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ON AN OPTIMAL CONTROL PROBLEM
FOR A QUASILINEAR PARABOLIC EQUATION

Abstract. An optimal control problem governed by a quasilinear parabolic
equation with additional constraints is investigated. The optimal control
problem is converted to an optimization problem which is solved using a
penalty function technique. The existence and uniqueness theorems are
investigated. The derivation of formulae for the gradient of the modified
function is explained by solving the adjoint problem.

1. Introduction. Optimal control problems for partial differential
equations are currently of much interest. An extensive literature in this
area is devoted to parabolic equations [1, 11, 12, 14, 15]. These problems
describe the processes of hydro- and gasdynamics, heat physics, filtration,
plasma physics and others [8, 9].

This paper presents an optimal control problem governed by a quasi-
linear parabolic equation with additional constraints. The optimal control
problem is converted to an optimization problem which is solved using a
penalty function technique. The existence and uniqueness theorems are
investigated. The derivation of formulae for the gradient of the modified
function is explained by solving the adjoint problem.

2. The optimal control problem. Let D be a bounded domain of
the N-dimensional Euclidean space Ey, let [, T' be given positive numbers,
and let 2 = {(z,t) :x € D, t € (0,7)}. Let V. ={v:v = (v1,...,0n) €
En, |v[lgy < R}, where R > 0 is a given number. We consider the heat
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exchange process described by the equation

(1) @_3<A(u )6“>+B( 0 fatu), (@b e,

ot Oz 0 ox
with initial and boundary conditions
(2) u(z,0) = ¢(x), =z€ D,
ou ou
e = -— = <t<T
(3) )‘(uvv) O o go(t), )‘(uvv) O - 9 (t)a 0<t<T,

where ¢(z) € La(D), golt), g1 (t) € L>(0,T).

The function f(x,t,u,v) € Lo(£2) for every (u,v) € [r1,rs] X En is
measurable in (z,t) € 2 and for all (z,t) € 2 it is continuous in (u,v) €
[r1, 2] X En. Furthermore, this function has a continuous derivative in u for
each (z,t) € 2, and for (u,v) € [r1,r2] X En, the derivative Of (z,t,u,v)/0u
is bounded. Moreover, the functions A(u,v),B(u,v) are continuous on
[r1, r2] X E'N, have continuous derivatives in v and for all (u,v) € [r1,r2]x Ey,
the derivatives OA(u,v)/0u, 0B(u,v)/0u are bounded, where 71,y are given
numbers.

On the set V', under the conditions (1)—(3) and the additional restrictions

(4) Vo < A(u7v) < Ho, Vo < B(u,v) < Ko, r; < u(x,t) <7

it is required to minimize the function [14]

(5)  falu,v) S{ﬂo = fo®)? + Ba[u(l,t) — LB} dt+ alo — wlF,
0

where fo(t), f1(t) € L2(0,T) are given functions, o > 0, v, g > 0, Bp > 0,

81 >0, Bg+ B1 # 0, are given numbers, and w = (wl,..., N) € Exyisa

given vector.

DEFINITION 1. The problem of finding a function u = u(z,t) € V,"°(£2)
from conditions (1)—(4) for a given v € V is called the reduced problem.

DEFINITION 2. A solution of the reduced problem (1)—(4) corresponding
to v € V is a function u(z,t) € V,°(£2) that satisfies the integral identity

‘i on ou On ou
(6) (S) (S) [ua = Mu,v) 5o = Blu,v)om + nf(x,t,u,v)] d dt

T T
:—ng( dex—SnOth dt—l—xn(l,t)gl(t)dt
0

for all n = n(x,t) € Wy (22) with n(z,T) = 0.

A solution of the reduced problem (1)—(4) explicitly depends on the
control v, therefore we shall also use the notation v = u(z,t;v).
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From the assumptions and the results of [6] it follows that for every
v € V a solution of the problem (1)—(4) exists, it is unique and |u,| < Cy
for all (z,t) € 2 and v € V, where () is a certain constant.

