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ANALYSIS OF A DYNAMIC CONTACT PROBLEM WITH
FRICTION, DAMAGE AND ADHESION

Abstract. We study a dynamic contact problem for viscoelastic materials
with damage. The contact is modelled with Tresca’s friction law and a first
order differential equation which describes adhesion effect of contact sur-
faces; the damage of the material is described by a function whose evolution
is governed by a parabolic inclusion. Under appropriate assumptions, we
provide a variational formulation of the mechanical problem and establish
the existence and uniqueness of a weak solution.

1. Introduction. Processes of adhesion are important in many indus-
trial settings, especially when a glue is added to prevent relative motion of
the surfaces. For this industrial interest adhesive contact problems have re-
cently received increased attention in the mathematical literature. An early
attempt to study models of contact with adhesion was made in [8]—[10].
Analysis and numerical simulations of frictionless contact problems with
adhesion can be found in [4], [5], [15], [16]. In [4] the dynamic frictionless
adhesive contact problem, with normal compliance condition, was modelled
and analyzed; a fully discrete scheme was introduced and some numerical
examples were included. The unilateral quasistatic contact problem with
local friction and adhesion was studied in [5]; an existence result, for a fric-
tion coefficient small enough, was established. The main new idea in these
papers is the introduction of the surface state variable [, the bonding field,
which has values between 0 and 1 and measures the fractional density of
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active bonds. When = 0 there are no active bonds; when § = 1 all the
bonds are active; when 0 < § < 1 partial adhesion takes place.

On the other hand, material damage, which may be caused by the growth
of internal microcracks, appears in many applications of solids mechanics.
Since it directly reduces the usefulness of the structures or components, the
subject is important in design engineering. General models for damage were
derived in [II], [12] from the virtual power principle. In these papers the
evolution of the microscopic cracks which cause the damage is determined
by a parabolic inclusion. In an isotropic and homogeneous elastic material,
the damage function is defined by

C = geff/gYa

where £y is the Young modulus of the original material and &g is the current
one. It follows that the damage function ¢ has values between 0 and 1.
Recent modeling, analysis and numerical simulations of contact problems
which include the evolution of material damage can be found in [3], [13],
[17], [18], [22], [23] and references therein.

This paper is a continuation and an extension of [25]. There, the constitu-
tive law was assumed to be viscoelastic; the quasistatic adhesive contact prob-
lem with Tresca’s friction law was investigated and the rate of the bonding field
was assumed to be irreversible. Here, the novelty consists in dealing with a dy-
namic contact problem with Tresca’s friction law in which both adhesion and
damage are taken into account. Moreover, the adhesion field is described by a
general function which may change sign and allows rebonding after debonding,
and the process is assumed to be with memory so that it depends on the bond-
ing history. Also, we assume that the mechanical properties of the body are
described by a nonlinear viscoelastic constitutive law with damage, such that
the damage does not affect the viscosity of the material, but only its elastic
behaviour. We derive a variational formulation of the mechanical problem for
which we prove the existence of a unique weak solution, and obtain regularity
results for the solution. The proof is based on the regularization method (see
e.g. [6]), nonlinear evolution equations with monotone operators, a version
of the Cauchy—Lipschitz theorem and the Banach fixed point theorem.

The rest of this paper is organized as follows. In Section 2 we present
the notation and some preliminaries. Section 3 is dedicated to describing
the mechanical problem and deriving its variational formulation. The main
existence and uniqueness theorem is established in Section 4.

2. Notation and preliminaries. Here we introduce the notation we
shall use and some preliminary materials. Let {2 be a bounded domain, in the
numerical space R? (d=2,3) of variables = (x1,...,z4), with a Lipschitz
boundary I". We denote by S? the space of second order symmetric tensors
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on RY. We define the inner products and the corresponding norms on R¢

and S? by
d
u-v= Zuivi, lu| = Yu-u, Yu,veR%
i=1
g-&= Y oy, lo|l=Vo0, Vo¢est

1<i,j<d
We introduce the spaces
H=L*(%RY),  Q=L*0;5),
Hy={ue€ H; e(u) € Q},
Q1 ={0c€ Q;Dive € H}.
Here and below, € : H; — Q is the deformation operator, defined by
e(u) = 3(Vu+ (Vu)"), Vue Hy,
where (Vu)? is the transpose of the matrix Vu which is defined by

Vu = (8%) ,
Ox; 1<i,j<d

and Div : Q1 — H is the divergence operator, defined by

d
Divo = ((Divo);)i<i<a = <Z golé) , VYoe Q.
=1 9P/ 1<i<d

Note that H, O, Hy, Q1 are Hilbert spaces equipped with the respective

canonical inner products

(u,v)g = \ u-vdz, (U,T)Q:SG-de,

0

DD

(uvv)hﬁ = (u, U)H + (5(u),£(v))g,
(0,7)0, = (Dive,Divr)g + (0,7)0,

and the associated norms are denoted by || - ||z, || - [lo, | - ey, || - o, -

Let Hr = H'Y/2(I";R%) and let 4 : H; — Hp be the trace map. For every
v € Hy we also write v for the trace 4(v) of v on I, and for all v € H;
we denote by v, and v, the normal and tangential components of v on the

boundary I
v, =0V, Ur=0—0v,/V onl|

here and below v represents the unit outward normal vector to I'. In a similar
manner, the normal and tangential components of a regular (say C'!) tensor

field o are defined by

oy =0V-v, Or=0v—o,v onl}
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moreover the following Green’s formula holds:

(1) (Dive,v)g + (0,e(v))g = Sal/-vda, Vv € Hy,
r
where da is the surface measure element.
Next, for every real Banach space (X,| - |x) and 7" > 0, we denote

by C([0,T]; X) and C*([0,T]; X) the spaces of continuous and continuously
differentiable functions from [0,7] to X, and we use the standard notation
for the spaces LP(0,T; X) and WP (0,T; X), p € [1,00] and k > 1. We need
the following result (see, e.g., [24 p. 60]).

