
Ulhenbeck process with parameter (0!,62 ¢) which is a random field H
defined in Dozzi (1989), p. 155, by

1,1 2,2 ’ ’ ’
H=trz+e"tx—etn+eelt S e~y dW,,.
Rr

We remark that H; = x on the axes. I[td’s formula in Guyon and Prum
(1981), p. 634, implies that H satisfies the nonlinear hyperbolic stochastic
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partial differential equation

92 H, _ alaHt +928Ht

ot ot? ot? ot!

Assume that 0 = (g;) is unknown, 6 € @, where O is a bounded open subset
of R?, and put

—0'0*H, +eW,, teRi.

02" = arg inf ||H — 2(0)l| 12
where

2,(0) = Oty + I 0t
We have

COROLLARY 9. (i) There ezists C > 0 (independent of the compact set K)
such that

2 5)
PE(07* — 6] > 6) < MUY
Sup Py, (10" =60l 2 0) s exp | =55

(i) Py,-lime_,oe (02 —0y) = & where £ is a centered Gaussian random
variable with covariance matrix

1 1,11 1.1, 1
I = J(Ho)l[ S S W(eeo\t =5t _ Ot s ))
Rt Rt 00

x (1) — BT, (60), (Bo) dpu(t) du(sﬂ J(00)7".
Proof. It suffices to verify that in this case (H1)—(H4) are satisfied and

/ ’
Y, = et | efomaw,,
Ry

E(Y;Y)) (693“1—51\ _ 693(t1+51))(e€§|t2—52\ _ 69§(t2+s2))_

- 663

Then use Remark 5 and apply Theorems 7 and 8. =
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