The inequality constrained problem (1) through (5) is converted to a
problem without inequality constraints by adding a penalty function [3,
16] to the objective (5) {OCP}, yielding the following function &(v) =
@avk(v, Ak)

(7) 515(?}) = fa(u(v)7 U) + Pk(u(v)v U)
where
Z(u,v) = [max{vy — A(u,v); 0}]? + [max{\(u,v) — uo; 0}]%,
Y (u,0) = [mas{uty — Bl 0); 0}]? + [max{B(uu,v) — pio; 0},
Q' (u) = [max{r, —u(z,t;v);0}]%, Q*(u) = [max{u(z,t;v) — ry;0}]?,

T
Pe(o) = A | | [Z(,0) + Y (u,0) + Q1 (w) + Q3(w)] da dt
00
and Ag, k= 1,2,..., are positive numbers with limy_,., Ar = oo.

3. Well-posedness of the problem. Optimal control problems for
solutions of differential equations do not always have a solution [13]. In this
section, we will prove the existence and uniqueness of solution of problem

(1)-(5).
LEMMA 3.1. Under the above assumptions for every solution of the re-

duced problem (1)—(5) the followz’ng estimate is valz’d:

2]’ Ou
ox La(02) ox

where C' > 0 is a constant not depending on dv.

Proof. Set du(z,t) = u(z,t;v + dv) — u(x,t;v), v = u(z, t;v), v =
u(z,t;v + dv). From (6) it follows that

1/2
®  loulpom <C| + 15510

HaB

Lo(£2)

1T
(9) S S [ Su dn +)\,85u on  ON(u+616u,v+0v) du (9775 5}\8 u On

ot N oz 0w u 9z O a_a_]dxdt

00

_l’_

86u (9 B(u + 620u,v + 6v) du nou +5B8—77 o dt
ou oz oz

T
)\ |B
00
§7§[8f:c t,u + 030u, v + v)

ou

6un+5fn]dxdt:0

for all n = n(z,t) € W' (R2) with n(z, T) = 0. Here 61,605,605 € (0,1) are
some numbers and
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6f:f(:v,t,u,v+5v)—f(:v,t,u,v),

N = ANu + du, v + dv), A = ANu, v+ dv) — A(u, v)
B' = B(u + du,v+dv), 0B = B(u,v+ év) — B(u,v).

Let ny(z,t) = h=! Siihﬁ(mﬂ') dr, 0 < h < 7, where 7j(z,t) = ou(z,t) for
(x,t) € £24,, zero for t > t1 (t;1 <T — h), and 2, = D x (0,¢1]. In identity
(9) put n(x,t) instead of ny,(z,t). Following the method of [7, pp. 166-168]

we obtain

(10) 5 {ou(a ) da

+ |
24,

+ |
24,

.Qf,l

Hence,

ou + 5)\——] dx dt
ox

_X 6w\ 2 N OA(u + 016u, v + dv) Ou déu ou Oéu
i ou Ox Ox Ox Ox

15) ou ox ox

[Of (z,t,u + O30u,v + dv)
ou

(6u)? + 5f5u} dx dt = 0.

from the above assumptions and applying the Cauchy—Bunyakov-

skii inequality, we have

2
(11) %§6u2(x,t1)d:c+uo | <@> dz dt
D Qtl

ox

<(C3+Cy) | ududt
.Qf,l

v § seana) (1 (G) wa)”

-Qtl tq
Bu 2 1/2 1/2
+ < <5B—> dx dt) du? dx dt
thl ox <Q§1 >

+( | (6f)2d:vdt)1/2< | ou? dmdt>1/2

ty 24y

ou\ 2 1/2 6w\ 2 1/2
+< S <5A%> dxdt) (Qg <%> dmdt)

24

where C7,Cy, C3 and Cy are positive constants not depending on dv.
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Take €1 = 2C1 /vy, €2 = 2C5 /1y and apply the Cauchy inequality with e
(Jab| < 5lal? + 52]b]?) to the second and third summands on the right hand
side of (11); multiplying both sides by two we obtain

oo ||?