PROPOSITION 1. Let (X, || - ||x) be a real Banach space and let F(t,-) :
X — X be an operator defined a.e. on (0,T) which satisfies

(i) there exists Lp > 0 such that ||F(t,z) — F(t,y)||lx < Lrlz — yllx,
Vz,y € X, a.e. t € (0,T);

(i) there exists p€[1, 00| such that the mapping t — F(t,z) is in LP(0,T; X)
for each z € X.

Then, for each zg € X there exists a unique function = € WP(0,T; X) such
that

2(t) = F(t, 2(t)), a.e.t€(0,T),

z(0) = zp.

Here and everywhere in this paper, the dot above a variable denotes its
derivative with respect to time.

Let X and Y be real Hilbert spaces such that X is dense in Y and the
injection map is continuous; the space Y is identified with its own dual and
with a subspace of the dual X* of X, i.e. X CY C X* is a Gelfand triplet.
Denote by || - ||x, || - |lv, || - [|x* and (-, ) x=xx the norm on the spaces X, Y,
X* and the duality pairing between X and X*, respectively.

An operator A : X — X is said to be hemicontinuous if the real function
t — (A(u + tv), w)x+xx is continuous on [0,1] for all u,v,w € X, and
monotone if (Av — Aw,v — w)x+xx > 0 for all v,w € X. The operator
A X — X*is called pseudomonotone (see, e.g., [19]) if the following
conditions are satisfied:

(i) A is bounded;
@) (ii) if (w,) C X with w, — w weakly in X, and

lim sup (A(wy,), w, — w)x+xx < 0, then

liminf (A(wy), wp, — V) x*xx = (A(w),w — V) x+xx, Vv € X.
We have the following result which may be found in [Il, p. 140].

PROPOSITION 2. Let X C Y C X* be a Gelfand triplet. Assume that
A X — X* is a hemicontinuous and monotone operator and there are real
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constants C1 > 0, Cy and C3 > 0 such that
(3) (Av, V) xsxx > Cllv]|% +C2, Yo € X,
(4) |Av|x < Cs3(|jv]lx +1), YveX.
Then, given wo € Y and f € L?(0,T; X*), there exists a unique function w
which satisfies

we L2(0,T;X)NC(0,T);Y), weL*0,T;X"),

w(t) + Aw(t) = f(t) in X*, a.e. t € (0,7T),

w(0) = wo.

The following abstract result can be found in [2 p. 124].

PROPOSITION 3. Let X C Y C X* be a Gelfand triplet and let K be a
nonempty, closed and conver set of X. Assume that a(-,-) : X x X - Risa
continuous and symmetric bilinear form and there are real constants ca > 0
and c¢1 such that
(5) a(v,v) +allvly 2 e2folk. Vv e X.

Then, for each wo € K and each f € L*(0,T;Y), there exists a unique
function w € WH2(0,T;Y) N L?(0,T; X) such that

w(t) e K, Vtel0,T],

(W(t), v = w(t)) x-xx +a(w(t),v —w(t)) = (f(t),v —w(t))y,

Vv e K, a.e. t € (0,T),

w(0) = wo.

We end this section with the following Gronwall type inequality.

PROPOSITION 4. Assume that f,g : [a,b] = R are continuous functions

which satisfy
¢

F(8) < g(t) + ¢l f(s)ds, Vit € [a,0],
where ¢ > 0 s a constant. Then
t

f) <gt)+ ch(s) exp(c(t —s))ds, Vit € [a,b].

a

The proof can be found in [14] p. 162].

3. Problem statement. Assumptions. Variational formulation.
The physical setting is as follows. A deformable body occupies a bounded
domain 2 C RY (with d = 2,3). The body is described by a nonlinear
viscoelastic constitutive law with damage and the process is dynamic in
the time interval of interest [0,7]. We assume that the boundary I" of the
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domain (2 is Lipschitz continuous, and it is partitioned into three disjoint
measurable parts I, Iy, ['3 such that meas (I7) > 0. The body is clamped
on I3 and therefore the displacement field vanishes there, while volume
forces of density fp act in 2, and surface tractions of density fo act on I5.
The contact is supposed to be bilateral, adhesive and governed by Tresca’s
friction law. To simplify the notation, we do not indicate explicitly the
dependence of various functions on the spatial variable z € 2 U I'. Under
the above assumptions, the classical formulation of our problem is the
following.

PROBLEM 5. Find a displacement field u : £2 x [0, T] — R?, a stress field
o: 2 x[0,T] — S% a damage field ¢ : £2 x [0,7] — R and a bonding field
B : I3 x1[0,T] — R such that

(6) o = As(u) + B(e(u), () in 2 x(0,7),
(7) { = RAC+ 0 11(¢) 2 G(2(w),¢) in £2x(0,T),
(8) pii = Diveo + fo in 2 x (0,7),
9) u=0 on I x (0,T),
(10) ov = fa on Iy x (0,T),
(11) gi =0 on I' x (0,T),
(12) u, =0 on I'3 x (0,7,

|O-T +pT(B7 UT)| S gb?
or + ,ud)| < = U =0,

(13) o + pr (B, ur)| < go T on I3 x (0,7,
’0'7 +p’r(ﬁ7u7')| = 9b =

IN>0:0; +p7(57u7') = — A,

(14) B = H,q(B, 03, |R-(ur)]) on Iy x (0,7),
(15) B(0) = Bo on I3,

(16) ¢(0) = ¢o in 02,

(17) (i) u(0) = ug, (ii) @(0) = vy in £.

Equation @ represents the viscoelastic constitutive law with damage in
which ¢ denotes the linearized strain tensor, A is the viscosity operator and
B is the elasticity operator. Here we assume that the damage affects only
the elastic behaviour of the material, and therefore B is a function of the
strain and the damage field. is a parabolic differential inclusion which
describes the evolution of the damage field, where A denotes the Laplace
operator, k > 0 is the microcrack diffusion constant and G is the damage
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source function. The indicator function Ijp ;) : R — (—00, 00] is given by
0 ifsel0,1],
I s) =
o1 ) {oo otherwise.
The subdifferential of I|g ;] at s is the set
Olp(s) ={r € R; Ip1)(2) — Ipy(s) = 7(2 —5), Vz €R}, VseR,

l.e.
(—00,0] if s =0,
0 if s € (0,1),
ol =
01)(5) [0, 00) if s=1,
0 otherwise.

Therefore the subdifferential term 9ljy1;(¢) in guarantees that ¢ is re-
stricted to values between 0 and 1; when { = 1 the material is damage-free
and has its full capacity; when ¢ = 0 the material is completely damaged;
when 0 < ¢ < 1 there is partial additional damage. Equation is the dy-
namic equation of motion where p is the mass density. Equations @f
are the displacement-traction boundary conditions where ov represents the
Cauchy stress vector. Equation means that the normal derivative of (,
denoted by 9¢/dv, vanishes on I'. Therefore, there is no influx of microc-
racks across the boundary. Conditions — represent the bilateral con-
tact with Tresca’s friction law in which adhesion is taken into account and g
is a friction bound. Here, p, is a general prescribed function. In particular,
we may consider the case

¢ (B)v i 0 < [v] < I,

pr(B,v) = {qT(ﬁ)Lv/M if [v| > L,

where L > 0 is a limit bound constant and ¢, is nonnegative tangential
stiffness function (see, e.g., [21]). In [25] the following form of ¢, has been
employed:

¢-(B) = B> on I3 x (0,T),

where c,is a given positive material parameter. Equation represents the
evolution of the bonding field described by a general function H,q which may
change sign. This condition implies that cycles of rebonding after debonding
may take place (see [16], [22] for details). Moreover, the process depends on
the bonding history, which we denote by

t

Op(t,x) = SB(S, x)ds.
0
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Here and below, R, : R? — R? is a truncation operator defined by

(v) = v if0<|v| <L,
™V Lu/lv| if |v| > L.
The introduction of the operator R, is motivated by the mathematical ar-

guments where L > 0 is a characteristic length of the bond, beyond which
there is no any additional traction. Clearly, R, satisfies

{rmv)\ <1 Vo € RY,

18
1) 1Re(0)] — |Be)]| < J o, Vio,w € RE

An example of the adhesion rate function H,q is
Had(/87r):_(cT/8T2_€a)+ on F3X (OaT)v

where ¢;, €, are given positive material parameters and («); denotes the
positive part of «, that is, (a); = max{a,0}. Since B < 0, the process
is irreversible and once debonding occurs, bonding cannot be reestablished
(see, e.g., [4], [25]). Another example, in which H,q depends on all three
variables, is

Br(1—5)+

1+d.(63)2’

where 71, 72 are given positive material parameters and d, > 0 is the his-
tory weight factor (see, e.g., [7], [16], [22]). Finally, (15)—(17) are the initial
conditions.
To obtain a variational formulation of the mechanical problem, we in-
troduce the space V and the convex set K defined by
V={ve Hy;v=0o0n Iy, v, =0o0n I3},
K={CeHYN);0<(¢<1, ae x €N}
Since meas(I) > 0, Korn’s inequality holds:
(19) Crlvllm < lle()lle,  VveV,

where Ck > 0 is a positive constant depending only on {2 and I'}. A proof of
Korn’s inequality can be found, for instance, in [20, p. 79]. Over the space V/,
we consider the inner product given by

Had(/Ba 0ﬁ77') = _71672 + Y2

(u,v)y = (e(u),e(v))g, Vu,v eV,

and let || - || be the associated norm. It follows from Korn’s inequality
that || - ||g, and || - ||y are equivalent norms on V. Therefore (V, (-,-)v) is a
real Hilbert space. Moreover, by the Sobolev trace theorem, there exists a
positive constant ¢y depending only on the domain (2, I} and I3 such that

(20) [0l L2(ryray < collvllv, Vo eV.
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In the study of the mechanical problem @f we consider the following
assumptions. We assume that the viscosity operator A : 2 x S¢ — S¢
satisfies

(i) there exists m 4 > 0 such that
(A(z,e1) — A(x,€2)) - (61 — £2) > mgler — &2/,
Vei,e0 € S%, ace. x € £2;
(ii) there exists L4 > 0 such that
(21) |A(x,e1) — A(z,e2)| < Laler — &2,
Ver,e0 € S%, ae. x € £2;
(iii) the mapping z — A(z,¢) is Lebesgue measurable on {2
for any ¢ € S%

(iv) the mapping = — A(x, 0gs) belongs to Q.
We assume that the operator B : 2 x S x R — S? satisfies

(i) there exists Ly > 0 such that
1B(z,e1,&) — B(w,e2,&1)| < Lp(ler — e2] + & — &),
Vei,e2 € Sd, VE€1,& € R, ae. x € (2
(ii) the mapping = — B(z,¢,§) is Lebesgue measurable on (2,
Ve € %, V€ € R;
(iii) the mapping x — B(x, 0g¢,0r) belongs to Q.

(22)

We assume that the damage source function G : {2 x S x R — R satis-
fies

(i) there exists Lg > 0 such that
G(z,1,&1) — G(2,62,61)] < Lg(ler — ea] + 61 — &21),
Vei,e9 € Sd, V€1,& € R, ae. x € (2
(ii) the mapping = — G(z,¢,&) is Lebesgue measurable on (2,
Ve € S%, V€ € R;
| (iii) the mapping = — G(z,0gq, Or) belongs to L?(92).

(23)

We assume that the tangential contact function p, : I's x R x R? — R?
satisfies



136 A. Kasri and A. Touzaline

( (i) there exists L; > 0 such that

Ipr(z, B1,71) — pr(x, B2, m2)| < L (|81 — Ba| + [r1 — 12),
VB1, B2 € [0,1], Vry, 7o € RY, ace. x € I;

(ii) r-v(x) =0 = pr(x,8,7) v(r) =0,
VB eR,Vr e R, aex € Iy;

(iii) the mapping x — p,(z, 8, r) is Lebesgue measurable on I3
VB e R, Vr € R

(iv) the mapping = +— p,(z,0g, Oga) belongs to L2(I; RY).