(12)  flou(@; ta)llZ.(p) + vo|| 5~

Lo (‘QH )

C3 C?
< 2(— +Cs3+ Cy + —> HéuHLQ(Qt
o

+2<Q§ (53%) dwdt>1/2<9§ 5u2dxdt>l/2
+2( | ar? dmdt)m( | ou? d:cdt)l/z

ty 24

ou\ 2 1/2 960\ 2 1/2
+2<Q§ <5A%> dxdt) (QS <%> dxdt)

Applying Cauchy’s inequality with € to the last three summands on the
right side of (12) and taking ¢ = y0/2 we obtain
oéu||?
(13)  llou(z, t)lI7,p) + a—x
<2 ( C+Co+ 13

o

La(2:,)

Gt c4> H5UH%Q(QH>

ou ou 2
5)\— 0B— —H6f||22 )
V ox La(21) 1/0 ox La(2,) Y0 La(£2¢)
Now we set
y(t1) = ||du(z, tl)H%Q(Q)a
ou H ou||?
ON— 0B— + H(5f”22 -
H O La(52:,) Ox La(82:)) L2 (@)
Then inequality (13) yields the two inequalities
ty
2M
(14) y(t1) < Cs { y(t)dt + o
0
1 ) —
= H 9 || 1,0,) Y0 T | uHL2(Qt1) " g’

where Cs5 = (203 + 2C%) /vy + 2C5 + 2Cy + 2vq is a positive constant not
depending on §v.
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From the known estimate [6, pp. 166-167] it follows that

(16) y(t1) < CeM

where Cg is a positive constant not depending on dv. Consequently,
< 1/2

(1) e [l6u(w, )| za(0) < CoM

Similarly we obtain

< C7M1/2
LZ(Qtl

) H Osu

Ox

where C7 is a positive constant not depending on dv.
If we combine the estimates for du and ddu/Ox, then we obtain

0du

ox

(19) Héqul Oy = JBAX llow(z, t)|| 1, (D) +
Lo(2:,)

where Cy is a positive costant not depending on dv. Lemma 3.1 is proved.

COROLLARY 3.1. Under the above assumptions the right side of esti-
mate (8) converges to zero as ||6v|[py — 0, therefore |oully1.0.5) — 0 as
2

|0v|| gy — 0.
Hence from the trace theorem [10] we get
(20)  [6w(0, )L 0y = 0, [[0ul,t)llLy0,r) = 0 as [|dv]|zy — 0.

Now we consider the function Jy(u,v) of the form

T T
Jo(u,v) = Bo S [u(0,8) = fo(t)]?dt + By S [u(l,t) — f1(1)] dt
0 0

LEMMA 3.2. The function Jy(u,v) is continuous on V.
Proof. Let év = (dvy,...,d0vy) be an increment of control on an ele-
ment v € V such that v + v € V. For the increment of Jy(u,v) we have

T

(21) 8Jo(u,v) = 2By | [u(0,1) — fo(t)]6u(0,t) dt

0

T
+ 26 S [u(l,t) — f1(t)]ou(l,t) dt
0

+ Bo | [0u(0,)]2 dt + By | [bu(l, 1)) dt.
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Applying the Cauchy-Bunyakovskii inequality, we obtain

(22)  [6Jo(u,v)] < 260[u(0,8) = fo(t)l|La(0.1)[16w(0, E)l| L, 0,7
+ 281 ||u(l, ) — f1(E)|| L, 0,1 10wl )] £, 0,7)
+ Bollou(0, )12, (0,7 + Bullou(l, B)IIZ, 0.7

An application of Corollary 3.1 completes the proof.
THEOREM 3.1. For any o > 0 problem (1)—(5) has at least one solution.

Proof. The set V is closed and bounded in Ey. Since Jy(u,v) is
continuous on V' by Lemma 3.2, so is

Jo(u,v) = Jo(u,v) + aflv — wl, -

Then from the Weierstrass theorem [5] it follows that problem (1)—(5) has
at least one solution.

THEOREM 3.2. For a > 0 and almost all w € Ey problem (1)—(5) has a
unique solution.

Proof. The functions Jy(u,v) and J, (u,v), @ > 0, are continuous on V.
Moreover, since Ey is a uniformly convex space, a theorem of [4] yields the
existence of a dense subset K of Ex such that for any w € K and a > 0
problem (1)—(5) has a unique solution. Consequently, for almost all w € Ey
and w > 0 problem (1)—(5) has a unique solution.