Asin [22], the adhesion rate function Huq : I3 xR x Rx[0, L] — R is assumed
to satisfy

(24)

(i) there exists Ly,, > 0 such that
|Haa(, B1,2,7) — Haa(®, B2,2,7)| < L, |81 — Bal,
a.e. x € I's, V1, P2,z € R, Vr € [0, L];
(ii) [Haa(z, b1, 21,71) — Haa(®, B2, 22,72)|
< Ly, (|81 = Ba| + |21 — 22| + |1 — 12]),
V1, B2 € [0,1], V21,22 € R, V1,79 € [0, L], a.e. x € I5;
(25) (iii) the mapping x — Haq(z, B, z,r) is measurable on I,
VB,z € R, Vr € [0, L];
(iv) the mapping (8, z,7) = Haq(z, B, z,7) is continuous on
R xR x [0,L], a.e. z € I;
(V) Haq(z,0,2,7) =0,Vz € R, Vr € [0,L], a.e. x € I5;
(vi) Hpq(x,B8,2,7) >0,V8 <0,Vz € R, Vr€[0,L], ae. z € I3,
H,q(x,8,2,7) <0,V8 >1,Vz€ R, Vr€[0,L], ae. z € 3.
We suppose that the mass density satisfies
(26) p € L>(£2) and there exists p, > 0 such that p(x) > ps a.e. z € 2.

Also, we suppose that the friction bound function g : I3 — R™ satisfies

(27) gp € L>(I3).

The body forces and surface tractions have the regularity:
(28) fo € LX(0,T:H),  fo € L*(0,T; L* (I RY)).
Finally, we assume that the initial data satisfy

(29) Bo € L™(I3), 0<fo(x) <1, ae z€lj,
(30) o € K,

(31) (1) ug € V, (ii) Vo € H.
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Next, we define a modified inner product on the Hilbert space H by

(32) ((w, w))m = (pu, w)m, Vu,w € H,

and let || - |||z be the associated norm, i.e.

(33) lwllzr = [(pw, w)s]"/?, Vw € H.

It follows from and that || ||z and ||-|| & are equivalent norms on H.

Moreover, the inclusion mapping of (V.|| - ||v/) into (H, || - ||z) is continuous

and dense. Identifying H with its own dual, we can write the Gelfand triplet
VCHCV™

We use (, )y+xy to represent the duality pairing between V* and V. Then

(34) (v, W)yxyv = (v,w))g, Yve H, YwelV.

Using Riesz’s theorem, from we can define f € L%(0,T;V) by

(35) (f(),w)y =\ fot) - wdz + | fo(t) - wda, VweV, ae te(0,T).
2 I

Below, we use the functionals j, : V — R and juq : L®(I3) x V xV = R
defined by

(36) jr(w) = | golwr|da, YweV,
I3

(37)  jaa(B,v,w) = S pr(B,v7) - wrda, Y(B,v,w) € L>®(I3)xV x V.
I3

Thanks to and , there exists L,q > 0 such that

(38)  [jaa(B1,u1,w) — jaa(B2, uz, w)|
< Laa(l1B1 = Ballp2(ry) +Hur — uellv)lwllv,  Vui,uz,w €V,
VB1,B2 € L™(I3), 0 < By,82 <1, ae x € I3,

We turn now to derive a variational formulation of the mechanical prob-
lem @7. To this end, assume that (u, o, (, 3) are smooth functions sat-

isfying (6)-(L7) and let w € V and ¢ € [0,T]. Using (), (32), and
Green’s formula , we obtain

(39)  (i(t), w)yvexv + (o(t),e(w))o — | o) - wdz = | o(t)v - wda,
(0] r

and by we find

(40) S o(t)v-wda = ng(t) ~wda + S o.(t) - w; da.
r I I3
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Then , and lead to
(41) (i), w — a(t))vexv + (o(t), e(w) —e(a(t))) 5
— [ o0 () - (wr — itr(8)) da = (F(1),w — alt))v-

I
On the other hand,

— § (or (&) + pr(B(), ur(t))) - wr da < | o () + pr(B(E), ur(t))] [wr| da,

I3 I3
and taking into account the boundary condition , we deduce that
42) = or(®)-weda <\ |or(t) + pr(B(), ur(t)] [wr| da
F3 F3

+ S pr(B(t), ur(t)) - wr da
I3

< § glwrlda+ | pr(B(1), ur(t)) - wr da.
I3 I3

Also, using we obtain
V(0 (8) + pr(B(t), ur (1)) - ttr (t) da = = | |or () + pr(B(2), ur(8))] | ir (1)] da
I3 I3

= - S gb|ur(t)| da,
Is

which gives

S o7(t) - ir(t) da = — S goltr(t)| da — S pr(B(1),ur(t)) - ur(t) da,

I3 I I3
and keeping in mind and 7, we find
43) = | or(t) - (wr — s (t)) da

I3

< ]T(w) - ]T(u(t)) + jad(ﬁ(t)v U(t), w) - jad(ﬁ(t)’ u(t)’ u(t))
Now, using integration by parts and applying condition we get
(44) —(AL(t), ) 12(0) = (VC(1), V) 2o ey, V¥ € H'(£2).
Moreover, from . one has

(C(t) = KACD) (4 = ¢(8)) + o (%) — Loy (C(2))
G(e(u(®),¢(t) (¥ = C(1), Yy e H(2), ae z €,

| V
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and since 0 < ((t) < 1, we obtain

(45)  (C(8): % = C(1) 2y — AACH), ¥ = (1)) 120
> (g<e<u<t>>,<<t>>,w—c<t>) gy Y EK

Finally, using and keeping in mind (| . ., we obtain

the following varlatlonal formulatlon of problem @ in terms of dis-
placement, damage and adhesion fields.

PROBLEM 6. Find a displacement field w : [0,7] — V, a damage field
¢:[0,T] — HY(2) and a bonding field 3 : [0,T] — L*(I3) such that

(46)  (ia(t),w = 2(O)v-xv + (A(E(@(®),e(w = (1) o
+ (Bl(u(t)),¢(1)). 2w = (1)) g + doa(B(1), u(®), w — 1)
+5r(w) = 3o (0(0) 2 (O w =)y, Vw eV, ae.te (0.7)
(1) € K.
(A7) (00 = 6(0) () + KV, VO = TC(O)n
> (G(e((t), ¢(1) ¥ = CO) gy W€K, aete (0.T),

(48)  B(t) = Haa(B(1),05(t), | R-(ur())]),  ae. t € (0,7),
(49)  5(0) = fo,

(50)  €(0) = Co,

(1) (i) w(0) = uo,  (ii) @(0) = vo

4. Existence and uniqueness of a weak solution. The following
theorem is the main result of this paper.

THEOREM 7. Assume (21} . are fulfilled. Then problem (46 . has

a unique solution {u, 3,(}. Moreaver the solution satisfies
(52) we Wh2(0,T;V)nCY([0,T]; H), iie L*0,T;V*),
(53) B eWh™(0,T;L>(I3)), 0<B(t)<1, ae xcls, Vte0,T),
(54) ¢ € WhH0,T; L*(2)) N L*(0,T; H(2)).
The proof will be carried out in several steps. In the rest of this paper, the

same letter ¢ will be used to denote different positive constants independent
of t € (0,T).

STEP 1. Consider the following problem.

PROBLEM 8. Let n € L*(0,T;V). Find a function ¢, : [0,7] — H'(£2)
such that
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G(t) € K,
(55)  { (G(®),¥ = Gy(1) 2y + K(V (), VY — V& ()
> (G(e(n(1), Gr(1)), ¥ = Gy(1)) 2 VW € K, ae. t € (0,T),
(56)  ¢y(0) = Co.

LEMMA 9. Assume that . and . hold. Then problem (55 . has
a unique solution G, which satisfies

(57) ¢y € WH(0,T5 L2(2)) N L*(0,T; H' (12)).
Furthermore, there is a constant ¢ > 0 such that for all n1,n2 € L*(0,T;V),

t

(58)  6n (1) = G ®)lIZ2) < e llnm(s) —ma(s)} ds, vt [0,T],
0

where Gy, (i = 1,2) is the solution corresponding to n;.
Proof. Let (n,¢) € L*(0,T;V) x L%(0,T; L?(£2)). From (23)) we can de-
fine f,s € L?(0,T; L*(£2)) by
fas(t) = G(e(n(t), (1),  a.e. t € (0,T).

On the other hand, let a : H'(£2) x H'(£2) — R be the bilinear form defined
by

a(p, ) = K(Ve, V), Vo, € H'(12).
After some algebraic computations, we find that a satisfies and it is
continuous and symmetric on H!(§2). Therefore, applying Proposition 3
with X = HY(2),Y = L?(2) and K = K, we can see that, for each (1, ¢) €
L2(0,T;V) xL*(0,T; L?(£2)), the system
Gro(t) € K,

(59)  { (Cno(t), ¥ = Cuo(t)) L2() + K(Vps(t), VI = Vo (t))

> (Gem(®), 61 — oD gy Vi€ K, e t € (0,7),
(60)  Gne(0) =Co
has a unique solution ¢, which satisfies

(61) Cop € WH2(0,T5 L2(£2)) N L*(0,T; H' (2)).

To continue, assume (¢, , Gpg, are two solutions to system 7,
corresponding to (1, ¢) = (n, ;) and (1, ») = (1, ¢s), respectively. Then
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t

§ (G (5) = G (9): G, (5) = Gy () 2 B
0

R S a(Cng, () = Gy (5), Cooy () — g, (5)) dis
0

< 1 (G(e(n(5)): ¢1(5)) = Gle(n(s)), d2(5)), Gy, () — Cnos (5)) L2 055

0

and using the inequality
A< INE4 367 VA SER,

we deduce that

t
G, (8) = Gos, (D 17200y < eV 161(5) = b2(9) 17202 ds
0

t

+§ 16, (5) = Guo, (8) 12 ds.
0

From Gronwall’s inequality, we obtain

(62)  [1Gyo (1) — G (D220 < S I61(5) — da(s) 22y ds, V€ [0,T).
Now, for each n € L?(0,T; V), consider the operator &, : L*(0,T; L*(£2)) —
L?(0,T; L?(£2)) defined by

(63) Dy = Gog, Vo € LP(0, T3 L*(12)),

where (4 is the unique solution satisfying —. Using — we get

t
1@y 1 () = Bya(t) 720y < ¢ 61(5) = D2() 1720y ds, Yt € [0, T).
0

Reiterating the last inequality n times, we infer that

(cT)"
nl

12361 — Py d2ll72(0,r,12(2)) < lp1 = G2l 7207;12(2)

which implies that, for n sufficiently large, a power @} of @, is a contraction
in the Banach space L?(0,T’; L?({2)). Therefore, &, has a unique fixed point
o € L2(0,T; L?(£2)). Now, let n € L?(0,T; V), let qb* be the fixed point of &,

let ¢, = qus* and keeping in mind 1.) .D t is stralghtforward to see that
¢y is a unique solution to problem (55)—(56) such that ( . ) holds. Finally,

assume (), , (y, are two solutions to problem . ., corresponding to 7;
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and 72, respectively. Then we get

HCm (t) - CUQ (t) ”%Q(Q)

t t
< cflm(s) = m()} ds + e \lIGn(s) = G ()l f2(g) ds, Ve € [0,T).
0 0

Thus, using Gronwall’s inequality, we obtain (58)). =
Now, consider the following problem.
PROBLEM 10. Let n € L?(0,T; V). Find a function 3, : [0,T] — L>(I3)
such that
(64) B(t) = Haa (B, (1), 05, (1), |R-(nr(1))]),  ae. t € (0,T),
(65)  By(0) = fo,

where
t

(66) 0s,(t) =\ By(s)ds, vVt e[0,T).
0

LEMMA 11. Assume and are fulfilled. Then problem f
has a unique solution which satisfies
(&) { (i) By € Wh(0,T: L(I3)),
(i) 0<B,(t) <1, vVt €[0,T], a.e. x € I3.
Moreover, there exists a constant ¢ > 0 such that for all n1,n2 € L*(0,T;V),
t

(68) 118 (t) — Bra (D32 < | Im(s) —ma(s)ll} ds, Vit € [0,7],
0

where By, (i =1,2) is the solution corresponding to ;.