4. Adjoint problem and gradient formulae
4.1. The adjoint problem. We illustrate the adjoint problem for the

system (1)—(3). The Lagrangian function L(z,t,u,v,0) for the optimal
control problem is defined as

(23)  L(z,t,u,v,0)

T T
= Bo | [u(0,t) — fo®))* dt + 1 | [u(l,t) — fi(£))* dt
0 0

+olv—w|E, + Ak

O ey o~

T
[ [Z(,0) + Y (u,0) + Q' (w) + Q* ()] da dt
0

1T
ou 0 ou ou
—i—éé@[— — —x<)\(u,v)%> —i—B(u,v)% — f(z,t,u,v)| dzdt.
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The first variation of the Lagrangian is

(24)  OL(x,t,u,v,0)

T T
= 2/80 X [u(07 t) - fO(t)](su(Ov t) dt + 251 S [u(l7 t) - fl (t)](su(lv t) dt
0 0

T

T

+ 8o | [0u(0, 1)) dt + By | [Su(l, )] dt + 2a(v — w, 6v) g, + allov]|,
0 0
l
0

T 2
A, S [BZ u,v) 8Y(u,v) 8@ (u) BQ (u)
0

ov ou ou
1T
odu odu 0 [0\ O0u 0 (.,0u
+§)§@[8t (A m)‘%(auax‘s) ax<A 3m>
+B(u,v)@ + 6—3@5 +{f(x,t,u+ du,v + dv) — f(:v,t,u,v)}]d:vdt

_l’_

}(M(m, t)dx dt

ox ou Oz

where X = A(u + du,v + 0v), X = A(u + du,v).
Integrating (24) by parts we obtain
(25)  OL(x,t,u,v,0)

T

=26 | [w(0, 1) — fo(t)]6u(0,t) dt + 28, | [u(l,t) — fr(t)|ou(l, t) dt
0 0

T
+ B0 | [5u(0,0)]* dt + By | [Su(l, )] dt + 2a(v — w,6v) my, + o603,
0 0
l
S
0

LA, S [8Z(u,v) n Y (u,v) aQ (u) 8@2( )
0

5 5 5 50 } du(z,t) de dt

f{([-20_ 0 (y00), Moo
0o ot ox ox Ou Oz Ox
<3B6u 0(BO)

u Ox ox

)]outety o

LT l T
+§§a—f(—)5m t) dz dt + | (O5u)|,— Tdm+§<xa—@5 > dt
U 19} ol
00 0 0
T 8@ T T
+ (A’a—é ) dt + \(BOO)| = dt + | (BOG)|p—g dt.
0 =0 0 0
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Setting the variation in the Lagrangian equal to zero (the first order neces-
sary condition for minimizing L(z,t,u,v,©)) implies, since (25) must hold
for any ou(x,t) [11], that we obtain the adjoint problem:
(26) O+ (Mu,v)04)r — Ay (u,v)Oruy, — [Byu,© + (BO),| — fu.O

= A[Zu(u,0) + Yulu,0) + Q% + @y, (x,1) € 92,

(27) O(x,T)=0, x€D,
(AOy + BO)|z=0 = 26o[u(0,t) — fo(t)],
(28) ()‘@x + B@)|z:l = _251 [u(l’t) - fl(t)]’ te [O,T],

where u = u(x,t) is the solution of problem (1)—(3) corresponding to v € V.

DEFINITION 3. A solution of the adjoint problem (26)—(28) correspond-
ing to v € V is a function O(x,t) € V,°(£2) such that the following integral
identity is satisfied:

T
20) {1107 + A, 0)0u70 + A1, 0)Opu,n] da dt
00

T
+ S [Buuy© + (BO), + fu(z,t,u,v)Oy(x,t)dx dt
0

O ey =~

!
AkS (u,v) + Yo (u,v) + Q% + QLly(z,t) dr dt
0

DMH

for all v = y(z,t) € Wy (£2) with v(x,0) = 0.

From the above assumptions and the results of [7] it follows that for
every v € V a solution of the adjoint problem (26)—(28) exists, it is unique
and |0, | < Cy for almost all (z,t) € 2 and all v € V, where Cy is a certain
constant.