Proof. Fix (n,0) € L?(0,T;V) x L*>(0,T;L*>(I3)) and consider F :
[0,T] x L*(I3) — L°°(I%) defined by

(69) F(taﬁ) = Had(ﬂae(t)a |RT(T]T(t))|)? Vﬁ € LOO(F3)7 a.e. t € (OaT)
Let (31,82 € L*°(I3). From and , we obtain
|F(t7 Bl) - F(t7/62)|
< [ Hoa (B1,08), 1R (0 (8))]) — Hoa (B2, 0(8), | B (1, (1))
< LHad’/BI - /82’7 a.e. t € (O7T))
which implies that
[t B1) = F(t, 5o)l iy < Litl|Br — Ballimiry, et € (0,7).

Hence, F' is Lipschitz continuous with respect to the second argument,
uniformly in time. Moreover, ¢ +— F(t,3) belongs to L*(0,T; L>°(I})),
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VB € L°°(I3). Thus, using Proposition 1, we deduce that there exists a
unique B9 € W°°(0,T; L>°(I)) such that

(70) Buo(t) = Haa(Bro(1), (1), | R+ (n:(1))]),  ae. t € (0,T),

(71) Bo(0) = Bo.

Moreover, from —, , and using arguments similar to those
n [16], [22], we deduce that

(72) 0<Bp(t) <1, vtel0,T], ae xz€ls.

Now, let 3,,, 8,6, be two solutions satisfying f. It follows from
that

[1Bnor () = Bos (B)l| Lo (1) < € Sllﬁnel() Bnoz (8] Loe (1y) ds

t

c{ 161(s) = 02() | s (1) ds.
0

Using Gronwall’s inequality we get

(73) [1Bnoy (£) = Buoy (0) || oo () < € SH91( §) = 02(5) || Loo(ry) ds-
0

To continue, for each n € L2(0,T;V), consider the operator O,
L>(0,T;L°(I3)) — L*°(0,T; L*>°(I3)) defined by

t
(T4)  ©,0(t) = | Byols)ds, V€ [0,T], ¥6 € L=(0,T; L=(I%)),

0

where 3,9 is the unique solution of ( m,_ Using f we have

1€901(t) = Onb2 ()| Lov (1) SSIIBnol() Bty ()| oo (1) ds

IN

C

||91 —02 )HL(’O(F:;) drds

O e

t
0
t
CSHHl HL°° Fg)d ) vt € [07T]
Reiterating this inequality n tlmes, we obtain

c™
18901 = Onb2|| Lo (0,135 (1)) < (n!>||91 = b2l oo (0,130 (1)

which implies that, for n sufficiently large, a power Oy of @, is a contraction
in the Banach space L*>°(0,7"; L>°(I3)). Therefore, ), has a unique fixed



144 A. Kasri and A. Touzaline

point 0y € L>(0,T; L>(I3)) given by

0:(t) = Sﬁngz(s) ds, Vtel0,T).

Now, let n € L?(0,T;V), let 9* be the fixed point of ©,, let 3, = Bng* let
0, = 0;, and keeping in mlnd 1t is straightforward to see that o
is a unlque solution to problem 1. |@D such that ( . ) holds.

Finally, assume f3,,, 3, are two solutions to problem (64])— , corre-
sponding to n; and 7, respectively. Then from and (18 we obtain

1By (2) = Bus (D721

t

t
< Y 1B (5) = B ()3 ds + €167, (5) — 0, (5)]1 3y ds
0 0

t

CS lm(s) — 772(3)“%2(1“3;Rd) ds
0

t ts
< CS Hﬂm (3) - 6772 (8)”%2(12;) ds + CSS ”5171 (7“) - /3772 (T)”%2(Fg) drds
0 00

t

() = 12(5) 3y ey 5.
0

which leads to

t
H/Bm <t) - 5772 (t)H%P(Fg) < CS H/Bm (T) - 5772 (T)H%Q(Fg) dr
0

t

e (s) = () B gy ey s,
0

which, together with Gronwall’s inequality , gives . "
STEP 2. Let a > 0. We define a regularized functional j, : V — R by

w) = S awV|w-?+a2da, YweV,
I3

which represents an approximation of j,. More precisely,

(75) Ja(w) = jr(w)| < allgpllzrry), Yw eV
Moreover, j, has a Gateaux derivative j/, : V' — V* given by
(76) (o) w)vexy = | ———y,w, da,  Vw,y € V.

o Vyel? +a?
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Since j, is a convex function, it follows (see, e.g., [19]) that j/, is a hemicon-
tinuous operator and satisfies

(77) <j(/)c(y)aw_y>v*><v S]a(w) _ja(y)v vaye Va
which leads to

To continue, let a>0,let n € L*0,T;V), let B, be the unique solution of

problem ((64] , let ¢, be the unique solution of problem (55| . We
can define fn O T;V*) by

(79)  (fy(®), >V*><V = (f(t),w)v — (B(e(n(t)), Gy(1)), e(w)) o
_jad(/BT](t)ﬂ?(t)vw)? a.e.t € ( ) Yw eV,
and we consider the following regularized problem.

PROBLEM 12. Let a > 0 and let n € L*(0,T;V). Find a function v¢ :
[0,7] — V such that
(80) (0 (&), whvexv + (Ae(vy (1)), e(w)) @ + (o vy (1), wvexv
= (fp(t),w)vexy, VYweV, ae te(0,T),
(81) vy (0) = vo.
LEMMA 13. Assume that (| . and . (ii) hold. Then problem
. ) has a unique solution vy whzch satisfies

(82) vy € L*(0,T; V)N C([0,T]; H), o € L*(0,T; V™).
Proof. Let A:V — V* be defined by
(83) <Aw7 Z>V*><V = (.A(E(’w)),é‘(z))g + <j(/x(w)7 Z>V*><V7 Vw,z e V.

From and , we deduce that A is a monotone operator. Moreover,
using , one has, for all A, \g € R,

[(A(w + Av) = A(w + Agv), 2)vexv| < LalX = Aol [|lvflv||z][v
+’<j(/)¢(w+)‘v)_j(lx(w—i_)‘()v)az)\/*xv‘? Vw,v,zeV,

and since j/, is hemicontinuous, it follows that A is hemicontinuous from V'

to V*. To continue, since <jg( ), v)vexy > 0, using and we get
mallllf < (Al A((0)),£(v) = £(0)

(A(e ( )) e(v))e = (A(£(0)),e(v))o

(A(z(v)),e(v))o + (a (V) v)vexv — (A(0),(v))o

(

Av, v)y=xv + [|AO) [ o]lv]v,

VAN VANVAN

which leads to

ma
malllfy < (v o)y + oA + T vl
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which implies that
MA L 12 1 2
THUHV - m”v‘\(o)\’g < (Av,v)yxv.
On the other hand, from , , and , one has
|[(Av, w)y=xv|
< [(A(e(v)), e(w))a| + [{Fa(v), w)v+xv|
< [(A(e(v) = A(£(0)),e(w)) o | + [(A(£(0)), e(w)) o] + (o (v), w)v+xv]
< Lalvllvliwllv + 1AO) [[ellwllv + collgsllr2(ry)llwllv,
which implies that
(84) [Av[lv= < Lallvllv + [ A0) o + collgsll L2(ry)-

Thus, A satisfies conditions |i with C1 = ma/2, C2 = —5—[lA(0)[1%
and C3 = max(L 4, | A(0)|[o+collgsll £2(ry))- Now, keeping in mind (31))(ii), it
follows from Proposition 2.2 that there exists a unique function vy satisfying

(85) Oy (t) + Avy(t) = f(t)  in V", ae. t € (0,T),
(86) vy (0) = vo,

such that 1} holds. Thus problem f has a unique solution vy’ which
5.

satisfies (| .

STEP 3. Next, we introduce the space W = {v € V; v € V*} which is a
separable and reflexive Banach space equipped with the norm

[ollw = llvlly + l[oflv-,
where V = L?(0,T; V) and V* = L%(0,T; V*). We have the following result.

LEMMA 14. There ezists a function v, € W and a subsequence of {vy'},
again denoted by {vg‘}, such that as o — 0, the following convergences hold:

(87) vy = Uy weakly in L*(0,T;V),
(88) vy — Uy weakly in L*(0,T; V™),
(89) v (t) = vy(t)  weakly in H, ¥t € [0,T].

Proof. Tt follows from that
(05 (), v ($))vexv + (Ale(vy(5))), e (v () o + U (v (5)), vy () vy
= (fn(s),v5(s)v=xv, s€(0,T),
and since (ji, (v (s)), vp (8))v=xv > 0, we get
(0 (s), vy (s))vexev + (Ale(uy(s))) — A(e(0)), (v (5))) o
< (fuls), vy ($))vexv — (A(£(0),e(v(s)) . s € (0,T),
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and using , we deduce that
. 1
(5 (5), v () vy +mallog ()|} < @Ilfn( I+ =2 1 A

1 2 ma 2
A0+ T I

Integrating both sides, one has

t t
(0% « 2
llog O3 + §llog (s)lly ds < e § 1Lfy ()13 ds + llwollfy +e vt € [0,T].
0 0

From this, we get

(90) gl oo 0,71y + vl 220,73y < €

To continue, using 7, we obtain

[og ($)llv= < Lallvy (s)llv + [ A0)lle + collgsll L2(ry) + [ fn(s)llv=, s € (0,T),

which gives

log ()15« < ellog ()15 + cll fa(s)lIF +e, e s € (0,T);

integrating both sides on (0, t), we get

t t t
Flloo ()13 ds < c§ o ()I13 ds + e L7y () 13- ds +c.
0 0 0

which, together with , implies that

(91) o5 || L2050+ < e

In 7, ¢ is a positive constant independent of a. Thus, from stan-
dard compactness arguments, there exists a function v, € L*(0,7;V) N
Wh2(0,T; V*) and a subsequence of {vy'}, still denoted by {vyy}, such that the
convergences (87)—(88) hold. Now, since the inclusion map W C C([0,T]; H)
is continuous, the convergence . ) follows from (87 . .

LEMMA 15. For any z € L?(0,T;V), the following properties hold:

T
(92) liminf | (89(s), 05 (s) — 2(5))vexv ds >

a—0

(09 (), vn(s) = 2(s))v=xv ds,

T

(93) lim inf V(w5 (9)) = da(z(s))] ds = {[ir(vg(5)) = jr(2(s))] ds,
0

DL,H\] OL,Mﬂ
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T
(94)  Timinf | (A(e(u5(5)),c(05(5) — 2(5)) o ds
0
T
> [(A(e(0q(5)), e(wg(5) — 2(5))) @ ds.
0

Proof. Using and we find that vp(0) = v,(0). Moreover, we
obtain

T
lim inf | (05 (s), v (s Dvexv ds =liminf (3]lvg (T)IIZ — 3llvs(0)]I7)

a—0
T
> Llog (DI = Sl O)IF > [(in(s), vg())vexv ds,
0

which together with implies .
To establish , we write

T
[ o (62 () = ja(2(s))] ds
0 . .
= VLo () = 3o (o5 (] ds + § i (=(5)) o (=())] ds
0 0
T
+ | [ (02 (8) = r(2(s))] ds.
0

Keeping in mind , and using standard lower semicontinuity argu-
ments, in the last equality, we get

T T
lim inf | [ja(v3(5)) — ja(2(s))] ds = liminf | [j(v3(s)) — j-(2(s))] ds

a—0 o a—0 o

T
> | [ir(vq(s)) = jir(2(5))] ds.
0
To continue, let F : VYV — V* be the operator defined by
T

(95)  (Fw,2)vexy = | (Ale(w(9))),e(2(s))) g ds,  Vw,z € V.
0
From , and , we get

(Fog, vy = vghysxy < S(i)s‘(s),vn( ) — vy (8))vexv ds
0
T

T
+ { la(vy(s)) = a(vy (s))] ds + § (fy(s), 051 (5) = vy (s))v=xv ds.
0

0
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Passing to limsup as o — 0 in the last inequality by using f and
, we obtain

lim sup (F(15), 05— v)y- < 0,
a—0

and since the operator F is bounded, hemicontinuous and monotone, we
deduce that F is pseudomonotone (see, e.g., [19]), and keeping in mind (2,
and we deduce the convergence (94]). m

STEP 4. In this step we consider the following variational problem.
PROBLEM 16. Let n € L?(0,T; V). Find a function v, € W such that
(96) (0n(s),w — vn(s))v=xv + (A(e(vy(s))),e(w — vy(s))) o
+ jr(w) = gr(vy(8)) = (fy(s), w — vy(s))vexv,
Yw eV, ae. s € (0,T),
(97) vy(0) = vo.
We have the following existence and uniqueness result.