4.2. Gradient formulae for ®(v). Sufficient differentiability conditions
for ¢(v) and its gradient formulae will be obtained by defining the Hamil-
tonian function [2] H(u,©,v) as

1T
(30) H(u,0,v)= — S S A(u, v)Opuy + B(u,v)u,© — f(x,t,u,v)O
00
+ A {Z (u,v) + Y (u,v)} da dt — aflv — w3, -

THEOREM 4.1. Assume that:

(i) The functions A(u,v), B(u,v), f(z,t,u,v) satisfy the Lipschitz con-
dition for v.
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(ii) The first derivatives of A(u,v), B(u,v), f(z,t,u,v) with respect to
v are continuous functions and for any v € V such that ||v||gy, < R, the
functions \,(u,v), By (u,v), fu(x,t,u,v) belong to Lo (§2).

(iii) The operators

1T 1T l
SS)‘” u,v) dx dt, HB“ (u,v)dzdt and S fo(z,t,u,v)dxdt
00 00 0

O e

are bounded in Eyn.

Then the function ®(v) is differentiable and its gradient is
o0) _ oH _( on on
o v vy’ Ouy )
Proof. Suppose that v = (vq,...,vn), dv = (dv1,...,0vN), OV € En,
v+ v € V and set du = u(z,t;v + 0v) — u(x, t;v). The increment of @(v)
can be expressed as

(32)  0P(v) = P(v + dv) — P(v)

(31)

=20 | [u(0,) — fo(t)]6u(0,t) dt + 28y | [u(l,t) — f1(t)]ou(l,t) dt
0 0
T
+ Ap | [Zu(u,v) + Y (u,0) + QL (u) + Q2 (w)]ou(x, t) du dt
00
T
+ Ayg S S (u,v + ov) — Z(u,v) + Y (u,v + év) — Y(u,v)| dx dt
00

+2a(v — w, 0v) gy + R1(6v)

where
T

[6u(0,8)]? dt + By | [du(l, 1)) dt + a|ov]|%,, -
0

(33) R1(0v) = Bo

Ot

Using the estimate (8), we get the inequality |R;(0v)| < Cp||dv| gy where
Cqp is a constant not depending on dv.

If we put v = du(x,t) in (29) and n = O(z,t) in (9) and subtract the
resulting relations, we obtain

T

(34) 250 S [U(O, t) - fO(t)](su(()? t) dt + 251 S [u(lv t) - fl (t)](su(lv t) dt

0

T
+Ay S S (u,v) + Yo (u,v) + Q) (u) + Q (w)]du(x, t) da dt
00
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O ey~

T
| (00O, + 6B, O — O] da dt + Ro(dv)
0

where
(35)  Ry(dv)

,06u 0O n [8)\(21 + 61 0u, v+ 0v) BA(u,v)} du 0O }dm @t

o ou oz 02"

oo | [0Blutbdu,v+ov) 0B(uv)] du
ou ou Ox

— ](M(m,t)@(x,t) dx dt

Of (x,t,u + O030u,v + ov)  Of(x,t,u,v)
5 ou ou

and 0; € (0,1),i=1,2,3.

By assumption (i), R2(dv) is estimated as |Ra(6v)| < Cy1]|dv| gy, where
C1; is a constant independent of dv. Using the above assumptions, we can
estimate

), 0v) By + O([l0v]| By ),
0),80) 2y + 06011y ),
):00) By + O([l0v]| £ ),

By substituting the last five expansions in (32) and (34), we obtain
1T
(36) () = || (Au(u,0)ue0p — {By(u,v)ug — folz,t,u,0)}0
00
+ Ap{Z,(u,v) + Yy (u,v)},00) g, dadt
+2a(v — w,0v) gy + R3(v)
where R3(6v) = Ry1(0v) + Ra(6v) + O(]|0v] gy )-
From the formula for R3(dv), we have
(37) | R3(6v)] < Cralldv]|

where C15 is a constant independent of dv.
From (36), (37), using the function H (u,®,v) we have

@) e = (- G20} o),
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which shows the differentiability of @(v) and also gives the gradient formulae
for &(v). Theorem 4.1 is proved.
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