LEMMA 17. Assume that [21)-(30) and BI)(ii) hold. Then problem
f has a unique solution v, which satisfies

(98) vy € L*(0,T; V)N C([0,T); H), o, € L*(0,T;V*).
Proof. In view of , we deduce that the function vy satisfies
T
(99)  Y((s), 2(s) — 05 () v ds
' T T
+ § (A5 (9))),2(2(5) = v (9))) g ds + | [a(2(5)) = jalvy (5))] ds
0 0
T
> \(fa(s), 2(5) = v (s)vexvds, ¥z L*0,T;V).
0

Let t € (0,T) and r > 0 be such that ¢t +r € (0,7), and let w € V. Then in
we put
o(s) = w for s € (t,t+r),
vy(s) elsewhere,

and pass to the limsup as o — 0, to obtain

1 t+r 1 t+r
= Vo) w = og(s)vesv ds + = | (Ale(ug(s)), £(w = vy(s))) o ds
t 1 t+r tir
+o S [r(w) = jr(vy(s))] ds > . S (fn(s),w —wvy(s))v=xvds, YwelV.

t t
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Let vy, be the function obtained in Lemma 14. Since vy(0) = v,(0), using

and passing to the limit as » — 0 in the last inequality we deduce that
the function v, is a solution of problem f such that holds.

For the uniqueness, let v1,v2 € W be two functions satisfying f.
Setting, in (96), (vy, w) = (v1,v2) and (vy, w) = (v2,v1), and adding the two
inequalities we get

T
[ (1(5) — D2(s), v1(s) — va(8))vexy ds
’ T
+ [ (Ae(v1(5))) = Ale(va(s))), e(v1(s) — va(5))) o ds < 0.
0

Keeping in mind and , we deduce that
3llo1(T) = va (D)7 + mallor = v2l|22(0 vy <0,
which shows that v1 = vy. =

STEP 5. Let n € L%(0,T;V), let vy, be the unique solution of problem

7, let 3, be the unique solution of problem 7, let ¢, be
the unique solution of problem 7, and define A : L*(0,T;V) —
L?(0,T;V) by

t
(100) An(t) = \vy(s)ds +uo, ¥y € L*0,T;V), Vt € [0,T].

0
We have the following result.

LEMMA 18. The operator A has a unique fived point n* € L?(0,T;V).

Proof. Let n1,m2 € L%(0,T;V), then by and ([79)),
t

S <1'}771 (5) - 1'}772 (5)7 Uy (5) — Uny (5)>V*><V ds
0

+§ (Al (o, (5))) = Ale(vny (), € (vgy (8) = vy (5))) o ds
0

< S jad(ﬁm (8),771(3),’[)772 (3) — Um (8)) ds

o

jad (Bng (5)7 772(5)7 Ung (5) — Uy (S))

+ ) (B(e(n(s)), Gni (5)) = B(e(n2(5)); Ga (), € (vny (5) — vy, (5))) o ds.

O e & O ey
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Using , f, and (ii), we obtain
t

o (8) = vae D77 + § g (5) = v, (3)I[5- ds
0

t
< e\ 18 (8) = B ()l L2 () 1o, (5) = vaa (8) v ds

0

+ e lm(s) = n2(s)llvllog, (s) = vn,(s) v ds
0

e 1160 (5) = Cra(8) I [|o (5) = vy (5)lv ds.
0

We then use the inequality
A<M+ 16% WA GER.

We deduce that
t t

Vllon, () = vay (813 ds < e 11y, () = Bra(9) 1721y s
0 0
t t
+ e lmi(s) = m() 1§ ds + |16 (5) = G () 17202 ds:
0 0
Therefore, by and ,
t t
(101) Vllon, () = vip (8113 ds < e[l (s) = ma(s)|3 ds.
0 0

Now, using , we obtain
t
1Am (8) = A3 < e [[vg, (5) = v (5)IF- ds,
0
which, together with , implies that
[ Am (8) — Ana ()3, < C§ lm (s) = m2(s)[[} ds. ¥t € [0, 7).
Reiterating the last inequality no times, we infer that

(cT)"

H/lm - AUQH%Q(O,T;V) < Hm - 772”%2(0,T;V)7

n!
which implies that, for n sufficiently large, a power A™ of A is a contraction
in the Banach space L?(0,T;V). Hence A has a unique fixed point n* €
L2(0,T;V). u
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Now, we have all the ingredients to prove Theorem 7. Let A be the
operator defined by , let n* be the fixed point of A, let B = 3, be
the unique solution of problem 1@' corresponding to n*, let ¢ = (;»
be the unique solution of problem (55)—(56), and let w : [0,7] — V be the
displacement field defined by

(102) u(t) =n*(t) = vy (s)ds +ug, Vt€[0,T],
0

where v« is the unique solution of problem (96)—(97)) corresponding to n*.
We conclude by (96)—(97)), (64)-(66), n that {u, 8,(} is a
solution of problem 7. Moreover, the regularity f follows from
, , and . The uniqueness of the solution is a consequence

of the uniqueness of the fixed point of the operator A and of the uniqueness

of the solution of problems 7, f and f@. Finally, it is

easy to see, in this case, that the function o defined by @ satisfies
o€ L*0,T;Q), Divo € L*0,T;V*).
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